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FOREWORD 

Advances  in  geophysical  research  frequently  occur  through  new  or 
improved  measurement  techniques.   Since  its  creation  in  1967 9  the  Wave 
Propagation  Laboratory  has  focused  its  resources  on  developing  new 
methods  for  remote  sensing  of  atmospheric  parameters.   The  philosophy 
of  this  approach  is  that  remote  probing  is  not  merely  an  extension  of 
standard  in  situ  measurements  but  typically  produces  orders-of-magnitude 
more  information  on  the  medium  than  previously  available.   As  a  result, 
totally  new  insights  on  the  internal  structure  and  processes  of  the 
atmosphere  are  obtained. 

This  second  volume  of  Collected  Reprints  of  the  Wave  Propagation 
Laboratory  comprises  work  published  from  January  1,  1970  through 
December  31,  1971.   The  papers  contained  in  this  volume  have  been 
selected  to  minimize  inclusion  of  duplicate  or  extraneous  material. 
Readers  should  note  that  only  the  abstracts  of  WPL  NCAA  Technical  Reports 
and  Memorandum  Reports  (obtainable  through  the  National  Technical 
Information  Service,  Operations  Division,  Springfield,  Virginia  22151) 
are  included  in  this  volume. 

It  is  hoped  that  this  and  subsequent  volumes  will  provide  a  summary 

of  the  results  of  this  laboratory  that  will  be  useful  and  stimulating  to 

both  researchers  and  interested  laymen.   The  insights  already  provided 

by  these  new  techniques  of  remote  sensing  clearly  demonstrate  the 

potential  of  this  field. 
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Cover: 

Two-dimensional  vector  eddy  flow  field  obtained  from  the  radial 
velocity  fields  measured  by  two  Doppler  radars  operated  in  the  COPLAN 
scanning  mode.   Data  was  obtained  east  of  the  Rocky  Mountain  foothills 
on  January  3,  1962,  during  light,  steady  snowfall. 
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Propagation  of  Sound  in  a  Turbulent  Atmosphere 

S.  F.  Clifford  and  E.  H.  Brown 

ESSA  Research  Laboratories,  Boulder,  Colorado  80302 


Applying  a  perturbation  technique  to  the  correct  form  of  the  equation  for  the  acoustic  pressure  field  in  a 
viscous  turbulent  atmosphere  yields  the  power  spectra  for  the  amplitude  and  phase  fluctuations  of  a  propa- 
gating plane  wave.  The  development  includes  the  effects  of  absorption  and  removes  the  restrictions  on  wave- 
number  that  previously  prevented  solution  of  the  problem  for  other  than  ultrasonic  frequencies.  For  a  wide 
range  of  propagation  parameters,  the  amplitude  and  phase  spectra  found  by  Tatarski  for  optical  propaga- 
tion are  shown  to  be  good  approximations  for  acoustic  waves.  Complete  expressions,  without  limitation 
on  the  assumed  refractive-index  spectra,  determine  the  range  of  validity  of  this  result  and  also  provide  an 
exact  first-order  solution. 


INTRODUCTION 

The  first  edition  of  the  monograph  by  Tatarski1 
presents  most  of  the  early  work  on  the  propagation  and 
scattering  of  waves  in  a  turbulent  fluid.  For  sound,  the 
theory  of  Tatarski  and  earlier  work  of  Mintzer2-4 
begins  with  an  incorrect  form  of  the  equation  for  the 
pressure;  and  the  condition  that  the  wavelength  X  and 
inner  scale  of  turbulence  l0  satisfy  the  inequality  X«/o 
restricts  the  development  to  ultrasonic  frequencies. 
Little5  has  emphasized  the  many  advantages  of  acoustic 
probes  in  studies  of  the  lower  atmosphere — for  typical 
acoustic  radar  research  Z0<  A<Z-0,  where  Lo  is  the  outer 
scale  of  turbulence.  The  following  analysis,  based  on 
the  correct  pressure  equation,  uses  a  technique  sug- 
gested by  Clifford6  to  obtain  the  first-order  perturba- 
tion of  sound  waves  without  restriction  on  X. 

I.  PRESSURE  EQUATION 

In  1953  Kraichnan7  derived  the  correct  form  of  the 
equation  for  the  acoustic  pressure  field  in  a  turbulent 
fluid,  assuming  that  the  Stokes  relation  holds  and  that 
the  local  velocity  of  sound  c  is  a  constant  Co — thus 
attributing  all  scattering  to  the  turbulent  velocity 
fluctuations.  For  the  case  of  a  plane  unperturbed  wave, 
Monin8  developed  a  similar  equation  (neglecting  the 
viscous  terms)  which  expressed  the  randomness  of  the 
velocity  of  sound  explicitly  in  terms  of  the  temperature 
fluctuation  ratio  r  =  T'/To  by  means  of  the  perfect-gas 
approximation  c2  =  Co2(1+t).  In  his  revised  monograph 
Tatarski9  generalized  Monin 's  form  of  the  equation  to 
arbitrary  unperturbed  waves.  Truesdell10  made  a  care- 


ful analysis  of  the  Stokes  relation  \v/y.v=—  f,  where 
X„  is  the  volume  viscosity  and  n„  the  shear  viscosity, 
concluding  on  both  theoretical  and  experimental  grounds 
that  the  relation  was  completely  invalid  (experimen- 
tally, for  atmospheric  gases,  \v/nv>0,  with  typical 
values  ranging  from  a  few  hundred  to  1000  for  CO2; 
in  the  atmosphere  the  ratio  varies  with  water  vapor). 
Since  a  subsequent  paper  will  study  backscatter  from 
semi-infinite  atmospheres,  retention  of  viscous  terms 
becomes  essential;  the  backscatter  solution  is  the  first 
step  in  finding  the  gated  reception  of  an  acoustic  radar 
pulse.  A  brief  sketch  of  the  derivation  of  the  equation 
for  the  acoustic  pressure  field  retaining  both  viscosities 
follows. 

In  a  Newtonian  fluid,10  the  stress  Uj  depends  linearly 
on  the  rate  of  deformation  eij  =  ^(diVj-\-djVl) : 


tii=  —  p8ij+\ve5ij+2nveij, 


(1) 


where  p  is  the  thermodynamic  pressure,  e  =  en  =  dtvit 
and  Xr,  p.v  are  constants  of  the  mean  fluid  state.  The 
continuity  and  momentum  equations  are 


and 


d,p-\-pe=0 


dt(j>vt)+pvie  =  djtij, 


(2) 
(3) 


where  di  =  d/dx{,  d,=d/dt,  dt  =  d/dt,  and  the  particle 
time  derivative  dt  is  related  to  the  point  time  derivative 
d<  by  d,  =  dt+Vidi.  Writing  v-nv/po,  rj  =  2v+\v/pQ  (for 
constant  kinematic  viscosity,  the  definition  v=p.„lp 
would  destroy  the  linearity  of  Eq.  1)  and  substituting 
Eqs.  1  and  2  in  Eq.  3  gives  the  exact  Navier-Stokes 
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equation,  with  real  and  imaginary  with  imaginary)  in  both  cases, 

all   terms   containing   r\   are   negligible  if   ij  satisfies 


'^^  A_    LP»,        Na  __        /AX      »?«co/o,    which    certainly    holds    in    the    atmosphere. 

Writing 


diVi+vJd/vl= dtp-\ vAv,-\ (rj  —  u)d,e.        (4) 

P  P  P 


Since  in  general  (vt)  =  v ,V0,  the  left-hand-side  terms  in         d=k2v/2c0     h2-        —        *>k?  I  2ikd     h~k+id 

Eq.  4  involve  one  small  fluctuating  factor.  With  the  '       "'  \  —  2i(d/k) 

notation  p0/p  =  l+£,  the  terms  —  £/pod,/>,  ZvAvi,  and 

£(r)-v)dte  include  the  product  of  two  small  fluctuations.  gives  the  equation  for  the  acoustic  pressure  field  in  the 

Neglecting  such  terms  gives  nnal  form 

dtVi+VjdjVi=  —  (l/po)dip+i>Avl+(ri  —  v)dle,       (5)  ^2  #> 

u-  u    a       f    »u       *  t        ((.    m   ■  An+A2n= — ai(7-a,n)+2i — 3,3,(2^11).  (11) 

which  reduces  to  the  customary  form  of  the  Navier-  k*  cnk3 

Stokes  equation  (see  e.g.,  Batchelor11)  on  introduction 
of  the  Stokes  relation. 

Splitting  the  velocity  into  "longitudinal"  and  "trans- 
verse" parts  (Kraichnan7)  gives  vl  =  ul+wl,  where  wt         Let  11  =  n0+IIi,  n0  being  an  initial,  damped,  but  un- 
satisfies  the  set  of  equations  scattered   plane   wave   traveling   in    the   x  direction ; 

n0  =  Aoeih*: 


II.  PERTURBATION  SOLUTION 


d,Wi-\-Wjdfli\  =  vAu'j—  (l/Airr)*didjdk(wjWk)      (6a) 
and 


An0+A2n0=0.  (12) 

d{Wi  =  0,  (w\)  =  i»,°  (6b)      Then  111  satisfies  the  equation 

(*  indicates  convolution),  and  subtracting  Eq.  6a  from  AUi+h2Ui  =  2i(h2/k)dz(n'Ilo),  (13) 

Eq.  5  provides  the  equation  relating  the  fluid  velocity 

Ui  due  to  sound  waves  and  the  acoustic  pressure  pa  to  where  the  fluctuation  in  effective  index 

the  turbulent  velocity  field  »,:  »'  =  -[(t/2) +(«,,/*>)] 

s.    i  /        -,-,  a  ->  hi      results  from  combination  of  the  two  right-hand-side 

terms  in  Eq.   11  using  the  acoustic  refractive  index 
neglecting  the  second-order  term  ufiflii.  Writing  as  in      n  =  co/c  =  1  —  t/2. 

Monin8  pa=ypoTr,  c2  =  c02(l+r),  and  noting  that  the         Assuming  local  homogeneity,  n'  and  111  possess  the 
acoustic  pressure  pa  varies  adiabatically,  gives  Eqs.  2      two-dimensional  Fourier-Stieltjes  representations 
and  7  as 


e=—  d(tr— Wtdiir  (8) 

and 


Ui(x,ya)  =  Ui(x,0)+  /  dp(x,Ka){l  -«•*■« 


dtUi+Co2diTr=—  c<?TdiTr+ vAu,+  {i)  —  v)dxe  aR{j  /14) 

—WjdjUi  —  UjdjW,,     (9) 

the  second-order  term  in  Eq.  8  again  being  neglected.  n'(x,ya)  =  n'(x,0)+     di>(x,Ka)(l-ei'""°), 

For  slowly  varying  turbulence,  ir(xi,t)  =  e~iatR(xi,t),  J 
and  the  time  derivative  of  II  can  be  neglected  compared 

to  that  of  e~iut.  Taking  the  divergence  of  Eq.  9,  intro-  where  ya  =  (y,z),  «a=  (kv,kz),  and  K2=naKa.  Substitution 

ducing  the  new  variable  II,  substituting  Eq.  8  in  Eq.  9,  of  Eq.  14  reduces  Eq.  13  to  the  two  equations 
and  linearizing  separately  in  the  acoustic  variables  w„ 

II  and  the  turbulence  parameters  wt,  r  leads  to  the  dx2IIi  (*,()) +/i2n !(*,()) 

equation  .2                                   r 

=  2i—dx[n'(x,0)Ilo(x)']-K2dP(x,Ka),     (15) 

(l-i-v\An+k2n=  -d,{rd,Tl) 

X        Co  '  and  (using  Eq.  15) 

+— dsdj(wiW--A(widin.),     (10)      dx2dp(x,Ka)+(h2-K2)dp(x,Ka) 

Cok  C02  p 

where  k  =w/c0,  which  reduces  to  that  of  Tatarski9  when  =  2*Jd*Zdv(*,K«W*)l-     (16) 

17 =0.   When   the  last   two  right-hand-side  terms  are 

expanded  and  terms  are  compared  in  the  result   (real      With  ?(«)  =  (h2— k2)1,  qo  =  h,  the  elementary  equation 
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corresponding  to  both  Eqs.  15  and  16  is  is  f{x)  =  —  (i/2q)eiqix{,  for  which 

dKf(x)+q*f(x)=8(x),                      (17)  d1f(x)  =  \[Y{x)-Y{-x)y^.              (21) 

and  then  the  identity  d(J*g)  =  df*g  =  f*dg  gives  the  By  using  the  condition  dv(—\x\,  0  =  0  for  a  semi- 
solution  of  Eq.  16  as  infinite  field   of   turbulence,    the  solution   of   Eq.    16 
dP(x,Ka)  =  2i(h*/k)dxf(x)*iJv(x,Ka)no(x)l     (18)  becomes  explicitly 


and  the  solution  of  Eq.  15  as  ."■ 


dp(x,Ka)  =  i—ei"z  I    dx'dv(x,,Ka)ei(h~'>)1' 
h2  k       J» 


lll(x,0)  =  2i(hyk)dxf0(x)*[_n'(x,0)n0(x)]-2i-f0(x)* 

k 


x  I K2dzf(x)*tdv(x,Ka)n0(x)l    (19) 


W  r 

-i— e-^'l     dx'dv{x',Ka)elih+«u',     (21 
k         Jx 


where  the  first  integral  represents  forwardscatter,  and 

the  second,  backscatter. 
where  /o  is  the  function  /  when  q  =  qo-  Let  q  =  qa-{-qb, 
where  $0  =  Y(k-n)(a+ib),  qb=  Y(K-k)(b+ia),  Y  is  the  m.  AMPLITUDE  AND  PHASE  SPECTRA 

Heaviside  step  function,  _,         ,      ,,,,,,     ,  ,  ,  ,    ,     ,     , 

Since  |ni|«|n0|,  ln(n/n0)~ni/n0,  and  ln(H/IIo) 

Y(x)=0,  x<0,  =ln(A/Ao)+i(S-So)™(Ai/Ao)+iSu  then  the  quan- 

_j   :r>Q  tity  dtp(x,Ka)=dp(x,Ka)/Uo(x)    provides   the   Fourier- 

ancj  Stieltjes  measures  of  amplitude  ratio  and  phase  of  the 

scattered  wave : 
aOO-l(|?|»+2fc/)»+l(M*-2*rf)t, 

b{«)  =  h{\q\*+2kd)*-h{\qV-2kd)K  (20)  A  M**d-*bM+d*  (*,  -O] 

ana  (2.1) 

Then,  a>6>0  and  the  only  elementary  solution  of  Eq.  /,».\rj 

17  satisfying  the  conditions  <*»(**«)  "  (1A)[M*,««)  -«**  (*,  -««)]■ 

oo  1  Writing  e  =  arctan(2<//&)~2<//£,  |/f2|/&  =  &  sece~&,  F_ 

lim  /(x)  =  0,      /     f(x)dx  =  —  =Y(k—  k),  Y+~Y(K-k),  and  using  the  fact  that  n'(x) 

I1!-*"  ./^  ^2  real  implies  dv*(x,  —  «„)  —dv(x,Ka), 


da(x,Ka)=kj    dx'dv(x\Ka){Y^<r^d)^-*')sm[(k-a)(x-x')-^+Y+e-(a-dn'-I'>sm£(k-b)(x-x')-<:']) 
Jo 

+kj     dx'dv(x\Ka){Y^e-^+dUl'-x)sinl(k+a)(x'-x)  +  t']+V+e-^+d^I'-^sml(k+b)(x'-x)  +  e']},(24) 

J  X 


and 

d<r(x,Ka)=k  I    dx'dv(x\Ka){Y-e-^d)<I-I')cost(k-a)(x-x')-(']+Y+e-(a-dUr-*')cost(k-b)(x-x')-6~]} 
Jo 

-k  I  dx'dv(x',Ka){  F_e-(*+<"(x-x,  COs[(/fe-fa)(x'-x)  +  e]+F+e-(a+'')<',-j)  cos[(/fe+6) (*'-*)  +  «]}•  (25) 

Both  Ja  and  Jo-  retain  two  integrals — the  first  repre-      values  of  x  or,  equivalently,  of  an  "initial"  point  x  and 

senting  forwardscatter  and  the  second,  backscatter.  a  separation  x'—x.  Using  an  obvious  notation  for  the 

For  homogeneous   turbulence,  the  two-dimensional      case.r'  =  .v, 

refractive-index  spectrum  Fn  satisfies  ...       ,  .  „.       ,,      ..  ,,._   .     _      .  .,     .,    ,    ,_„.. 

r  (da(x,Ka)da*(x,Ka  ))  =  5(Ka—Ka  )FA  (x;  0,ko  )d~K„d-Ka  ,  (2/) 

{dV{x',Ka)dV*{x",Ka')) 

=  6(Ka-Ka')Fn(x'-x",Ka)dhadW.     (26) 

A       ,.  ,  .         (da(x,Ka)da*(x,Ka'))  =  S(Ka-Ka')Fs(x;U,KM2KadW.  (28) 

Amplitude  and  phase,  however,  are  homogeneous  only 

in  ya  planes;  thus,  FA  and  Fs  are  functions  of  two      Substitution    of   Eqs.    26   and    24    in    Eq.    27    yields 
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FA(x;0,Ka);  similarly,  Eqs.  26  and  25  in  Eq.  28  give  Since  F„ (£,*„)  decreases  rapidly  with  £  and  the  periodic 

Fs(x;0,Ka).  Two  facts  facilitate  the  calculations;  first,  functions  are  bounded,  the  upper  limit  of  integration 

Y-Y+=0  for  all  k;  second,  the  "interference  terms"  can  be  extended  to  oo   with  little  error.  Substituting 

represented  by  averages  of  products  of  forwardscatter  the  three-dimensional  refractive-index  spectrum  <£„(ko), 

and  backscatter  waves  not  only  are  small,  but  also  are  -where  ko2=kx2-\-k2,  defined  by 
experimentally  unobservable  with  other  than  physically 


unrealizable  isotropic  point  receivers. 

IV.  THE  FORWARDSCATTER  SOLUTIONS 

For  forwardscatter  with  the  source  at  the  plane  x=0, 
the  value  of  x  at  the  observation  point  equals  the  path 
length  L.  By  neglecting  the  small  phase  shift  e  and 
making  the  transformation  £  =  x'— x",  %  =  x",  Fa  and 
F s  become 


Fa 

Fa 


[L  rL-l 

=  W       d^Fn^,Ka)\  # 

Jo  Jo 


X{F-<r<a-d)<2^>[cos(&-a)£=Fcos(/5:-a)(2f+£)] 

+  Y+(r«'-d)M+i)Zcos(k-b)Z:¥cos(k-b)(2t +|)]}. 

(29) 

Several  valid  approximations  simplify  the  integrations. 
First,  6«&  and  </«a  for  all  k  imply  k—b~k  and  a —d~a. 
Second,  after  the  f  integration,  the  integrand  will  con- 
tain the  factors 


and 


F„($,k«)*-0(2W\    Fn(fra)<r<*; 


then,  the  inequalities  Fn(t,Ka)~0  for  £>Lo  and  Z,»L0 
imply  that  the  factors  are  very  nearly  equal  to 


and 


Fn(Z,Ka)e-*w<,     Fn(£,Ka), 


Third,  since  Fn(^,Ka)  is  even  and  decreases  rapidly 
with  £,  the  odd  part  of  the  integrand  contributes  little 
to  the  £  integral  and  can  be  neglected.  Fourth,  the 
definitions  of  a(«),  6(*)  imply 

(b-d)/l(b-dY+(k-an~0, 
(k-a)/l(b-dy+  (*-a)2>  \/{k-a), 

for  all  K<k;  similarly, 

a/[a2+  (k  -  a)2]  «  0,    */[a2+  (k  -  a)2]  «  0, 

for  all  K>k.  Then,  Eq.  29  becomes 

Fs\        J0 


L  [  rsinh(A— d)L 

diFn{tea)\YJL<rw\ 

L    (b—i 


(b-d)L 


zpg-(6-d)L_ 


sin2(£— a)L 


k—a)L-\ 
-a)L  J 


2(k-a)L 


cos(k—a)£ 


+  Y+ sinhaZ,  cos££ 

a 


(30) 


7T*„(/Co) 


=    /       Fn(£,Ka 

Jo 


)  cosKx£d!j, 


gives  the  final  form  of  the  amplitude  and  phase  spectra 
for  forward  scatter : 


FA 
IFS 


--*k2LY-e-^<»L\ 


s\n\\(b—d)L 


[sinh( 


(b-d)L 


zpg-(b-d)L_ 


sin2(k—a)L 


k—a)L-\ 


2{k-a)L 


aY+K2J) 


sinhaZ, 

+irk2LY+<raL <J>n[(£2-f-K2)*].     (31) 

aL 

For  K<&k,  a~k,  2(k  —  a)L~K2L/k,  b—d^0,  and  the 
spectra  coincide  with  those  found  by  Tatarski1 : 


Fa\ 

IFS, 


1/  k  K2L\ 

=  irPZ(l=F — sin — W*),    K«k.     (32) 
V      k2L        k  I 


In  a  small  interval  about  K  =  k,  a«&,  b~a^>d  and,  by 
using  F_+  Y+=  1  and  kL2>\,  the  spectra  become 


FA]  s,inhL(kd)* 

=  irk2e~L^i *„[(F+K2)i], 

FS)  (kd)i 


k-8<K<k+8.     (33) 


For  k»&,  a  =  K.  Thus, 

\FA)     irk2 


2/c 


„(«),    £%>k. 


(34) 


Several  comments  on  the  various  ranges  are  appro- 
priate. Since  b—d~0,  for  k«&,  damping  will  be  negli- 
gible at  low  wavenumbers;  however,  the  damping  will 
increase  as  n—+k.  Since  kLo>l,  <£n(Ko)  decreases  near 
K  =  k  and,  thus,  Fa  and  Fs  are  smoothly  decreasing  in  an 
open  neighborhood  oiic  =  k.  Since  $  „(«)  is  decreasing,  Fa 
and  Fs  continue  to  decrease  even  more  rapidly  for 
/0£>£,  and  the  solutions  are  independent  of  d.  Finally, 
Fa  and  Fs  differ  from  each  other  only  for  K<k,  where 


and 


limF^  =  0 


\imFs  =  2irk2L$„(0). 
«-»o 


With  the  refractive  index  a  passive  additive,  #>n(fo) 
varies  in  the  same  way  as  the  velocity  spectrum  $u(ko). 
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1.4 


Fic.  1.  Behavior  of  the  amplitude  filter 
functions  /a  (k)  =Fa(ic)/*,i(ko)  with  nor- 
malized wavenumber  «/(&/.£,)*  for  the 
values  k  =  10  m-1  and  L  =  103  m.  See  text. 
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A  study  by  Saffman12  based  on  a  hypothesis  for  vorticity 
moments  found  $w(0)  nonzero  and  finite;  an  earlier 
paper  by  Batchelor  and  Pror.dman13  using  a  stronger 
assumption  for  velocity  moments  found  a  k02  dependence 
near  ko=0,  implying  <I>„,(0)  =  0.  The  above  results  lend 
additional  conformation  to  Saffman's  conclusions,  since 
F,s(0)^0  can  be  expected  on  physical  grounds  (unlike 
amplitude,  no  dominant  eddy  scale  is  associated  with 
phase,  which  implies  a  nonzero  integral  of  the  phase 
covariance  over  a  ya  plane). 

V.  CONCLUSIONS 

Figure  1  illustrates  the  behavior  of  the  amplitude 
filter  functions  /a(k)  =  Fa (k)/$„ (k0)  with  normalized 
wavenumber  K/(k/L)i  for  the  values  £=10  m_1  and 
L=  103  m.  The  dashed  line  represents  the  inertial  sub- 
range spectrum  (k<T11/3)  of  refractive  index  for  an  outer 
scale  Lq=  1  m.  The  curves  for  three  values  of  the 
absorption  parameter  d  =  k2  y/2Co  clearly  indicate  that 
— for  atmospheric  propagation — only  large  values  of 
attenuation  produce  noticeable  effects  in  the  observed 
amplitude  and  phase  spectra.  Given  a  reasonable  value 
of  the  outer  scale  (Lo>  1  m),  the  spectrum  of  turbulence 
causes  a  more  rapid  decay  than  absorption  and,  thus, 
emphasizes  the  region  k«£.  The  same  conclusion 
follows  for  phase. 


As  a  consequence,  the  amplitude  and  phase  spectra 
found  by  Tatarski  for  the  case  of  optical  propagation 
also  apply  to  acoustic  propagation  for  most  of  the 
range  of  wavenumbers,  path  lengths,  and  attenuation 
coefficients  found  in  typical  experiments.  Insertion  of 
particular  experimental  parameters  in  Eq.  31  directly 
determines  the  relative  size  of  the  various  terms.  The 
exact  expression  (Eq.  29)  gives  the  detailed  behavior 
without  restriction  on  wavelength,  absorption,  or  path 
length.  Since  the  development  has  placed  no  conditions 
on  the  form  of  $n(/co),  the  relative  sizes  of  the  con- 
tributions from  Eqs.  32-34  depend  on  the  exact  be- 
havior of  the  assumed  refractive-index  spectrum. 
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Penetration  of  a  Sonic  Boom  into  Water 

Richard  K.  Cook 

Geoacoustics  Croup,  Environmental  Science  Services  Administration,  RockvUle,  Maryland  20852 


An  aircraft  in  level  flight  at  a  supersonic  speed  over  water  produces  a  sonic-boom  pressure  on  the  water 
surface.  Usually  the  N  wave  of  the  incident  sound  pressure  moves  across  the  surface  at  a  subsonic  speed, 
relative  to  the  speed  of  sound  in  water.  Therefore,  the  boom  energy  is  totally  reflected,  and  the  sound  pres- 
sure in  the  water  falls  off  with  depth  below  the  surface.  The  penetration  depth,  comprising  well  over  half  of 
the  underwater  energy,  is  about  the  same  as  the  iV-waveform  length  on  the  surface.  The  analysis  shows 
further  that  the  wave  reflected  into  the  atmosphere  has  (a)  two  infinitely  large  pressure  spikes  at  the  leading 
and  trailing  edges  of  the  A'  wave,  and  (b)  a  weak  precursor  and  a  weak  tail.  The  same  is  true  of  the  under- 
water wave  just  at  the  surface.  The  spikes,  precursor,  and  tail  have  positive  sound  pressures  and  are  even 
functions  of  distance  from  the  center  of  the  N  wave. 


INTRODUCTION 

An  aircraft  in  level  flight  through  the  atmosphere,  in 
a  straight  line  at  a  constant  supersonic  velocity,  gives 
rise  to  a  shock  wave.  This  waveform  might  have  a  com- 
plicated pressure  structure  near  the  aircraft,  but  as  it 
moves  away  with  the  speed  of  sound  in  a  homogeneous 
atmosphere,  it  arranges  itself  into  a  stable  sound  wave- 
form commonly  called  an  N  wave.  Viewed  in  the  large, 
the  N  wave  forms  the  Mach  cone  accompanying  the 
supersonic  flight,  with  the  axis  of  the  cone  being  the 
straight  line  of  the  flight  path.  The  wave  including  its 
audible  effect  is  called  the  sonic  boom. 


PROJECTION   ON   WATER    SURFACE 


">  PROJECTION 
OF   MACH   CONE 


AIRCRAFT    ALTITUDE     =     20  km 
M=  MACH    NUMBER  =     2.7 

C  '  SOUND    VELOCITY 


PATH  OF  AIRCRAFT 


Fig.  1.  Hyperbolic  intersection  of  a  Mach  cone  with  the  water 
surface. 


For  an  aircraft  in  flight  over  a  plane  surface,  such  as 
a  smooth  body  of  water,  the  intersection  of  the  Mach 
cone  with  the  interface  is  a  hyperbola,  whose  vertex 
advances  over  the  surface  with  the  supersonic  velocity 
of  the  aircraft,  and  therefore  has  the  same  Mach  num- 
ber. Figure  1  shows  the  hyperbolic  trace  for  a  possible 
supersonic  flight.  The  radius  of  curvature  (8000  m) 
indicated  for  the  axis  of  the  hyperbola  is  substantially 
greater  than  a  typical  A7-wave  thickness,  which  is  of 
the  order  of  100  m.  This  suggests  that  the  principal 
features  of  the  penetration  of  a  sonic  boom  into  water 
can  be  deduced  from  a  plane  N  wave.  Therefore,  we 
base  the  analysis  in  what  follows  on  plane  incident  waves 
that  are  tangent  to  the  Mach  cone  at  the  vertex  of  its 
hyperbolic  intersection  with  the  water  surface. 

The  present  analysis  has  two  main  purposes.  The 
first  is  to  find  the  sound-pressure  distribution  under- 
water caused  by  the  incidence  of  the  sonic  boom  onto 
the  water  surface.  The  second  is  to  find  the  waveform 
of  the  wave  reflected  into  the  atmosphere  from  the 
water  surface. 

The  N  wave  in  its  ideal  form  is  characterized  by  a 
discontinuous  jump  increase  of  sound  pressure  at  the 
front  of  the  wave,  followed  by  a  linear  (in  time  and 
space)  decrease,  and  terminated  by  a  discontinuous 
jump  increase,  returning  the  pressure  to  its  ambient 
atmospheric  value.  Atmospheric  irregularities,  such  as 
the  incompressible-flow  turbulent  eddies  of  the  wind 
near  the  ground,  can  substantially  change  the  structure 
of  an  A7  wave  passing  through.  But  various  theoretical 
investigations  (see  e.g.,  DuMond  et  a/.1)  show  that  the 
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waveform  is  a  stable  form  for  a  sound  wave  traveling 
through  a  homogeneous  atmosphere.  Hubbard2  and  his 
associates  frequently  find  it  in  almost  perfect  A'-wave 
form,  when  measurements  are  made  near  the  surface 
of  the  earth. 

The  air  speeds  of  present  and  planned  supersonic  air- 
craft are  less  than  1000  m/sec  and  therefore  are  sub- 
stantially less  than  the  speed  of  sound  in  water  (about 
1500  m/sec).  At  speeds  less  than  1000  m/sec,  the  N 
wave  originating  from  an  aircraft  in  level  flight  has  its 
angle  of  incidence  (on  the  water  surface)  greater  than 
19°.  This  minimum  angle  of  incidence  is  greater  than 
the  critical  angle  for  the  passage  of  a  sound  wave  from 
air  into  water,  which  is  about  14°.  Each  sinusoidal  com- 
ponent of  the  N  wave  is  therefore  totally  reflected 
from  the  surface  and  is  accompanied  by  a  plane  wave 
in  the  water  having  a  subsonic  phase  velocity,  whose 
sound-pressure  amplitude  evanesces  exponentially  with 
depth  below  the  surface.  These  subsonic  waves  are  re- 
ferred to  as  "inhomogeneous"  by  Brekhovskikh,3  who 
gives  a  brief  treatment  of  them. 

The  total  reflection  of  plane-wave  pulses  of  arbitrary 
waveform  at  an  interface  has  some  interesting  features. 
Fischer4  gives  the  analysis  for  the  total  reflection  of  a 
^-function  pulse  going  from  air  into  hydrogen.  Fried- 
lander5  has  studied  the  total  reflection  of  transverse 
(shear)  wave  pulses  in  an  elastic  solid.  He  considered  a 
rectangular  pulse,  a  unit  displacement  for  a  finite  time. 
Towne's6  analysis  arrives  at  a  plane-wave  solution  for 
total  reflection  at  a  fluid-fluid  interface,  as  a  limiting 
case  for  spherical  waves  originating  at  a  distant  point 
source.  The  general  conclusions  of  these  and  other  inves- 
tigations3 are  that  the  reflected  and  refracted  waveforms 
(a)  differ  substantially  from  the  incident  waveform,  (b) 
have  infinitely  long  precursors  and  tails,  and  (c)  are 
accompanied  by  infinite  spikes  at  finite  discontinuities 
in  the  incident  pulse.  We  shall  see  how  these  results 
apply  to  the  sonic-boom  problem. 


SOUND  WAVE  FIELDS  IN  THE  ATMOSPHERE  8   WATER 


I. 


ANALYSIS  OF  REFLECTION  AND 
REFRACTION  OF  AN  N  WAVE 


The  general  procedure  is  use  of  the  Fourier  integral 
method  to  solve  the  Cauchy  problem  posed  by  the  sonic- 
boom  penetration  into  water.  The  first  step  is  to  find 
the  reflected  and  refracted  waves  for  an  incident  sinu- 
soidal wave.  The  second  step  is  to  find  the  Fourier  trans- 
form of  the  incident  N  wave,  and  so  finally  to  arrive  at 
the  total  reflected  and  refracted  waves  (caused  by  the 
N  wave)  by  linear  superposition  of  the  effects  of  the 
incident  sinusoidal  components. 

A.  Incident  Sinusoidal  Wave 

The  well-known  analysis  for  sinusoidal  waves  incident 
on  a  plane  boundary  at  an  angle  greater  than  the  critical 
angle  has  been  set  forth  in  various  places  (see,  for  ex- 
ample, Rayleigh.7)  We  present  here  only  the  basic  as- 
sumptions and  the  results,  all  in  a  convenient  notation. 


B  exp(-ik0x  +ikzz) 


Aexp(-ik0x  -ikzz) 
c\       (INCIDENT) 


Fig.  2.  Geometry  of  sinusoidal  incident,  reflected,  and  inhomo- 
geneous (subsonic)  refracted  waves. 


Figure  2  shows  the  geometry  for  the  reflected  atmo- 
spheric plane  wave  and  the  refracted  underwater  sub- 
sonic wave,  both  caused  by  an  incident  sinusoidal  plane 
wave  having  a  time  variation  of  exp(/w/).  The  surfaces 
of  constant  phase  are  all  planes  parallel  to  the  y  axis 
(which  is  perpendicular  to  the  plane  of  the  paper).  The 
sound  pressure  p  in  the  atmosphere  is  the  sum  of  the 
incident  and  reflected  waves,  the  sum  satisfying  the 
sound-wave  equation.  For  the  sound  field  underwater, 
the  sound  pressure  pw  satisfies  the  underwater-wave 
equation  and  represents  a  wave  having  a  subsonic  phase 
velocity. 

Atmosphere : 

p  =  A  expi(ut— kox— kzz)-\-B  expi(o}t— kox-\-kzz) 

z^0 
Water:  (1) 

pv,=  C  expi(wt—kox)  exp(  —  Kz) 

2^0 

The  (x,y,z)  components  of  the  wavenumber  vector 
for  the  incident  wave  are  (ko,0,kz).  The  magnitude  of 
the  vector  is  k=  (ko2-\-kz2)i  =  d}/c,  where  c  is  the  velocity 
of  sound  in  the  atmosphere.  The  underwater  wave  has 
(ko,0,  —iK)  for  the  components  of  its  wavenumber 
vector,  and  (k02—K2)i  =  u/Wc,  where  Wc  is  the  velocity 
of  sound  in  water.  W  —  4.5  is  the  ratio  of  the  speed  of 
sound  in  water  to  that  in  the  atmosphere. 

The  wavenumber  ko  applies  in  particular  to  the  sound- 
pressure  wave  at  the  interface  between  the  atmosphere 
and  water.  The  phase  velocity  of  this  wave  must  be 
chosen  to  be  Mc,  where  M  is  the  Mach  number  of  the 
supersonic  source.  The  complete  table  of  wavenumbers 
(all  in  terms  of  the  incident  wavenumber  k  =  oi/c)  is  as 
follows : 

ku=k/M=k  sina; 

£,=  (l-l/M2)»£  =  /kcosa; 

K={l/Mi-l/W2)*k. 
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kQ*  k  sin  a 


kT-k  cos  a 


Fig.  3.  Wavenumber  vector  k 
for  the  incident  sinusoidal  wave  of 
Fig.  2. 


The  geometrical  relationships  involving  the  various 
wavenumbers  are  shown  in  Fig.  3. 

The  reflected-wave  factor  B  and  refracted  factor  C 
are  obtained  from  the  following  boundary  conditions  at 
the  air-water  boundary  2  =  0:  the  sound  pressure  is  con- 
tinuous across  the  surface,  and  the  perpendicular  (z) 
component  of  particle  velocity  is  continuous.  The  final 
result  is 

B=(l  +  iS)/(l-ii)XA, 

C=2/(l-iS)XA,  (2) 

and 

5=(P/p«)(l-Mywy/(M*-\)K 

where  p  and  pw  are  the  densities  of  air  and  water,  re- 
spectively. We  note  that  when  Wr>M>l,  then  |U| 
=  \A  |.  Since  p/p„=0.001,  then  \C\  ~2\A\ .  The  ampli- 
tude B  of  the  reflected  wave  is  the  same  as  that  of  the 
incident  wave,  and  there  is  a  small  and  significant  differ- 
ence in  phase,  whose  amount  is  approximately  equal  to 
25  rad. 

Consider  the  special  case  M  =  2.7,  which  is  about  the 
greatest  Mach  number  to  be  expected  for  supersonic 
aircraft  in  level  flight.  An  incident  sound  ray  has  an 
angle  of  incidence  greater  than  the  critical  angle.  When 
c  =  340  m/sec,  IF  =4.5,  and  the  sinusoidal  frequency  is 
10/t  Hz  (u>=  20),  then  A'  =  O.Ol74/m.  The  "penetration 
depth"  into  water  for  this  frequency,  at  which  the 
sound  pressure  is  less  than  that  at  the  surface  by  a  factor 
of  l/e,  is  \/K=  57.5  m. 

An  interesting  special  case  is  that  in  which  the  phase 
velocity  of  the  sinusoidal  wave  traveling  over  the  water- 
air  interface  is  exactly  the  same  as  the  speed  of  sound 
in  water,  M=W  =  4.5.  Then  B  =  A,  and  C=2A.  Also 
K  =  0;  the  sound  field  consists  of  equal-intensity  inci- 
dent and  reflected  waves  in  the  atmosphere,  "bal- 
anced" by  an  infinite  plane  wave  in  the  water,  traveling 
in  the  direction  parallel  to  the  surface,  and  lying  in  the 
plane  of  the  incident  and  reflected  rays.  The  incident 
ray  is  at  the  critical  angle  of  incidence.  All  three  waves 
have  exactly  the  same  phase. 

For  the  general  case  in  which  M >H/  =  4.5,  there  is  a 
sound  field  corresponding  to  incidence  at  less  than  the 
critical  angle.  An  example  is  the  shock  waves  generated 
by  satellites  traveling  with  M  =23  at  altitudes  of  about 
110  km;  these  have  been  observed  at  ground  level.  In 
this  familiar  analytical  situation,  there  is  a  refracted 


wave  into  the  water,  and  the  relation  between  the  angles 
of  incidence  and  refraction  is  given  by  Snell's  law.  The 
reflected  wave  has  less  intensity  than  the  incident  wave 
but  has  exactly  the  same  waveform.  The  intensity  dif- 
ference is  the  same  as  the  intensity  of  the  refracted  wave. 
This  latter  wave  satisfies  the  Sommerfeld  radiation  con- 
dition and  carries  sound  power  underwater  off  to  in- 
finity in  a  direction  away  from  the  surface. 

B.  Fourier  Transform  of  the  N  Function 

The  transform  most  convenient  for  our  purpose  is 
that  one  for  the  spatial  distribution  of  incident  sound 
pressure  in  the  interface  plane  z  =  0.  To  arrive  at  this, 
we  consider  first  a  linear  transformation  from  the  origi- 
nal (x,y,z)  coordinate  system  to  a  new  one  (x',y',z')t 
moving  in  the  -far-axis  direction  with  a  speed  Me;  the 
new  coordinates  of  any  point  are  x'  =  x— Met,  y'  =  y, 
z'  =  z.  After  transformation,  the  time  factor  exp(?u>/) 
will  not  appear  explicitly  in  Eq.  1.  Otherwise  stated,  the 
whole  wavefield  will  be  stationary  in  time  in  the  (x',y',z') 
coordinates.  This  is  because  the  incident,  reflected,  and 
refracted  wavefields  were  all  moving  in  the  +  *-axis 
direction  with  a  phase  velocity  Mc. 

We  consider  in  particular  the  sound-pressure  dis- 
tribution of  the  incident  wave  in  the  plane  z'  =  0  (see 
Fig.  4).  The  N  wave  has  a  length  L  and  peak  pressure  po- 

A  simplified  AT  waveform,  convenient  for  the  ensuing 
analysis,  is  the  N  function,  whose  definition  is  N(x) 
=  0,  for  x>l  and  x<-\;  A(-l)=-$;  N(x)  =  x,  -1 
<x<  +  l;  A7(+l)  =  5.  Then  the  incident  A-wave  pres- 
sure in  the  plane  z'  =  0  can  be  written  as  poN(2x'/L), 
and  anywhere  in  the  atmosphere  (z'<0)  the  incident 
pressure  is 

p  =  paN[_2(x'  sina+z'  cosa)//.  sina]. 

The  A-wave  thickness  is  L  sina. 

The  Fourier  transform  (spectrum)  of  A'(x)  is 


J  -co 

-£■ 


)  exp(tKw)<iw 


exp(inu)(lu 

=  (2j'/«)(sinK/K  — cos/c) 
=  —2i(d/dK)(sii\K/i<). 
By  the  Fourier  integral  theorem,  we  know  that 


(3) 


1  r 

N(x)=- 
2tt7 


/(k)  exp(  —  iKx)dK 


(4) 


-*  r    v  . 

=  —  /     /(/c)  smuxtiK 

T   Jo 

since  /(k)  is  an  odd  function  of  k.  N  (x)  is  an  odd  function 
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of  x,  and  so  by  a  well-known  lemma,  /(k)~k  for  small 
k;  Eq.  3  is  consistent  with  this.  For  large  k,  the  zeros 
of  /(k)  are  very  near  those  of  cos/c,  and  the  envelope 
of  |  /(/c)  |  ~  1/k.  Detailed  descriptions  of  the  TV-function 
spectrum  have  appeared  in  numerous  places  (see,  for 
example,  Howes8). 

Each  sinusoidal  component  of  the  Ar-wave  intersec- 
tion with  the  plane  z  =  0  has  associated  with  it  unique 
incident,  reflected,  and  refracted  sinusoidal  spatial 
waves.  We  therefore  arrive  at  the  total  spatial  distri- 
bution corresponding  to  an  incident  acoustical  N  wave 
by  superposing  the  sinusoidal  waves  weighted  with  the 
spectrum  /(«). 

C.  Underwater  Sound  Pressure  Field,  M<  W 

We  combine  Eqs.  1  and  2,  choosing  A  =  l,  and  recall 
that  x'  =  x—  Met.  Then  the  incident  sinusoidal  pressure 
at  the  surface,  p  =  smkox',  causes  an  underwater  sound 
pressure, 

pw=2  cos  A  sin  (£&*'—  A)  exp(  —  k^iz'),  (5) 

where  m=  (1  —  M2/W2)*,  and 

A=tan-'5«5.  (6) 

The  phase  angle  A<SC1  radian  and  is  a  constant  indepen- 
dent of  ko-  See  Eq.  2  for  the  definition  of  5. 

To  find  the  total  sound  pressure,  we  multiply  Eq.  5 
by  the  A^-function  spectrum,  Eq.  3,  and  integrate  over 
all  k(0  to  oo )  (see  Eq.  4) : 


/>„(*'/)=- 


4  cosA 


r 

Jo 


d  /sinx\ 

XsinOct'-A)— ( Uc.     (7) 

dn\  k  ) 

This  is  the  sound  pressure  underwater  when  the  incident 
pressure  (in  the  plane  z'  =  0)  is  N(x').  Expanding 
sin(Kx'— A)  and  writing  nz'  =  h  leads  to 

pv(x',h)  =  2  cosA(/i  cosA+/2  sinA), 

f"  d  /simc\ 

t/i  =  -  2  /    exp  ( -  he)  sin**'— [ W     (8) 

Jo  dn\  k   / 


L/2         +«' 
p«p0N(2x'/L) 


Fig.  4.  Sound  pressure  of  the  incident  N  wave  in  the  plane  z'  =  0 
of  the  moving  coordinate  system. 


Fig.  5.  The  spike-function  part  of  the  reflected  and  refracted 
waves  at  the  water  surface.  I2(x',0)  =/2(— *',()). 


and 


vl 


r°°  d  /sin/c 

;  =  2  /     exp(  —  Iik)  coskx'— 


dx\ 


in/c\ 

—  XdK. 

K     ) 


From  Eq.  2,  A=4X10~4,  when  M=2.7.  Therefore, 
cosA-  l-A2/2=  1.0000,  and  sinA«A=4X  10"4.  Ix  cosA 
makes  up  the  principal  part  of  the  sound  pressure.  It  is 
almost  everywhere  substantially  larger  than  I2  sinA. 

The  two  infinite  integrals  Ix  and  I2  are  uniformly  con- 
vergent throughout  any  region  of  the  (x',h)  half-plane 
h>0,  from  which  the  points  (+1,  0)  and  (— 1,  0)  are 
excluded  by  small  semicircles.  The  integrals  have  the 
format  of  Laplace  transforms.  They  can  be  expressed  in 
terms  of  elementary  functions  with  the  help  of  tables 
of  such  transforms  (see,  for  example,  Roberts  and  Kauf- 
man.9) The  final  expressions  are 


wlt(x',h) log 


k2+{x'-iy 


-\-x'  tan 


r         2h         ~ 
lh2-l+(x'Y. 


and 

*'      rtf+ix'+l)2-] 

i/,(*\A)=-log 

2        U2+(x'-l)2J 


(9) 


+h  tan"1 


MM- 

Lh2-l+(x')2J 


The  term  (2=tan-'[2///(/l2-l  +  x'2)]  is  a  multiple- 
valued  function.  For  h^0, 0<Q<w  is  the  correct  branch 
for  —  oo  <x'<  oo.  For  h  =  0,  Q  =  0iov  —  oo  <x'<  —  1  and 
+  K*'<oo;  Q  =  t  for  — 1<*'<  +  1,  and  Q  =  t/2  at 
*'=±1.  Therefore,  Ii(x',0)  =  N(x');  the  principal  part 
of  the  underwater  sound  pressure  has  an  N  waveform 
just  at  the  surface  (/*  =  0).  The  function  Ii(x',h)  has 
jump  discontinuities  at  the  points  (+1,0)  and  (—1,0). 

The  function  It(x',h),  which  is  an  even  function  of  x', 
increases  without  limit  on  approach  to  the  same  points 
and  becomes  logarithmically  infinite  at  them.  This  is 
seen    from    Trl2(x',0)=x'(log\  l+x'\  -log|  l-x'|)-  2. 
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— I       p  =  2  cos  A  [i^x'.OJcos  A 

+  I2  (x',0)  sin  A  J 
■■-2 


Fig.  6.  Total  sound  pressure  just  at  the  water  surface.  The  in- 
finitely high  spikes,  not  drawn  to  scale,  are  much  narrower  and 
sharper  than  illustrated. 


Figure  5  illustrates  this  function.  The  sound  pressure 
just  at  the  water  surface,  which  is  the  same  in  the  atmo- 
sphere as  in  the  water,  is  illustrated  in  Fig.  6. 

Equations  8  combined  with  Eqs.  9  furnish  the  com- 
plete exact  solution  for  the  underwater  sound-pressure 
field  caused  by  an  N  wave  incident  on  the  surface.  To 
arrive  at  the  pressure  field  in  the  original  (stationary) 
x-z  coordinate  system,  replace  x'  by  x—Mct  and  h  by  fiz. 

D.  The  Reflected  Wave 

The  sound  wave  reflected  from  the  water  surface  into 
the  atmosphere  can  be  found  by  a  continuation  of  the 
foregoing  analysis.  As  was  mentioned  above,  the  re- 
flected wave  is  stationary  in  time  in  the  moving  (x',y',z') 
coordinate  system.  Combination  of  Eqs.  1  and  2,  and 
again  we  choose  A=l,  leads  to  the  reflected  wave  pr 
caused  by  an  incident  sinusoidal  wave: 

p,  =  sin  (k0,x' — kzz'  —  2A) 

=  sin#o(*'— 2'  cota)  cos2A  (10) 

—  cosko(x'—z'  cota)  sin2A, 

where  a  =  angle  of  reflection  (  =  angle  of  incidence),  and 
A  is  defined  by  Eq.  6. 

The  total  reflected  sound  wavefield  is  obtained  by 
multiplication  of  Eq.  10  by  the  N -function  spectrum, 
Eq.  3,  and  integration  over  all  k  (0  to  00).  The  final 
expression  for  the  reflected  sound  pressure  is 

sin2A 
pr  =  N(x'-z'  cota)  cos2AH 


XKx'-z' 


cota)  log 


l+(*'-z'cota)| 


l-(z'-3'cota) 


-} 


(id 


n.  PRINCIPAL  FEATURES  OF  THE  SOUND  FIELD 

A.  Underwater 

The  main  part  of  the  sound  pressure  is  given  by 
Ii(x',h)  (see  Eqs.  8  and  9).  The  function  spreads  out 


underwater  so  as  to  have  infinitely  long  precursor  and 
tail  waves.  This  comes  about  because  the  sound  field 
was  initiated  at  /=  — 00  (so  to  speak),  and  so  the 
underwater  sound  runs  ahead  of  the  atmospheric  sonic 
boom  to  form  a  precursor.  At  the  surface,  the  function 
li(x',0)  has  the  N  waveform,  which  we  referred  to 
earlier,  and  therefore  I\(x',h)  is  the  solution  for  the 
sound  pressure  due  to  a  traveling  pressure  A^  waveform 
applied  to  the  surface.  Sawyers10  has  also  worked  out  the 
solution  for  this;  his  Eq.  13  agrees  with  I\{x',h). 

But  the  function  Ii(x',h)  is  also  a  part  of  the  complete 
underwater  sound  field.  I2  has  logarithmically  infinite 
spikes  at  the  points  .t'  =  ±1,  h  =  0,  and  it  has  in- 
finitely long  precursor  and  tail  waves.  But  it  makes  a 
negligible  contribution,  less  than  10-3  p0,  to  the  total 
sound  pressure,  whenever  hz-\-  {x'±  1)2>  10-4.  For  ex- 
ample, the  sound  pressure  attributable  to  It{x',h)  is  at 
least  60  dB  less  than  the  incident  peak  pressure  po,  at 
all  points  underwater  more  than  10  cm  away  from  the 
leading  and  trailing  edges  of  an  A7  wave  100  m  long. 

Plots  of  the  total  underwater  sound  pressure  as  a 
function  of  x',  at  various  depths  z'(  =  h/n)  below  the 
surface,  are  shown  in  Fig.  7.  The  total  pressure  is  not 
quite  an  odd  function  of  x' .  But  practically  speaking, 
the  curves  of  Fig.  7  can  be  used  both  for  the  forward 
half  of  the  wavefield  (*'>0,  pw>0)  and  for  the  trailing 
half  (x'<0,  pw<0). 

The  total  underwater  elastic  energy  Vw  per  unit 
width,  parallel  to  the  y  axis,  of  the  sound  field  is  (apart 
from  a  proportionality  constant) 

V„=  I      [    pj{x',h)dx'dh 

J0      J -00 

=  (l  +  cos2A)M      I    h2(r,e)rdedr  (12) 

Jo    Jo 

+sin22A|      J    h\r,d)rdBdr. 
Jo    Jo 

The  latter  integrals  are  over  the  polar  coordinates, 
r  =  l(x')2+hiy  and  0  =  tan"1  (A A')-  The  cross-product 
term  I\  (odd  function  of  x')Xh  (even  function  of  x') 
vanishes  during  the  integration.  The  infinite  integrals 
are  finite,  as  can  be  seen  from  the  asymptotic  forms  of 
1 1  and  It  as  r  becomes  large.  These  forms  are 


7i~2  sin20/37rr2, 


and 


(13) 


h 2cos20/7rr2. 

Therefore,  the  infinite  integral 


J  R 


l?{r,0)rdr 


is  of  the  order  of  \/F?.  The  same  is  true  of  the  integral 
for  h(r,8). 
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We  conclude  that  the  elastic  energy  Vv  per  unit  width 
of  the  underwater  sound  field  is  finite.  The  field  can 
therefore  be  established  almost  completely  in  a  finite 
time.  For  example,  suppose  a  sonic-boom  wave  travels 
over  land,  across  a  beach,  and  is  then  suddenly  incident 
upon  a  water  surface.  The  underwater  sound  field  will 
be  fully  established,  for  all  practical  measurement  pur- 
poses, in  a  few  seconds  of  time. 

B.  At  The  Surface 

The  sound  pressure  p,  in  the  atmosphere  at  the  water 
surface  is  the  same  as  the  underwater  pressure  there 
(see  Fig.  6) : 

p,=  (l+cos2A)/i(x',0)+sin2A  l2(x',0) 

=  (l+cos2A)Ar(Y)  +  (sin2A/7r)  (14) 

X[*'log|(x'+l)/(*'-l)|-2]. 

We  proceed  to  examine  the  relative  amounts  of  elastic 
energy  in  the  /V-function  part  of  the  sound  pressure  and 
in  the  spike  function  Iiix'fi). 

Consider  the  total  elastic  energy  in  a  cylinder  parallel 
to  the  x'  axis,  and  of  unit  cross-sectional  area.  This 
energy  V0  is  found  by  proceeding  as  earlier  for  cal- 
culation of  the  total  underwater  energy  Vw.  We  omit 
a  constant  of  proportionality,  square  the  right-hand 
side  of  Eq.  14,  and  integrate  over  x'  from  (—  oo)  to 
(+oo).  During  the  integration  the  cross-product  term 
I\(x',0)Iz(x',0)  vanishes  as  before.  The  result  is 


rl  8  sin22A 

V0=  (l+cos2A)2  /     N2(u)du- 


«+- 


X 


re 


log 


dx    (15) 


The  first  integral  =  §.  The  second  (infinite)  integral  can 
be  evaluated  in  terms  of  elemenatry  functions  and  the 
dilogarithm  function11;  its  value  is  7r2/12.  This  can  be 
obtained  also  by  an  application  of  the  Hurwitz- 
Lyapunov  theorem  to  the  totally  reflected  wave  (see 
Sec.  II-C). 

The  first  term  in  Eq.  15  is  the  iV-function  elastic 
energy  at  the  surface,  including  both  the  incident  and 
reflected  waves.  The  second  term  is  the  spike-function 
energy,  which  is  much  less  than  the  first.  The  ratio  of 
the  latter  (spike)  energy  to  the  former  is  sin22A/ 
(l+cos2A)2ssl.6XlO~7,  for  the  same  Mach  number 
M  =  2.7  as  assumed  earlier.  The  spike  energy  at  the 
water  surface  is  68  dB  less  than  the  N -function  energy. 

C.  In  the  Atmosphere 

The  wave  reflected  into  the  atmosphere  has  a  sound- 
pressure  p,  distribution  given  by  Eq.  11.  The  reflected 
wave  has  (a)  infinitely  long,  but  very  weak,  precursor 
and  tail  waves  and  (b)  infinitely  (logarithmically)  high 


20  30  40  50  60  70  80  90       100 

DISTANCE    PARALLEL  TO  SURFACE,  METERS 

Fig.  7.  Underwater  sound  pressure  at  various  depths  z' 
=  h/n  below  the  surface,  for  an  N  wave  of  length  Z.=  100  m; 
/i=(l-Af2/W2),  =  0.80. 


spikes  of  sound  pressure  at  the  leading  and  trailing 
edges  of  its  N  wave.  The  waveform  of  pT  is,  of  course, 
the  same  as  the  surface  pressure  p„  after  subtraction 
from  the  latter  of  the  incident  N  wave,  N{x') ;  compare 
Eqs.  11  and  14atz'  =  0. 

The  calculation  of  the  elastic  energy  therefore  paral- 
lels the  above  analysis  for  the  energy  at  the  surface. 
Consider  the  energy  VT  in  an  (infinite)  cylinder  of  unit 
area  perpendicular  to  the  plane  wavefront  of  the  re- 
flected wave.  Vr  is  given'by  the  integral  of  pT2  along  an 
(infinite)  straight  line  perpendicular  to  the  wavefront. 
We  again  omit  constants  of  proportionality, 


VT=    I         PMU=-J         \fr(K)\2dK 
./__  IT  Jo 


(16) 


by  the  Hurwitz-Lyapunov  theorem  (completeness  rela- 
tion) ;  /r(«)  is  the  spectrum  of  pr.  Similarly,  for  the  inci- 
dent N  wave,  />,-: 

K,=  [    p*du=-[    |/,W|2<f<c.  (17) 

But  each  sinusoidal  component  of  p,  has  the  same  ampli- 
tude as  in  pi,  there  being  only  a  phase  shift  2A  (see  Eq. 
10).  Therefore, 


and  so 


l/«M|-|/rMI, 
Vr=Vi\ 

§  cos22A+ (spike-function  energy)  =  §; 

•'•SPIKE-FUNCTION   ENERGY  =  I  Sin22A. 


(18) 


The  ratio  of  the  spike  energy  to  the  A'' -wave  elastic 
energy  of  the  reflected  wave  is  tan22A«0.64X10-9  for 
Mach  number  M  =  2.7.  The  spike  energy  of  the  reflected 
wave  is  62  dB  less  than  the  A7 -wave  energy. 
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III.  SUMMARY  AND  DISCUSSION 

The  final  expression  for  the  underwater  sound  pres- 
sure pw  is  given  by  Eqs.  8  and  9,  for  the  atmosphere  re- 
flected pressure  p,  by  Eq.  11,  and  for  the  surface  pres- 
sure p,  by  Eq.  14.  Figures  5-7  are  graphical  illustrations 
of  the  formulas.  In  all  of  these  expressions,  the  unit  of 
pressure  is  p0,  which  is  the  peak  pressure  in  the  incident 
wave,  and  the  unit  of  length  L/2  is  one-half  the  Ar-wave 
length  on  the  water  surface.  Also,  the  sound  pressures 
are  stationary  in  time  in  an  (x',y',z')  coordinate  system 
moving  with  speed  Me. 

Measurements  must  be  made,  however,  with  micro- 
phones in  the  fixed  (x,y,z)  coordinate  system,  with  sound 
pressures  varying  in  time.  These  are  obtained  by  apply- 
ing the  transformation  x'  =  x  —  Mel,  y'  =  y,  z'  =  z  to  the 
various  sound-pressure  expressions.  For  example,  re- 
placement of  x'  by  —Met  and  z'  by  z  in  Fig.  7  will  give 
the  variation  in  time  of  the  underwater  sound  pressure 
pw  in  the  plane  x  =  0  of  the  stationary  coordinate  system. 

Detection  and  measurement  of  the  positive  pressure 
spikes  in  the  reflected  and  underwater  waves  will  be 
difficult  to  achieve.  The  spikes  contain  only  a  very  small 
fraction,  about  0.64X10-6,  of  the  reflected  Ar-wave  elas- 
tic energy  for  Mach  number  M  =  2.7.  The  fraction  in- 
creases as  M  decreases  (see  Eqs.  2,  6,  and  18).  For  M 
=  1.12,  the  spike-energy  fraction  is  23X10-6,  46  dB  less 
than  the  incident  elastic  energy. 

Passage  of  an  A^  wave  through  a  nonuniform  atmo- 
sphere can  also  produce  spikes  at  the  leading  and  trail- 
ing pressure  jumps.2'12  Atmospheric  inhomogeneities  in- 
fluence the  incident  N  wave,  whereas  effects  at  a  reflect- 
ing surface  influence  only  the  reflected  wave.  Therefore, 


the  two  effects  can  be  separated  by  observations  of 
sound  pressure  at  points  above  the  surface,  where  the 
pressure  jumps  of  the  incident  and  reflected  waves  are 
separated  in  time. 
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Numerical  Study  of  the  Gain  Pattern  of  a  Shielded  Acoustic 

Antenna 


Otto  Neall  Strand 

Wave  Propagation  Laboratory,  Environmental  Research  Laboratories,  National  Oceanic  and  Atmospheric  Administration, 

Boulder,  Colorado  80302 


The  farfield  gain  pattern  of  a  shielded  acoustic  antenna  is  studied  numerically  by  the  use  of  Kirchhoff 's  inte- 
gral. Circular  symmetry  and  perfectly  absorbing  walls  are  assumed.  Results  are  reported  for  a  frequency 
of  2  kHz. 


INTRODUCTION 

In  the  acoustic  radar  work  at  the  Wave  Propagation 
Laboratory,  it  has  been  found  necessary  to  suppress  the 
side  lobes  of  the  horn-reflector  acoustic  antenna  in  use. 
An  experiment  by  Simmons  and  Wescott1  was  con- 
ducted in  which  an  antenna  was  surrounded  by  absorb- 
ing material  and  the  sound  signal  at  80°  and  90°  from 
the  axis  of  the  antenna  was  compared  with  that  which 
would  be  received  in  the  absence  of  an)'  shielding.  A 
theoretical  numerical  model  for  this  experiment  is 
derived  in  this  article,  and  numerical  results  arising 
from  this  model  are  presented. 

The  geometrical  configuration  being  considered  is 
shown  in  Fig.  1.  A  planar  antenna  with  circular  sym- 


metry is  assumed.  The  dimensions  studied  for  the 
configuration  of  Fig.  1  are  as  follows  (all  dimensions  arc- 
in  feet):  2<//<12,  r(max)=2,  rs(,„ax)=4  and  6,  and 
wavelength  A.  =  0.5,  corresponding  to  a  frequency  of 
approximately  2  kHz. 

The  procedure  used  to  calculate  the  farfield  gain 
pattern  may  be  summarized  as  follows  (see  Fig.  1): 
Kirchhoff's  integral,  which  may  be  used  for  acoustic 
waves  as  well  as  electromagnetic  waves,  is  calculated  to 
derive  an  "equivalent  illumination"  across  the  hori- 
zontal aperture  at  height  //  above  the  shielded  antenna. 
This  equivalent  illumination  is  then  truncated  at 
rs  =  rs{l„ax).  A  two-dimensional  Fourier  transform  (de- 
rived from  Kirchhoff's  integral)  is  then  used  to  obtain 
the  farfield  resulting  from  the  equivalent  illumination. 
Finallv,    the   absolute   value    of   the   farfield   signal   is 


Fig.  1.  Assumed  geometry  of  shielded  antenna. 
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Fig.  3.  Relative  gain  pattern?  for  various  values         c 
of  A;  uniform  illumination, /•«,„,„»,  =  6.  S 
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converted  to  decibels  below  the  center  value  to  obtain 
the  gain  pattern. 

I.  THEORY 

Tt  is  easily  derived  from  Kirchhoff's  integral  for 
diffraction8  that  the  illumination,  Ii,(rs),  at  height  // 
above  the  antenna  is  given  approximately  (except  for 
a  constant  multiplier)  by 


h(r 


where 


■HT  L " 


l(r)evp[>(r)] 


Xexpl 


(iZ(,i-h)\ 


y(d)rdrd6,     (1) 


,!  =  [(r  smd-r^+r-  cos-8+li-y; 


The  farfield  approximation  for  use  with  the  equivalent 
illumination  to  obtain  the  farfield  gain  pattern  is  derived 
as  follows  (see  Fig.  2).  Let  rs  play  the  role  of  r  in  the 
Kirch  ho  ff  integral  and  assume  that  /j»rs<„iax).  Then 
h/Dc^cosyj/  where  D  is  constant  for  all  points  on  the 
outer  aperture.  In  considerations  of  phase,  we  use  the 
binomial  series  to  obtain  the  first-order  approximation 


</  =  (rsH-A2—  lrsr,  sinfl+r/) 


IfjT,  sin0  —  rc2\* 


(lrsrt  sin0  — >v\ 
1 — ) 


J) 


'Tft,  sin0N 


(2r/rssinf?\"|'  /r,r,  sinfA  ~ 

z)2     )\~  L     V    n*    /_ 


d=D—s\n\f/(r,  sin0). 


(3) 


A(r)  exp[/'<£(r)]  is  the  illumination  of  the  shielded 
antenna,  as  indicated  in  Fig.  1 ;  y(d)  is  a  factor  describ- 
ing the  decay  of  the  amplitude  of  the  acoustic  signal 
with  distance,  d\rdrd0  is  the  area  element  at  the  position 
(r,$)  on  the  shielded  antenna;  and  rs  is  the  radius  at 
which  the  illumination,  I>,(rs),  is  to  be  obtained.  The 
factor  exp[(  jlir  ,'\)(<l—  //)]  describes  the  change  of 
phase  of  the  acoustic  signal  over  distance  d. 

For  the  conditions  described  here,  the  choice  of  y(d) 
given  bv 


Incorporating  these  approximations  into  Eq.  1  gives  the 
farfield,  7(uV),  (except  for  a  complex  constant  multi- 
plier) as 


m 


l-f-cos^ 


--l(r.)exp[j«(r.)] 


Xe.xp 


sin^(r,  sin#) 

L     A 


rsdrsdd,     (4) 


T.mile  I.  Location  of  zeros  of  gain  pattern  for  /;  =  0. 
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./-(cleg) 


is  appropriate  (for  some  conditions,  such  as  /;  — +  0,  this 
assumption  would  be  untenable). 
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Fig.  4.  Relative  gain  patterns  for  various  valiu 
h  of  //;  uniform  illumination,  r,{mHX-,=4, 

o 
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Kir,.  5.  Effect  of  taper  on  gain  pattern  for  /;  =  0 
ind  h-C\ 


Angle    Off  Axis,   Degrees 


where  A(r,)  exp[/#(r.,)]  is  the  equivalent  iikmiination  This  is  a  special  ease  of  the  I'ourier-lransforni  farficld 

of  the  outer  aperture.  The  integral  of  Eq.  4  can  be  as    is    usually    given    jn    the    literature-;    the    faclni 

transformed  into  the  more  usual  form,3'4  i.e.,  one  with  (H-cosuV)   1  in  Eq.  5  gives  improved  accurac\   for  the 

a  kernel  of  the  form  exp[(  +  _/27r  'X)  sin^(/%  sinf?)].  by  larger  values  of  uV  Performing  ihe  integration  lirsl  with 

replacing  6  by    —9'   in   the  outer   integration    to   get  respect  to  0'  gives  the  formula 


1+cosi/'  r2'    /"r«c> 
m  = 

J 


.4(r.)exp[>(r.)] 


KrP 


(1+cos^)  r 


(l+cosuV)  r 

=  1'     7 /„ 


Mr.) 


Xexp 


+  j2n 
L     X 


sin^(f„  sin(?') 


rsdrJ6'.     (5) 
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Formula  6  was  used  for  the  computation  of  farfield 
results.  To  obtain  the  farfield  gain  pattern,  we  compute 


Relative  gain  (in  decibels)  =20  logio 


1(0) 


(7) 


II.  NUMERICAL  METHODS 


The  Fortran  computer  program  contained  two  major 
subroutines.  The  first  was  a  two-dimensional  numerical 
integration  which  summed  over  segments  of  concentric 
circles  to  evaluate  Eq.  1.  The  second  performed  a  one- 
dimensional  numerical  integration  in  accordance  with 
Iiq.  6.  A  linear  interpolation  of  the  results  of  Eq.  1  was 
used  to  provide  input  for  this  second  subroutine. 

Various  comparisons  indicated  that  the  numerical 
results  were  valid  to  at  least  three  significant  figures. 
These  comparisons  consisted  of  computing  known  cases 
and  varying  the  increment  sizes  both  for  the  integration 
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Fig.  6.  Equivalent  outer-aperture  illumination. 
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Fig.  7.  Equivalent  outer-aperture  illumination. 


of  Eq.  1  and  the  interpolation  of  the  equivalent  outer- 
aperture  illumination.  The  integration  of  Eq.  6  was 
performed  and  the  results  compared  using  Gaussian 
integration  formulas  involving  20,  40,  and  43  abscissas/ 
cycle  of  J Q.  The  fine  details  of  the  computer  program  are 
not  presented  here.  The  program  is  presently  available 
and  could  be  used  for  further  calculations  if  necessary. 

HI.  RESULTS 

All  results  are  given  in  graphical  form;  although  the 
numerical  results  are  valuable  for  check  out,  the  graphs 
give  a  much  clearer  indication  of  the  behavior  of  the 
farfield  as  certain  parameters  are  varied.  The  graphs 
were  originally  drawn  by  the  Cathode  Ray  Plotter  with 
the  CDC  3800  computer,  but  have  been  redrafted,  as 
required,  for  comparison.  The  main  question  to  be 
answered  is:  What  is  the  effect  of  shielding  the  antenna 
on  the  farfield  gain  pattern?  Figure  3  presents  the  gain 
patterns  for  r,(max>=6  ft,  r(max)  =  2  ft,  and  a  zero-phase 
constant-amplitude  illumination   of  the   shielded  an- 
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Fig.  8.  Equivalent  outer-aperture  illumination. 


tenna.  The  curve  for  li=0  depicts  the  pattern  which 
would  be  observed  if  the  antenna  were  not  shielded,  and 
it  serves  as  a  reference.  It  can  be  shown4  that  for  A=0, 
the  farfield  is  given  (up  to  a  constant  multiplier)  by 


where 


Ity)=Jl(u)/u, 
2irr<max)  sin^ 


(8) 


•  =  8tt  sin^ 


under  the  given  conditions.  A  few  successive  zeros  of  Jx 
(Ref.  5)  are  given  in  Table  I,  together  with  correspond- 
ing angles  \p. 

Thus,  in  the  reference  curve  A  =  0  of  Fig.  3,  we  observe 
drops  in  the  relative  gain  at  these  angles.  (The  reference 
curve  was  obtained  by  numerical  integration  and  not  by 
Eq.  8.)  The  attenuation  corresponding  to  zeros  of  /<  is 
not  complete  in  the  plot,  as  the  values  for  plotting  were 
obtained  only  at  increments  of  one  degree.  The  curves 
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for  11  =  2,  4,  6,  8,  10,  and  12  show  the  effect  of  varying  //. 
The  non-monotone  character  of  the  relative  gain  at 
1^  =  90°  may  be  attributed  to  the  undulatory  nature  of 
the  equivalent  illumination  (illustrated  in  Figs.  6-9). 
The  amount  of  attenuation  depends  to  a  certain  extent 
on  the  location  of  the  truncation  value  r,(max)  with 
respect  to  high  and  low  points  of  the  equivalent  illumi- 
nation. Figure  4  gives  results  for  several  values  of  h 
with  r,(mnx)=4  and  uniform  illumination. 

The  effects  of  tapering  the  illumination  of  the 
shielded  antenna  were  studied  for  h  =  6  and  r,(mai)=6 
by  using  the  illumination 

A(r)  exp[;'0(r)]  =  exp(-ar2),     r<r,„,„x)  =  2, 

where  the  following  values  of  a  were  used:  <z=0.125 
(tapered  to  e~*),  a  =  0.25,  (tapered  to  e_1),  and  a  =  2.5 
(tapered  to  e~10).  Note  that  uniform  phase  is  used  for 
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all  tapers.  Such  tapering  has  an  effect  on  both  the 
reference  relative  gain  pattern  (/?  =  0)  and  the  pattern 
for  h=6.  These  results  for  a  =  0  (untapered),  a=0.125, 
a =0.25,  and  a  =  2.5  are  shown  in  Fig.  5.  Note  also  that 
the  reference  curve,  h=0,  gives  a  lower  relative  gain  for 
a  taper  to  e~l°  than  the  curve  for  li  =  6. 

Finally,  Figs.  6-10  give  amplitude  and  phase  curves 
for  the  equivalent  illumination  across  the  aperture  at 
height  h  above  the  antenna  for  five  different  conditions, 
as  noted.  One  may  observe  the  undulatory  character  of 
the  amplitudes  in  Figs.  6-9  and  the  substantial  phase 
variation  in  all  five  figures. 


rs,  Feet 
Fjg.  10.  Equivalent  outer-aperture  illumination. 
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Seismic  Response  of  Infrasonic  Microphones- 
Alfred  J.  Bedard,  Jr.** 

(November  19,  1970) 

Factors  affecting  the  (unwanted)  seismic  response  of  infrasonic  microphones  are  indicated. 
Past  measurements  of  ground  motion  deduced  from  the  radiated  atmospheric  sound  measured  with 
infrasonic  microphones  are  reviewed,  and  such  measurements  are  compared  with  seismometer  meas- 
urements of  ground  motion.  Seismic  motions  caused  by  the  Japanese  earthquake  of  May  1968  are 
used  in  this  example.  The  seismic  response  of  the  infrasonic  microphone  used  for  this  measurement 
was  experimentally  determined  and  the  results  are  presented.  A  simple  method  of  compensating  for 
interfering  seismic  effects  on  microphones  is  described. 

Keywords:  Compensation;  ground  motion;  infrasonic  microphones;  seismic  response. 


1.   Introduction 

If  seismic  motions  caused  bv  a  distant  earthquake  are 
strong  enough,  an  earthquake-associated  air-pressure 
wave  may  be  observed.  These  air-pressure  changes  are 
observed  coincident  with  vertical  motions  of  the  earth 
in  the  immediate  vicinity  of  the  microphone,  and  are 
caused  by  radiation  of  sound  into  the  atmosphere  by  the 
ground  motions.  Observations  on  such  acoustical  radi- 
ation, have  been  reported  previously  [Cook  and  Young. 
1962;  Donn  and  Posmentier,  1965].  The  amplitudes  of 
vertical  ground  motion  deduced  from  the  air  pressure 
measurements  have  been  compared  with  ground  motions 
measured  with  seismometers  operated  in  the  vicinity  of 
the  infrasonic  microphones  [Cook,  1965;  Donn  and 
Posmentier,  1965;  Golitsyn  and  Klyatskin,  1967].  In 
general  quite  good  agreement  has  been  obtained  using 
the  two  methods. 

In  addition  to  the  infrasound  caused  by  local  ground 
motions,  air  pressure  waves  have  been  observed  originat- 
ing from  both  the  vicinity  of  the  epicenter  of  an  earth- 
quake [Benioff  and  Gutenberg,  1939;  Mikumo,  1968] 
and  from  intermediate  regions  along  the  seismic  wave 
propagation  path  [Benioff  et  al.,  1951 ;  Donn  and  Pos- 
mentier, 1965;  Press  and  Ewing,  1951].  The  Alaskan 
earthquake  of  1964  provided  examples  of  both  these 
classes  of  earthquake-associated  atmospheric  sound  waves 
[Donn  and  Posmentier,  1965]. 

An  example  of  an  atmospheric  pressure  disturbance 
generated  by  the  local  passage  of  seismic  waves  from 
distant  seismic  activity  is  the  record  shown  in  figure  1. 
The  acoustic  data  from  microphones  in  the  vicinity  of 
Washington,  D.C.,  appear  in  the  upper  portion  of  this 
figure.  The  microphone  array  at  a  typical  station  is  de- 
signed for  measuring  four  principal  characteristics  of 
infrasonic  waves:  (1)  the  amplitude  and  waveform  of 
the  incident  sound  pressure,  (2)  the  azimuth  of  arrival 
of  the  wave,   (3)   the  horizontal  phase  velocity,  and  (4) 
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the  dominant  period  of  the  wave.  An  infrasonic  station 
normally  has  four  or  more  microphones  equipped  with 
noise-reducing  devices  located*  at  ground  level,  approxi- 
mately in  the  same  plane  and  spaced  about  7  to  10  km 
apart.  Figure  2  shows  the  microphone  layout  for  the 
Washington,  D.C.,  station. 

Each  line-microphone  produces  frequency-modulated 
voltages  proportional  to  the  sound  pressure  in  the  at- 
mosphere. The  tones  are  usually  transmitted  bv  telephone 
wires  to  a  recording  location.  At  this  central  recording 
location  these  tones  are  demodulated,  amplified,  filtered, 
and  recorded  in  analog  form  both  as  ink-on-translucent- 
paper  traces,  and  on  magnetic  tape.  The  system  pass-band 
is  designated  N7  and  is  shown  in  figure  3. 

The  disturbance  shown  in  figure  1  is  related  to  an 
earthquake  on  May  16,  1968,  with  the  epicenter  under 
the  sea  floor  100  miles  east  of  Hachinohe.  Honshu,  Japan 
(U.S.  Coast  and  Geodetic  Survey,  Preliminary  Determina- 
tion of  Epicenter:  0  =  00h  48m  55.4'  UT,  40.84°  N. 
143.22°  E,  h  =  7  km,  Ms  =  7.9).  This  disturbance  was 
much  smaller  at  Washington,  D.C.,  than  the  disturbance- 
following  the  1964  Alaskan  earthquake.  It  was  thought 
that  the  smaller  ground  motions  would  make  intercom- 
parison  with  seismic  data  more  feasible.  Note  that  this 
disturbance  was  distinguished  from  local  pressure  changes 
caused  by  turbulent  motions  of  the  wind,  because  of  its 
presence  at  all  of  the  microphones  of  a  multipartite  array. 

The  analog  acoustic  record  shown  in  figure  1  is  a 
superposition  of  the  recordings  from  the  various  micro- 
phone sites.  The  waveform  coherence  between  the  various 
sites  is  quite  good.  Note  that  the  time  marks  are  almost 
coincident  at  the  chart  speed  of  3/j  in/min,  indicating  a 
high  horizontal  phase  velocity.  The  disturbance  was  dis- 
tinguished from  acoustic  waves  propagating  in  the  at- 
mosphere parallel  to  the  earth's  surface,  by  its  higher 
horizontal  phase  velocity.  Rayleigh  waves  on  the  earth's 
surface  have  a  horizontal  phase  velocity  of  about  3  km/s. 
compared  with  330  m./s  for  acoustic  waves  in  the 
atmosphere. 

The  disturbance  started  at  0135  UT  and  was  lost  in 
noise  at  about  0214  UT.  The  observed  periods  ranged 
from  17  s  to  40  s.  The  maximum  amplitude  occurred  at 
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FIGURE  1.  Seismic  disturbance  of  May  16,  1968. 


0153  UT  and  was  5.5  ^cbars  at  a  period  of  10  s.  The 
ground  displacement  computed  from  these  pressure  data 
was  4.2  mm.  The  ground  motion  determined  from  seis- 
mometers located  in  Washing*on,  D.C.,  was  1.3  mm.  The 
Georgetown  University  Seismometer  Laboratory  made  the 
recordings  of  ground  motion  shown  in  figure  1  available. 
The   short-period   worldwide   standard   seismograph    was 
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used  in  making  the  recording.  The  seismic  data  were 
corrected  for  svstem  amplitude  response  before  being 
compared  with  the  infrasonic  microphone  records.  Roth 
measurements  may  be  considered  accurate  to  within 
±    10  percent. 

R.  K.  Cook  [1965]  has  shown  that  the  air  pressures  for 
such  a  disturbance  are  due  to  an  integrated  effect  of  the 
sound  radiated  by  Ravleigh  waves  over  a  large  area,  as 
opposed  to  a  seismometer  which  measures  motion  at  a 
point;  hence,  it  seems  reasonable  to  consider  infrasonic 
microphone  data  in  order  to  obtain  a  more  representative 
picture  of  ground  motion  over  an  area  of  the  earth's 
surface.  Infrasonic  data  will  be  useful  for  measurement 
of  very  large  amplitude  ground  motions  because  the 
sound  pressure  levels  will  probably  be  larger  than  the 
pressure  variations  due  to  local  winds.  It  is  possible  that 
for  very  large  ground  motions  the  dynamic  range  of 
sensitive  seismometers  will  be  exceeded,  and  then  acousti- 
cal measurements  can  provide  the  desired  measurements 
of  the  motions.   Rut  the   microphones   must  perforce  be 


Figure  2.  Microphone  site  layout. 


FIGURE  3.  Microphone  system  response. 
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located  on  the  surface  of  the  earth,  and  they  are  therefore 
subjected  to  the  latter's  seismic  motions.  It  is  therefore 
necessary  to  determine  the  effects  of  the  microphone's 
seismic  motions  on  its  electrical  output.  The  effects  might 
be  small  or  negligible,  but  they  must  be  known 
quantitatively. 

2.  Seismic  Response  Considerations 

In  attempting  to  test  and  evaluate  the  seismic  response 
of  infrasonic  microphones  several  factors  must  be  con- 
sidered. Rayleigh  waves  occurring  at  the  location  of  the 
pressure  transducer  generate  peak  pressure  changes  in 
the  atmosphere  calculated  according  to  the  relation 


AP 


pCltis 


where 


2tt/ 


/  =;  frequency  of  the  wave 
X  =  double  amplitude  of  ground  motion 
AP  =  peak-to-peak  pressure  change  in  the  atmosphere 
p  =.  density  of  air 
c  =  velocity  of  sound  in  air. 

This  pressure  change  would  be  measured  by  the  micro- 
phone together  with  any  other  instrumental  seismic  re- 
sponse effects  that  might  be  present.  A  frequently  used 
form  of  infrasonic  microphone  is  one  that  uses  the  motion 
of  a  diaphragm  to  detect  pressure  changes.  This  is  the 
type  of  detector  that  will  be  considered  here. 

In  addition  to  the  pressure  AP  =  pemX,  such  a  trans- 
ducer will  respond  to  accelerations  independently  of  any 
pressure  changes  occurring  in  the  atmosphere.  A  trans- 
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Ficure  4.  Schematic  view  of  microphone. 

ducer  such  as  that  shown  in  figure  4  will  show  seismic 
response  due  to  both  the  diaphragm  inertia  and  the 
inertia  of  air  columns  in  the  unit.  Also,  when  the  trans- 
ducer is  moved  vertically  through  the  atmosphere,  a 
pressure  change  will  be  introduced  whose  magnitude 
will  be  equal  to  pgX.  Pressure  changes  due  to  air  motion 
past  the  microphone's  openings  to  the  atmosphere  could 
also  occur.  The  various  factors  contributing  in  theory  to 
the  seismic  response  are  summarized  as  follows: 


Total  Pressure  Change 

A/V,:,, 

Open  Tube 
Air  Column  Effects* 

.  .  .  pijj~h\X       -\~ 


Hydrostatic  Equation1 
f>gX 


Diaphragm 
Inertia 


Local 
Radiation 

-\-       pwcX 


Bernoulli  Pressures* 

l/2PV2  +  ... 

Closed  Tube 
Air  Column  Effects 
...+  1/2  Pw2hX 


where: 

£  =  local  gravitational  acceleration 
X  =  displacement  double  amplitude 
h\  =  vertical  height   of   microphone's   external   air 

column 
hn  =  thickness  of  diaphragm 
h  =  length  of  microphone's  internal  air  column 
V  =  maximum  velocity  of  motion 
<o  =  2wf 

p  =  density  of  air 
p\,rw*  =  density  of  the  diaphragm 
c  =  velocity  of  sound  in  air. 

In  experimentally  testing  seismic  response  on  a  vibra- 
tion shaker,  the  effect  of  translating  the  transducer  ver- 
tically through  the  atmosphere  will  have  to  be  taken  into 

•There  >rr  no  contributions  ,luc  la  the  hvilrostalic  .ation  or  Bernoulli  pres- 
sure, during  seismic  wave  transit.  These  l'wa  erle,  Is  are  important  .lurinp  an 
experimental  evaluation  of  the  microphone  with  a  vibration  shaker.  The  relation 
shown  lor  ouch  lube  ait  column  effct  t 
type  experiments  at    low   frequencies. 


alii)     only     (111 


account.  Effects  of  local  sound  radiation  by  the  shaker 
will  be  negligible.  Note  that  the  relation  listed  for  air 
column  effects  is  valid  for  an  open-ended  tube  at  low 
frequencies.  The  closed  tube  relation  is  half  of  this  value. 
Microphone  response  to  vertical  displacements  was  tested 
at  the  National  Bureau  of  Standards  at  Gaithersburg, 
Maryland,  where  Mr.  James  R.  Houghton  made  available 
a  shaker  capable  of  producing  approximately  sinusoidal, 
vertical  motions.  The  tests  were  performed  at  an  ambient 
temperature  of  22°  C,  a  relative  humidity  of  20  percent, 
and  an  ambient  pressure  of  757  mm  of  Hg.  The  frequency 
of  vertical  motion  was  adjustable  over  the  range  1  Hz 
to  0.01  Hz.  The  double  amplitude  was  set  to  4  in. 

The  microbarograph  system  consisted  of  a  pressure 
transducer  [Cordero  et  al.,  1957]  equipped  with  a  7.5  s 
high-pass  acoustical  filter.  The  system  pass-band  including 
Discriminator  N4  and  Filter  Amplifier  N10  had  3  dB 
points  at  1  and  20  s.  Figure  4  shows  a  schematic  view  of 
the    system    microphone   mechanical    configuration.    The 
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microbarographic  system  was  calibrated  with  a  piston- 
phone,  and  a  portable  fixed-frequency  pressure  calibrator 
was  operated  before  and  afte.  the  seismic  response  tests. 
The  pistonphone  was  a  stainless  steel  wool-filled  50-gal 
volume  equipped  with  a  brass  bellows  variable-volume 
element  to  produce  dynamic  pressure  changes.  Theoretical 
considerations  made  it  desirable  to  vary  the  kev  para- 
meters while  subjecting  the  infrasonic  microphone  to 
vertical  displacements  on  a  shaker  at  a  number  of  fre- 
quencies. Since  the  experiment  was  performed  in  the 
presence  of  local  atmospheric  pressure  variations,  a  time 
of  low  atmospheric  pressure  noise  was  chosen.  Further, 
it  was  necessary  to  choose  vibration  amplitudes  large 
enough  for  the  expected  pressure  variations  to  be  larger 
than  the  local  noise  level. 

3.   Experimental  Results 

The  system  response  on  a  vibration  shaker  table  was 
found,  within  experimental  error,  to  be  independent  of 
the  orientation  of  the  microphone  inlet  to  the  atmosphere. 
Hence,  it  is  inferred  that  inlet  air  blast  and  Bernoulli 
effects  did  not  contribute  to  the  electrical  output  of  the 
microphone. 

At  longer  periods  than  5  s  per  cycle,  the  observed 
change  in  pressure  closely  approached  the  value  to  be 
expected  from  the  hydrostatic  term  in  the  pressure  equa- 
tion. There  is  no  direct  frequency  dependence  involved  in 
this  term.  Figure  5  shows  the  pressure  measured  as  a 
function  of  frequency. 

If  the  value  for  A.P  determined  from  the  hydrostatic 
equation  is  subtracted  from  the  observed  pressure  changes 
and  the  resulting  data  plotted  as  a  function  of  frequency 
squared,  the  result  is  approximately  a  straight  line  in 
agreement  with  the  predicted  /'-'  dependence.  See  figure  6 
for  a  log-log  plot  of  AP  versus  frequency  squared. 

The  vertical  external  tubing  length  was  varied  in  5-in 
increments  and  the  output  of  the  system  measured  with 
the  frequency  of  vibration  kept  constant  at  1  Hz.  The 
variation  of  pressure  as  a  function  of  length  of  tubing 
below    this    valve    is    linear    and    changes    as    expected 
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Frci'RE  7.  Effect  of  air  column  length. 


(AP^  1.2  hi  at  1  Hz,  where  hx  is  in  inches;  fig.  7).  This 
is  approximately  the  slope  of  the  line  in  figure  7. 

Table  1  presents  the  contributions  of  the  various  seismic 
response  mechanisms  to  the  total  pressure  change  ob- 
served. The  outputs  have  been  computed  at  frequencies 
of  1  Hz  and  0.1  Hz  and  for  displacement  amplitudes  of 
0.001  in,  0.01  in,  0.1  in,  and  1  in.  Typical  values  are 
included  in  this  table  to  show  the  relative  importance  of 
the  various  effective  elements.  The  hydrostatic  relation 
is  also  included  for  comparison  purposes,  although 
normally  it  would  not  be  a  factor  in  determining  Rayleigh 
wave  seismic  response.  The  diaphragm  compliance  and 
effect  of  any  backing  volume  sensitivity  will  reduce  the 
system  response,  but  these  effects  are  not  included  in  this 
worst-case  consideration. 

Because  local  background  seismic  noise  amplitudes  can 
be  over  20  p.m.  the  displacement  amplitude  of  0.001  in 
is  a  reasonable  reference  to  use.  Table  1  shows  that  the 
"loudspeaker  action"  effect  from  seismic  waves  will  domi- 
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Table  1.  Seismic  response  contributions 


Gene 

ration 
anism 

Displacement 

X,  inches 

mech 

X  -  0.001 

X  =  0.01 

X  =  0.1 

X-l 

1Hz 

0.1  Hz 

PgX 
wcp&\TX 

U'pbmsshzX 
OJ'pai  vhiX 

pgX 

Wrpa|  rX 

uj2pa\Th\X 

0.003  Mbar 
.638  Mbar 
.002  Mbar 
.003  Mbar 

0.003  Mbar 
.0638  Mbar 
.2  X  10"Vbar 
.3  X  10"Vbar 

0.03  Mbar 

6.38  Mbar 

.02  Mbar 

.03  Mbar 

0.03  Mbar 
.638  Mbar 

2  X  10"Vbar 

3  X  10"Vbar 

0.3  Mbar 

63.8  Mbar 

.2  Mbar 

.3  Mbar 

0.3  Mbar 
6.38  Mbar 
.002  Mbar 
.003  Mbar 

3  Mbar 
638  Mbar 

2  Mbar 

3  Mbar 

3  Mbar 
63.8  Mbar 
.02  Mbar 
.03  Mbar 

/)bra,s  = 
g- 

=  10  in 
=  0.001  in 
=  8.7  g/cm3 
=  980.1  cm/s2 

nate.  The  effects  due  to  transducer  seismic  response  are 
typically  less  than  1  percent  of  the  "loudspeaker  effect" 
at  the  pertinent  frequencies.  Thus,  for  this  infrasonic 
microphone  configuration,  it  is  quite  reasonable  to  deduce 
ground  motions  from  observed  pressure  changes  without 
correcting  for  instrument  seismic  response.  Also,  with  the 
proper  length  of  air  column  termination,  one  can  null  out 
the  seismic  response  of  the  microphone  at  infrasonic  fre- 
quencies. In  the  NOAA  infrasonic  microphone,  the  return 
hose  from  the  microphone  to  the  noise-reducing  array 
accomplishes  this.  The  open  tube  relation  used  here  for 
computing  this  form  of  seismic  compensation  is  valid  only 
for  shaker-type  experiments  with  negligible  local  radi- 
ation. A  seismically  compensated  microbarograph  has 
been  described  [Ewing  and  Press,  1953]  for  use  at 
periods  longer  than  20  s.  A  different  method  of  seismic 
compensation  is  used. 

Consideration  of  air  column  effects  would  suggest  that 
caution  should  be  exercised,  for  example,  in  installing 
an  infrasonic  microphone  in  a  deep  well  and  routing  a 
tube  to  the  surface.  Since  the  air  column  seismic  response 
is  directly  proportional  to  the  length  of  the  air  column, 
a  person  might,  in  fact,  be  constructing  a  system  sensitive 
to  vibration.  For  0.001-in  tube  displacements  at  1  Hz.  the 
seismically  induced  pressure  amplitudes  for  an  air  column 
10  ft  long  would  be  0.03  /ibar.  This  is  over  three  times  the 
internal  noise  level  of  the  microphone  now  used  by 
NOAA.  Noise  due  to  local  vibrations  would  be  increased. 


I  am  grateful  to  Mr.  Frank  Baldwin,  who  did  the  art 
work  on  the  illustrations,  and  to  Rev.  McConnell  of 
Georgetown  University,  who  provided  the  seismic  records. 
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Slow-tail  portions  of  atmospherics  were  recorded  simultaneously  in  Japan  and  the  United 
States  from  sources  located  in  the  Pacific  Ocean  area.  The  amplitude  and  phase  spectra  of 
forty  pairs  of  selected  atmospherics  were  computed,  and  propagation  parameters  for  the  zero- 
order  wave-guide  mode  were  calculated  for  nighttime  conditions  only.  Attenuation  rates  for 
W-E  propagation  extended  from  about  0.5  db/Mm  at  20  Hz  to  2.0  db/Mm  at  300  Hz 
and  for  E-W  propagation  from  0.8  db/Mm  at  20  Hz  to  about  2.8  db/Mm  at  300  Hz. 
The  phase  velocities  extended  from  about  0.7  and  0.8  the  velocity  of  light  for  W-E  and  E-W 
propagation,  respectively,  at  20  Hz  to  about  0.93  the  velocity  of  light  for  either  direction  at 
300  Hz. 


INTRODUCTION 

ELF  slow-tail  components  of  atmospherics  were 
observed  simultaneously  in  the  United  States  and 
Japan  beginning  in  1966.  After  several  preliminary 
observations  in  the  spring  of  1967,  observational 
techniques  were  established  and  recording  equipment 
sensitivities  were  adjusted  at  Tottori,  Japan,  and  La- 
fayette, Colorado,  to  give,  from  lightning  sources  in 
the  Pacific  Ocean  area,  slow-tail  wave  forms  that 
could  be  analyzed. 

This  report  is  based  on  observations  made  between 
1200  and  1300  UT  on  September  13,  15,  18,  and 
20,  1967.  Nighttime  conditions  existed  over  the  en- 
tire Pacific  Ocean  area  from  which  sources  of  at- 
mospheric slow  tails  were  likely  to  be  recorded  at 
both  Tottori  and  Lafayette.  ELF  attenuation  rates 
and  phase  velocities  computed  from  data  obtained  for 
approximate  easterly  and  westerly  propagation  dur- 
ing nighttime' conditions  over  the  Pacific  Ocean  area 
are  presented. 

Actual  data  recording  was  limited  to  a  30-second 
period  every  10  minutes  starting  on  the  hour  for  a 
total  of  6  periods  each  day.  The  Tottori  data  were 
recorded  with  a  multi-channel  paper  chart  oscil- 
lograph, and  the  Lafayette  data  were  recorded  with  a 
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35-mm  strip  film  camera  photographing  two  multi- 
beam  oscilloscopes.  Tottori  data  included  the  ELF 
response  of  a  15-meter  vertical  monopole  antenna 
and  an  indication  of  signal  arrival  direction  from 
VLF  crossed  loop  antennas.  Lafayette  data  included 
the  ELF  response  of  a  2-meter  vertical  monopole 
antenna  and  the  direction  of  arrival  with  sense  from 
VLF  equipment.  Time  marks  synchronized  with 
either  JJY  (standard-time  transmissions  in  Japan)  or 
WWV  (standard-time  transmissions  in  the  United 
States)  were  recorded  with  the  data  at  each  location. 

DATA  REDUCTION 

Selecting  data  was  a  very  difficult  task.  First,  chart 
paper  and  photographic  film  were  processed  at  both 
locations.  Then,  the  time  of  arrival,  amplitude,  and 
direction  of  arrival  of  all  slow-tail  wave  forms  that 
were  suspected  to  have  been  also  observed  at  the 
other  location  were  tabulated.  These  tabulations  were 
then  exchanged  between  laboratories.  After  inde- 
pendent comparison  of  the  tabulation  entries,  ELF 
wave  forms  were  exchanged  for  those  entries  most 
likely  to  have  resulted  from  the  same  lightning  stroke. 
Finally,  forty  ELF  slow-tail  wave-form  pairs  of  suf- 
ficient quality  for  spectrum  analysis  were  selected.  It 
was  required  that  the  VLF  component  of  the  at- 
mospheric be  recognizable  at  both  observation  sites 
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Fig.    1.     Example   of   slow-tail   wave   forms. 

for  time  delay  measurements  and  that  the  VLF  at- 
mospheric be  of  sufficient  amplitude  at  the  Lafayette 
site  to  produce  an  accurate  direction-of-arrival  dis- 
play. An  example  of  a  slow-tail  wave-form  pair 
recorded  at  both  Tottori  and  Lafayette  from  a 
lightning  stroke  near  Java,  Indonesia  (at  point  A  in 
Figure  6),  is  shown  in  Figure  1.  The  calculation  of 
the  propagation  distances  indicated  by  each  wave 
form  will  be  covered  later.  Increased  dispersion  with 
distance  is  very  evident  upon  comparing  the  general 
wave-form  shapes  of  these  examples.  The  amplitude 
ratio  between  these  pulses  is  about  6:1,  and  there 
is  an  obvious  time  delay  with  increased  distance. 
Zero  on  the  time  scale  was  established  as  the  time 
of  arrival  of  the  VLF  component. 

The  time  between  the  initial  part  of  the  VLF  com- 
ponent and  the  peak  amplitude  of  the  first  half-cycle 
of  the  ELF  component  is  called  the  separation  time 
8.  This  is  the  sum  of  the  delay  /  between  the  begin- 
nings of  the  VLF  and  ELF  components  and  the 
quarter  period  t/4  which  is  one-fourth  the  cycle  time 
of  a  sine  wave  that  best  fits  the  first  half-cycle  of  the 
ELF  component.  Hepburn  and  Pierce  [1953]  estab- 
lished the  following  relationships  for  all  nighttime 
conditions: 


t  =  0.13d  -  0.14 
t/4  =  0.50  +  0.08rf 


(1) 
(2) 


therefore, 

5  =  0.36  +  0.2k/  (3) 

where  d  is  the  distance  in  megameters  and  t,  r,  and 
3  are  in  milliseconds.  Values  for  separation  times  of 
1.4  and  3.7  msec,  measured  for  the  examples,  com- 
pare favorably  with  1.5  and  3.5  msec  obtained  from 
(3)  using  5.7  and  15.0  Mm,  respectively. 

Each  selected  wave-form  record  was  enlarged  so 
that  a  time  base  of  about  3  msec/cm  was  realized. 
Wave  forms  were  traced  on  graph  paper,  and  the 
amplitude  of  the  wave-form  trace  was  tabulated  each 
millimeter  or  (for  wave  forms  with  rapid  rise  times 
characteristic  of  relatively  near  sources)  each  half 
millimeter.  This  was  done  over  the  time  period  of 
each  wave  form,  which  usually  involved  20  to  40 
msec.  Time  base  and  amplitude  values  were  estab- 
lished for  each  wave  form  from  various  calibration 
procedures.  All  required  data  and  instructions  were 
delivered  to  an  electronic  computer  programmed  to 
calculate  the  Fourier  spectrum.  Amplitude  and  phase 
were  calculated  each  2  Hz  from  10  to  40  Hz,  each 
5  Hz  from  45  to  100  Hz,  each  20  Hz  from  120  to 
400  Hz,  and  each  50  Hz  from  400  to  1000  Hz. 

The  amplitude  spectra  of  the  example  wave  forms 
are  shown  in  Figure  2.  These  spectra  are  not  smooth 
because  there  was  background  noise  associated  with 
each  wave  form.  Perturbations  at  frequencies  less 
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than  30  or  40  Hz  (particularly  large  for  the  Tottori 
spectrum)  are  the  result  of  an  improper  baseline 
level  for  each  wave  form.  Rapid  fluctuations  in  am- 
plitude versus  frequency  at  the  upper  end  of  the 
spectra  (very  large  for  the  Lafayette  spectrum)  were 
caused  by  noise  and  harmonic  interference  from 
commercial  power  lines.  The  dashed  lines  in  the  fig- 
ure were  an  attempt  to  smooth  the  spectra  and  min- 
imize the  effects  of  background  interference.  Their 
validity  rests  on  the  assumption  that  the  results  pro- 
duced by  causes  of  perturbations  would  tend  to  be 
random  and  that  an  individual  spectrum  would  tend 
to  be  relatively  smooth  and  free  of  source  induced  or 
propagation  induced  perturbations. 

Figure  3  shows  the  phase  spectra  of  the  example 
wave  forms.  Positive  degrees  of  phase  correspond  to 
a  lag  or  a  delay.  For  all  frequency  components,  the 
Lafayette  wave  form  was  more  delayed  in  arrival 
time  (relative  to  the  velocity  of  the  VLF  com- 
ponent, which  is  assumed  to  travel  at  the  velocity 
of  light)  than  was  the  Tottori  wave  form.  Perturba- 
tions are  evident  in  the  phase  curves,  but  they  are 
not  as  noticeable  as  the  corresponding  perturbations 
on  the  amplitude  curves.  Again,  the  dashed  lines 
were  an  attempt  to  smooth  out  the  background-noise 
induced  perturbations. 
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Fig.  3.     Phase  spectra. 


Fig.  4.     Direction   of   arrival    at   Lafayette. 

To  attain  attenuation  rates  and  phase  velocities, 
a  location  for  each  lightning  stroke  producing  a 
selected  pair  of  ELF  slow  tails  must  be  determined. 
We  originally  desired  to  show  direction  of  arrival  at 
each  observation  site,  but  it  was  not  possible  to 
develop  this  facility  at  the  Tottori  site.  The  Lafayette 
site  could  show  VLF  direction  of  arrival,  and  both 
locations  could  record  the  arrival  time  of  the  at- 
mospherics relative  to  time  marks  synchronized  to 
either  WWV  or  JJY,  so  a  method  was  devised 
whereby  the  direction  of  arrival  at  Lafayette  and 
the  time  difference  of  arrival  between  Lafayette  and 
Tottori  could  be  used  to  determine  a  lightning-source 
location. 

The  direction  of  arrival  at  Lafayette  for  each  10° 
of  azimuth  covering  the  Pacific  Ocean  area  is  shown 
in  Figure  4.  Time  differences  (the  time  of  arrival  at 
Lafayette  minus  the  time  of  arrival  at  Tottori  given 
in  milliseconds)  are  shown  in  Figure  5  for  the  Pa- 
cific Ocean  area.  The  directional  grid  runs  generally 
E-W  for  Lafayette  directions,  whereas  the  time  dif- 
ference grid  runs  essentially  N-S  over  the  primary 
areas  of  interest. 

Direction  of  arrival  could  be  measured  to  an  ac- 
curacy of  ±2°  for  an  ideal  transient  source  from 
the  wide-band  df  display  at  the  Lafayette  site. 
An  accuracy  of  only  about  ±5°  was  generally  be- 
lieved realized  because  of  relatively  high  noise  level 
associated  with  small  VLF  atmospherics  from  very 
distant  sources,  but  in  some  cases  an  accuracy  of 
only  ±10°  could  be  ascribed  to  a  particular  atmos- 
pheric. 

Timing  measurements  at  each  site  could  be  made 
to  an  accuracy  of  —  1  msec.  Variation  in  reception  of 
standard  time  signals  and  timing  drift  of  the  local 
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Fig.  5.     Time  difference  in  milliseconds   (Lafayette  minus 
Tottori). 


secondary  time  standards  reduced  the  accuracy  of 
the  time  difference  measurements  to,  perhaps,  ±3 
msec.  Atmospheric  sources  located  generally  SE  of 
Lafayette  or  SW  of  Tottori  produced  time  differences 
approaching  32  msec,  as  can  be  seen  in  Figure  5. 
This  fact  was  used  during  the  analyses  of  data  for 
most  observation  periods  to  check  the  accuracy  of 
time  difference  measurements. 

The  approximate  location  of  each  slow-tail  source 
was  determined  graphically  by  the  direction  of  ar- 
rival and  time  difference  of  arrival  of  the  VLF  com- 
ponents. For  a  few  cases  where  the  VLF  component 
was  not  measurable,  it  was  necessary  to  measure 
time  of  arrival  of  the  ELF  component  at  the  Tottori 
site  and  to  correct  for  the  separation  times.  The  two 
parameters  were  quite  compatible  in  that  a  crossed 
grid  network  was  formed  over  the  Pacific  Ocean  area 
and  the  errors  in  each  measurement  were  of  the 
same  order  of  magnitude.  The  effect  of  location  er- 
rors on  the  calculated  propagation  values  will  be 
discussed  in  the  last  section. 

FORMULATION 

The  basic  theoretical  considerations  for  the  radia- 
tion field  propagated  via  the  zero-order  earth-iono- 
sphere wave-guide  mode  have  been  developed  by 
Wait  [I960].  The  use  of  atmospherics  to  determine 
single-mode  propagation  parameters  has  been  re- 
ported by  Jean  et  al.  [1960,  1961]  and  Taylor 
[I960].  The  attenuation  rates  for  single  wave-guide 
mode  propagation  using  atmospherics  observed  in  a 
two-station  configuration  can  be  expressed  as 
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and  the  corresponding  phase  velocities  can  be  ex- 
pressed as 
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where  |E(o>,  d)\  is  the  amplitude,  *  (<u,  d)  is  the 
phase  of  the  Fourier  spectrum  for  a  single  atmos- 
pheric, to  is  the  angular  frequency  (2-n-f),  di  is  the 
great  circle  distance  to  the  near  station  (Tottori), 
d2  is  the  great  circle  distance  to  the  far  station  (La- 
fayette), a  is  the  earth's  radius,  and  c  is  the  velocity 
of  light. 

These  formulations  are  adequate  when  observa- 
tions made  at  dx  and  d-,  are  almost  along  the  same 
great  circle,  in  the  same  direction,  and  the  propaga- 
tion conditions  along  dx  and  d2  are  the  same.  We 
could  devise  formulations  to  include  changes  in 
ground  conductivity  along  each  path  and  variations  in 
strength  and  direction  of  the  earth's  magnetic  field, 
etc.,  but  the  present  data  determine  only  gross  direc- 
tional effects.  They  are  still  inadequate,  however,  for 
obtaining  propagation  parameters  when  paths  are 
far  removed  from  a  great  circle  connecting  the  two 
observing  stations.  The  effects  of  the  geomagnetic 
field  were  such  that  directional  effects  could  produce 
different  propagation  conditions  along  E-W  and 
W-E  paths.  To  account  for  gross  directional  effects 
additional  formulations  were  required. 

If  we  assume  that  propagation  conditions  can  be 
calculated  from  (4)  and  (5)  for  W-E  attenuation 
rates  a(o>)w_E  and  phase  velocities  Fp(fa>)w_E/c  us- 
ing suitable  data,  then  the  attenuation  rates  for  E-W 
propagation  can  be  written 
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and  the  phase  velocities  can  be  written 
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where  the  subscript  3  refers  to  the  E-W  path  (Tot- 
tori) and  the  subscript  4  refers  to  the  W-E  path 
(Lafayette). 
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DATA  ANALYSES  RESULTS 

The  location  of  the  lightning  stroke  producing  each 
pair  of  slow  tails  was  determined.  Locations  tended 
to  cluster  in  certain  areas.  Figure  6  presents  the  six 
areas  into  which  all  sources  were  placed  to  simplify 
computations.  The  number  of  atmospherics  in  each 
group,  the  average  direction  of  arrival  at  Lafayette, 
the  average  time  difference  in  arrival  between  La- 
fayette and  Tottori,  and  the  computed  distances  from 
the  source  locations  to  each  recording  station  are 
given  in  Table  1. 

Attenuation  rates  and  phase  velocities  were  com- 
puted from  the  spectra  of  each  wave-form  pair;  (4) 
and  (5)  were  used  for  group  A  and  B  atmospherics, 
and  (6)  and  (7)  were  used  for  the  groups  located  in 
mid-Pacific  Ocean  areas.  Average  values  for  attenua- 
tion rates  and  phase  velocities,  as  a  function  of  fre- 
quency, were  calculated  for  the  22  pairs  in  groups 
A  and  B.  Results  were  assumed  to  represent  W-E 
propagation.  Direction  of  propagation  relative  to  the 
geomagnetic  field  between  each  source  area  and 
Tottori  was  about  20°  from  magnetic  north.  The 
direction  of  propagation  for  the  initial  dx  distance 
along  the  path  toward  Lafayette  was  about  25°. 
Over  the  remainder  of  the  path  to  Lafayette,  the  di- 
rection of  propagation  increased  from  about  30° 
near  Japan  to  about  100°  over  the  United  States; 
this  results  in  an  average  direction  of  about  65° 
relative  to  magnetic  north. 

With  the  results  from  the  A  and  B  groups,  aver- 
age attenuation  rates  and  phase  velocities  were  cal- 
culated for  the  18  pairs  in  groups  C,  D,  E,  and  F. 
The  geomagnetic  propagation  direction  toward  Japan 
varied  between  about  280°  to  300°  near  the  source 
areas  and  from  about  245°  to  280°  near  Japan; 


TABLE  1 .     Summary  of  data 
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Fig.  6.     Approximate  location  of  slow-tail  source  areas. 
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this  gives  an  average  of  about  280°.  The  path  direc- 
tion toward  the  United  States  varied  between  about 
40°  to  60°  near  the  source  areas  and  between  about 
75°  to  90°  near  Lafayette;  this  produces  an  average 
direction  of  about  70°. 

The  results  of  the  preceding  computations  are  pre- 
sented in  Figure  7.  Attenuation  rates  shown  in  the 
upper  part  of  the  figure  were  computed  from 
smoothed  amplitude-spectrum  values  at  the  frequen- 
cies indicated  by  the  error  bars  and  are  presented  in 
decibels  per  megameter.  The  lower  part  of  the  figure 
shows  the  phase  velocities  computed  from  smoothed 
phase-spectrum  values  and  are  presented  as  the  ve- 
locity of  the  phase  components  relative  to  the  velocity 
of  light.  Average  values  of  propagation  parameters 
are  indicated  by  solid  curves  for  W-E  and  by  dashed 
curves  for  E-W.  Error  bars,  shown  slightly  offset 
from  the  frequency  at  which  computations  were 
made,  indicate  the  maximum  excursions  obtained 
from  computations  based  on  the  spectra  of  each 
wave-form  pair.  The  solid  error  bars  and  the  dashed 
error  bars  correspond,  respectively,  to  the  W-E  and 
the  E-W  curves. 

As  shown,  attenuation  rates  vary  from  about  0.5 
db/Mm  at  20  Hz  to  2.0  db/Mm  at  300  Hz  for  W-E 
propagation  and  from  about  0.8  db/Mm  at  20  Hz 
to  2.8  db/Mm  at  300  Hz  for  E-W  propagation.  The 
relatively  slow  increase  of  attenuation  with  frequency 
at  lower  frequencies  is  separated  from  the  rather 
rapid  increase  of  attenuation  at  the  higher  frequencies 
by  a  bend  in  the  curves  near  150  Hz. 

Phase  velocities,  relative  to  the  velocity  of  light, 
extend  from  about  0.7  and  0.8,  for  W-E  and  E-W 
propagation  at  about  20  Hz,  to  about  0.93  for  either 
direction  at  300  Hz  as  indicated.  The  increase  in 
velocity  with  frequency  is  rapid  at  the  lower  fre- 
quencies but  tends  to  increase  slowly  at  frequencies 
above  70  to  100  Hz. 
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Fig.  7.  Average  attenuation  rates  and  phase  velocities. 
W-E  propagation  is  shown  by  the  solid-line  curve;  E-W 
propagation  is  shown  by  the  dashed-line  curve.  W-E  error 
bars  are  solid  vertical  lines;  E-W  error  bars  are  dashed 
vertical  lines. 


DISCUSSION 

Results  presented  here  represent  approximate  W-E 
and  E— W  propagation  conditions  over  the  North  Pa- 
cific area  during  all  nighttime  conditions.  It  would 
not  be  meaningful  to  assign  statistical  significance 
to  these  results  because  of  the  small  number  of  sam- 
ples and  the  complexities  caused  by  various  errors 
on  the  final  results.  It  is  important  to  know,  how- 
ever, the  accuracy  of  these  results  as  determined 
from  expected  errors  in  the  over-all  experimental 
techniques. 

The  effects  of  a  location  error  on  the  W-E  at- 
tenuation rate  are  proportional  to  changes  in  the  sec- 
ond term  of  (4).  The  difference  in  distance  (d2  — 
dx)  does  not  change  with  source  location  for  the  at- 
mospherics assigned  to  groups  A  and  B.  An  error 
of  ±1000  km  for  all  sources  in  both  groups  produces 


an  error  of  ±0.13  db/Mm.  This  corresponds  to  an 
error  of  25%  at  20  Hz  and  only  7%  at  300  Hz. 

The  calculation  of  changes  in  E-W  attenuation 
rates  for  the  four  mid-Pacific  areas  is  a  much  more 
complicated  task.  Errors  of  ±5°  direction  of  ar- 
rival at  Lafayette  and  of  ±3  msec  in  time  of  arrival 
at  both  sites  result  in  source  locations  that  can 
change  the  distance  to  Tottori  by  ±500  km  to  La- 
fayette by  ±1000  km.  All  terms  in  (6)  are  affected. 
If  all  sources  in  the  mid-Pacific  groups  were  changed 
in  location  by  the  maximum  amount  of  distance  er- 
ror and  in  the  same  direction,  the  resulting  E-W  at- 
tenuation rates  would  change  by  about  19%  the 
reported  values  over  the  entire  frequency  band  (if 
we  assume  that  errors  in  the  W-E  attenuation  are 
independent  of  errors  in  the  mid-Pacific  atmos- 
pherics). Actually,  an  error  of  10%,  let  us  say, 
in  the  computed  W-E  attenuation  values  would  re- 
sult in  an  error  in  the  E-W  attenuation  values  of 
about  9%  at  20  Hz  and  of  14%  at  300  Hz.  These 
errors  are  in  the  same  direction  (an  increase  in 
W-E  attenuation  would  produce  an  increase  in  the 
computed  E-W  attenuation.) 

Equipment  sensitivities  at  each  site  were  cali- 
brated to  a  high  degree  of  accuracy.  Less  than  1-db 
difference  in  relative  equipment  response  between 
30  Hz  and  500  Hz  was  obtained.  Yet,  we  have 
considerable  doubt  about  the  actual  response  of  each 
site-equipment  complex  to  an  unperturbed  signal 
propagating  past  each  site.  It  is  possible  that  absolute 
responses  of  our  sites  may  be  in  error  by  as  much 
as  3  db. 

If  we  assume  a  3-db  error  in  actual  equipment 
responses,  an  error  of  0.32  db/Mm  will  result  for 
the  W-E  attenuation  rates,  which  corresponds  to 
an  error  of  60%  at  20  Hz  and  16%  at  300  Hz, 
relative  to  the  computed  values.  The  E-W  attenua- 
tion rates,  which  are  a  function  of  the  W-E  at- 
tenuation rates,  will  vary  by  about  0.16  db/Mm; 
this  variation  corresponds  to  an  error  of  about  19% 
at  20  Hz  and  only  8%  at  300  Hz.  These  errors  are 
in  the  opposite  direction  (an  increase  in  W-E  at- 
tenuation would  produce  a  decrease  in  E-W  attenua- 
tion ) . 

There  are  no  phase  velocity  errors  caused  by  a 
source  location  uncertainty  for  the  W-E  computa- 
tions, since  only  the  difference  in  distance  {d2  —  d\) 
is  involved,  as  can  be  seen  from  (5).  A  value  for 
the  E-W  phase  velocity  computation  is  greatly  in- 
fluenced, however,  by  changes  in  source  locations,  as 
indicated  in  (7).  Changes  in  propagation  distances 
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for  the  mid-Pacific  groups,  ±500  km  to  Tottori  and 
±1000  km  to  Lafayette,  would  produce  maximum 
errors  of  5%  in  the  computed  E-W  phase  velocities. 
Differences  in  relative  phase  responses  of  equip- 
ment at  each  recording  site  were  found  to  be  less 
than  10°  between  50  and  500  Hz.  The  Tottori  equip- 
ment phase  led  the  Lafayette  equipment  phase  by 
about  15°  at  40  Hz  and  by,  perhaps,  40°  at  20  Hz. 
As  with  the  equipment  amplitude  accuracy,  it  is  not 
possible  to  determine  absolute  phase  responses  at 
these  two  sites.  If  we  assume  that  these  phase  values 
actually  represent  the  site-equipment  response  and 
correct  the  computed  phase  velocities  accordingly, 
then  the  W-E  values  would  increase  to  0.85,  while 
the  E-W  values  would  decrease  to  about  0.74  at 
20  Hz.  The  error  at  40  Hz  would  be  about  2.5%, 
and,  at  frequencies  above  50  Hz,  the  error  would 
be  less  than  1%  of  the  computed  values  shown  in 
Figure  7. 

Another  error  in  phase  velocity  measurements, 
which  does  not  affect  the  amplitude  spectrum  or  the 
resultant  attenuation  values,  is  the  uncertainty  of 
establishing  the  zero  time  for  spectrum  analysis. 
Variations  in  the  beginning  time  for  the  analysis, 
relative  to  each  wave-form  pair,  change  the  rela- 
tive delay  of  the  corresponding  frequency  components 
and,  thus,  the  computed  phase  velocity.  It  is  believed 
that  the  zero  time  was  determined  with  an  error  of 
less  than  500  /xsec  relative  to  the  arrival  of  the 
VLF  component,  which  was  assumed  to  propagate 
with  the  velocity  of  light.  The  error  produced  in 
the  phase  velocities  caused  by  this  relative  time 
variation  is  less  than  2%. 

Note  the  errors  for  the  limits  of  the  error  bars 
shown  in  Figure  7.  The  median  error  for  the  W-E 
attenuation  error  bars  is  about  33%;  a  slightly 
larger  error  exists  for  the  E-W  attenuation  error 
bars.  It  is  larger  than  expected,  based  on  the  dis- 
cussion of  errors  above.  It  is  quite  likely  that  much 
of  this  additional  variation  for  W-E  error  bars  comes 
from  the  fact  that  the  group  A  and  B  atmospherics 
are  in  an  area  where  the  locations  are  very  poorly 
defined  and  may  actually  be  in  error  by  ±1500  km. 
The  increased  error  for  the  E-W  error  bars,  how- 
ever, cannot  be  explained  by  assuming  a  larger 
source-location  error.  These  larger  errors  for  the  mid- 
Pacific  areas  could  be  produced  by  sources  with  large 
variations  in  radiation  as  a  function  of  direction.  The 
wide  angular  difference  in  propagation  direction  to- 
ward Japan  and  the  United  States  from  these  mid- 
Pacific   areas   could,   through   the   combination   of 


vertical,  horizontal,  and  inclined  dipole  source  effects 
(as  suggested  by  Wait  [I960]),  produce  large  dif- 
ferences in  the  received  signals  at  both  sites.  The 
median  error  for  the  W-E  phase  velocity  error  bar 
is  -1.5%,  whereas  the  median  error  for  the  E-W 
phase  velocity  error  bar  is  4.5%.  Both  these  errors 
are  commensurate  with  phase-error  discussion. 

The  attenuation  values  reported  here  are  in  rea- 
sonably good  agreement  with  the  values  of  Chapman 
and  Macario  [1956],  which  are  between  the  W-E 
and  E-W  values  for  frequencies  above  100  Hz. 
Compared  with  the  work  of  Hughes  [1967],  the 
present  data  result  in  less  change  in  attenuation 
with  frequency  above  100  Hz  and  also  less  differ- 
ence between  W-E  and  E-W  propagation.  A  recent 
work  of  Galejs  [1968]  indicates  that,  for  a  magnetic 
dip  angle  of  45°  and  with  the  use  of  a  few  closely 
related  ionospheric  profiles,  the  theoretical  attenua- 
tion rates  for  both  directions  increased  more  rap- 
idly with  frequency.  The  phase  velocities  were  con- 
sistently lower  at  all  frequencies  than  the  values 
obtained  from  the  present  data. 

It  is  evident  that  more  experimental  work  is 
needed,  and  a  large  number  of  additional  observa- 
tions have  been  made  since  the  data  for  the  present 
work  were  collected.  The  ELF  slow-tail  components 
of  atmospherics  recorded  simultaneously  at  Tottori 
and  Lafayette  from  sources  throughout  the  Pacific 
Ocean  area,  south  and  southeast  of  Lafayette,  and  in 
the  North  Atlantic  Ocean  are  to  be  subjected  to 
analyses  similar  to  that  reported  here.  Additional 
values  of  ELF  attenuation  rates  and  phase  velocities 
for  many  path  configurations  and  for  both  day  and 
night  conditions  will  be  reported. 
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The  application  of  the  stationary  phase  method  is  investigated  for  a  dimensionless  line 
integral  encountered  in  wave  propagation.  Evaluation  of  the  integral  for  a  first-order  point 
of  stationary  phase  may  be  expressed,  characteristically,  by  the  Fresnel-Kirchhoff  function  or  its 
derivative.  A  related  function  is  found  for  the  isolation  factor  required  for  finite  limits  of 
integration.  Curves  for  evaluating  this  factor,  K(u2  Hi),  are  presented. 


INTRODUCTION 

Formulations  of  the  problems  of  aperture  radia- 
tion and  surface  scattering  often  contain  line  and 
surface  integrals  that  permit  an  asymptotic  evalua- 
tion by  the  stationary  phase  methods.  The  problem 
does  arise,  however,  that  the  separation  of  the  con- 
tributions due  to  individual  points  of  stationary  phase 
will  usually  involve  integration  between  finite  limits. 
Occasionally,  Laplace's  or  Kelvin's  method  of  sta- 
tionary phase  [Copson,  1943;  Erdelyi,  1956]  is  still 
applied  by  assuming  that  there  is  negligible  error  in 
replacing  the  finite  interval  of  integration  by  an 
infinite  or  semi-infinite  interval.  The  same  assump- 
tion is  sometimes  made  in  the  method  of  steepest 
descent  [Schafer  and  Kouyoumjian,  1967]. 

Correction  for  this  assumption  can  be  made  by 
adding  appropriate  terms  to  the  asymptotic  evalu- 
ation of  the  infinite-interval  integral  [Erdelyi,  1956; 
Jeffreys,  1962],  but  this  is  not  always  convenient. 
When  the  infinite  interval  integral  evaluation  is  avail- 
able in  closed  form,  it  is  convenient  to  express  its 
modification  to  a  finite  interval  as  a  correction  factor. 
Here,  we  determine  such  a  correction  factor  for 
points  of  stationary  phase  that  are  of  first-order.  The 
procedure  should  be  applicable  for  higher-order 
points  of  stationary  phase. 

FORMULATION  OF  THE  PROBLEM 
Consider  an  integral  of  the  form 


-f 


§0) 


exp  [-/*/(/)]  dl 


(1) 


where  g,  h,  and  /  are  all  real,  well-behaved  functions 
of  the  real  variable  /  and  have,  at  worst,  only  finite 
step  discontinuities.  The  s  is  a  large-valued  param- 
eter, and  the  /  is  a  measure  of  length  along  a  smooth 
contour  that  contains  only  one  first-order  point  of 
stationary  phase:  at  /  =  0  in  the  interval  between 
h  and  /2.  We  introduce  the  notation 


LarJi-o 


(2) 


so  that,  of  course,  /i  =  0  and  j2  ¥*  0.  For  radio  wave 
difraction  problems,  the  integrand  can  have  a  pole 
at  the  point  of  stationary  phase.  This  difficulty  is  en- 
countered, for  example,  in  the  case  of  the  simple 
knife-edge  and  the  infinite  cylinder  [Ufimtsev,  1958a, 
b].  Rubinowicz  [1957]  treats  this  situation  (for  |  /,  \ 
=  U  =  oo )  by  factoring  the  phase  function  at 
/  —  0  as  /o  =  QK  [Rubinowicz,  1957;  Karczewski, 
1963].  Rubinowicz  defines  an  auxiliary  integral 

A(s)  =  dl/ds  (3a) 

and  the  integrand  pole  is  removed  by  cancellation. 
The  usual  stationary  phase  method  provides  an  eval- 
uation of  A  (s),  and  the  original  integral  is  then 
determined  from 


w—  I  CD 


dt 


Ob) 


Here,  we  shall  apply  Rubinowicz's  method  to  ar- 
bitrary limits  of  integration  h  <  0  and  l2  >  0,  for 
/o  =  Qh.  Then, 
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/   = 


(/o/»/2)' 
2tt 


r  c 


F(l)  exp  [-itj(l)]dldt  (4a) 
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where 


where 


F(l)  = 


27Tg(/)/(Q 


(4b) 


n\  U 


h(D(UU/2)U2 

The  normalization  factor  involving  /01/2  is  merely  a 
convenience  here  and  may  be  omitted  if  /0  =  0  cre- 
ates any  difficulties. 
The  phase  function  /(/)  may  be  expanded  in  a 


r 


21. 


lm~2  <  1.0 


(86) 


ml  /„  ml  U 

n  j^  m 
For  n  =  3,  the  term  containing  a3  is  deleted  from 
(8a).  From  (6),  (7),  and  (8a),  and(  Al)  through 
(A7)  in  the  appendix,  we  determine 


UAt)=  J 


Fo 


or 


.    .3/2       Fi       exp  (—itUh*/2)  -  1 

,     .3/a  F(M  ~  fo  ~  FJj  ,,  xl/g  exp  (-itj2l//2) 

T    I  ,    ,.,     .1/2  U2.J 


[1  +  O^"1)] 


+ 


2  \27r/ 


F(/J)exp(-/r/2///2) 


Taylor's  series  about  the  point  /  =  0  of  stationary 
phase.  For  a  first-order  point  of  stationary  phase, 
only  the  terms  involving  /0  and  /2  are  retained  as 
exponents;  the  contributions  involving  higher  de- 
rivatives are  incorporated  in  an  exponential  series 
expansion.  We  write 

7  =  (w  I.  {  Uii0  ~  Ul(t)]  exp  (_'//o)  dt  (5) 
where,  for  /  =  1  or  2, 

vm  =  (£)'"  f  «° 

•  t,  \IW  -h-U  41'  ^r  «P  C-W/2)  <"  («) 

p-o  L  2J        p! 

The  t/j  (/)  may  be  evaluated  by  expanding  F(l)  in 
a  Maclaurin  series  and  integrating  (6)  term-by-term. 

THE  FINITE  INTERVAL 

In  the  case  of  the  finite  interval  of  integration  and 
a  first-order  point  of  stationary  phase,  f2  >  U  >  fm 
for  m  =  3,  4,  5,  •  •  ■,  but  m  ^  n  and  n  ¥=  2.  We 
define  the  value 


I  =  IA«js)W2  = 


«!  U 


2/„ 


(7) 


This  is  the  value  of  /  for  which  the  terms  containing 
/2  and  /„  make  equal  contributions  to  the  Maclaurin 
series  expansion  of  /(/).  Then 


1(0  -  U  ~  Uf/2 

Ml     i2  , 
a>  1  +  ■  ■ 


r1 

+    1^2    + 


+  av 


+ 


(8a) 


(ajs)" 


[1  +  0(a/ 


1]  (9) 


where  bj  is  the  Fresnel  integral  given  by  (Al)  for 
m  =  0  or  by  (A2)  and  (A3).  We  insert  (9)  into 
(5)  and  carry  out  the  integration  with  the  "aid  of 
(A9)  through  (A16)  to  obtain 


F0a(v,  0)K(u2,  «,) 


(10) 

where  a(v,  0)  is  the  Fresnel-Kirchoff  function  de- 
fined by  (Alia)  and  (Allb).  For /2  >  0, 


"/  =   h(sU/irfn 
K(u2,  Ul)  =   K(u2)  +   K(\Ul\) 
and,  for  /  =  1  or  2, 

(juiM!2 


(Ha) 
(116) 


K(Uj)  = 


/. 


Cl"bj  exp(-itU)dt   (lie) 


a(v,  0) 

For  /2  <  0,  Uj  is  given  by  —  i  times  (11a),  and 
K(uj)  is  given  by  its  complex  conjugate.  Since  s 
is  a  large-valued  parameter,  the  integral  ( 1 )  is  given, 
asymptotically,  by  replacing  the  bracketed  terms  of 
(10)  with  unity.  This  requires  that  F^o^U^)-1'2 
and  F2(Fof2s)~1  be  of  the  order  of  s'1'2  or  less. 

Some  curves  of  the  special  function  K(u)  are  pre- 
sented in  Figure  1  (magnitude)  and  Figure  2  (phase) 
for  selected  values  of  the  parameter  v.  As  u  goes  to 
zero,  K(u)  also  approaches  zero.  For  large  values, 
that  is,  when  \uj\  >3,  K(u2,  «i)  is  approximately 
unity,  and  (10)  reduces  to  Rubinowicz's  result. 
Therefore,  we  may  describe  K(u2,  «i)  as  the  required 
modification  of  Rubinowicz's  evaluation  when  his  in- 
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Fig.  1.    The  magnitude  of  the  factor  K(u). 


finite  or  semi-infinite  interval  of  integration  is  re-      volving  /3  as  an  exponent,  and  (1)  could  be  ex- 
placed  by  a  finite  interval  corresponding  to  pressed  in  terms  of  Airy  functions  [Doherty,  1952]. 


<2i/(*)1/2  =  «i  <  «  <  "2  =  V(«)1 


where 


6j/(s? 


-  m" 


(Mayrf 


(12a) 


(126) 


It  should  be  noted  that  the  form  of  the  factor 
K(«2,  "i)  results  because  the  integrand  of  (1)  can 
have  a  pole  (i.e.  h(l)  =  0)  at  a  first-order  point  of 
stationary  phase.  If  we  take  h(l)  as  unity,  direct 
application  of  the  stationary  phase  method  to  (1) 
yields  the  factor  b2  —  bu  a  Fresnel  integral.  If  the 
point  of  stationary  phase  were  of  second-order,  the 
stationary  phase  method  would  retain  the  term  in- 


APPLICATION 
The  integral  formulation  of  vector  wave  propa- 
gation [Dougherty,  1969]  involves  line  integrals  such 
as  (1).  The  integrand  encountered  there  appears 
quite  basic  to  propagation  theory,  having  appeared, 
at  least  in  part,  in  earlier  formulations  of  the  prob- 
lem [Maggi,  1888;  Rubinowicz,  \9\l;Kottler,  1923]. 
The  integrand  functions  for  a  spherical  wave  source 
are 

/  =  (r,  +  r2  -  d)/(rlor20)i/2  (13a) 

g  =  (d  sin  \f/  cos  u)/(4flrlr3)  (136) 

h  =  1  -  cos  iA  (13c) 
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Fig.  2.     The  phase  of  the  factor  K(u). 


and 


s  =  k(r10r20)1/2  (13d) 

The  d  is  the  distance  from  the  field  source  to  the 
point  of  observation.  The  r^  and  r2  are  the  distances 
measured  from  the  source  and  observation  points, 
respectively,  to  an  arbitrary  point  on  the  curve  or 
surface  of  interest.  The  \f>  is  the  supplement  of  the 
angle  formed  by  their  directional  vectors,  and  v 
is  the  angle  between  the  normal  to  the  plane  of  r, 
and  r2  and  the  tangent  to  the  path  of  integration  C. 
If  the  stationary  phase  point  is  taken  as  the  origin 
of  a  Cartesian  coordinate  system,  we  can  choose  the 
unit  vector  in  the  x  direction  as  tangent  to  C  at  the 
origin.  The  z  direction  is  chosen  so  that  the  field 
source  lies  in  the  x-z  plane.  Let  C  be  a  portion  of 
a  plane  conic  curve  with  radius  of  curvature  R0  at  the 


origin,  and  let  us  designate  the  acute  angle  between 
the  y  axis  and  the  plane  of  C  by  a.  For  the  notation 
(2),  the  foregoing  leads  to 


U  =   [('io  +  /•2o)sin27o/('-i(/2o)3/27'c2] 


where 


=  1 


rinrn„  sin  0  cos  <t 
#o0"io  +  r20)  sin  70 


1    - 


tan 


tan  </>, 


•o/2/ 


(14) 

>  0 
(15) 

The  70  is  the  angle  between  the  directional  vector 
of  r10  and  the  x  axis,  and  <£„  is  the  projection  of  ^0 
on  the  y-z  plane.  We  observe  that  at  /  =  0  the  phase 
function  odd-order  derivatives  are  small  relative  to 
those  of  even-order.  The  even-order  derivatives,  in 
tropospheric  propagation  applications,  decrease  with 
increasing  order.  Similarly,  the  amplitude  function 
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derivatives  decrease  with  increasing  order.  For  exam- 
ple, 


nO  =  ; — T ,      ,.      F0  (16) 

riWi  +  r2  +  d) 


and 


F0  =   Tc  cos  4>0/2 


2d2/(r 


o  +  r20)V 

r2o  +  d  / 


(17) 


"10    T    ^20 

from  combining  (13a)  through  (13c)  with  (46) 
and  (14).  Evaluating  the  derivatives  of  (16)  at  / 
=  0,  we  obtain 


Fi/F0  =  cos7o(/-2o  —  rl0)/r10r20  (18) 


and 


+  0(d~2)  +  OicT'Ro    ) 


(19) 


In  this  case,  «  =  4  in  (7)  and  1/2  is  closely  approxi- 
mated by  the  lesser  of  ri0  and  r20.  For  applications 
where  rl0,  r20,  and  /?0  are  very  much  greater  than 
the  transmission  wavelength,  we  can  incorporate  (14) 
through  (19)  in  (10)  to  obtain 

/  «  a(v,  0)  cos  4>2/2  Tc  [j^10  ±  ^l^JSTfa,  «,) 

(20) 

The  first  four  factors  of  (20)  are  encountered  for 
the  diffracted  field  in  the  shadow  of  a  curvilinear 
knife-edge  that  has  only  one  point  of  stationary  phase 
[Dougherty,  1969].  The  K(u2,  ut)  factor  isolates  that 
portion  of  the  field  attributable  to  the  vicinity  (/i 
<  /  <  /2)  of  the  stationary  point. 

CONCLUSION 

The  application  of  the  stationary  phase  method  has 
been  investigated  for  a  dimensionless  line  integral  en- 
countered in  wave  propagation  problems.  We  observe 
that  application  of  the  stationary  phase  method,  for 
a  first-order  point,  characteristically  yields  the  familiar 
Fresnel-Kirchhoff  function  or  its  derivative.  It  is  not 
surprising,  therefore,  that  finite  limits  of  integration 
yield  an  additional  factor  defined  by  (116)  and 
(lie)  and  presented  in  Figures  1  and  2  that  is 
closely  related  to  the  Fresnel-Kirchhoff  function. 

In  general,  more  than  one  point  of  stationary 
phase  is  encountered  for  curvilinear  contours  so  that 
finite  limits  of  integration  may  be  chosen  to  isolate 
the  contribution  of  the  individual  points.  The  result- 
ing correction  factors  for  the  finite  limits,  K(u2,  Wi), 
are  perhaps  more  properly  called  isolation  factors. 


APPENDLX 

The  family  of  integrals 

Wm  =    f      r  exp(-»r/2/2/2)rf/  (Al) 

m  =  0,  1,  2,  ••• 
may  be  evaluated  by  the  change  of  variable 

uj  =  WUMin  (A2) 

for  /2  >  0.  We  define 

bj  =  b(Uj)  =  yj      f  '  exp  i-iiru2/2)  du  (A3) 

This  normalized  Fresnel  integral  may  be  determined 
from  the  Cornu  Spiral  when  Uj  is  real.  For  f2  <  0, 
the  Uj  is  given  by  —  i  times  (A2),  and  the  bj  is 
given  by  the  complex  conjugate  of  (A3).  Combining 
(Al),  (A2),  and  (A3),  we  can  carry  out  an  inte- 
gration by  parts  to  determine 

W0  =  {2ir/if3)1/2bJ/(t)1/3  (A4) 

W,  -  (2V//2)1/2/3/7(2^2)1/2 

•{[exp(-friV/2)  -  l]/t)         (A5) 
and,  for  m  >  2, 


W„  = 


2tt 


(27T/2)        t 

+      Q[    W  (7T)1/2/(m  +  1,/2 


where 


*> 


bj,     for     m  even 


(A6) 


(A7) 


[\[\  -  exp  (—  hru//2)],     for     m  oddj 

For  I j  =  oo,  the  Wm  of  (Al)  may  be  evaluated  by 

the  limit  technique  of  Van  Kampen  [1949].  That 

is,  for  lj  =  oo, 


W„  = 


T(n±l) 

(iUt\-{m+u2)     \      2     ) 


(A8) 


m  =  0,  I,i2, 

since  Bm  goes  to  Vi. 

There  is  another  family  of  integrals 


M  =  f 


exp  (-ibt)dt 
m  =  0,  1,  2, 


(A9) 
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where,  as  in  the  text,  s  is  a  real  large-valued  param- 
eter. For  m  =  0, 

V0(b)  =  -(i/b)  exp  i-ibs)  (A10) 

For  m  =  1  and  1  and  b  =  f0,  we  introduce  a  change 
of  variable 


p(0  =  (2//0/tt)1/2,         Ks)=i>  (Alia) 


and 


r.Oo)  =  (j^j      /    exP  (-wx2/2)  «fe 


(A116) 


This  a(u,  0)  is  the  familiar  Fresnel-Kirchhoff  func- 
tion, and  we  note  that  0.5  >  a(v,  0)  >  0.2  for  0 
<  v  <  1,  whereas  a(u,  0)  =  0(.r1/2)  for  v  >  1. 
For  w  =  2,  F2(6)  is  related  to  the  integrals  of  x'1 
sin  x  and  at1  cos  x[Kreyszig,  1963],  and 

r2(*>);=  0(b~ls~')         for     fes  >   1  (A12a) 

=   -In  bs  +  0(1 .0)         for     6s  <   I        (A126) 

For  m  >  3, 

rm(6)  <    KitfOOfc-1)  (A  13) 

These  integrals  are  associated  in  (9)  of  the  text 
with  specific  coefficients  we  may  identify  as 

Co  =  07o/47r)V2  (A14a) 

C,  =  [(F1/F0)/4(1r/2)1/2]l;A,/2  (A146) 

F2  +  F3lj/V.  +  ■■■vuJ 

C2  =  —— ; (A14c) 

4/2  F0  s 

F(lj)/F0  vuj  ,k*aj\ 

C3  =  n/2-i  772  (Al4d) 

etc.  From  (A9)  through  (A\4d),  we  observe  that 
C,[K2(/0  +  f2l//2)  -    F2(/0)]  =  C>[^^|J     (A15a) 

C2 
and 


r2(/0  +  /2///2)  =  oi^jj1)         (Al5b) 


C3  K„(/o  +  /,///2)  =  0[F(lj)Fols-ln-lu1]         (A15c) 


relative  to 

C0  J        bjt~l/2  exp  (-//oO  dt  =  flfu,  0)  #(«.,)    (A16) 
in  the  determination  of  (10). 
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This  is  a  companion  paper  to  two  other  papers,  one  of  which  developed  an  approximate, 
closed-form  solution  of  the  Stratton-Chu  vectorial  integral  equation  for  irregular  boundaries. 
That  development  involved  the  evaluation  of  several  integrals  by  the  stationary  phase  method 
and  assumed  that  the  points  of  stationary  phase  were  well  separated.  A  second  paper  pre- 
sented the  correction  factor  for  definite  integrals  that  are  evaluated  by  the  stationary  phase 
method.  Here,  this  correction  factor  is  incorporated  as  a  weighting  function  to  permit  a 
superposition  of  the  closed-form  solutions  for  irregular  screens  or  apertures  without  limitation 
on  the  spacing  between  adjacent  points  of  stationary  phase.  This  extended  solution  is  then 
applied  to  evaluate  the  diffraction  effects  for  a  bilinear  screen  and  compared  with  experimental 
data. 


INTRODUCTION 
A  previous  paper  [Dougherty,  19696]  presented 
an  approximate,  closed-form  solution  of  the  Stratton 
and  Chu  [1939]  vectorial  integral  equation.  The  de- 
velopment involved  the  evaluation  of  several  integrals 
by  the  stationary  phase  method  for  applications  with 
only  a  single  point  of  stationary  phase.  Here,  we  con- 
sider the  application  to  an  irregular  screen  whose 
transverse  profile  is  sufficiently  irregular  to  produce 
more  than  one  point  of  stationary  phase.  As  a  re- 
sult, we  must  provide  for  the  superposition  of  the 
closed-form  solutions  for  each  point  of  stationary 
phase,  correcting  for  the  finite  separation  between 
adjacent  points  of  stationary  phase  [Dougherty, 
1970]. 

POINTS  OF  STATIONARY  PHASE 

The  location  of  a  point  of  stationary  phase  is  given 
formally  as  the  point  at  which  the  first  derivative  of 
the  phase  function  is  zero.  For  a  simple  knife-edge, 
this  point  is  where  the  straight  lines  (directed  from 
the  transmitting  point  T  and  the  receiving  point  R) 
form  supplementary  angles  with  a  unit  tangent  vector 
along  the  straight  edge.  There  is  an  alternative  view 
of  the  point  of  stationary  phase  that  includes  the 
above,  yet  is  more  readily  visualized,  especially  in 
the  case  of  irregular  screens. 

For  example,  the  above  mentioned  points  T  and 
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R  are  also  the  focii  of  a  family  of  confocal  surfaces. 
Each  surface  is  the  locus  of  all  points  O  for  which 
the  path-length  difference  TOR  —  TR  is  constant, 
and  each  is  also  a  surface  of  revolution  about  TR 
for  a  homogeneous  medium.  For  a  spherical  wave 
source,  these  surfaces  are  Fresnel  ellipsoids,  surfaces 
of  constant  v  for  which  the  phase  due  to  path-length 
difference  2* (TOR  -  TR)/\  is  given  by  wV*/2  or 
n-n.  The  n  is  the  order  of  the  Fresnel  ellipsoid;  the 
TR  line  is  the  zeroth  (n  =  0)  ellipsoid.  For  an 
incident  plane  wave,  the  confocal  surfaces  are  parab- 
oloids with  focus  at  if?  and  with  major  axis  TR.  For 
the  case  of  monostatic  radar  and  a  homogeneous  me- 
dium, they  are  spheres  centered  on  the  common  TR 
point. 

The  points  of  stationary  phase  on  a  screen  are, 
therefore,  points  at  which  the  screen  is  tangent  to  a 
Fresnel  ellipsoid.  Points  A,  B,  and  C  illustrate  this 
in  Figure  1.  Ordinarily,  the  tangent  plane  at  such 
points  is  also  the  plane  of  symmetry  [Dougherty, 
19696]  that  is  required  by  the  definition  of  the  sec- 
ondary field  polarization  vector. 

The  foregoing  suggests  that  an  irregular  screen 
may  be  said  to  consist,  in  effect,  of  a  sequence  of 
points  of  stationary  phase,  each  with  its  apportioned 
interval  of  the  total  screen  edge.  In  the  vicinity  of 
each  point,  the  screen  edge  could  be  approximated 
by  a  section  of  a  canonical  screen,  that  is,  by  a  rel- 
atively simple  geometric  shape,  a  straight  edge,  a 
plain  curve,  or  an  apex,  such  as  at  points  A,  B,  and 
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FRESNEL    ELLIPSOID 
v  =  v 


THE    FRESNEL    ELLIPSOID 


SCREEN    EDGE    A 


Fig.   1.     Points  of  stationary  phase  and  the  Fresnel  ellipsoids. 

C  in  Figure  1.  For  an  incident  spherical  wave,  the 
contribution  of  each  point  of  stationary  phase  to 
the  total  field  (normalized  to  the  incident  source  field 
at  R)  would  be  that  of  an  equivalent  knife  edge 
3kb(R)  multiplied  by  a  transverse-profile  factor  Tc 
[Dougherty,  19696]  and  a  weighting  factor  K(u2,  «i) 
for  an  interval  h  <  I  <  l2  about  that  point  of  sta- 
tionary phase  [Dougherty,  1970].  That  is,  for  N 
points  of  stationary  phase  on  an  irregular  screen, 
the  total  normalized  field  is 


for  a  bilinear  screen  edge,  such  as  for  points  A,  B, 
and  C  in  Figure  1. 

Note  that  the  nonlinearity  of  the  screen  edge  is 
reflected  in  (1)  through  (5)  in  three  ways:  (a)  it 
determines  the  number  and  location  of  the  points 
of  stationary  phase,  (b)  the  transverse  radius  of 
curvature  R0  at  each  point  affects  the  value  of  Tc, 
and  (c)  both  arc  lengths,  h  and  l2,  and  R0  affect 
the  values  of  u2  and  ux  in  the  K(u2,  «i)  factor  (these 
uj,  J  —  1,  2  were  defined  by  Dougherty  [1970] 
and  are  discussed  in  the  next  section).  The  effects 
of  higher-order  parameters  of  the  screen  edge  are, 
however,  masked  in  the  0(5~j)  terms  of  (1). 

THE  BILINEAR  SCREEN 

Evaluating  the  integrals  that  determined  (1)  through 
(5),  one  would  normally  assume  that  the  contour  of 
integration  is  smoothly  continuous.  This  assumption 
would  not  be  true  for  the  bilinear  screen  edge  when 
the  stationary  phase  point  is  at  the  apex.  There,  as 
illustrated  at  point  C  in  Figure  1  and  point  O  in 
Figure  2,  the  contour  or  edge  is  continuous  in  a 
piecewise  manner;  i.e.,  the  slope  has  a  finite,  step 
discontinuity.  This  presents  no  real  difficulty  if  we 
resort  to  an  extended  definition  of  the  derivative 
based  on  Schwartz's  theory  of  distributions,  par- 
ticularly as  described  by   Van  Bladel  [1964]  in  ap- 


a(/0  =   £  a„(/0[l  +  0(s~W2)]  +  b0(A  or  5)ul0     (1) 
where 


5  =  k(r10r20) 
a.(/J)  =  [u2aKB(R)TK(u,,  «,)]» 


<*kb(R)  —  otna{v,  0)  cos 


0.i 


2rf7(r,n  +  r2n) 
_^  +  rl0  +  r2n  _ 

tan  a 


_   [  r]nr2n  cos  a  sin  4>n    ( 

L  flo^m  +  r20)  sin  70  V 


tan  0n/2 


and 


(2) 
(3) 

(4) 


(5) 


a2  =  (2*/*-)(r10  +  r20  -  d)  (6) 

The  k  is  the  wave  number  2-jt/A,  a(v,  0)  is  the 
Fresnel-Kirchhoff  knife-edge  diffraction  function 
[Dougherty,  1969a],  and  a0  is  the  diffraction  con- 
stant or  the  reflection  function  at  grazing  [Dougherty, 
19696].  The  geometrical  quantities  are  illustrated  in 
Figure  2.  The  T  is  unity  for  a  simple  knife  edge, 
given  by  (5)  for  a  plane  curve  and  by  Ta  in  (14) 


T<£,,o,t) 


A  nlnnp —  *, 


The   Origin    is   at    the 
point  of  stationary  phase 

ISjIstt/z  ,  1  .  i.z 


Fig.  2.     Bilinear  knife-edge  geometry.  The  overbars  indicate 
vectors. 


39 


DIFFRACTION  BY  IRREGULAR  APERTURES  57 


pendix  6  of  his  text.  Evaluation  of  the  line  integral 
for  the  scalar  a(R)  is  the  same  for  an  apex  point 
of  stationary  phase  as  for  a  simple  knife-edge,  but  a 
difference  occurs  in  the  evaluation  of  the  line  integral 
for  the  vector  a(R)  because  of  the  secondary  field 
polarization  vector,  u2  =  uE2.  This  vector  is  defined 
from  the  primary  field  polarization  vector  uB1,  the 
plane  of  symmetry  (normal  n„  and  tangent  t2  =  u{), 
and  the  conditions  [Dougherty,  196%]: 

V  {uei  +  uE2}  =  0 

t2  xn0-{uB1  +  uE2)  =  0  (7) 

-p2-u*2  =  0 

Ordinarily,  the  plane  tangent  to  the  ellipsoid  and 
the  diffracting  screen  at  the  point  of  stationary  phase 
is  also  the  plane  of  symmetry.  Here,  the  apex  point 
has  a  family  of  planes  of  symmetry  that  must  be 
considered. 

The  field  at  the  apex.  We  may  consider  the  apex 
point  as  the  limit  condition  of  a  curved  edge  when 
the  transverse  radius  of  curvature  goes  to  zero.  For 
example,  when  v  >  1  (i.e.,  92  <  0,  Oi  >  0,  as  in 
Figure  2),  we  may  consider  the  screen  edge  to  be 
semi-cylindrical  with  a  radius  R  of  curvature.  The 
apex  is  then  a  spherical  segment  of  radius  R  and  of 
azimuthal  width  given  by  (v  —  1)tt,  the  constant 
ratio  of  apex  arc  length  to  radius.  For  R  >  0  at  a 
point  /  =  RO  along  A,  the  surface  normal  and 
tangent  unit  vectors  of  interest  are  given  by 


n(0)  =  n(0)  cos  8  +  t2(0)  sin  9 

ti(0)  =  t,(0) 

t2(0)  =  n(0)  sin  9  +  t2(0)  cos  9 


where  the  n(0),  t,(0),  and  t2(0)  are  the  unit  vectors 
when  0  =  0.  These,  together  with  (7)  and  auEU  will 
determine  a  family  of  secondary  field  components 
a(0)uE2(9)  on  the  apex.  This  suggests  that  we  integrate 
these  to  determine  an  enhanced  secondary  field  com- 
ponent at  the  apex  that  we  designate  by 


(7"A  —  l)a0uB; 


-■.-if 

fl-,0     K'ir  •'8, 


uS2(0)a(0)  d9 


(9) 


An  enhanced  apex  field  seems  reasonable  for  v  >  1, 
if  only  to  correspond  to  that  required  for  the  Meix- 
ner  condition  of  integrable  energy  density  in  the 
vicinity  of  an  edge  [Meixner,  1949;  Van  Bladel, 
1964].  The  evaluation  of  (9),  described  in  the  ap- 
pendix, results  in 


The  bilinear  points  of  stationary  phase.  The  bi- 
linear screen  edge  may  have  one,  two,  or  three  points 
of  stationary  phase  at  and  in  the  vicinity  of  the 
apex.  For  an  observation  point  in  the  shadowed  re- 
gion (^o  >  0  and  v  >  1),  there  are  three  possible 
points  of  stationary  phase:  one  at  the  apex,  one  on 
the  left  straight-edge  portion  of  the  screen,  and  one 
on  the  right  straight  edge.  As  ^  is  reduced  to  zero, 
these  points  on  the  straight  edges  approach  and 
merge  with  the  apex  point;  for  ^0  <  0,  they  remain 
merged  with  the  apex  point.  Their  combined  contri- 
bution to  the  observed  field  is,  from  (1)  through  (5) 
and  (10),  proportional  to 

(2  -  V)a0K{u2R,  u1L)        v  >  1         *0  <  0  (11) 

where  u2R  and  u1L  are  proportional  to  ^  and  lu  as 
illustrated  in  Figure  2.  From  their  definition  [Dough- 
erty, 1970]  it  can  be  shown  that  these  uf  are  meas- 
ures of  path-length  difference.  For  example,  the  u2r 
proportional  to  the  /2  of  Figure  2  is  related  to  the 
path-length  difference 

ttu2R2/2  =  2tt(T12R  -  TOR)/\  (12) 

where  A  is  the  wavelength  of  interest. 

When  the  point  of  observation  is  returned  to  the 
shadow  region  (\p0  >  0),  the  three  points  of  station- 
ary phase  again  separate  so  that  the  contribution 
of  each  is  modified  by  its  individual  weighting  factor. 
Their  contributions  to  the  total  field  are  then  pro- 
portional to 


(1  —  v)a0 K(u2A ,  u1A),         a0K(u2L,  uiL) 


(13) 


(8)      and 


rA  =  2  -  v 


(10) 


aoK(u2R,  ulR) 

respectively,  for  v  >  1  and  *0  >  0.  The  u2a  and 
u1A  are  proportional  to  —  R82  and  —R9X;  the  sums 
«ia  +  «ib  +  U2R  and  u2a  +  uXL  +  u2L  are  pro- 
portional to  h  and  l2.  The  straight-edge  points  of 
stationary  phase  are  between  lx  and  l2  and  the  apex. 
The  situation  is  similar  for  v  >  1 ;  ( 1 1 )  then  holds 
ioT  ip0  >  0  (a  shadowed  point  of  observation)  and 
(13)  holds  for  <//0  <  0  (an  illuminated  point  of  ob- 
servation). For  the  simple  knife  edge,  v  =  1,  and 
the  application  of  (11)  and  (13)  would  yield  the 
same  result.  Comparing  (9),  (10),  (11),  and  (13), 
we  note 

TA  =  2  -  v         v  >  I,  \j/0  <  0         v  <  1,  &,  >  0 

rA  =  i  v  >  l,  ^0  >  o      v  <  l,  &,  <  o 

(14) 
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Although  this  step-discontinuity  form  serves  our  im- 
mediate purpose,  it  has  been  derived  as  a  limit  con- 
dition, and  further  investigation  would  probably  yield 
a  continuous  form. 

COMPARISON  WITH  EXPERIMENTAL  DATA 

There  appears  to  be  no  closed-form,  extensive, 
theoretical  solution  for  the  bilnear  diffracting  screen, 
other  than  that  presented  here.  There  are  some  par- 
tial solutions,  however,  that  are  empirical  and  semi- 
empirical;  some  experimental  data  are  also  available. 
For  example,  the  simple  scalar  Fresnel-Kirchhoff 
theory  will  predict  the  field  due  to  a  bilinear  screen 
at  exactly  grazing  conditions.  The  result,  v/2,  coin- 
cides with  the  present  theory,  (1)  through  (4)  and 
(14),  for  tp0  =  0  and  b0(S)  =  1.  In  addition, 
Matsuo  [1950]  gives  an  empirical  solution  for  ij/0 
>  0  that  approximates  the  present  theory  if  K(u2, 
Mi)  is  arbitrarily  taken  as  unity.  Finally,  Bachynski 
and  Kingsmill  [1962]  present  a  partial,  semi-empirical 
solution  (for  normal  incidence  upon  a  bilinear  screen 
with  v  >  1  and  if/0  >  0)  that  approximates  the  pres- 
ent theory  when  the  straight-edge  points  of  stationary 
phase  are  close  to  the  apex  (0  <  u  <  0.5). 

For  this  study,  the  extensive  experimental  investi- 
gations of  Bachynski  and  his  colleagues  [Neugebauer 
and  Bachynski,  1960;  Bachynski  and  Kingsmill, 
1962;  Bachynski,  1963]  provide  a  check  on  the  pres- 
ent theory.  Two  arrangements  of  the  bilinear  screens 
were  investigated;  the  diffraction  loss,  in  decibels  be- 
low free  space,  was  measured  for  a  field  at  normal 
incidence  upon  a  symmetrical  (9t  =  |  &2  |  >  0)  and 
nonsymmetrical  (fix  =  0,  62  <  0)  screen.  A  com- 
parison of  the  observed  diffraction  loss  and  the  values 
provided  by  the  present  theory  is  plotted  in  Figure 
3.  The  curves  of  the  experimental  data  in  Figure  3 
were  adapted  from  Bachynski  and  Kingsmill  [1962, 
Fig.  3]. 

SAMPLE  CALCULATIONS 

For  a  wave  incident  normally  upon  a  plane  screen 
(7o  =  t/2,  \p0  =  <£0),  where  r10  =  150  X,  and  r20 
cos  tf>0  =  113  X,  we  obtain  from  (2)  s  =  [2«(  1 50)  - 
(113)/cos  0O]1/2  or  s  >  810  for  0n  <  10°.  From  the 
law  of  cosines  and  the  binomial  expansion  from  the 
above  values,  d  cos  <j>0  zz  150  X  (cos  <t>0  +  0.7533), 
so  that  (6)  gives  v  K,  30  sin  (0o/2)  (cos  <j>0  +  0.7533)" ' n. 
For  the  apex  knife-edge  and  <f>0  =  6°,  b  tt  1.204  and 
a(0,  0)  is  given  by  0.177  exp  (-/  165.6°)  or  A(v,  0)  = 
15  decibels. 

For  the  asymmetrical  linear  screen, 


aA(fl)  =  1  -  (2  -  *)4u(ft)         to  <  0 

=  aKB(R)K(co  ,  u)  +  dKB(R)K(*>,0) 

fo  >  0 


(15) 


where  aKB(R)  and  dKB(R)  are  the  diffraction  losses  for 
the  equivalent  knife-edge  on,  respectively,  the  inclined 
edge  and  the  apex.  The  v  for  the  inclined  edge  is 
given  by  v  =  to  cos  (y  —  Yyx,  where  C  is  the  apex 
value  above.  The  u  is  given  by  u  =  0  sin  (c  —  l)x. 
For  v  =  1.0833,  the  v  for  the  inclined  edge  is  given 
by  v  -  0  cos  15°  =  1.16,  a(v,  0)  =  0.182  exp 
(— i  156.4),  and  u  =  D  sin  15°  =  0.31.  From  Dougherty 
[1970],  Kiu)  =  0.25  exp  (/  26.5)  and  tf(oo)  =  0.5, 
so  that  K(«,  oo)  =  K(u)  +  A:(oo)  =  0.71  exp  (/  8.2°). 
The  asymmetrical  screen  loss  for  <£0  =  6°  is 

aA(K)  =  0.182(0.71)  exp  (/148.2) 

+  0.177(0.5)  exp  (/165.6) 

|aACR)|  =  0.214  or  13.4  decibels 

Similarly,  for  the  symmetrical  screen,  the  loss  is 
given  by 


aA(R)  =  1  -  (2  -  v)AKB{R)         &,  <  0 


(16) 


=  2aKB(R)K(°o,u)  ^o  >  0 

The  v  for  the  inclined  edge  is  given  by  v  =  i)  cos 

ASYMMETRICAL   SCREENS  SYMMETRICAL  SCREENS 


THE   DIFFRACTION    ANGLE    +o  IN    DEGREES 

Fig.  3.     The  comparison  of  experimental  data  with  theory. 
The  measured  data   (adapted  from  Bachynski  and  Kings- 
mill,   [1962])    are   indicated  by  the  curves.  The   indicated 
points  are  computed  from   the  present  theory. 
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(p  —  l)7r/2;uisgivenby«  =  usin  15°,  v  =  1.1666  and 
<t>0  =  6°,  the  values  of  u  and  v  are  as  above,  and  the 
symmetrical  screen  diffraction  loss  is  aA(i?)  = 
2(0.182)0.71  =  0.258  or  11.8  decibels. 

CONCLUSION 

An  alternative  representation  of  the  point  of  sta- 
tionary phase  and  its  location  has  been  presented. 
The  theoretical  closed-form  solution  [Dougherty, 
19696]  and  the  correction  factor  K(u2,  Wi)  [Dough- 
erty, 1970]  have  been  joined  to  provide  a  theoretical 
approximate  method  of  solution  for  the  diffraction 
loss  of  irregular  screens.  The  method,  in  essence,  is 
simply  one  of  combining  the  exact  solution  for  the 
two-dimensional  problem  (that  for  the  infinite  knife- 
edge),  with  allowance  for  the  transverse  profile  (in 
terms  of  the  transverse  profile  factor  and  the  point 
of  stationary  phase  weighting  function),  to  obtain  a 
three-dimensional  approximate  solution.  The  theory 
has  been  compared  successfully  with  experimental 
data.  The  irregular  screen  problem  is  of  interest  be- 
cause it  is  the  limiting  situation  for  the  more  general 
surfaces  encountered  in  tropospheric  propagation  ap- 
plications. 

APPENDIX 

Consider  a  vertically  polarized  source  at  T.  At 
/  =  -R9, 

u*i+  =  u,  =  n(0)  cos  (0o/2)  -  t,(0)  sin  (0„/2)     (Al) 

From  (6), 

u*2+(0)  =  n(0)[n(0)-u£1  +  J  (A2) 

-  W0[tiW't»*i*]  -  t2(0)[t2(0)-u£1  +  ] 

If  we  evaluate  the  components  of  (A2)  from  (8) 
and  (Al),  we  can  multiply  the  result  by  the  coefficient 
<*(/)  and  separate  the  field  into  components  assocated 
with  polarization  in  (+),  and  normal  to  (— ),  the 
local  plane  of  incidence  [containing  n(0)  and  t,(0)]. 
That  is, 


and 


ccaB2 


+  (0)  =  a+(/)[n. 
a~(0U 


( 0\  cos  y  cos  6  +  ti($)A  sin 


f] 


!    x~(l)\  t,(0)5  sin  ^  +  t2(0)  cos  y  sin  0  (A3) 

where 


a(I)A  +  a~(l)B  m   I 
Similarly,  for  the  conditions 

no(uwl  +  uH2)  =  0 

-p2-u„2  =  0 


(A4) 


(A5) 


u*i+  =   —  u{  =  — 12(0) 


(A6) 


we  determine 


auHi+(6)  =  -a+(/)t2(0)  cos  0  +  a"(/)n(0)  sin  0    (A7) 

We  combine  (A3)  and  (A7),  grouping  the  com- 
ponents together  as  locally  vertical  or  horizontal  com- 
ponents, to  obtain 

[ou,2+(0)]+  =  n(0)  cos  |  cos'  0  +  t,(0)  S-^|^ 


-I-  f  t2(0)  cos  y  sin  0  cos  0J 


(A8) 


[ou//2+(0)]+  =  (n(O)sin  0  cos  0) 
and 


t2(0)  cos    0 


[ou*2+(0)]~  =  n(0)  cos  &  sin2  0  +  t,(0) 


sin  <{>/2 


-( 


</>0 


t2(0)  cos  —  sin  0  cos  01 


(A9) 


[ouff2+(0)]_  =   -(n(O)sin  0  cos  0)  -  ^(0)  sin2  0 

In  arriving  at  (A8)  and  (A7)  we  observed  that  the 
magnitude  of  the  secondary  field  component  at  the 
point  of  stationary  phase  on  a  knife  edge  (v  =  1) 
is  approximately  unity  [Dougherty,  19696].  Implicitly, 
therefore,  a/  PH  ±  1  at  grazing  incidence  and  vertical 
or  horizontal  (±)  polarization.  Hence,  as  R  goes  to 
zero,  we  obtain  A  =  \  and  B  =  —  \  from  (A4). 

The  components  of  (A8)  and  (A9)  within  the 
parentheses  are  not  effective  for  propagation  from 
0  to  R;  the  product  uE2+  x  uH2+  must  be  proportional 
to 

-p20  =  -n(0)sin  (0„/2)  +  t,(0)  cos  (<fc>/2)  (A10) 
Substituting  the  sum  of  the  effective  portions  of  (A8) 
and  (A9)  into  (9),  we  obtain 

(7A  -  1)vlB2+  =  (1  -  c){u,  cos  0o  +  %  sin  &,)    (All) 

for  the  apex  point  of  stationary  phase.  The  term 
within  the  braces  of  (/111)  is  uB2+(0),  since,  from 
(7),  (8),  and  041), 

u*2+(0)  =  n(0)  cos  *f  +  t,(0)  sin  & 

(A12) 
u„2+(0)  =   -t2(0) 

and  Ta  is  given  by  2  —  v.  The  same  procedure  may 
be  applied  for  horizontal  polarization  to  obtain  the 


h2 
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same  factor  1  —  v  as  in  (All).  Similarly,  the  factor 
is  also  obtained  for  v  <   1  (i.e.,  0i  <  0,  62  >  0). 
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Microwave  Space  and  Frequency  Diversity 
Performance  under  Adverse  Conditions 
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Abstract — An  experimental  study  of  the  effects  of  meteorological 
conditions  and  irregular  terrain  upon  the  performance  of  an  opti- 
mum diversity  system  showed  that:  1)  the  refractive  index  departed 
appreciably  from  a  linear  profile  and  was  not  uniform  along  the 
propagation  path,  and  2)  more  than  two  field  components  were 
produced  by  the  combination  of  irregular  terrain  and  the  non- 
linear refractive  index  structure.  These  conditions  violate  the 
design  assumptions  so  that  the  optimum  space  diversity  system 
failed  to  provide  the  theoretical  performance.  Under  such  conditions, 
this  same  result  would  be  expected  for  any  of  the  present  diversity 
design  procedures. 

The  deep  fading  experienced  on  line-of-sight  microwave  circuits 
due  to  multipath  is  usually  countered  by  space  and/or  frequency 
diversity.  Diversity  schemes  in  which  two  received  signals  are 
combined  typically  yield  some  improvement.  If  certain  idealized 
conditions  exist,  then  a  specified  level  of  improvement  can  be 
achieved  by  utilizing  available  diversity  design  procedures  [1]~C3]. 
These  idealized  conditions  include  a  linear  refractive  index  profile 
uniform  over  the  propagation  path  and  a  multipath  condition  where 
only  two  dominant  components  are  involved.  Here  we  report  a 
recent  experiment  where  neither  of  these  conditions  was  fulfilled 
with  resultant  degradation  of  diversity  performance. 

This  study  was  carried  out  on  a  48-km  path  across  a  bowl-like 
depression  at  Haswell,  Colo.  The  terrain  is  rolling  and  covered 
with  buffalo  grass.  The  location  was  chosen  because  of  unusual 
meteorological  conditions  which  produce  a  variety  of  refractive 
index  structures.  On  summer  days  the  atmosphere  is  well  mixed 
and  exhibits  the  expected  linear  refractive  index  profile.  At  night 
under  clear  skies  the  ground  cools  rapidly,  cooling  the  air  adjacent 
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Fig.  1.     Haswell  terrain  profile. 


TABLE  I 
Characteristics  of  Haswell  Radio  Circuits  —  1900 


Transmitters 

Receivers 

Fre- 

Fre- 

quency 

H* 

Pt 

quency 

Antenna 

H* 

(MHz) 

(m) 

(dBm) 

(MHz) 

Number 

(m) 

4985 

1 

209. 0% 

4985 

54 

44.7 

2 
3 

201.0 
195. 0t 

4855 

54 

45.3 

4855 

208.0 

9330 

157.5 

28.4 

9330 

1 

2 

209. 0§ 
200. 7 § 

9100 

157.5 

29.2 

9100 

208.2 

*  Height  relative  to  the  base  of  the  meteorological  tower, 
t  Effective  radiated  power.  Half-power  beamwidths  exceed  3°. 
%  Optimum  spatial  diversity  is  between  no.  1  and  no.  3  antennas. 
§  Optimum  spatial  diversity  is  between  no.  1  and  no.  2  antennas 


[1]. 


to  it.  This  colder  air  flows  into  the  "bowl"  producing  refractive 
index  profiles  markedly  different  from  idealized  linear  profiles. 

Fig.  1  illustrates  the  propagation  path.  The  radio  terminals 
were  located  asymmetrically  to  minimize  the  likelihood  of  atmos- 
pheric multipath  [3].  A  150-m  tower,  located  in  the  bowl,  was 
furnished  with  a  moveable  instrumented  carriage  to  measure 
refractive  index,  temperature,  humidity,  and  wind.  Table  I  contains 
the  information  on  the  radio  circuit  parameters.  Both  C-band  and 
X-band  signals  were  transmitted.  Pairs  of  antennas  were  vertically 
spaced  at  the  receiving  terminal.  For  two  of  the  pairs,  the  spacing 
was  calculated  from  an  "optimum"  diversity  design  procedure 
[1],  based  on  the  average  linear  refractive  index  profile  and  the 
best  quadratic  fit  to  the  terrain.  This  optimum  diversity  design, 
if  applicable,  would  produce  a  combined  signal  level  output  which 
should  always  be  greater  than  the  median  of  either  of  the  two 
signals.  Three  additional  receiving  antennas  and  an  additional 
signal  at  both  C  band  and  X  band  were  used,  all  separated  at 
approximately  one-half  the  optimum  separation  in  space  and  fre- 
quency. These  nonoptimum  configurations  were  expected  to  exhibit 
poorer  performance. 

Continuous  24-hour-a-day  recordings  were  made  for  one  week 
in  each  of  the  months  of  February,  March,  and  May  of  1966.  The 
resulting  radio  data  were  classified  into  two  distinct  types  of  signal : 
1)  essentially  of  constant  amplitude,  and  2)  deeply  fading.  Although 
the  former  exhibited  signal  variations  of  only  a  few  decibels  and 
appeared  to  be  of  little  interest  as  a  fading  phenomenon,  they  did 
establish  ground  reflections  as  the  prevalent  mechanism  for  multi- 
path.  For  example,  type  1 )  signals  occurred  during  most  afternoons 
and  at  times  of  high  wind,  when  the  atmosphere  was  well  mixed 
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Fig.  2. 
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Variation  in  signal  level.  Haswell.  March  11,  1966 
(frequency  in  MHz). 


and  exhibited  static  linear  refractive  index  structures.  Further, 
these  type  1)  signal  levels  differed  from  the  theoretical  free-space 
value,  as  expected  for  the  vector  sum  of  direct-  and  ground-reflected 
components.  Finally,  continuous  change  of  the  receiving  antenna 
height  provided  the  expected  height-gain  lobing  pattern  of  three 
or  more  received  signal  components. 

On  the  other  hand,  the  deeply  fading  signals  were  observed  for  a 
dynamic  but  highly  stratified  atmosphere.  This  was  prevalent 
during  night-time  hours  when  the  ground  radiated  to  the  clear  sky. 
The  cooling  ground  created  an  adjacent  layer  of  cool  air  with  warmer 
air  above  [_A~\.  This  increase  of  temperature  with  height  (temperature 
inversion)  then  became  stronger  and  moved  upwards  as  additional 
cool  air  flowed  from  the  surrounding  terrain  into  the  bowl  containing 
the  meteorological  tower.  The  resulting  refractive  index  structure 
was  sharply  stratified;  refractive  index  gradients  were  commonly 
measured  across  the  temperature  inversion  as  strong  as  —400  N 
units  per  kilometer  over  vertical  extents  of  50  meters.  As  the 
temperature  inversion  strengthened  and  moved  upwards,  the  phase 
relationship  between  the  direct-  and  ground-reflected  components 
varied  to  provide  fades  commonly  to  20  dB  below  the  median  (see 
Fig.  2).  The  periods  of  the  fades  were  related  to  the  rapidity  of 
change  in  the  refractivity  structure.  For  example,  whenever  the 
refractive  index  structure  was  relatively  static,  the  radio  signals 
varied  slowly,  with  periods  of  an  hour  or  more.  Whenever  the 
refractive  index  structure  changed  drastically  in  periods  of  10  to 
15  minutes,  the  signal  variation  was  rapid  with  periods  of  several 
minutes. 

As  a  further  indication  of  signal  variability,  the  cross  correlation 
between  in-band  signals  was  determined  using  an  analog  computer 
with  an  input  time  constant  of  1  second.  Fig.  3  illustrates  the 
variability  of  the  correlation  coefficient  when  a  5-minute  integration 
time  was  used.  Notice  that  the  coefficient  might  be  highly  positive 
or  highly  negative  and  remain  so  for  periods  as  long  as  an  hour,  for 
any  pair  of  either  the  space  or  frequency  separated  signals.  This 
variability  of  the  correlation  coefficient  was  common,  ranging  from 
+  1.0  to  —1.0  when  the  atmosphere  was  stratified.  If  one  were  to 
consider  a  highly  positive  correlation  coefficient  as  an  indication 
of  diversity  failure,  this  experiment  would  indicate  that  such  failure 
could  be  expected  at  some  time  for  any  of  the  pairs  of  signals. 

To  test  the  effectiveness  of  the  diversity  design,  pairs  of  X-band 
and  pairs  of  C-band  signals  were  combined  in  an  analog  computer 
as  if  through  a  selection  combiner.  The  hourly  time  distributions  of 
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Fig.  3.     Cross  correlation  coefficient  between  received  signals, 
Haswell,  March  11,  1966. 


the  combined  output  signal  levels  were  then  compared  with  the 
hourly  time  distributions  of  the  input  signal  levels.  Several  repre- 
sentative samples  of  this  comparison  a'e  shown  in  Table  II,  relative 
to  the  median  of  a  single  signal.  In  general,  the  combined  output  of 
any  pair  fell  below  the  median  of  a  single  signal  only  20  percent  of 
the  time;  in  one  case  (the  fourth  column)  the  combined  output 
fell  10  dB  below  the  single  median  for  a  short  time.  Although  this 
demonstrates  an  improvement  of  the  diversity  over  the  nondiversity 
reception,  it  should  be  noted  that  the  combined  signal  for  the 
optimum  pairs  (the  second  and  fourth  column)  were  not  supposed 
to  fall  below  the  median  of  the  single  signal.  Not  only  did  the  design 
fail,  but  also  no  distinction  can  be  made  between  the  performance 
of  the  optimum  and  nonoptimum  pairs. 


TABLE  II 

Percentage  of  Time  (One-Hour  Samples)  Combined 
Signal  Is  Below  Indicated  Level  (Selection  Combining) 


May  20,  1966 


4985  4985  4985  9330  9330 

no.  1  no.  1*  no.  1  no.  1*  no.  1 

4985  4985  4855  9330  9100 

no.  2  no.  3*  no.  2  no.  2*  no.  1 


0600-0700 

10  dB  above  mediant 

72.0 

72.0 

72.4 

72.4 

median 

19.9 

23.0 

21.8 

15.2 

10  dB  below  median 

0 

0 

0.2 

0 

0700-0800 

10  dB  above  median 

71 

8 

71.6 

71.9 

71.8 

71.9 

median 

21 

1 

21.1 

35.9 

18.3 

19.6 

10  dB  below  median 

0 

0 

0 

0 

0 

*  Optimum  antenna  spacing. 

t  Median  level  is  the  median  of  either  signal. 


These  data  indicate  that  the  diversity  designs  which  assume  either 
linear  or  uniform  refractivity  profiles  are  only  a  partial  answer  to  the 
problem  of  multipath  fading.  Our  inability  to  differentiate  between 
the  optimum  and  nonoptimum  systems  demonstrates  the  limitations 
of  such  methods  of  calculating  diversity  design.  Present  designs 
can  be  modified  to  accommodate  the  additional  ground-reflected 
components  provided  by  irregular  terrain,  but  the  restriction  to 
linear  uniform  refractivity  profiles  will  still  remain.  Although  any 
separation  in  space  or  frequency  diversity  will  help,  at  present  we 
have  no  assurance  the  degree  of  improvement  will  be  sufficient. 
This  suggests  the  need  for  efforts  toward  proper  modeling  of  the 
refractive  index  structure. 
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SUMMARY 

Computations  of  the  power  reflection  coefficient  R  for  some  tropospheric  elevated  layers  observed 
with  radio  refractometers  show  that  the  mean  R  varies  as   X"1,    where  X   =  2ir9h/x»    9  being  the  grazing 
angle;  h,    the  layer  thickness;  and  X>    the  radio  wavelength.     However,    the  values  of  R  show  fluctuations 
from  the  X"1   dependence  with  standard  deviations  of  from  3  to  14  dB,   depending  on  the  degree  of  smooth- 
ing assumed,    predicting  a  scatter  in  the  X-dependence  obtained  from  scaled  frequency-diversity  trans- 
horizon  radio  experiments  that  agrees  with  published  results.     The  mean  X-dependence  derived  from  the 
X"1   model  ranges  from  X"1   to  X+1  ;  the  exact  value  depends  on  assumptions  about  the  horizontal  dimensions 
of  individual  layers  compared  with  the  size  of  effective  Fresnel  zones.     Published  results  indicate  that 
the  atmosphere  consists  of  a  mixture  of  "large"  and  "medium"  layers.     The  randomness  of  the  X-dependence 
of  real  tropospheric   layers  makes  it  difficult  to  separate  layer  and  turbulence  mechanisms  in  typical 
radio  propagation  experiments. 

1.  INTRODUCTION. 

Partial  reflections  of  electromagnetic  waves  occur  wherever  the  refractive  index  changes  apprec- 
iably over  a  distance  that  is   not  large  compared  with  a  wavelength.     Thin  layers   --  ranging  from  roughly 
1   m  to   1  00  m  thick  --  with  abnormally  large  refractive  index  gradients  are  common  in  the  troposphere 
and  are  known  to  be  an  important  transhorizon  propagation  mechanism1"*. 

In  this  paper  we  examine  the  results  of  calculations  of  the  power  reflection  coefficient  for  some 
observed  tropospheric   layers        which  show  that  --  all  other  things  being  equal  --  the  power  reflection 
coefficient  of  such  layers  is  approximately  proportional  to  the  radio  wavelength.     In  applying  this  to  the 
theory  of  the  wavelength  dependence  of  transhorizon  propagation,    we  take  into  account  the  horizontal  size 
of  the  layers  as  compared  with  the  size  of  a  Fresnel  zone.      We  find  that  this  wavelength  dependence  varies 
between  X"1   when  all  the  layers  are  small  compared  with  a  Fresnel  zone  to  X+1   when  they  are  large  com- 
pared with  that  zone.     All  intermediate  wavelength  dependencies   --  between  X"1   and  X  +  1    --  should  occur 
in  nature. 

Superimposed  on  the  mean  wavelength  dependence  of  the  reflection  coefficients  for  individual  layers 
is  a  random  variation  with  a  standard  deviation  of  some   14  dB.     A  slightly  reduced  random  variation  is 
expected  for  actual  propagation  paths  because  of  the  averaging  of  layer  fine-scale  characteristics  over  a 
Fresnel  zone.     Thus,    data  from  a  frequency-diversity  transhorizon  propagation  experiment  would  be 
expected  to  show  a  considerable  variation  in  wavelength  dependence  as  a  function  of  time,    even  when  layer 
reflections  are  the  dominant  mode  of  propagation  at  all  times.     Data  from  such  experiments  actually  do 
show  standard  deviations  in  the  diversity  signal  difference  of  from  3  to  1 1   dB,    which  agrees  with  our 
theoretical  results. 

We  conclude  that  these  effects,   tending  to  mask  the  true  nature  of  the  propagation  mechanism, 
render  frequency  diversity  experiments  of  limited  value  for  improving  the  theory  of  transhorizon 
propagation. 

2.  THEORY  AND  BACKGROUND. 

Figure  1   shows  the  basic  geometry  of  partial  reflections,    we  assume  flat  earth  geometry  for  cal- 
culating reflection  coefficients.     If  the  line-of-sight  power  that  would  be  received  at  the  receiver  via  a 
perfectly  reflecting  layer  is  given  by  P0,    then  a  tropospheric  layer  with  a  power  reflection  coefficient  R 
will  give  a  received  power 

P„    =PQR  •  <1> 

provided  the  horizontal  extent  of  the  layer  is  large  compared  with  the  Fresnel  zone.     The  Fresnel  zone  is 
approximately  elliptical  in  shape,    with  a  width  perpendicular  to  the  propagation  path  of  /LX  and  a  length 
along  the  path  of  /LX/8,   where  X  is  the  radio  wavelength,    L  is  the  path  length,   and  9  is  the  grazing  angle. 
When  the  layer  is  not  large  compared  with  the  Fresnel  zone,    the  reflected  power  can  be  obtained  approxi- 
mately by  a  Fresnel  integral  technique.9 

If  we  assume  that  tropospheric  layers  have  an  approximately  round  horizontal  shape  (i.e.,    saucer- 
shaped,   or  "feuillets")  and  a  mean  diameter  D,   then  for  medium-sized  layers,   where 


,-/LT  <  D  <  |/LX/e    ,  (2) 

hi 
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we  have  approximately 

Where 

D  <   I/O     , 
we  have  as  a  limiting  case  the  "radar  equation," 

P»   -    P~R 


16D492 


A3L= 


(3) 


(4) 


(5) 


Thus,    varying  the  size  of  the  layers   relative  to  the  size  of  the  Fresnel  zone  introduces  a  v/avelength 
dependence  into  our  results.6 

We  now  need  the  value  of  the  power  reflection  coefficient  R  to  evaluate  the  received  power.     The 
theory  of  partially  reflecting  layers  deals  with  the  case  given  by  (1),    where  the  layer  is  considered  a 
planar  transition  zone  between  two  infinite  half  spaces  of  refractive  index  n  and  n  +  An,    with  a  plane 
electromagnetic  wave  incident  from  below  at  angle   9  (as  defined  in  Figure  1  ).     For  weakly  reflecting 
layers,    i.e.,    when  R  «  1,    the  amplitude  reflection  coefficient  r  is  adequately  given  in  most  instances  by 
the  WKB  approximation7 


1 


dn 
dz 


exp  ■ 


lZkPz} dz 


(6) 


where  zx   and  z2   are  the  vertical  coordinates  of  the  base  and  the  top  of  the  layer,    k  is  the  radio  wave- 
number  2-rr/X,    and  i  =  /^T.     The  problem  can  be  parameterized  by  defining  an  effective  layer  thickness6 


X   = 


2tt91i 


(7) 


where  h  is  the  actual  layer  thickness,    and  the  integral  can  be  simplified  by  defining  a  normalized  gradient 
function 

g(y)  -   (An)"1   fy     . 


where  y  =  z/h,    and  %x    s  0  . 

The  integral  (6)  is  now  reduced  to 

r   ~    Jf?    /    8(y)expi-  iZxy\  dy  ' 


(8) 


(9) 


This  expression  shows  that  the  amplitude  reflection  coefficient  is  the  product  of  the  Fresnel  coefficient 
r0  2:   An/2  9     and  the  complex  Fourier  transform,    with  argument  ZX,    of  the  normalized  gradient  function 
g(y).     The  power  reflection  coefficient  R  is  obtained  as  the  square  of  the  modulus  of  the  complex  number 
r,    and  hence  is  always  a  real  number. 

Figure  Z  shows  four  tropospheric  layer  refractive  index  profiles  for  which  power  reflection  coef- 
ficients have  been  calculated  as  a  function  of  normalized  thickness   X-6     These  profiles  were  obtained  with 
airborne  refractometers  on  flights  through  the  Atlantic  trade-wind  inversion  layer  and  are  probably  repre- 
sentative of  the  sort  of  fine  detailed  n-structure  normally  found  in  tropospheric  layers.        The  R(X)  function 
for  each  of  the  four  profiles  was  calculated  on  a  digital  computer  by  a  numerical  integration  technique 
applicable  to  (8)  and  (9).     The  results  are  shown  in  Figure  3,    where  the  relative  power  reflection  coeffi- 
cients R(x)/R0»    in  which  R0  =    An2/4  94,    are  plotted.     The  curve  for  layer  3  shows  us  that  R  for  actual 
tropospheric  layers  may  occasionally  approach  the  Fresnel  value  Ans/49     even  when  the  layer  is  quite 
thick  compared  with  the  effective  radio  wavelength,    i.e.,    when  \  »  1. 

The  very  high  and  very  low  points  on  the  curves  in  Figure  3  are  caused  by  structuring  of  gradient 
changes  in  the  layer  profile  that  has  a  precise  relationship  to  the  effective  radio  wavelength;  this  is  anal- 
agous  to  the  Bragg  condition  for  the  maximum  reflection  of  x-rays  from  a  crystal  lattice  structure. 
However,    in  contrast  with  a  crystal  structure,    the  refractive  index  profile  of  a  tropospheric  layer  cannot 
generally  be  expected  to  remain  precisely  uniform  over  a  Fresnel  zone;  for  a  typical  transhorizon  propa- 
gation path  with  L  =  300  km  and   9  —    17  mrad,    the  Fresnel  zone  will  range  from  800  m  by  46  km  for  \    =  Z  m 
to  80  m  by  4.6  km  for   X  =  Z  cm.     The  irregularities  in  the  structure  of  actual  layers,    by  smoothing  over  a 
Fresnel  zone,   will  thus  tend  to  reduce  the  extremes  of  the  reflectivity  function.     We  can  see  the  effects  of 
such  smoothing  by  taking  the  geometric  mean  of  the  four  reflectivity  curves  shown  in  Figure  3;  the  resulting 
reflectivity  function  is  shown  in  Figure  4. 
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The  average  reflectivity  curve  for  the  four  profiles  shown  in  Figure  4  follows  a  X"1   dependence 
rather  well,    as  shown  by  the  plot  of  the  function  (1   +  X)"1.     The  standard  deviation  of  the  data  in  Figure  4 
from  the  (1   +  X)*1   curve  is  only  2.5  dB;  the  standard  deviation  of  the  data  in  Figure  3  from  the  (1   +  X)"1 
curve  is   1 1   dB.     These  deviations  are  not  quite  normally  distributed  ,    and  when  the  standard  deviations 
are  evaluated  as  half  the  difference  between  the  16  and  84  percent  levels  of  the  cumulative  distribution 
curves   --  the  percentage  points  for  one  standard  deviation  of  a  normal  distribution  --  the  results  are 
3.5  dB  and  14  dB  for  the  smoothed  and  nonsmoothed  data,    respectively. 

We  can  conclude  that  the  probable  power  reflectivity  of  actual  tropospheric  layers  is  given  by  the 
function  (1  +  X)"1,  with  a  standard  deviation  of  ~  14  dB  or  less,  depending  on  the  amount  of  Fresnel  zone 
smoothing  that  may  be  present.  Thus,  we  have  a  functional  dependence  for  R  in  (1),  (3),  or  (5),  and  are 
now  in  a  position  to  interpret  transhorizon  propagation  data  in  terms  of  reflection  theory. 

3.  APPLICATION  TO  TROPOSPHERIC  PROPAGATION  AND  COMPARISON  WITH  RADIO  DATA. 

3.  1.         Wavelength  Dependence  of  Layer-Mechanism  Propagation. 

The  solution  in  terms  of  Fresnel  integrals  for  which  (1),    (3),    and  (5)  are  good  approximations  is 

Ps    =  P0R[4F(Q)],  (10) 

where  Q  =  -^-    ,    F(Q)  =  F^u)  ,    u  s  /2D   , 

and 

Fjfu)  =   [Ss(u)  +  C2(u)][S=(uft)  +  C=(u9)]  .  (ID 

Here  S(u)  and  C(u)  are  the  usual  Fresnel  integrals,   defined  by 

u 
S(u)  =    f    sin|j  t2l  dt    , 
~o 

u 
and  C(u)  =     f    cos||  t2l  dt  . 


(12) 


The  function  FJu)  =  F(Q)  is  plotted  as  a  function  of  Q  in  Figure  5.     Since  the  Fresnel  integrals 
result  in  some  high-frequency  oscillations  of  F(Q)    that   are  not  pertinent  to  our  problem,    they  are 
smoothed  out  in  Figure  5  by  the  assumption  that  F(Q)  for  each  Q  is  the  mean  of  values  obtained  from  a 
log-normally   distributed  population  of  layer  sizes  D  that  have  a  standard  deviation  of  15.5  percent  of  the 
mean  value. 

Combining  (10)  with  our  empirical  result  for  R,   we  have 

fj)     ~    TF    <!   +X)"1[4F(Q)],  (13) 

where  X  is  the  effective  thickness  of  the  layer  2Tr9h/A,    as  previously  defined;  <P„/P0>   is  the  expected  or 
mean  value  of  the  ratio  P„/Po>    which  is   subject  to  fluctuation  because  of  statistical  variations  in  the  X 
dependence  of  R. 

The  wavelength  dependence  for  layer-mechanism  propagation  is  obtained  from  (13).     Assuming 
that  P0   and   9  are  the  same  for  two  wavelengths,    we  obtain  the  ratio  between  the  received  powers  P,    and 
P,: 


£i\     ==  i  +  *a     f(Qi) 

P.,/  1  +  Xl      F(Q2\ 


(14) 


If  both  Xi  and  Xa  are  large  compared  with  1,   we  have 
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X8      F(Qa) 


Xi.a  »  1   •  (I5) 


From  Figure  5  we  have  three  different  wavelength  dependences  for  F(Q),  depending  on  the  ratio 
of  the  approximate  layer  diameter  to  the  Fresnel  zone.  For  Q  =  D//7L  larger  than  l/26,  F(Q)  is  inde- 
pendent of  X  and  (15)  becomes 

(|4  ,  £, 


<t9 


We  will  refer  to  this  as  the  "large  layer"  case.     For  Q  intermediate  between  |  and  ~S,    F(Q)  varies  as 
X"    i    so  that  (15)  becomes 


(ft)' 


(IV) 


this  is  the  "medium-sized  layer"  case.     For  Q  smaller  than  |,    F(Q)  varies  as   X~s,    and  we  have  from  (15) 
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which  is  the  case  of  small  layer  size. 


q 
The  wavelength  dependence  of  received  power  is  usually  expressed  as   X    ;  for  the  three  cases 

treated  above,   the  values  of  q  are  +  1,0,    and   -   1,    respectively.     Intermediate  values  of  q  can  result 

when  Q  for  one  of  the  wavelengths  falls  on  one  side  of  a  dividing  point  (1/2  or  l/2P)  and  Q  for  the  second 

wavelength  falls  on  the  other  side  of  the  dividing  point.     Thus  for  layer-mechanism  propagation,   <q)  may 

fall  anywhere  between  -   1   and  +  1,    depending  on  the  size  of  the  layers  involved. 

3.2  Variability  of  the  Wavelength  Dependence  for   Layer-Mechanism  Propagation. 

In  the  preceding  section  we  derived  the  mean  or  expected  value  of  q,    the  exponent  in  the  wave- 
length dependence  factor  X^,    and  we  found  that  it  was  a  function  of  the  normalized  layer  size  Q  and  the 
elevation  angle   8  at  the  reflection  point.     Thus,    if  we  set  up  a  scaled  two-frequency  experiment,    i.e., 
where  the  line-of-sight  powers  P0   are  equal  and  the  beams  are  coincident,    and  if  we  record,    say,    one- 
hour  median  values  of  Pj/Pj   at  the  receivers,    we  will  get  different  values  of  q  at  different  times  if  the 
layer  sizes  vary  from  time  to  time.     Hence,    we  would  expect  to  get  a  distribution  of  q-values. 

There  is  an  additional  source  --  probably  more  important  than  variable  layer  sizes   --  of  varia- 
bility in  measured  values  of  q.     Consider  Figure  3.      We  can  simulate  the  results  for  two  wavelengths 
that  are  in  a  ratio  of,    say,    2  to  1   by  picking  X  values  that  differ  by  a  factor  2.     If  the  second  wavelength 
is  the  smaller,    we  would  expect  to  find,    on  the  average,    that  R   for  that  wavelength  would  be  only  half  as 
large  as  for  the  first  wavelength,    since  Xj    =  2x^   for  this  particular  case.     However,    it  is  obvious  that 
for  any  two  values   X  and  2X,    the  value  of  Rs   may  be  either  larger  or  smaller  than  Rj  . 

Thus,    in  the  course  of  an  experiment,    we  would  expect  to  get  a  distribution  of  q  values  even  if  the 
layers  were  all  of  one  size  category.     For  example,    if  we  assume  an  experiment  where  all  the  layers  are 
large  compared  with  the  Fresnel  zones,    i.e.,   Q   >  l/2  6   for  both  wavelengths,    we  would  expect  to  get 
Pj/Pg  values  distributed  around  a  mean  value  of  10  loglc  (\,/X?)dB  with  a  standard  deviation  of  between 
3  and  14  dB.     The  actual  standard  deviation  would  depend  on  the  amount  of  Fresnel-zone  smoothing  pres- 
ent in  the  actual  layers,    as  discussed  previously.     Since  we  have  no  measurements  of  the  horizontal 
variations  in  actual  layer  structure,    we  cannot  predict  what  this  degree  of  smoothing  would  be. 

This  variability  in  Pj/Ps   values  introduced  by  the  peculiarities  of  layer  reflectivity  functions  is 
very  important.     For  a  typical  experiment  with  X,    =  2X5,    10  logl0(X,/X5 )  is   3.0  dB,    a  value  that  is   not 
large  compared  with  the  estimated  standard  deviation  of  PXP5   of  from  3  to  1  4  dB.      Even  for  a  frequency 
separation  of  1  0  to  1,    the  standard  deviation  of  the  Pj/Pj   values  is  liable  to  be  comparable  to  the  mean 
value. 

3.  3  Comparison  of  Results  with  Radio  Data. 

As  an  example  of  hypothetical  experimental  results  that  can  be  obtained  from  our   reflectivity 
curves,    Figure  6  shows  the  cumulative  distribution  of  33  values  of  Pj/Pa   obtained  by   randomly  selecting 
X  values  in  the  range  2  <  X  <  1  8.  2  and  reading  the  values  for  R(X)  and  R(5.  49  X)  from  Figure  4;  then,    if 
the  layers  are  assumed  larger  than  /xX/29,    Pj/Pj   =  Rj/R;.     The  standard  deviation  for  this  sample, 
estimated  as  half  the  difference  between  the  16  and  84  percent  levels,    is   3.  5  dB.     The  median  value  of  q, 
i.e.,    for     P,/Ps      =  X'',    for  the  sample  is  0.6.     This  shows  that  we  require  a  rather  large  sample  of 
Pi/Pg  values  in  order  to  accurately  determine  q;  a  curve  of  (1    +  X0'8)"1   drawn  on  Figure  4  would  pass 
more  than  1  dB  above  every  point  of  the  R(X)  curve  for  all  X  >  2;  obviously  then.q  =  0.  6  is  not  the  correct 
X-dependence  for  these  data. 

Figure  7  shows  the  Pj/Ps   distribution  for  a  scaled,   two-frequency  propagation  experiment  con- 
ducted in  the  United  States  over  a  302.5-km  path  between  Round  Hill,    Massachusetts,    and  Crawford's 
Hill,    New  Jersey.11    The  median  value  of  P,/Ps  is  6.5  dB,    or  q  s?  0.9,    and  the  standard  deviation,    taken 
from  the  16  and  84  percent  levels,    is  5.0  dB.     The  observed  distribution  is  consistent  with  the  hypothesis 
that  the  received  signals  were  reflected  from  layers  that  were  mostly  large  compared  with  the  effective 
Fresnel  zone,    i.e.,   D  >  14  km.     In  an  analysis  of  these  same  data,13,    hourly  median  values  of  P,/Pj    for 
76  winter  hours  in  February  and  March  showed  a  median  of  6.  5  dB  or  q  ^0.9  --  the  same  as  the  total 
sample  --  and  a  standard  deviation  of  4  dB;     80  summer  values  from  June  and  July  showed  a  median  of 
10  dB  or  q  ^    1.35  and  a  standard  deviation  of  7  dB.     These  seasonal  data,    if  interpreted  in  terms  of 
layer-mechanism  propagation,   suggest  more  well-developed  and  variable  layer  structure  in  the  summer 
than  in  the  winter.     This  is  consistent  with  the  higher  level  of  atmospheric  humidity  observed  in  the 
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summer,    upon  which  strong  refractive  index  gradients  depend. 

Figure  8  shows  Pj/Pj  data  for  a  more  recent  experiment.3     These  data  are  for  a  259-km  path 
between  Stockholm  and  Mora  in  Sweden;  the  authors  state  that  the  crossover  height  is   1200  m,    and  the 
minimum  grazing  angle   B  is  approximately  17  mrad  (l/2  of  the  minimum  scatter  angle).     The  elevated 
layers  in  that  experiment  would  be  considered  "large"  by  our  criterion  if  the  mean  horizontal  diameter 
exceeded  8.2  km.     The  results  in  Figure  8  show  during  August  a  median  of  q  ^1   and  a  standard  deviation 
of  Pj/Pj   of  4.0  dB,    values  that  are  consistent  with  an  hypothesis  that  "large"layers  are  the  dominant 
propagation  mechanism.     The  value  of  q  together  with  the  standard  deviation  of  P,/P2   decreases  as  the 
weather  becomes  colder.     This,    in  turn,    is  consistent  with  either  a  decrease  in  the  size  of  layers  or  a 
trend  toward  tropospheric  forward  scatter  as  the  dominant  propagation  mechanism,    for  which  theory 
indicates  q  a  -l/3.     Because  the  winter  climate  in  Sweden  is  cold,    absolute  humidity  levels  are  low,    so 
that  a  decrease  in  the  strength  of  elevated  layers  should  be  expected;  this  suggests  that  forward  scatter 
might  be  expected  to  be  the  dominant  winter  propagation  mechanism. 

Results  for  these  two  experiments,  n'3  as  well  as  three  others,13"15   are  summarized  in  Table  I. 

Table  I 
Summary  of  Experimental  Results  for  Wavelength  Dependence 


(Pjt      References  and 
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Min. 

Path 

Elev. 

Qt 

Qu 

Length 

Wavelengths 

Angle 

/xTC 

/xTT 

L 

Xi  >  Xj 

9 

2 

29 

km 

cm 

mrad 

km 

302.5 

71.9,   13.  1 

17 

233 

14 

302.  5 

71.9,  13.  1 

17 

233 

14 

302.5 

71.9,   13.  1 

17 

233 

14 

108 

35.7,  10.7 

4.8* 

196 

41 

108 

10.7,      3.3 

4.  8* 

108 

23 

108 

35.7,      3.3 

4.  8* 

196 

41 

108 

mean 

4.  8* 

-  - 

-- 

108 

+ 
mean 

4.8* 

-  - 

275 

65.2,  7.  3 

13 

212 

lb 

259 

30,    10 

17 

140 

8 

259 

30,    10 

17 

140 

8 

259 

30,    10 

17 

140 

8 

50b 

24.  0,  8.  8 

15 

136 

9 

306 

24.0,    8.8 

15 

136 

9 

306 

8.  8,   3.2 

15 

82 

5.5 

306 

8.  8,   3.2 

15 

82 

5.5 

Dates  °,so  IP?'  Remarks 


2-7/57 

0.9 

5.0 

2-3/57 

0.9 

4.0 

6-7/57 

1.  35 

7.0 

8/60-7/61 

0 

6.5 

8/60-7/61 

0.4 

8.0 

8/60-7/61 

0.2 

11.0 

10/60-5/61 

0.7 

4.0 

9/60,  6-7/61 

-0.5 

3.5 

4/56-12/57 

0.9 

4.0 

8/66 

1.0 

4.0 

9/66 

0.2 

3.5 

12/66,4/67 

-0.1 

2.5 

2/12/59 

0.6 

4.4 

2/11/59 

-0.2„ 

2.6 

2/12/59 

-O.ZB 

2.6 

Chisholm  et  al.  u 
Bolgiano,  15  Winter 
Bolgiano,  1S  Summer 
Bolgiano,  13  Daytime 
only:  1000-1600  LST. 
only:  1000-1600  LST. 
Winter:  1000-1600  LST. 
Summer:  1000-1600 

LST. 
Crawford  et  al.  14 
Eklund  &  Wickerts3 
Eklund  &  Wickerts3 
Eklund  &  Wickerts3 
Ortwein  et  al.  15 
"Layer"  day. 
"Turbulent"  day. 
"Layer"  day. 
2/11/59  -0.1  3.1        "Turbulent"  day. 

*This  path  was  asymmetric;  calculations  are  for  a  layer  tilted  at  1.65  mrad. 

tThe  hourly  medians  used  were  the  average  of  the  hourly  median  Pj/Pg   and  Pa/P3  values,    where 
P,    -   35.7  cm,    P?    -   10.7  cm,    and  P,    -   3.3  cm. 

The  results  reported  by  Crawford  et  al.  u    are  consistent  with  the  large  layer  propagation  mechanism. 
The  results  for  Bolgiano's   1964  paper13   are  variable:  the  winter  data  are  suggestive  of  the  large  layer 
propagation  mechanism,    whereas  the  summer  data  suggest  either  conventional  troposcatter  or  a  mixture 
of  small  and  medium-sized  layers.     These  data  are  confined  to  daylight  hours  and  the  crossover  height 
was  only  about  150  m  above  the  terrain;  daytime  layer  formation  in  the  summertime  at  this  height  is 
rather  unlikely  because  of  the  strong  convection  expected  near  the  ground.     This  may  explain  why 
Bolgiano's   1964  data13   show  a  behavior  opposite  to  some  of  the  other  experiments,    in  which  the  summer 
data  show  q  ==  1   and  the  winter  data  show  q  £   0.     The  data  reported  by  Ortwein  et  al. 1S  are  only  for  a  two- 
day  period,    carefully  selected  for  the  lack  of  a  strongly  layered  atmosphere.     The  data  for  February  12, 
1959,   are  suggestive  of  layer-mechanism  propagation.     Ortwein  et  al.   state  that  "data  from  the  morning 
of  February  12  indicated  a  \0*4  dependence  when  there  were  slight  irregularities  in  the  profile,    but  a  \°-  9 
dependence  was  observed  in  the  afternoon  when  a  turbulent  layer  had  been  more  established.  "     Their 
refractometer  data  could  also  be  interpreted  as  indicating  a  sharply  layered  structure  well  above  the  sur- 
face,   rather  than  a  turbulent  structure.     For  the  11th  these  authors  state  that  "[this]  followed  passage  of 
a  frontal  zone  which  left  an  unstable  standard  atmosphere  with  no  layering.  "     We  can  be  reasonably  certain 
that  the  data  for  February  11   represent  a  troposcatter  propagation  mechanism. 
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horizontal  extent.     This  horizontal  extent,    as  indicated  by  the  values  for  Qu   in  Table  I,    is  on  the  order  of 
10  km  or  more.     For  an  assumed  average  vertical  thickness  of  100  m,    a  10-km  diameter  represents  an 
aspect  ratio  of  100  to  1,    which  seems  to  be  a  reasonable  figure  when  compared  for  example,   with  the 
normal  ratio  of  vertical  to  horizontal  refractive  index  gradients  encountered  in  the  atmosphere. 

3.4.  Angular  Dependence  of  Layer-Mechanism  Propagation. 

The  dependence  of  received  power  on  the  grazing  angle   9  can  be  obtained  from  (1  3).     The  function 
(1   +  X)"1   varies  as   0"1   if  X  and  h  are  held  constant  in  (7).     For  "large"  layers   F(Q)  is  independent  of  8, 
and 

P„(9)  cc   a"5,    R  >   "^~     .  (19) 

For  "medium"  and  "small"  layers   F(Q)  is  proportional  to   9?  ,    and 

AT 

p,(p)  -  ="3.  e  <  J-~-   ■  uoj 

The  above  is  mainly  of  theoretical  interest  since  it  would  apply  only  to  radio  paths  with  the  same 
center  point  and  crossover  height  but  different  path  lengths   --  and  hence  different   P  --  whereas  most 
experiments  are  set  up  with  a  common  length  and  varying  crossover  heights  to  achieve  varying   ".      Layer 
characteristics  tend  to  change  markedly  with  the  height  of  the  layer. 

3.5.  Multiple  Reflections  and  the  "Whispering-Gallery"  Mode  of  Propagation  by  Elevated   Layers. 

There  are  at  least  two  elevated  layer  tropospheric   propagation  mechanisms  other  than  the  single 
partial  reflection  that  we  have  considered  thus  far:     multiple  reflections  and  the  "whispering-gallery"  mode. 

In  this  instance,    multiple  reflections   refers  to  two  or  more  partial  reflections  of  a  radio  wave  from 
an  elevated  layer;  this  mechanism  has  been  treated  by  Hall.*     The  overall  reflection  coefficient  is  the 
product  of  the  reflection  coefficients  at  each  point  of  reflection;  the  resulting  decrease  in  efficiency  may 
be  offset  by  the  decrease  in  layer  height,    and  hence  of  grazing  angle,    that  is   required  to  satisfy  the  geom- 
etry.    For  two  partial  reflections,   the  wavelength  and  grazing  angle  dependence  derived  previously  are 
presumably  squared;  they  would  be  cubed  for  three  "reflections,    etc.     Otherwise,    the  mechanism  behaves 
quite  like  the  single  reflection  treated  previously.     Multiple  reflections  between  an  elevated  layer    md  the 
ground  have  also  been  treated  theoretically.1 

Propagation  by  a  "whispering-gallery"  mode  has  been  treated  by  Wait.11     In  this  mechanism  radio 
energy  is  guided  in  a  waveguidelike  mode  along  the  undersurface  of  a  sharp  tropospheric   layer,    possibly 
with  very  low  attenuation.     The  radio  energy  must  first  be  introduced  along  the  layer  at  a  grazing  angle 
very  close  to  zero.     The  mechanism  responsible  for  this  introduction  of  energy  is   presumably  n  partial 
reflection  from  reflecting  elements  or  facets  of  the  layer  that  are  slightly  tilted  from  the  horizontal;  the 
tilt  angle  required  is   one-half  of  the  actual  grazing  angle  at  the  point  where  the  main  radio  beam  intersects 
the  layer  --  the  required  tilt  angles  are  thus  typically  0.5     or  less. 

Aside  from  the  wavelength  dependence  of  the  attenuation  in  the  "whispering-gallery"  mode,    the 
overall  characteristics  of  this  propagation  mechanism  are  quite  similar  to  the  ordinary  partial  reflection 
process,    and,    except  for  a  possible  low  frequency  "cut-off"  effect,    it  would  probably  be  indistinguishable 
by  ordinary  experimental  techniques  from  simple  partial  reflections. 

4.  SUMMARY  OF  RESULTS. 

We  have  demonstrated  several  significant  points   regarding  tropospheric   radio  propagation  by 
partial  reflections  from  elevated  layers: 

(1)  The  power  reflection  coefficient  of  elevated  layers  in  the  troposphere  should,    on  the  average,  vary 
as  x  J  ,   where  X  =   2ir8h/X;   8  is  the  grazing  angle,    h  is  the  vertical  thickness  of  the  layer,    and   X  is  the 
radio  wavelength. 

(2)  The  wavelength  dependence  of  beyond-the-horizon  tropospheric  transmissions  when  layer  mode 
propagation  is  present  may  average  between  X"1  and  X+1,  depending  on  the  horizontal  size  of  the  layers 
compared  with  the  size  of  the  first  Fresnel  zone. 

(3)  Computed  data  on  layer  reflection  coefficients  indicate  that  experimental  values  of  power  ratios 
at  two  or  more  wavelengths  on  scaled  tropospheric   radio  paths   should  show  standard  deviations  of  up  to 
14  dB  when  layer  mode  propagation  exists.     Experimental  data  for  times  when  layer-mechanism  propaga- 
tion is  believed  to  have  occurred  indicate  that  4  to  7  dB  are  typical  figures  for  this  standard  deviation  of 
power  ratios. 

(4)  The  angular  dependence  of  received  power  for  layer-mechanism  propagation  is  expected  to  be   8"B 
for  "large"  layers  and  9~3   for  "medium"  and  "small"  layers. 
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(5)  The  similarity  of  the  wavelength  dependence  for  a  mixture  of  "small"  and  "medium"  layers  and 
the  \'V3  dependence  expected  for  traditional  troposcatter  propagation,    in  addition  to  the  expected  scatter 
in  the  observed  ratio  of  received  powers,   makes  it  difficult  to  separate  these  two  mechanisms  in  experi- 
mental data  without  additional  information,    such  as  off-great-circle  path  received  power  measurements. 
Hence,    frequency  diversity  experiments  are  of  limited  usefulness  for  revealing  the  nature  of  transhorizon 
propagation  mechanisms. 

(6)  Comparison  of  theory  with  radio  data  indicates  that  elevated  layers  with  horizontal  dimensions  on 
the  order  of  tens  of  kilometers  occur  often  in  the  troposphere. 

Many  other  aspects  of  radio  data  can  be  interpreted  in  terms  of  layer-mechanism  theory.     For 
example,    Eklund  and  Wickerts      found  that  the  value  of  q  in  the  wavelength  dependence  \1  tended  to  increase 
as  the  level  of  received  power  at  the  longer  wavelength  increased.     In  terms  of  layer-mechanism  theory, 
the  higher  values  of  received  power  on  one  of  the  wavelengths  would  tend  to  be  associated  with  R(X)  values 
well  above  the  mean  (1   +  X)"1   dependence,    as  well  as  with  la/ers  having  a  high  value  of  An  or  small  thick- 
ness h.     If  the  two  frequencies  are  separated  enough  that  the  departures  of  the  respective  R(X)  values  from 
the  mean  (1   +  X)"1   can  be  considered  statistically  independent,    then  the  value  of  R(X)  for  the  shorter  wave- 
length would  tend  to  fall  closer  to  the  mean.     Thus  the  observed  power  ratios  in  instances  where  Px   is 
well  above  the  long  term  median  would  be  larger  than  normal,    and  the  resulting  values  of  q  would  also  be 
larger  than  average.     If  this  interpretation  is  correct,    then  the  reverse  should  be  true  if  q  is  plotted  as  a 
function  of  received  power  at  the  shorter  wavelength,    and  q  would  be  expected  to  at  least  show  a  lesser 
dependence  on  P2   if  not  actually  an  inverse  dependence.     This  is  true  for  Eklund's  and  Wickerts'  data;3 
the  median  value  of  q  as  a  function  of  Pj  (30  cm)  varies  from  -0.  3  to  +  1 .  7  between  the  93  and  7  percent 
levels  of  Pj,    but  as  a  function  of  P2  (1  0  cm),   q  varies  only  from  0.  2  to  0. 6  between  the  93  and  7  percent 
levels  of  P2  . 

Finally,    we  can  make  a  table  of  the  expected  characteristics  of  four  tropospheric  propagation 
mechanisms:  partial  reflections  from  elevated  layers  for  the  three  size  categories  and  troposcatter.     The 
wavelength  dependence  of  the  "small"  and  "medium"  layers  is  shown  as  variable  since  it  depends  on  the 
number  of  individual  layers  occurring  in  a  Fresnel  zone,    which  is  usually  much  smaller  than  the  beam 
width.     The  standard  deviation  of  Pj/Ps   is  for  scaled,    multifrequency  experiments,    and  the  values  are 
taken  from  Table  I. 

Table  II 
Characteristics  of  Four  Tropospheric  Propagation  Modes 

Wavelength  Angle  Std.  Dev. 

Mode  Description  Dependence  q  Dependence  Pj/Pj  Remarks 

(1)  "Large"  Coherent  <<!>-    +1  6~5  ~  4  to  7  dB  Rather  common 
layers                  reflection 

(2)  "Medium"         Incoherent  <q>   ??    0  to  + }  9"3  ?      I        j       Difficult  to 

layers  reflection  (        I  , 

'  1         I       separate  from 

(3)  "Small"  Anisotropic  <<1  >   -    -  1    to  0  9"3  ?     I         /       "troposcatter" 
layers                  forward  scatter  I        \ 

(4)  "Trope-  Quasi-isotropic         <q  >  -    -a  6"14/3  -2.5  to  Difficult  to  isolate 
scatter                forward  scatter                                                or    cTu/3*                 3.5  dB  as  a  "pure" 

mechanism. 

*a   is  the  scattering  angle,    not  necessarily  in  the  vertical  plane. 

The  "large"  layer  mechanism  is  described  as  coherent  because  the  reflection  is  from  a  structure 
that  is  fairly  uniform  over  the  first  Fresnel  zone.     The  "medium"  layer  mechanism  is  described  as 
"incoherent"  because  the  reflections  from  several  layers  along  the  length  of  the  Fresnel  zone  are  random 
in  phase  and  the  powers  are  additive.     The  "small"  layer  mechanism  consists  of  power  reflected  from 
many  layers  that  are  small  compared  with  the  first  Fresnel  zone  but  large  compared  with  a  wavelength; 
in  this   respect,    the  mechanism  is  similar  to  ordinary  troposcatter,    except  that  the  layers  may  be  confined 
to  a  rather  narrow  height  interval  (a  "mother"  layer)  and  the   structures  and  hence  the  reflectivities  are 
strongly  anisotropic.     Troposcatter  is  usually  defined  as  a  quasi-isotropic  process   --  the  atmosphere 
being  treated  theoretically  as   a  statistically  stationary,   homogeneous,   isotropic  medium  --  and  scatter- 
ing from  off-great-circle  paths  is  assumed  to  be  about  as  efficient  as  on  great-circle  paths  at  the  same 
scattering  angle.     Mixtures  of  all  four  mechanisms  may  occur,    resulting  in  mixed  modes  of  propagation 
that  are  very  difficult  to  separate  experimentally. 
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1.  Geometry  of  partial  reflection  by  a  tropospheric  layer. 
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2.  Normalized  refractive  index  profiles  for  observed  layers. 
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3.  Relative  power  reflectivity  for  four  observed  layers. 
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Composite  power  reflectivity  curve  -  the  geometric  mean  of  four  observed-layer  reflectivity 
curves. 
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5.  Fresnel  integral  function  F(Q)  for  layer  reflections. 
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Simulated  distribution  of  tropospheric  propagation  wavelength  dependence  for  a  scaled-antenna 
two-frequency  experiment. 
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Distribution  of  wavelength  dependence  for  a  scaled  two-frequency  tropospheric  propagation  path 
in  the  United  States. 
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Radio  reflection  coefficients  for  tropospheric  elevated  layers  are  examined  as  functions  of 
the  ratio  of  layer  thickness  to  the  effective  radio  wavelength  and  the  refractive  index  structure 
of  the  layers.  The  layer  reflectivity  is  shown  to  be  nearly  independent  of  the  refractive  index 
structure  for  small  values  of  the  thickness-wavelength  ratio.  Results  for  some  layers  observed 
with  refractometers  show  that  the  reflectivities  for  large  thickness-wavelength  ratios  are  gen- 
erally larger  than  those  given  by  the  simple  linear  or  constant-gradient  layer  model. 


INTRODUCTION 

Partial  reflections  of  electromagnetic  waves  are 
produced  when  the  refractive  index  changes  appre- 
ciably over  a  distance  that  is  not  large  compared 
with  a  wavelength.  Relatively  thin  layers  containing 
abnormally  large  refractive  index  gradients  are  com- 
mon in  the  troposphere  and  are  known  to  be  im- 
portant as  a  trans-horizon  propagation  mechanism 
[cf.  Eklund  and  Wickerts,  1968;  Hall,  1968]. 

The  reflection  coefficients  for  tropospheric  layers 
have  been  derived  for  various  analytic  models  of  the 
refractive  index  by  several  authors  [du  Castel  et  ah, 
1960;  Wait  and  Jackson,  1964];  their  results  show 
that  the  reflectivity  depends  critically  on  the  re- 
fractive index  model  chosen  for  layers  that  are  thick 
compared  with  the  effective  radio  wavelength.  For 
example,  at  typical  grazing  incidence  and  a  layer- 
thickness/wavelength  ratio  of  150,  the  power  re- 
flection coefficients  for  the  constant-gradient  model 
and  a  typical  'smooth'  function  model  differ  by  40 
to  50  db.  This  implies  that  the  actual  form  of  the 
refractive  index  structure  in  tropospheric  layers  will 
be  important  in  determining  their  effectiveness  as  a 
propagation  mechanism. 

In  this  paper  we  calculate  the  theoretical  reflection 
coefficients  for  some  actual  tropospheric  layers  de- 
rived from  airborne  refractometer  data  and  show 
that  the  linear,  constant-gradient  model  yields  co- 
efficients that  are  generally  lower  than  the  average 
of  those  obtained  from  these  data. 

BACKGROUND 

The  theoretical  reflection  coefficient  for  a  tropo- 
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spheric  layer  can  be  derived  from  solutions  of  the 
wave  equation  by  considering  the  layer  to  be  a 
planar  transition  zone  between  two  infinite  half- 
spaces  of  real  refractive  index  «o  and  «o  +  A«o.  A 
plane  wave,  of  wave  number  k  =  2*r/  a,  crossing  the 
layer  at  an  angle  of  incidence  /  produces  both  a  re- 
fracted and  a  reflected  wave.  The  reflection  coeffi- 
cient is  found  as  the  ratio  of  the  magnitude  of  the 
E  or  H  vector  in  the  reflected  wave  to  the  magnitude 
of  the  corresponding  vector  in  the  incident  wave. 
The  simplest  solution,  one  that  is  well  suited  to  par- 
tially reflecting  tropospheric  layers,  is  the  WKB 
series  [Wait,  1962],  in  which  the  coefficient  for  single 
reflections  is  given  approximately  by 

r  Si  ~ — .  /      "T  exp  {  -/2A:(cos  I)z\  dz         (1) 

2  cos    /  J ,,    dz 

Here  the  z  axis  is  perpendicular  to  the  layer,  and 
Z\  and  z2  are  the  lower-  and  upper-layer  boundaries, 
respectively.  The  reflection  coefficient  is  evaluated 
at  z  =  Zu  on  the  assumption  that  the  incident  wave 
is  traveling  in  the  positive  z-direction.  The  theory  of 
partial  reflections  in  layered  media,  including  the 
derivation  of  (1),  has  been  thoroughly  treated  by 
several  authors  [Brekhovskikh,  1960;  Wait,  1962]. 
In  (1),  multiple  (internal)  reflections  are  neg- 
lected. As  the  first-order  reflected  wave  is  generated 
in  the  downward  direction  it  gives  rise  to  a  sec- 
ondary reflected  wave  that  travels  upward  through 
the  layer,  and  that  has  no  direct  effect  on  the  down- 
ward reflection  coefficient.  In  turn,  a  third-order  re- 
flected wave  traveling  in  the  downward  direction  is 
generated  by  partial  reflection  of  the  second-order 
wave.  It  is  this  third-order  wave  (and  all  odd-order 
waves)  that  may  affect  the  reflection  coefficient.  The 
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third-order  reflection  coefficient  can  be  arrived  at 
through  a  triple  integration  involving  three  integrals 
each  of  which  is  similar  to  (1). 

Criteria  for  neglecting  higher-order  reflections  are 
difficult  to  define.  Owing  to  the  triple  integration 
process,  the  third-order  reflection  coefficient  will 
tend  to  have  an  order  of  magnitude  close  to  |  r  |3  for 
smooth  dn/dz  functions.  Thus,  for  monotonic  dn/dz 
it  is  generally  sufficient  that  |  r  \  as  given  by  ( 1 )  be 
small  (say  \  r  \  <  10-1),  and  multiple  reflections  can 
be  neglected.  For  oscillatory  or  erratic  dn/dz  the 
situation  is  more  complicated;  it  is  usually  sufficient 
that 


2  cos 


os2  /  J,x- 


dn 

dz 


exp  |-/2A:(cos  l)z\  dz  <   \r\  <  10 

(2) 

for  any  z\  <  Z\  <  z2'  <  z-2.  such  that  z2'  —  Zi  <  z2  — 
Z\.  This  means  that  the  reflection  coefficient  for  any 
part  of  the  layer  taken  alone  should  be  smaller  than 
that  for  the  whole  layer. 

Reflectivity  functions  as  given  by  ( 1 )  can  be  nor- 
malized by  defining  an  effective  layer  thickness  [du 
CasteletaL,  1960] 


X  =  kh  cos  I  =  kh  sin  0  ^ 


2wh6 


(3) 


where  h  is  the  layer  thickness  z2  —  Zi,  and  6  is  the 
elevation  angle  of  the  incident  wave  front.  Since  pri- 
marily small  6  are  of  interest,  the  sine  may  be  taken 
as  being  equal  to  the  angle.  We  now  define  a  nor- 
malized -height   variable 

y  sa  z/h  ^  kdz/x  (4) 

and  a  gradient  function  [Wait  and  Jackson,  1964] 


t  \       <\    \-idn  i  x   dn 


(5) 


6V-"       v      u/     dy       v      u/     kd  dz 
If  we  substitute  these  expressions  into  ( 1 )  we  obtain 


~zz»s>  r1 

—  202  J0 


g(y)e 


dy 


(6) 


where  the  limits  correspond  to  Z\  =  0  and  z2  —  h 
in  ( 1 ) ;  we  can  set  Z\  arbitrarily  with  no  loss  in  gen- 
erality. (Footnote:  This  is  true  for  power  reflection 
coefficients;  it  is  not  true  if  we  must  consider  the  phase 
of  the  reflected  wave.)  This  expression  shows  that 
the  reflection  coefficient  is  the  product  of  the  Fresnel 
coefficient  r0  and  the  complex  Fourier  transform 
(with  argument  2%)  of  the  normalized  gradient  func- 
tion g(y),  if  we  assume  g(y)  =  0  for  y  <  0  and  y 
>  1. 


The  extension  to  continuous  gradient  functions  is 
obvious;  the  limits  in  (1)  and  (6)  become  —  a>  and 
+  oo.  However,  the  concept  of  the  layer  thickness  h 
becomes  somewhat  ambiguous.  Thus,  in  addition  to 
the  normalization 


/:: 


g(y)  dy 


(7) 


used  by  Wait  and  Jackson  [1964],  we  require  some 
further  adjustment  over  the  nominal  layer  thickness 
y  =  0  to  1  if  Zi  =  0,  such  as 


/' 

■'0 


g(ay)  dy  =  P         0  <  P  <  1 


(8) 


The  choice  of  the  value  for  P  is  arbitrary;  the  value 
chosen  will  have  the  effect  of  defining  the  layer 
thickness  as  that  z  interval  over  which  100P%  of 
the  total  change  in  the  refractive  index  occurs,  leav- 
ing the  first  and  last  [100  (1  -  P)/2]%  of  An0  out- 
side the  layer.  Experimentation  shows  that  results  are 
not  very  sensitive  to  the  exact  value  of  P  that  is 
chosen;  values  between  0.8  and  0.95  yield  very 
similar  results.  (For  determining  the  reflectivity  of 
analytic  profile  models  in  this  study  we  choose 
P  =  0.9,  since  this  corresponds  to  the  90%  level 
used  in  many  related  applications.) 

Figure  1  shows  results  for  the  same  gradient 
functions  used  by  Wait  and  Jackson  [1964],  but 
with  layer-thickness  normalization  as  described  above 
with  P  =  0.9.  The  hyperbolic  layers  are  defined 
by 


gm(y)  =   Km  secrT  (ay) 
and  the  Gaussian  layer  is  defined  by 


(9) 


g(y)  =   Kcxp  {-a2/}  (10) 

in  all  these,  K  is  determined  by  (7)  and  a  is  de- 
termined by  (8).  The  values  of  a  for  P  —  0.9  are 
2.326-  •  -for  the  Gaussian  layer  and  5.084- ••, 
2.944-  •  -,  and  2.227 '•  •  -for  the  hyperbolic  layers  for 
m  =  1,2,  and  3,  respectively.  Also  shown  in  Figure 
1  is  |   r/r0  |  for  the  linear  model 


g(y)  =1         0  ^  y  ^  1 


(11) 


g(y)  =0         y  <  0         y  >   1 
for  which  the  relative  reflectivity  is  given  by 

/•Ao  =  (sin  X)/x  (12) 

The  layer-thickness  normalization  used  here  has 

reduced  the  dispersion  in  |  r/r0  | 2  for  the  four-layer 
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Fig.  1.     Relative  reflectivity  for  five  normalized-layer  re- 
fractivity  profiles. 


models  when  x  is  small;  for  x  =  2,  Wait  and  Jackson 
[1964]  found  a  maximum  difference  of  14  db  be- 
tween |  r/r0  |2  for  the  various  layer  models,  whereas 
in  Figure  1  we  have  a  maximum  difference  of  only 
1  db.  (Footnote:  Wait  and  Jackson  defined  x  for  the 
layer  half-thickness.  Hence  there  x  =  1  corresponds 
to  our  x  =  2;  they  did  not  treat  the  linear  model.) 
Thus,  with  the  modification  indicated  by  (8),  the  re- 
sults for  the  models  treated  by  Wait  and  Jackson  now 
agree  with  the  conclusions  of  earlier  investigators; 
that  is,  if  the  thickness  of  a  layer  is  less  than  one- 
third  of  the  effective  radio  wavelength,  the  reflectivity 
is  independent  of  the  form  of  the  n  profile.  However, 
Figure  1  shows  that  even  with  layer-thickness  nor- 
malization there  are  significant  differences  in  the 
reflectivities  of  the  various  layer  models  for  moderate 
values  of  x- 

The  simple  linear  model  (11)  and  (12)  deserves 
further  consideration;  it  is  the  simplest  approximation 
to  the  form  of  actual  tropospheric  layers  as  they 
have  been  observed  with  conventional  meteorological 
instrumentation  such  as  the  radiosonde.  This  model 
has  been  criticized  in  the  past  because  there  are  dis- 
continuities in  the  derivative  of  n  (or  in  g(y))  at  the 


layer  boundaries.  The  general  criticism  against  the 
model  is  that  the  large  value  of  the  reflection  coef- 
ficient for  large  x  (as  compared  with  continous  mod- 
els such  as  those  in  Figure  1 )  is  caused  by  the  dis- 
continuities in  g(y)  and  that  such  discontinuities  do 
not  occur  in  nature.  The  criticism  is  legitimate,  but 
it  does  not  invalidate  the  use  of  the  model,  because 
any  change  in  the  n  profile  occurring  over  a  distance 
that  is  small  compared  with  the  effective  wavelength 
will  have  almost  the  same  effect  as  a  discontinuity. 
Indeed,  Brekhovskikh  [1960,  p.  229]  states  that 
'Using  our  results  it  can  easily  be  shown  that  smooth- 
ing the  discontinuity  of  dn/dz  over  an  interval  Az 
which  is  small  compared  with  the  effective  wave- 
length in  the  z  direction,  equal  to  [A.  cosec  6],  has  no 
effect  on  the  values  of  the  reflection  coefficient.' 

We  can  easily  demonstrate  this  effect  by  approach- 
ing the  linear  model  (11)  as  the  limit  of  a  series  of 
continuous  models.  If  we  define 


SvOO  =  Ks/il  +  y2V) 


(13) 


where  Kg  is  the  normalization  coefficient  determined 
by  condition  (7),  the  linear  model  is  represented 
by  £oo(y),  which  is  defined  by 


*.G0  =  lim  KK/{\  +  y*") 


(14) 


The  layer  is  considered  to  extend  from  y  =  —  1  to 
y  =  + 1 ;  therefore,  the  definition  of  x  must  be  ad- 
justed accordingly.  The  layer  models  gK(y)  are  con- 
tinuous in  all  their  derivatives  everywhere  along  the 
axis  of  reals  for  all  finite  values  of  N. 

Figure  2  shows  the  magnitude  of  the  reflection  co- 
efficient for  N  =  4  and  N  =  8,  and  we  see  that 
the  values  are  rapidly  approaching  the  sin  x/x  curve 
of  the  linear  model  as  N  is  increased.  This  is  an 
important  result,  since  we  will  next  use  the  linear 
model  as  a  basis  for  a  numerical  integration  tech- 
nique to  obtain  the  reflection  coefficients  for  some 
complicated  tropospheric  layer  models. 

REFLECTION  COEFFICIENTS  FOR  SOME 
OBSERVED  TROPOSPHERIC  LAYERS 

Shown  in  Figures  3  to  6  are  four  detailed  examples 
of  actual  tropospheric  layers  obtained  from  airborne 
refractometers  on  flights  through  the  Atlantic  trade 
wind  inversion  [after  Ament,  1959].  These  profiles 
are  displayed  in  the  form  of  segmented  linear  ap- 
proximations to  the  normalized  height  and  gradient 
functions  of  the  observed  layers,  with  100  equal  seg- 
ments used  through  the  layer  thickness.  The  result- 
ing gradient  function  g(y)   is  also  shown  for  the 
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Fig.  2.     Reflectivity  curves  for  continuous  approximations 
to  the  linear  layer  profile. 
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gradient  curves  for  observed  layer  profile  1. 
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first  layer  (Figure  3).  These  four  profiles  are  rep- 
resentative of  some  of  the  types  of  detailed  fine 
structure  found  in  actual  tropospheric  layers.  The 
thickness  of  these  observed  layers  ranged  from  684 
to  1256  meters,  and,  since  n  would  be  expected  to 
decrease  by  roughly  25  to  50  parts  per  million  over 
such  intervals  even  in  the  absence  of  any  unusual 
layer  formation,  we  have  adjusted  the  layer  profiles 
by  subtracting  out  the  prevailing  n  gradient  of  about 
—40  x  10-6  km-1.  This  procedure  has  very  little 
effect  on  the  regions  of  sharp  n  gradients  that  are 
responsible  for  most  of  the  reflectivity  of  the  layers; 
the  maximum  gradients  of  all  four  layers  are  seen 
to  exceed  600  x   100"6  km"1. 

We  wish  to  find  the  reflection  coefficient  functions 
r(x)  for  these  layers,  for  which  we  must  evaluate 

r(x)  S*  r0   [    g(y)  exp  {i2Xy\  dy  (15) 

Jo 

where  r„  =  Anl}/262.  We  rewrite  (15)  as 


r(x) 


-[/: 


g(y)  cos  (2\y)  dy 


f 

Jo 


g(y)  sin  (2x.y)  dy 


(16) 


These  observed  layers  have  sharply  defined  end 
points;  therefore,  it  is  not  necessary  to  use  layer- 
thickness  normalization  such  as  was  used  previously 
for  the  analytic  models. 

Now  we  have  each  of  the  four  profiles  broken 
down  into  100  sublayers,  over  each  of  which  g(y) 
is  constant;  if  we  reduce  (16)  into  integrations  over 
each  of  the  100  sublayers,  the  values  of  g(y)  can 
be  taken  outside  the  integrals,  and  the  integration 
becomes  elementary.  If  we  denote  the  gradient 
function  value  over  the  kth  sublayer  as  gk(y)  and 
make  the  definitions 

gioitv)  -  0 

A*t(>0  =  gk(y)  -  gk+1(y)         1  ^  k  ^  100 
then  our  solution  may  be  written  as 

[100 
E  sin  (2Xy)  Ag„(y) 

+  ft  E  cos  (2Xy)  &gk(y)  -  giOOj 


(17) 


In  (17)  the  value  of  y  is  understood  to  be  appropri- 
ate to  the  upper  end  of  the  kth  sublayer;  that  is, 


Interestingly,  the  changes  in  the  gradient  function, 
rather  than  in  the  absolute  values,  are  significant  in 
the  integration;  note,  however,  that,  if  a  gradient 
change  occurs  over  a  small  interval  within  which 
neither  sin  (2xy)  nor  cos  (2xy)  changes  appreciably, 
further  subdivision  of  the  sublayers  into  smaller 
sublayers  having  smaller  values  of  Agk(y)  will  not 
alter  the  result.  This  agrees  with  the  conclusions  in 
the  preceding  section. 

We  can  make  a  quantitative  statement  about  the 
validity  of  our  subdivided  integration  if  we  assign  a 
separate  value  of  x  to  each  sublayer.  If  the  thickness 
of  each  sublayer  is  Ah  and  that  of  the  main  layer 
is  h,  then 

XA  ■  x(Ah/h)  (19) 

From  Figure  1  we  may  conclude  that,  if  x  is  less 
than  approximately  2,  the  value  of  r(x)  will  not  be 
very  different  from  the  linear  model  for  any  func- 
tional dependence  (except  for  a  discontinuity  in  n), 
and  our  result  should  therefore  be  substantially  ac- 
curate, provided  that 


Xa   <  2 


or 


X  <  h/ Ah  (20) 

Since  our  h/Ah  is  equal  to  100  (the  number  of  sub- 
layers), we  conclude  that  the  result  (17)  should 
be  valid  for  x    less  than  approximately  200. 

We  now  require  the  power  reflection  coefficient 
function 


R(x)  =  r(x>*(x) 


(21) 


where  r*    (x)   is  the  complex  conjugate  of  r(x). 
Hence 


R(x) 


4x2 

+ 


(100  \2 

J2  sin  (2X>0  AgtO0) 
*-i  ' 

cos  (2x>0  AgvO0  -  ^OOJ  J 


(22) 


y  =  */100         1  ^  k  ^  100 


(18) 


is  the  desired  result. 

Figure  7  gives  the  relative  power  reflectivity  func- 
tions R(x)/n,2  for  the  four  profiles  shown  in  Figures 
3  to  6.  We  note  wide  variations  among  the  four 
functions;  in  particular,  the  function  for  profile  3  re- 
turns to  a  value  only  about  2  db  below  the  value 
appropriate  to  a  sharp  discontinuity  for  a  x  value 
of  about  48  to  49  db.  The  actual  thickness  of  layer 
3  was  1088  meters;  therefore,  if  we  assume  a  graz- 
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Fig.  7.     Relative  power  reflectivity  for  four 
observed-layer  refractivity  profiles. 


ing  angle  of  about  15  mrad,  the  radio  frequency  that 
would  have  a  %  value  of  48.5  db  for  the  layer  is  142 
MHz  (A  es  2.1  meters). 

Under  actual  conditions  of  propagation,  the  finite 
beamwidths  of  transmitting  and  receiving  antennas 
would  have  the  effect  of  smoothing  out  layer  re- 
flectivities over  a  Fresnel  zone,  and  thus  random 
horizontal  irregularities  that  are  certainly  present 
in  real  layer  structures  would  lead  to  a  somewhat 
more  well  behaved  relative  reflectivity  curve  than  any 
of  those  in  Figure  7.  We  can  estimate  the  typical 
effects  of  this  smoothing  by  taking  the  geometric 
mean  (the  mean  of  the  logarithms)  of  the  four  re- 
flectivity curves  in  Figure  7;  Figure  8  gives  the 
results  of  the  calculation.  We  see  that  the  smoothed 
curve  shows  even  higher  reflectivity  than  the  one 
given  by  the  commonly  assumed  linear  layer  model. 


fi      -io 


(db) 


Fig.  8.     Composite-layer  power  reflectivity  curve  (the  geo- 
metric mean  of  four  observed-layer  reflectivity  curves). 


The  composite  curve  agrees  well  with  the  function 
O  +  x)_l>  which  is  essentially  the  square  root  of 
the  R/Rn  dependence  for  a  linear  layer  model  (sin 
x/x)2-  Thus,  the  linear  model  (which  has  long  been 
regarded  as  yielding  overly  optimistic  estimates  of 
tropospheric  layer  reflectivity)  is  apparently  a  rather 
conservative  estimator  of  actual  layer  reflectivities. 

However,  we  can  conclude  that  the  linear  model 
is  a  reasonable  order-of-magnitude  estimator  of  the 
minimum  reflectivity  of  real  tropospheric  layers. 

CONCLUSIONS 

We  have  demonstrated  two  significant  points  with 
respect  to  partial  reflections  from  elevated  tropo- 
spheric layers: 

1.  Power  reflectivities  calculated  for  tropospheric  layers 
with  known  fine-scale  gradient  detail  show  generally 
greater  values  than  those  calculated  from  the  simple  linear 
layer  model;  in  individual  cases  the  reflectivities  may  differ 
by  roughly  —10  to  +30  db  from  those  for  the  linear  model 
for  large  values  of  x- 

2.  If  the  ratio  of  layer  thickness  to  effective  radio  wave- 
length is  moderately  small  (i.e.,  if  the  value  of  x  IS  between 
0.5  and  2)  the  reflection  coefficient,  although  reduced  by 
0.5  to  6  db  from  the  Fresnel  value  appropriate  to  a  dis- 
continuity in  n(z),  is  to  a  good  approximation  inde- 
pendent of  the  form  of  n{z).  The  reflectivity  for  a  linear 
profile  is  the  same  as  for  a  smooth  analytic  profile  in  this 
range  of  x;  this  result  allows  the  use  of  a  segmented  linear 
representation  for  obtaining  accurate  reflectivity  values 
for  detailed  layer  refractive  index  profiles. 

The  over-all  conclusion  we  can  draw  is  that  the 
linear  layer  model  is  a  useful  tool  for  estimating 
minimal  values  of  the  reflectivity  of  tropospheric 
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AN  EXPERIMENTAL  STUDY  OF  THE  ATMOSPHERIC 
CONDITIONS  CONDUCIVE  TO  HIGH  RADIO  FIELDS 


H.    T.    Dougherty,    R.    E.    McGavin,    and  R.   W.    Krinks 


The  results  are  presented  for  a  13-month  experi- 
mental investigation  of  anomalous  propagation  on  two 
overland  transhorizon  paths  at   185.  75  MHz.    The  anoma- 
lous signals,    15  to  42  dB  above  the  long-term  median 
and  persisting   1  to  6  hours,    are  described  and  their 
possible  modes  of  propagation  are  reviewed.      Surface 
search  radar  was  found  to  be  a  most  promising  method 
for  monitoring  the   surface   refractivity  conditions    con- 
ducive to  high  fields.      The  extrapolation  of  the  experi- 
mental results  to  other  regions  is  discussed  and  re- 
commendations for  further  study  are  included. 

Keywords:    Troposcatter  propagation,    radar  moni- 
toring of  meteorological  conditions. 
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The  Theory  of  Microwave  Line-of-Sight 

Propagation  Through  a  Turbulent 

Atmosphere 
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Abstract — In  this  paper  the  covariance  and  spectra  for  amplitude 
and  phase  fluctuations  for  a  microwave  signal  propagated  over  a 
line-of-sight  path  through  a  turbulent  medium  are  calculated.  It 
is  shown  that  the  results  derived  under  the  assumption  that  the 
wavelength  is  much  smaller  than  the  inner  scale  of  turbulence  Zo 
are  also  valid  when  the  wavelength  is  equal  to  or  greater  than  l0. 
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I.  Introduction 

THIS  paper  is  concerned  with  the  amplitude  and  phase 
fluctuations  of  an  electromagnetic  wave  as  it  prop- 
agates through  a  medium  with  random  fluctuations  in  its 
refractive  index.  The  major  problem  in  which  we  are 
interested  is  line-of-sight  propagation  of  microwave  and 
millimeter  waves  through  the  troposphere,  though  the 
results  are  applicable  to  similar  problems  in  other  areas, 
e.g.,  acoustic  propagation  in  the  atmosphere  [1].  The 
major  theoretical  effort  in  line-of-sight  propagation  through 
the  lower  atmosphere  has  been  for  optical  wavelengths 
[2]-[4],  although  Barrows  [5]  and  Lee  and  Harp  [6] 
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have  considered  the  microwave  problem.  At  optical  wave- 
lengths the  means,  variances,  and  covariance  functions  for 
the  amplitude  and  phase  fluctuations  have  been  calculated 
by  making  the  assumption  that  the  wavelength  is  small 
compared  with  the  smallest  refractive  index  fluctuations. 
In  this  paper  the  above  restriction  has  been  removed.  A 
more  general  result  is  derived  which  is  valid  independent 
of  the  relative  size  of  the  wavelength  compared  with  the 
smallest  refractive  index  inhomogeneity.  It  is  shown  that 
the  more  general  results  given  here  reduce  to  the  optical 
results  when  the  correct  approximations  are  made.  More 
importantly,  for  most  practical  propagation  paths  of 
interest  in  the  millimeter  and  microwave  region,  the 
theoretical  results  for  amplitude  and  phase  fluctuations 
also  reduce  to  the  formulas  derived  earlier  for  optical 
wavelengths.  Recently  (while  this  paper  was  in  review), 
Lee  and  Harp  [6]  published  the  same  conclusion  using  an 
entirely  different  approach  based  on  an  ingenious  scheme 
of  decomposing  the  medium  into  phase  screens.  In  our 
paper  the  results  are  derived  directly  from  the  wave  equa- 
tion, and  the  form  of  the  results  is  presented  directly  in 
terms  of  the  amplitude  and  phase  spectra. 

It  is  assumed  that  the  fluctuations  in  the  refractive 
index  may  be  described  in  terms  of  a  covariance  function 
C„(r)  and  its  associated  spectrum  4>„(k)  : 

«(r)  =  na  +  ni(r), 

«o  ■  (n(r)) 

CM)  =  (n,(r,)«,(r, +r)> 


*: 


,(«)  =  1/(2*)*  11/*  C„(r)  exp  («-r)  dr. 


The  atmospheric  model  that  is  used  for  $>„(*)  is  discussed 
elsewhere  [3],  [4],  [7].  In  general,  it  will  have  the  form 
shown  in  Fig.  1.  At  wavenumbers  greater  than  k„,  where 
Km  =  2jr//0,  there  is  no  significant  energy  in  the  refractive 
index  spectrum.  The  scale  l0,  often  called  the  inner  scale 
of  turbulence,  is  on  the  order  of  1  to  10  mm.  For  the  optical 
case  the  assumption  that  X  «  l0  is  easily  met.  However, 
when  dealing  with  microwave  and  millimeter  wave  prop- 
agation, the  assumption  that  X  «  /0  is  no  longer  true,  and 
the  question  arises  whether  the  results  derived  under  the 
assumption  X  «  l0  are  still  valid.  In  this  paper  we  propose 
to  show  that  the  results  derived  for  the  optical  case  remain 
valid  at  wavelengths  as  long  as  microwave. 

One  other  problem  arises  with  respect  to  the  form  of  the 
refractive  index  spectrum.  For  small  wavenumbers  the 
form  of  the  spectrum  is  not  known  (nor  predictable) .  It  is 
known  that  at  a  wavenumber  on  the  order  of  k  =  2t/L0 
the  form  of  the  spectrum  will  change.  The  value  of  L0 
varies  depending  on  the  height  above  the  ground  and 
other  local  conditions.  At  optical  wavelengths  the  ampli- 
tude spectrum  is  only  dependent  on  wavenumbers  such 
that  k  »  2ir/L0,  but  this  is  no  longer  true  for  the  micro- 
wave case.  The  significance  of  this  problem  will  be  discussed 
later. 
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Fig.  1.  A  typical  spectrum  of  the  refractive  index  fluctuations. 
Km  ~  'Itt/U  corresponds  to  the  inner  scale  of  turbulence,  and 
ko  »  2?r/Lo  corresponds  to  the  outer  scale  of  turbulence. 


In  comparing  the  present  results  with  the  optical  case, 
two  other  points  should  be  mentioned.  First,  at  optical 
frequencies  the  fluctuations  in  amplitude  and  phase  are 
often  very  large,  and  there  has  been  a  great  amount  of 
discussion  about  the  validity  of  the  perturbation  expansion 
approach  to  that  problem  (this  approach  is  commonly 
called  Rytov's  method).  In  the  longer  wavelength  case, 
the  fluctuations  are  much  smaller  and  the  criticisms  of  the 
perturbation  expansion  method  are  no  longer  germane. 
Second,  it  is  assumed  in  formulating  the  problem  that  the 
atmosphere  is  adequately  described  by  the  turbulence 
spectrum  $„(*).  Such  a  description  omits  the  possibility 
of  relatively  large  continuous  layers  which  may  affect  the 
propagation.  In  the  optical  case,  even  if  such  layers  exist, 
their  large  thickness  relative  to  a  wavelength  precludes 
them  from  producing  any  large  effect.  At  microwave  wave- 
lengths, the  thickness  of  a  layer  may  be  on  the  order  of  a 
wavelength,  and  such  a  layer  could  cause  significant 
fluctuations.  We  have  ignored  this  situation,  though  we 
realize  for  some  applications  it  may  be  the  dominant 
mechanism  inducing  perturbations. 

When  examining  the  original  derivations  for  the  optical 
case,  the  assumption  that  X  «  l0  is  applied  in  two  ways. 
First,  it  is  used  to  argue  that  the  scalar  wave  equation 
instead  of  the  vector  wave  equation  may  be  used.  It  shall 
be  shown  that  this  approximation  may  still  be  made. 
Second,  when  X  « l0,  the  effective  scattering  cone,  i.e., 
that  volume  of  the  atmosphere  from  which  there  is  signifi- 
cant energy  scattered  to  the  receiver,  has  a  vertex  angle 
on  the  order  of  X//0.  The  assumption  that  this  scattering 
cone  is  small  is  used  to  make  several  approximations, 
which  result  in  simplifying  the  Green's  function  or,  equiv- 
alent^, the  differential  equation  that  is  solved.  Here  we 
solve  the  more  complex  differential  equation  and  show  it 
leads  to  the  same  results. 

The  results  derived  here  assume  an  incident  plane  wave; 
however,  physical  arguments  imply  that  the  basic  con- 
clusion is  extendable  to  the  spherical-  or  beam-wave  case 
also.  That  is,  the  results  derived  on  the  basis  that  X  « lQ 
are  equally  valid  when  X  >  lt. 
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II.  Derivation  of  the  Amplitude  and  Phase  Spectra 

The  wave  equation  for  the  electric  vector  in  a  random 
medium  with  no  free  charges,  zero  conductivity,  zero 
magnetic  moment,  and  assuming  exp  (iul)  time  variations, 
is 

V>E  +  kWE  +  2V(E-Vlnn)  =  0  (1) 

where  n  is  the  index  of  refraction  and  k  is  the  wavenumber. 
It  is  assumed  that  n  may  be  written  as 

n  =  (n)  +  ni  ^  1  +  nu     \ni\  «  1. 

In  the  above  the  (  )  brackets  indicate  an  ensemble  average, 
and  rii  is  the  small  fluctuation  of  the  index  of  refraction 
about  its  mean  value,  here  assumed  to  be  1.  If  the  mean 
value  is  not  1,  k  may  be  replaced  by  k(n)  to  obtain  valid 
results. 

To  solve  (1),  the  method  of  small  perturbations  may  be 
applied,  where  a  solution  is  sought  in  the  form 

E  =  £  E( 

i 

the  ;th  term  being  considered  of  order  H\\  Substituting  the 
above  into  ( 1 ) ,  using 


V(It-(-n,)Vd| 


Vlnfi  =  V  In  (1  +  n-i)  = 

we  obtain 

*>(££()  +  fc2(l  +niyZEi 


+  2V[££,-VnI£  (-«,)>]  =  0. 

»— 0  7—0 

Equating  terms  of  the  same  order  to  zero  yields 

zero  order: 

V*E0  +  k*E0  m  0  (2) 

first  order: 

VE1  +  fc2£,  +  2k2nlE»  +  2V(E0-  Vn,)  =  0        (3) 

mth  order: 

V*Em  +  k?Em  +  2k2n1Em-1  +  kWEm-2 

+  2V[£  (-Bl) •£„_,-, -Vn,]  =  0.     (4) 

t-0 

At  this  point  it  is  helpful  to  discuss  the  geometry  of  the 
problem.  We  assume  there  is  a  wave  with  initial  polariza- 
tion in  the  z  direction,  traveling  in  the  x  direction,  and 
incident  on  a  boundary  at  x  =  0.  The  volume  x  >  0  con- 
tains the  random  medium,  and  the  wave  enters  from  free 
Bpace.  The  wave  source  is  considered  infinitely  remote 
such  that  the  incident  wave  may  be  taken  as  plane.  (The 
spherical-wave  case  will  be  discussed  below.) 


Since  we  are  primarily  interested  in  the  effects  of  the 
atmosphere  on  the  incident  polarized  signal,  we  may  write 
scalar  equations  for  each  of  the  higher  order  perturbations, 
where  now  Et  will  represent  Eit.  The  other  component 
equations  represent  the  depolarized  components  of  the 
original  signal  and  have  been  discussed  elsewhere  in  the 
optical  case  [8],  [9];  and  it  has  been  shown  in  [\~]  that 
the  effect  of  the  depolarized  terms  remains  small  even  in 
the  microwave  range.  Under  the  above  assumptions,  (2)- 
(4)  reduce  to 

zero  order: 

1PE0  +  k*E,  =  0  (5) 

first  order: 

VEt  +  k2Et  +  2k*n1E0  +  2Ea{d2nl/dzl)  =  0       (6) 

mth  order: 

VEm  +  WEm  +  2k'n1Em_l  +  kWEm^ 

+  2(d/dz)ZE  (-«.) •'£-.•-. (<Wd*)]  =  0.-  (7) 

i-0 

The  solution  to  this  set  of  equations  may  be  obtained  by 
a  Fourier-Stieltjes  integral  representation  of  the  locally 
homogeneous  and  isotropic  random  fields  rij  and  E\  flOj. 
To  that  end  let 

ni(x,y,z)  =  ni(x,0,0) 

+  JJ      (1  -  exp  li(ic2y  +  k»z)]|  dy(Ki,K3,x) 

—  00 

Ei(x,y,z)  =  #.(x,0,0) 

+  //      {1  —  exp  [i'(k22/  +  kjz)]|  dii(K2,Ki,x) . 

*       —  CO 

Assuming  E0  =  e'*x,  and  following  the  procedure  shown 
in  Tatarski  [3,  ch.  7,  sec.  3],  (6)  is  transformed  into  a  one- 
dimensional  equation  for  the  first-order  variations  in  the 
field 

dPdtt/dx*  +  (k*  -  k22  -  k,2)  dn 

=  -2(fc2  -  K3*)e""dy(KI,K,,x).     (8) 

The  relationship  between  d«i(ic2,»ca,z)  and  Tatarski's 
d4>(K2,KZ,x) ,  where  dfy  is  the  random  amplitude  associated 
with  the  variations  of  the  logarithm  of  the  field,  is  given  by 
(see  Appendix  I) 

«M  «»,«»,*)  =  caxd0(«,,<cJ,i). 

The  solution  of  (8)  may  be  obtained  directly  by  either 
Green's  function  techniques  or  by  variation  of  parameters. 
However,  there  are  two  regions  in  which  the  solution 
differs  substantially  in  form.  These  are  for  (kj1  +  (ti1)"1  > 
A:  and  («**  +  «»*)  "*  <  k.  It  is  therefore  more  convenient 
to  generalize  the  equation  slightly  to  the  form 

<Pdtl/dxi  +  **&,=  -2(fc»-  ^e^dy  («,,«,,!) 
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where  v  may  be  real  or  imaginary.  It  also  permits  us  to 
generalize  later  to  the  case  when  k  is  complex,  in  which 
case  v  will  also  be  complex. 

Under  the  above  conditions,  the  solution  for  outgoing 
waves,  ignoring  the  effects  of  backscattering,  is 

<fy(<c2,K8,x)  =  i(k2  —  k32)/v 

•  I   dx'  exp  [— i(k  —  v){x  —  x')]  dy(K2,K3,x'). 
■'o 

(9) 

The  backscatter  term  is  neglected  since  most  antennas 
in  the  microwave  and  millimeter  range  discriminate  against 
the  backscattered  signal.  The  backscattered  signal  is  suffi- 
ciently weak  so  that  double  scattering  can  be  ignored. 

If  we  note  that 

In  (£,/£„)  =  x(x,y,z)  +  iSi(x,y,z) 

where  x  —  In  (A/A0)  and  Si  =  S  —  50,  and  assume  ex- 
pansions similar  to  those  above  are  valid  for  x  and  Si, 
namely, 

x(x,y,z)  =  x(x,0,0) 

+  //      |1  -  exp  [i{K2y  +  k*z)])  da{K2,K3,x) 

-  00 

Si(x,y,z)  =  5,(1,0,0) 

+  //      jl  -  exp  [_i(K2y  +  k&)~\\  da{K2,KZ,x) 

then  we  may  obtain  da  and  da  from  [3,  ch.  7,  sec.  3]: 

da(KitK3,x)  =  (1/2)[«^(k,,k»,*)  +  d<t>*(-K2,-Khx)']     (10) 

dc(Ki,Ki,x)  =  (l/2z)[d</>(/c2,K8,z)  —  d**(-K2,-K3,x)].     (11) 

Performing  the  above  operation  on  d<f>,  noting  that 
dy* ( —  K2,  —  ki,x)  =  dy  (ki,ks,x)  ,  we  obtain 


respectively.  Again  the  following  relations  from  Tatarski 
are  used: 

{da(K2,Ki,x)da*(K2',K3,x) ) 

=    5(k2   —    K2')d(n3  —    K3')  FA{K2,K3,0)dli2dK2'dK3dK3 

(d<r(K2,K3,x)d<T* (K2  ,K3  ,x)  ) 

=    5(/C2  —    K2')8(k3   —    K3')  F,(K2,K3,0)dK2dK2'dK3dK3' 

{dy(K2,K3,x')dy*(ic2',K3,x") ) 

=   8(k2   —    K2')6(k3   —    K3')Fn(K2,K3,x'   —   X")dK2dli2'dKzdK3  . 

(14) 

We  then  find  the  two-dimensional  spectra  for  the  log- 
amplitude  and  phase,  Fa(k,0)  and  F,(k,0),  respectively. 
The  approximations  involved  in  finding  these  spectra  and 
a  detailed  derivation  are  contained  in  Appendix  II.  Letting 

K=    (*22  +    K32)"2, 


Fa(k,0) 
F.(k,0) 


(A:2 


2)2L 


(fc2   -    K2) 


1  =F 


sin  {2[fc-  (A:2-  *2)1/2]L}' 
2[/c  -  (A;2  -  K2yi22L 


■f 


dfF„(K,f)  cos  {[k  -  (A;2  -  K2)1/2]f!, 


FA(«,0)  SF,(k,0)  <  2 


K<k     (15) 
exp  [-(*2  -  fc2)"2L](A:2  -  K»*)* 

(K2  _   fc2)3/2 


do(»c2,ic8,z) 


_  i(A:2  -  k,2)    f       Jexp  [-!(*-  !>)(»-»')] 


m 


exp  [i(k  —  »-*)  (x  —  x')] 


dy(l<2,K3,X') 


(12) 


H! 


.  ,        (A:2  -  A;32)    f      Jexp  [-t«:  -  y)  (x  -  x')] 

d<T\K2,K3,X)    =   *>  


•  /"  df F„(K,f)  cos  Atf  sinh  |>2  -  A:2)"2(L  -  f )], 
•'o 

K  >  fc.     (16) 

Equations  (15)  and  (16)  are  the  two-dimensional  spectra 
in  the  plane  x  =  L  for  the  log-amplitude  and  phase  fluctua- 
tions as  a  function  of  the  two-dimensional  permittivity 
spectrum  F„(k,£).  It  is  more  instructive  at  this  time  to 
express  these  same  results  in  terms  of  the  three-dimen- 
sional spectrum  3>„(k).  The  relation  between  them  is  a 
simple  Fourier  transform  [3,  ch.  7,  sec.  3J: 

1    f 

*n(Kl,K2,K3)     =    —    /         Fn(K2,K3,x)   COS    ((til)   dx.        (17) 

Since  F„(k,{)  falls  off  rapidly  to  zero,  we  may  extend  the 
region  of  integration  in  (15)  to  infinity  without  appreciably 
affecting  the  result.  Using  (17),  the  fact  that  F„(k,x)  is 
even  in  x,  and  comparing  with  the  integral  involved  in 
(15),  we  have 


,   exp[i(A:  -  »*)  (x  -  x')]] 
-r- 1 }  d7(K2,K3,x') 


(13) 


*a(k,0) 
f.M) 


7r(A;2 


(k- 


^0* 


sin  {2[A;  -  (A:2  -  k2)"2]!,)' 
2[*  -  (A;2  -  k2)"2]L     , 


•$„[&  -  (A:2  -  «*)»««,,«,],     «  <  *.     (18) 


which  are  the  random  amplitudes  corresponding  to  the 
logarithm  of  the  amplitude  and  the  phase  of  the  wave, 


In  (16)  it  is  considerably  more  difficult  to  relate  the 
integral  to  *n(«) ,  but,  as  will  be  seen  below,  we  will  require 
only  upper  bound  information  about  this  part  of  the 
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spectrum.  Therefore,  noting  that  in  the  important  region 
of  integration  (see  Appendix  II)  f  «  L,  then  we  have 

sinh  [U2  -  k2)ll2(L  -  f)]  <  sinh  [U2  -  &2)"2L]. 

Substituting  this  into  (16)  and  extending  the  region  of 
integration  as  above,  we  have  for  a  rough  upper  bound 


Fa(k,0)  =  F.(k,0)  < 


7T(/C2 


$n(k,K) 


(k2   -   fc2)3'2 

•{1  -exp[-2(K2  -  fc2)1/2L]|,     K>k.     (19) 

The  difficulty  with  the  results  (18)  and  (19)  is  readily 
apparent.  The  spectra  increase  without  bound  as  k  — >  A; 
when  k3  ^  k.  The  physical  interpretation  of  this  infinity 
and  possible  methods  for  its  removal  are  discussed  in 
Section  V. 

III.  The  Optical  Spectrum  as  a  Limiting  Case 

In  obtaining  the  results  (18)  and  (19),  no  approxima- 
tions were  made  that  restrict  the  range  of  wavenumbers 
in  which  these  equations  are  valid.  Therefore,  under  the 
conditions  of  very  short  wavelengths  (large  wavenumbers) 
compared  with  the  smallest  inhomogeneity  size,  we  should 
obtain  the  optical  spectra  due  to  Tatarski  [3,  eqs.  (7.50) 
and  (7.51)].  Assuming  (k22  +  *32)1/2  =  *  «  k,  and  expanding 
the  square  root  in  (15)  as  (fc2  —  k2)1'2  =  fc(l  —  K2/2fc2), 
we  obtain  in  the  limiting  case 


Fa(k,0)\ 
F.(k,0)\ 


,„  /         sin  («2L//c)\       ,  s 


which  is  the  well-known  optical  result  for  the  phase  and 
amplitude  spectra.  The  range  k  >  k  does  not  enter  here 
since  the  inner  scale  of  turbulence  precludes  consideration 
of  the  extremely  small  inhomogeneities  in  this  range. 

The  objective  of  the  remainder  of  this  paper  will  be  to 
show  that  the  new  results  (15)  and  (16)  differ  in  a  negli- 
gible fashion  from  the  optical  spectrum  found  as  a  limiting 
case,  and  hence  one  may  extend  this  optical  result  to  wave- 
numbers  found  in  the  microwave  range  with  negligible 
error. 

IV.  The  Effects  of  Absorption  on  the  Peak  atk=  k 

As  was  pointed  out  before,  the  results  (15)  and  (16) 
increase  without  bound  as  k  approaches  k.  An  explanation 
of  this  effect  may  be  obtained  by  considering  that  for 
scatterers  large  with  respect  to  a  wavelength  (k  «  k),  the 
signal  energy  is  essentially  forward  scattered  and  the 
receiver  receives  most  of  the  scattered  energy  from  a  small 
cone.  As  the  inhomogeneities  become  smaller  and  approach 
2w/k  in  size,  the  scattering  becomes  more  isotropic  and 
hence  the  received  energy  comes  from  a  larger  scattering 
volume.  In  the  limit  as  k  approaches  k  the  scattering 
volume  becomes  infinite  and  the  small  effects,  spread  over 
an  infinite  volume,  contribute  an  infinite  amount  to  the 
total  scattered  energy.  It  is  possible  that  by  retaining  a 
sufficient  number  of  higher  order  terms  in  the  perturbation 
series,  a  convergent  solution  might  be  found.  However, 


another  approach  to  eliminate  this  peak  is  to  limit  the 
observable  volume,  either  by  introducing  a  realistic  re- 
ceiver into  the  problem,  or  by  including  the  effects  of 
atmospheric  absorption  to  minimize  the  influence  of  scat- 
terers as  they  become  more  and  more  remote  from  the 
receiver.  This  paper  will  take  the  latter  approach  in  order 
to  remove  equipment  considerations. 

Proceeding  with  this  in  mind,  we  return  to  (32)  in 
Appendix  II  which  describes  the  exact  result  for  the 
spectra  assuming  a  complex  wavenumber.  Consequently, 
we  assume  a  new  incident  wave  given  by  E0'  =  Aoeikx~ai, 
where  a  is  the  absorption  coefficient,  and  we  assume  a  «  k. 
With  this  change  v  =  (k2  —  k2  +  2ika)112,  where  k  = 
(k22  -4-  K32)"2,  and  (32)  becomes 


*a(k,0)| 

F,(k,0)\ 


=  (k 


«;) 


\f*FM) 


a2  +  b2  [b  J0 
cos  [(fc  -  o)f]  sinh  [6(L  -  f)] 


1 


[(*  -  a)2  +  462]1 


[ 


cos  [(fc  —  a)L  +  $1  +  $2] 


•/   dfK(K,f)sin[(fc-a)(L-f)] 
•'0 

■cosh  [6(L  -  £)]  +  sin  [(/c  -  a)L  +  <t>i  +  <fo] 
•f   dfF, ( «,f )  cos  [(*- a)  (L-f)] 


•sinh[6(L  -  f)] 


and 


v  =  a  +  ib 

a  =  (1/V2)  |[(fc2  -  k2)2  +  4/cV]"2  +  (fc2  -  k2)  )"2 

b  =  (1/V2)  {£(k2  -  k2)2  +  4/c2a2]"2  -  (/c2  -  k2)  |"2 

<t>i  =  tan-'[2a6/(a2  -  62)] 

02  -  tan-1  [26/  (k  -a)]. 

Rigorously,  in  order  to  derive  the  above  equation  we 
should  return  to  the  original  wave  equation  and  start  over 
with  a  complex  refractive  index  n,  where  the  imaginary 
part  represents  absorption.  However,  it  may  be  shown 
that  the  above  equation  is  correct  provided  a  «  k.  It  is 
obvious  from  the  above  expressions  that  a  will  significantly 
alter  the  results  (15)  and  (16)  only  when  k  is  very  close 
to  k.  In  the  region  where  k  is  close  to  k,  it  can  be  shown 
that  the  term  after  the  =F  sign  is  at  least  (a/k)112  smaller 
than  the  first  term.  A  somewhat  simpler  argument  is  to 
note  that  Fa{*,0)  and  F,(k,0)  are  always  greater  than 
zero ;  therefore  the  magnitude  of  the  term  after  the  =F  sign 
is  never  larger  than  the  first  term.  Therefore,  at  worst,  the 
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expression  for  Fa(k)  and  F,(k)  is  twice  as  large  as  the 
term  we  shall  keep.  Since  we  intend  to  show  that  the  peak 
at  k  =  k  produced  by  the  first  term  is  always  inconsequen- 
tial when  computing  phase  or  amplitude  covariance  func- 
tions, dropping  the  last  term  will  not  effect  our  conclusion. 
Therefore,  for  k  near  k, 


Fa(k,0)  SF.(k,0)  < 


(A;2  - 


(a2  +  62)6 


f     dtFn(K,t) 


•cos  [(*  -  a)  r]  sinh  0(1/  -  f)].     (20) 

Since  a,b  «  k  throughout  this  region  and  sinh  [b(L  —  f)] 
is  less  than  sinh  (bL),  we  obtain 


F„(k,0)  =  F.(ie,0)  < 


(A;2-  /c32)2e-6Lsinh  (bL) 


(a2  +  62)6 


■/: 


rffF„(((,f)  cos  (fcf). 


Letting  the  upper  limit  on  the  integration  go  to  infinity 
and  replacing  the  integral  by  (17),  its  definition  in  terms 
of  *,(*), 


FA(*,0)  =  F.(k,0)  < 


(ft2  -  K32)M1  -  e-2bL) 
26  (a2  +  62) 


*•(«,*)■ 


(21) 


By  inspection,  one  can  see  that  (21)  approaches  the 
upper  bound  of  the  spectra  for  k  >  k  given  in  (19)  as  k 
increases  above  k,  and  reduces  to  the  limit  of  the  spectra 
(18)  as  k  decreases  below  k;  hence  it  is  a  reasonable  repre- 
sentation for  the  spectra  in  this  transition  region. 

Expressions  (18),  (19),  and  (21)  represent  the  spectra 
throughout  the  range  of  k.  These  may  be  further  simplified 
by  considering  the  effects  of  the  polarization  term  k32  for 
different  segments  of  the  k  axis.  As  was  shown  in  the  last 
section,  the  amplitude  spectrum  in  (18)  contains  a  peak 
at  «  =  (1.3&/L)1'2  which,  for  reasonable  pathlengths,  is 
very  small  compared  with  k.  Therefore,  in  this  region  we 
may  disregard  the  polarization  effects  and  drop  the  k32 
term.  As  k  now  increases  toward  k,  expression  (18)  is 
governed  entirely  by  the  falloff  of  the  permittivity  spec- 
trum *„  and  is  very  small  until  k  «  k.  At  this  point  (21) 
shows  that  the  k32  term  in  this  region  can  only  reduce  the 
effect  of  the  peak,  since  the  gain  function  1/Tj26(a2  -f  62)] 
falls  off  very  rapidly  for  very  small  changes  in  k  (see  next 
section) .  Hence,  the  only  region  in  which  the  «32  term  need 
be  considered  is  for  <t  »  A;.  To  summarize  these  results,  we 
finally  have  for  the  amplitude  and  phase  spectra 

Fa(«,0) 


F.(k,0) 


(A-5 


■k*L     r 

-k2)L 


1  =F 


sin  (2[fc  -  (fc2  -  k2)"2]L} 
2[fc  -  (A;2  -  K2)»2]zr~ 

•*„[*  -  (A:2  -  k2)1'2,*^],     <  <  k 


(22) 


k  =  (A;S,A:») 


Fa{k,0)  =  F.(«,0)  <     J,_t   ,\J  #„(*,«),     k  ca  ib 


26  (a2  +  62) 


a  =  (1/V2)  i[(A;2  -  «2)2  +  4A;2a2]"2  +  A;2  -  k2)1'2 
6  =  (1/V5)  {[(A;2  -  k2)2  +  4A;2a2]"2  -  A;2  +  k2)"2 


Fa(k,0)  =  F,(k,0)  < 


^(A;2 


2^2 


*n(k,K) 


(23) 


(k2  -  A;2)3'2 

•{1  -  exp[-2(-£2  -  A:2)1/2L]j,     k  >  k.     (24) 

Expression  (23)  falls  off  rapidly  to  zero  beyond  k  =  k. 
It  appears  that  along  the  k3  axis  (24)  may  become  large 
and  cause  some  difficulty  for  k3  X>  A;.  However,  if  we  re- 
place k3  by  k,  which  increases  the  upper  bound,  we  find 
for  k  5>>  A; 

Fa(k,0)  =  F,(k,0)  <  Tnrf>n{k,K). 

As  long  as  <J>„(A;,k)  decreases  rapidly  enough  there  is  no 
problem.  Since  $«(«)  decreases  at  a  rate  of  k-11'3  until 
close  to  Km,  and  then  falls  off  even  faster,  this  term  will 
remain  negligible. 

V.  The  Effects  of  the  New  Peak  on  the 
Covariance  Functions 

In  Section  III  it  was  shown  that  the  amplitude  and 
phase  spectra,  Fa{k)  and  Fb(k),  respectively,  reduce  to 
Tatarski's  optical  results  for  k  «  k,  and  for  the  rest  of  the 
range  where  k  <  k,  the  spectra  fall  off  very  rapidly — 
essentially  controlled  by  the  rapid  decay  of  the  permit- 
tivity spectrum.  In  the  region  k  pa  A;  a  new  peak  appears 
in  the  spectra  which  is  not  integrable  as  it  originally 
appeared  in  Section  II.  In  Section  IV,  the  infinite  peak  at 
k  =  k  has  been  made  finite  by  assuming  some  abrorption 
in  the  medium.  For  k  >  k  the  spectra  fall  off  very  rapidly 
to  zero.  Fig.  2  illustrates  these  results  for  a  path  length  of 
1  km  and  a  wavenumber  k  =  210  m_1  (X  =  3  cm),  where 
it  has  been  assumed  that  <i>„(/0  is  given  by 

*»(«)  =  0.033C„2k-"'3. 

The  second  peak  is  not  shown  to  scale  and  only  the 
amplitude  spectrum  is  shown. 

One  problem  that  arises  in  the  microwave  range  that 
does  not  appear  in  the  optical  range  is  in  the  form  of  the 
refractive  index  spectrum.  At  high  wavenumbers,  for 
k  >  k0,  the  refractive  index  spectrum  is  normally  assumed 
to  be  in  the  inertial  subrange.  In  this  range  it  is  isotropic 
and  follows  a  «-1"3  law.  The  wavenumber  «o  is  given  by 
ko  =  2ir/L0,  where  L0  is  the  outer  scale  of  turbulence.  The 
value  of  Lo  may  typically  vary  from  1  meter  close  to  the 
ground  to  possibly  100  meters  or  greater  above  the  bound- 
ary layer  of  the  atmosphere  (approximately  the  first  50 
meters  of  the  atmosphere).  For  k  <  k0  the  form  of  the 
refractive  index  spectrum  cannot  be  predicted,  but  is 
normally  not  isotropic  and  does  not  follow  a  k-u/3  law.  It 
is  apparent  from  Fig.  2,  where  a  k-1"3  form  and  isotropy 
were  assumed,  that  the  first  peak  occurs  at 

k  =  (1.3A;/L)"2  =  0.6  m-1. 

However,  at  least  near  the  ground,  (see  Fig.  1)  this  form 
of  the  spectrum  is  no  longer  valid  for  k  <  1  m_1.  Since  in 
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Fig.  2.  Two-dimensional  spectrum  for  the  amplitude  fluctuations 
of  a  line-of-sight  microwave  signal.  The  insert  is  an  expansion  of 
the  narrow  peak  at  k  «=  k. 


this  section  we  are  primarily  interested  in  comparing  rela- 
tive sizes  of  different  terms  we  shall  use  the  k-1"3  spectrum 
and  assume  isotropy.  In  applying  our  results  to  specific 
propagation  problems,  it  may  be  necessary  to  use  a  more 
accurate  expression  for  the  form  of  the  refractive  index 
spectrum. 

It  seems  apparent  from  Fig.  2  that  the  influence  of  the 
peak  at  k  =  k  will  be  negligible.  However,  one  must  con- 
sider the  effects  of  the  second  peak  on  the  variances  of  the 
amplitude  and  phase  fluctuations,  <rx2  and  oy2,  respectively. 
We  will  make  the  assumption  that  if  the  second  peak 
contributes  a  negligible  amount  to  the  variances,  then  we 
may  ignore  it  in  the  calculation  of  the  covariance  functions 
also. 

The  covariance  functions  Ba(p)  and  B,(p)  are  obtained 
from  the  expressions 


BA( 


.-//• 


dK-zdKz cos  (k-q)Fa(k,0) 


B.(q)   =      J      rfK2rf«3  cos  (k •q)F,(k,0) . 

Throughout  the  important  region  of  integration  the  spectra 
are  given  by  (22)  and  (23).  Since  isotropy  has  been 
assumed,  the  angular  integration  may  be  performed  ex- 
plicitly; this  yields 


Ba(p)  =  2*  /    Jo(kp)Fa(k,0)k<1k 
B.{p)  =  2r  f   J0(KP)F.(K,0)KdK 


(25) 


(26) 


where  k  =  («22  +  «a2)l/2.  The  variances  are  given  by  Ba(0) 
and  B,(0)  for  amplitude  and  phase,  respectively.  We  are 
trying  to  show  that  the  new  peak  at  k  =  A;  will  have  a 
negligible  influence  on  the  covariance  functions  of  the 
amplitude  and  phase  compared  to  the  spectrum  at  wave- 


-WITHOUT    ABSORPTION 
-WITH    ABSORPTION 


ABSORPTION    TABLE 

E 

-£„."' 

1 

»  (•IB/1n) 

o(m') 

It   (■""') 

100  MHZ 

2  ■10"' 

2.3  ■  10  "" 

2.1 

3  GHZ 

6  i10"6 

6.9  .10  "' 

63 

10  GHZ 

1  .  10"' 

1.15*10  "6 

2.1   >  10 ' 

50  GHZ 

5  » 10"' 

5  75i  10  "' 

1.05«103 

»=ABSORPTION   IN    dB;    o  =0.115 » 

Fig.  3.     The  peak  at  x  =  k  with  typical  values  for  a  at  different 
frequencies.  *  Data  from  Bean  and  Dutton  [10} 


numbers  much  less  than  k.  Since  the  phase  spectrum  for 
k  «  k  is  much  larger  than  the  amplitude  spectrum,  and 
recalling  that  the  phase  and  amplitude  spectra  in  the 
region  near  k  =  k  are  approximately  equal,  it  suffices  to 
prove  our  point  for  the  amplitude  spectra  alone.  The  result 
follows  immediately  for  phase. 

In  calculating  the  importance  of  the  different  regions  of 
the  wavenumber  spectrum,  note  that  BA(p)  depends  on 
kFa(k,0).  The  quantity  kFa(*,0),  has  two  peaks:  the  first 
at  k  =  (1.3fc/L)"2,  which  is  the  classical  peak  calculated 
for  the  optical  case,  and  the  second  at  k  =  k. 

The  maximum  height  of  the  peak  at  k  =  k,  obtained 
from  (23),  is  given  by 


KFA(k)  < 


4(M3'2 


(27) 


Note  that  the  height  of  the  peak  depends  on  both  k  and  a, 
where  a  is  the  absorption  coefficient.  In  order  to  evaluate 
the  effect  of  the  new  peak,  the  value  of  a  must  be  known. 
In  Fig.  3,  a  is  calculated  from  data  given  in  Bean  and 
Dutton  [10J.  As  is  well  known,  a  is  a  function  of  the  wave- 
number  k.  Using  the  values  for  the  absorption  coefficient 
obtained  from  the  table  and  the  form  given  earlier  for 
*„(((),  one  may  plot  kF(k,0)  versus  wavenumber  for  the 
two  peaks  under  consideration.  Fig.  4  illustrates  this  and 
shows  that  for  small  wavenumbers,  the  peak  at  k  =  k 
becomes  significantly  larger  than  the  optical  spectrum 
peak. 

In  Fig.  5  the  ratio  of  the  contribution  to  the  variance 
due  to  the  new  peak  to  the  variance  due  to  the  optical  peak 
is  plotted  versus  wavenumber.  The  optical  variance  is  well 
known  and  may  be  obtained  from  the  short  wavelength 
approximation  discussed  in  Section  III.  Using  the  previous 
form  for  the  refractive  index  spectrum  we  obtain  for  the 
optical  variance  [3,  eq.  (7.94)3 


ax2.Pt  =  0.3]C.8fc7"L'"4. 


(28) 


In  calculating  the  contribution  to  the  variance  due  to 
the  new  peak,  we  note  that  the  peak  is  very  narrow,  and 
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mainly  controlled  by  the  function 
1 


G(k)  = 


V2 


b'a'  +  b2)       [|  [(A:2 


k2)2  +  4A:V]"2  -  A:2  +  kT/2 
•[(A;2-  k2)2  +  4/cW]"2] 


in  (23).  To  calculate  the  upper  bound  on  the  contribution 
of  the  new  peak,  we  will  use  the  fact  that  $„(*)  varies 
slowly  compared  to  G(k).  Therefore  we  may  evaluate  the 
integral  I  where 

I  =  2w  f°  kFa'(k)  <1k  at  *%«*„(/&)  f    kG(k)  i\k 
•'o  ^0 

and  Fa'{k)  is  the  spectrum  in  the  region  near  k  =  k.  After 
some  algebra, 

k<4>n(y/2k) 


(Aa)"2([l  +  fcV4a2]1'8  -  fc/2aj"2 

S  ir\k"/a)^n(y/2k) 

assuming  a  «  k. 

The  ratio  of  the  contribution  to  the  variance  from  the 
new  peak  to  the  variance  as  calculated  from  the  optical 
formula  is 

7/ffAp,  &s  0.29 {l/V'Wa) . 

As  shown  in  Fig.  5  for  L  >  10  km,  the  effect  of  the  new 
peak  is  entirely  negligible.  At  L  =  1  km  it  is  possible  the 
contribution  of  the  new  peak  to  the  variance  could  be 
equal  to  the  optical  variance  at  wavenumbers  as  low  as 
5  m~'.  However,  at  these  very  low  wavenumbers  for  paths 
as  short  as  1  km,  the  amplitude  fluctuations  as  calculated 
from  (28)  are  negligible  for  reasonable  values  of  C„2.  For 
example,  at  k  =  10  m_1,  L  =  10  km,  and  using  C2  = 
4  X  10~14  m-2'8,  we  obtain  a  calculated  optical  variance  of 
<r*  =  5  X  10~*.  Since  this  variance  is  probably  not  meas- 
urable, there  is  no  region  in  which  the  effect  of  the  new 
peak  need  be  considered. 

VI.  Discussion 

In  the  preceding  analysis  the  restriction  X  «  /0,  normally 
used  in  deriving  the  spectra  for  the  phase  and  amplitude 
fluctuations,  has  been  removed.  It  has  been  shown  that 
for  almost  all  cases  of  practical  interest  in  line-of-sight 
propagation  at  millimeter  and  microwave  wavelengths, 
the  results  derived  using  the  assumption  that  X  «  U  are 
equally  valid  for  X  >  l0-  Formulas  are  presented  which  may 
be  used  in  other  situations  to  check  when  this  approxima- 
tion is  valid.  In  those  cases  where  the  short  wavelength 
formulas  are  not  valid,  the  spectra  for  the  long  wavelength 
case  are  given. 

Note  that  while  the  spectrum  for  k  «  k  as  given  in  (22) 
is  strongly  dependent  on  path  length,  the  spectrum  near 
k  =  k  and  the  spectrum  for  k  >  k  given  in  (23)  and  (24) 
are  independent  of  path  length.  Physically,  this  result 
depends  on  the  fact  that  for  k  «  k  the  inhomogeneities, 
which  are  large  compared  to  a  wavelength,  induce  a  scat- 
tered wave  which  propagates  with  little  attenuation.  There- 
fore, inhomogeneities  over  the  entire  path  are  important. 
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Fig.  4.  The  ratio  of  the  peak  of  kFa(k)  at  k  =  k  to  the  peak  of 
the  optical  spectrum.  The  dashed  curve  is  fitted  to  four  points 
calculated  from  the  data  in  Fig.  3. 
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Fig.  5.  The  ratio  of  the  contribution  to  the  variance  of  the  new 
peak  of  the  microwave  spectrum  to  the  contribution  from  the 
peak  calculated  from  optical  formulas.  The  dashed  curves  are 
fitted  to  points  calculated  from  the  data  in  Fig.  3. 


When  k  is  close  to  or  greater  than  k,  the  inhomogeneities 
produce  evanescent  waves  which  are  rapidly  attenuated 
as  they  propagate.  Therefore,  only  inhomogeneities  close 
to  the  receiver  cause  any  appreciable  contribution  to  the 
received  signal.  In  this  case,  there  is  a  local  effect  that  does 
not  depend  on  the  total  path  length. 

The  results  derived  above  were  based  on  a  plane  wave 
incident  on  the  random  medium.  However,  the  basic  con- 
clusion, that  is,  that  the  formulas  derived  on  the  assump- 
tion that  X  « l0  are  equally  valid  for  X  >  l0,  should  still 
apply  to  the  cases  when  there  is  a  spherical  wave  or  finite 
antenna  beam  at  the  transmitter.  Since,  as  we  noted  above, 
the  contribution  in  the  plane-wave  case  from  the  spectrum 
at  k  =  &  is  a  local  effect  only  depending  on  the  region  near 
the  receiver,  the  same  type  of  effect  must  be  true  for 
spherical  or  beam  waves.  Therefore,  the  contribution  must 
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be  approximately  the  same  as  computed  for  the  plane-wave 
case,  except  multiplied  by  a  factor  that  takes  into  account 
the  attenuation  of  the  free-space  signal  by  the  time  it 
reaches  the  receiver.  In  spherical-wave  propagation  this  is 
a  factor  of  1/L2,  which  will  obviously  attenuate  the  peak 
at  k  =  k  considerably  more  than  in  the  plane-wave  case. 
The  optical  variance  ax2opt  for  the  spherical-wave  case  is 
down  by  a  factor  of  2.5  over  the  plane-wave  case  [3,  eq. 
(9.43)].  Therefore,  the  ratio  I/a2ovi,  discussed  in  Section  V 
for  plane  waves,  will  be  even  smaller  for  reasonable  path 
lengths  for  spherical  waves.  A  similar  argument  can  be 
made  for  the  case  when  there  is  an  antenna  with  a  finite 
beam  at  the  transmitter. 

Appendix  I 

Relation  Between  d«i(»c,  x)  and  d</>(*>  x) 

Let   *  =  In  (E/E0)    where   E  =  E0  +  Ei  +  Et-\ . 

Substituting  the  first  two  terms  of  the  perturbation  series 
for  E  and  expanding  the  logarithm  to  first  order  in  Ei/E0 
yields 

¥  a*  In  (1  +  Ei/E<>)  «  Ei/Eo,     \E2\«\E1\.     (29) 

Recalling  the  expansion  for  *  from  Tatarski 

*  =  *(x,0,0)  +//[!-  exp  (tte-e)]  (1<j>(k,x)      (30) 

and  the  expansion  from  Section  II  for  E\, 

Ei  =  Ei(x,0,0)  +  //[!-  exP  (**•»)]  da(K,x).     (31) 

By  comparing  (30)  and  (31)  with  the  approximation  (29), 
it  is  clear  that  dt\(K,x)  =  Et,d<t>{K,x) ;  and  since  E0  is 
assumed  to  be  ei,z  then 

dd(K,x)  =  e'kzd<t>{K,x) . 

The  above  illustrates  that  a  first-order  expansion  in  the 
logarithm  of  the  field  is  approximately  equal  to  a  first- 
order  expansion  of  the  field  itself. 

Appendix  II 
Derivation  of  the  Spectra  Fa(k,  0),  F,(k,  0) 
A.  Spectra  for  k  <  k 

Starting  with  (12)  and  (13), 
(da(K2,K3,x)da*{K2',K3',x) ) 
(k2  -  k32)  (A;2  -  K3'2) 
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(d<T(K2,K3,x)da*(K2',K3',x)  ) 
(W  -    K32)  (k2   -    K3'2) 


/    dx'  I    dx" 

J  n  •'n 


exp  [  —  i(k  —  vi)(x  —  x')]       exp  [i{k  —  vi*)(x  —  x')] 


exp  [i{k  —  v2*){x  —  x")\       exp[  —  i{k  —  v2)(x  —  x")] 


VI 


■  (dy(ic2,Ki,x')dy* (k2',k3',x")  ) 


where  n  =  (k2  -  *22  -  *32)  "2  and  »2  =  (k2  -  k2'2  -  K3'2)m. 
Noting  the  relation  (14)  given  in  the  text,  and  perform- 
ing the  required  integration,  we  have 


Fa(k2,k3,0) 

F,(K2,/C8,0) 


(k2  -  K32)2  [2exp[j(i>  ~  v*)x\ 


•  I    dx'  I    dx"F„(K,x'  —  x") 

'n  •'n 


/    dx'  I    dx" 

•'n  •*  n 


'0  '0 

•exp  [ik{x'  —  x")  —  i{vx'  —  v*x"~] 

exp  [_  —  2i{k  —  v)x~]  fl 

ax 

•F„(k,x'  —  x")  exp  [i{k  —  v)  (x'  +  x")  ] 

T  exp  C2,-(*  -  ,*)»]  rdx,  rdx„ 

"  "  •'o         •'o 

■F„(k,x'  -  x")  exp  l~i(k  -  v*)(x'  +  x")~\ 

where  k  =  (k22  +  «32)  "2  and  the  lower  signs  are  the  changes 
for  the  phase  spectrum.  The  factor  of  2  arises  from  the 
combining  of  two  integrals  which  are  equal  due  to  the 
evenness  of  F„(k,x'  —  x")  in  x'  —  x". 

The  above  integrals  may  be  simplified  by  a  change  of 
variables: 

{•  =*  x'  —  x" 

■q  =  \{x'  +  x"). 

After  making  this  substitution  and  replacing  the  variable  x 
by  the  path  length  L,  and  again  using  the  evenness  of 
F„(k,1;)  in  the  variable  f ,  we  obtain 


/    dx'  I    dx" 

*  a  J  n 


exp  [  —  i(k  —  xi)(x  —  x')]       exp  [i(k  —  n*)(x  —  x')] 


Fa(k2,Kz,0) 


(k2  -  K32)2  [4exp[z(x  -  v*)L] 


{exp  [Uk  —  e2*)(x  —  x")]       exp  [  —  i(k  —  v2){x  —  x")} 
vi*  v2 

•  (dy{K2,Kltx')dy*(ni',Kz',x") ) 


I         di)  exp  [  —  i(v  —  v*)ri2 
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2exp[-2i'(fc  -  v)L] 


f     dfFn(K,f) 
•'n 


for  sines  and  collect  like  terms : 
Fa(k,0) 


'in 
2exp[2i'(fc  -  x*)L]  (L 


ri-—ilt 

J         dr)  exp  [i'2(fc  —  v)7j] 

[  drFB(K,r) 

•'n 


F.(k,0) 


(fc2  -  *32)2L 

(fc2   -    K2) 

dfFn(K,f)  COS  {[fc  -   (fc2  -  K2)"2]fl 

sin  {2[fc  -  (fc2  -  k2)1'2]^)' 


fL-t/t  1 

/  dr,exp[-f2(/c  -  »*)»>]  . 

•'r/2  J 


•ir 

.[1- 


The  integration  with  respect  to  ?j  may  now  be  performed 
explicitly,  yielding 


Fa(k*,kj,0) 

F.(ic,,«,f0) 


=  (fc2  -  «c32)2 


2exp[i(»  -  v*)L/2~\ 


{y  -  v*)i 


■j   dfF,(K,f)  cos  [Yfc  -  V-~^j  f  J 


•sin[(,  -„*/2)(L-r)] 

exp  [— t'(fc  —  y)L]    ' 
2(fc  -  i»)w 

•ain[(*-v)(L-f)]T 


2[fc  -  (fc2  -  k2)"2]L      J 

±  /   dfF.CK.f)  sin  {[fc  -  (fc2  -  K2)"2]f) 

cos2  {[fc  -  (fc2-  *2)1/2]L|] 
[fc  -  (A;2  -  k2)"2]L      J  ' 

Noting  that  F„(k,{)  falls  off  rapidly  for  «f  >  1  [3,  ch.  1, 
sec.  4],  and  since  we  are  interested  in  inhomogeneities  such 
that  their  scale  1/k  is  much  less  than  the  path  length  L, 
we  therefore  conclude  that  f/L  «  1  in  the  important 
region  of  integration  (f  <  l//c«L),  and  we  may  dis- 
regard that  term  in  the  first  integral.  For  k  ^>  0,  the 
second  integral  is  a  factor  1/fcL  smaller  than  the  first,  and 
as  k  — *  0  it  becomes  the  same  size  as  the  f/L  term.  Hence 
we  may  disregard  this  term  for  the  whole  range  of  k. 
Taking  the  above  considerations  into  account  we  have 


•f   dfFn(K,f)sin[(fc-,*)(L-f)]} 


/  dfF.(K,r) 
•'o 

exp  [i(k  —  v*)L~\     f°r  ^ne  case  K  <  fc  the  spectra 

KffL  /         sin  {2[fc  -  (fc2  -  k2)"2]^ 
-  K2      V  T        2[fc  -  (fc2  -  K2)"2]L      / 


2(fc  -  v*)v*v* 


FA(x,0) 
F.(k,0) 


(fc2  - 
fc2- 


(32) 


•  f  dfFB(ie,r)  cos  {[fc  -  (fc2  -  k2)"2]*-}.     (15') 

•'n 


At  this  point  we  recall  that  v  =  (fc2  —  k£  —  k32)1/2  and     B.  Spectra  for  k  >  k 
find  the  spectra  for  (<t22  +  <c32)"2  <  fc-  Under  these  condi- 
tions v  is  real   (for  real  fc)   and  v*  =  v.  Therefore  for 
(kj2  +  kb2)1'2  =  k  <  k  we  have 


Fa(k,0) 
F.(k,0) 


(k2  -  Ks2)2 


ir 


Returning  to  (32)  which  is  valid  for  the  entire  range 
of  k,  and  noting  that  v  is  imaginary  for  k  >  fc,  therefore, 
v  =  i(k2  —  fc2)"2,  i.e.,  v*  =  —v.  After  substituting  into 
(32)  we  obtain 


dt(L  -  f) 


(^   "    «2)      I*, 

•Fn(K,f)  cos  {[fc  -  (fc2  -  K2)»2]f  J 
cos{[fc  -  (fc2-  <c2) ■'*]£,) 

^  fc   -    (fc2   -    K2)1'2 

-j  dfF„(K,f)  sin  {[fc  -  (fc2  -  «*)»«](!  -  r)}L 


This  result  is  exact  and  it  is  useful  to  obtain  a  reasonable 
approximation.  To  proceed,  expand  the 

sin{[fc-  (fc2-*8)"2]^,-*-)) 

term  in  the  second  integral  by  the  multiple  angle  formula 


Fa  (k,0) 

F.(k,0) 
=  (fc 


K32)2( 


exp[-(»c2-fc2)1'2L] 


(k2  -  fc2)8'2 

•  f   #F„(K,f)  cos  fcf  sinh  [(k2  -  fc2)"2(L  -  r)] 
■'o 

•  /"dfF„(K,r)  sin  {[fc  -  rV  -  fc2)"2](L  -  f) ) 


77 


274 


IEEE  TRANSACTIONS  ON  ANTENNAS  AND  PROPAGATION,  MARCH  1970 


exp[-(K2-fc2)'"L  +  tfcL] 
2*2  (k2  -  A;2) 


[*  -  i(S  -  fc2)"2]  Fa(k,0)  =  F.(k,0)  < 


2  exp  [-  (t2  -  fc2)"2L](fc2  -  k32)2 


•  JL d[Fn(K,n  sin  {[*  +  ?(k2  -  fc2)»2](L  -  ?)}Y 

(33) 

The  second  two  integrals  combine  to  give  a  real  function. 
It  may  be  shown  that  the  last  two  integrals  are  small  com- 
pared with  the  first  except  when  k  — >  «> .  However,  a  some- 
what simpler  argument  is  to  note  that  FA  (k,0)  and  F,  (k,0) 
are  always  positive;  therefore  the  terms  after  the  ±  signs 
can  be  at  most  the  same  size  as  the  first.  Hence  we  shall 
make  an  error  of  at  most  a  factor  of  2  in  dropping  these 
terms.  Since  we  intend  to  show  that  the  first  term  has 
virtually  no  effect  when  calculating  amplitude  and  phase 
covariance  functions,  dropping  the  last  two  terms  in  (33) 
will  not  affect  that  conclusion. 

To  summarize  the  results  for  the  spectra  under  the 
above  approximations: 

F^(k,0) 


F„(k,0) 


(fc2  -  k3*yl 


k2  - 


1  =F 


sin  j2[fc  -  (/c2  -  K2)1/2]Lj 
2[fc  -  (A;2  -  K*yi^L 


■  f   *Fn(K,f)  cos  {[fc  -  (fc2  -  K2)>'2]f  |,    k  <  k 

(15') 


•  /   dfFn(K,f)  cos  fcf  sinh  [(k2  -  fc2)"2(L  -  f)], 

k  >  k.     (16') 
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Measurements  of  Atmospheric  Turbulence  Relevant  to 
Optical  Propagation 
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The  aspect  of  atmospheric  turbulence  of  interest  to  optical-propagation  studies  is  the  variation  of  refractive 
index.  We  demonstrate  the  application  of  high-speed  temperature  sensors  to  the  direct  measurement  of  this 
variation  at  optically  important  scale  sizes,  as  small  as  a  few  millimeters.  The  thermometers,  used  in  pairs 
with  spacings  ranging  from  3  mm  to  1  m,  disclose  that  the  turbulence  near  the  ground  frequently  differs 
substantially  from  the  Kolmogoroff  model,  and  that  the  temperature  difference  does  not  follow  the  gaussian 
probability-distribution  function.  A  model  of  the  turbulent  atmosphere  containing  sharply  bounded  regions 
with  stronger  than  average  turbulence  agrees  well  with  our  observations.  We  also  demonstrate  the  use  of  a 
single  sensor  mounted  on  an  airplane  to  observe  refractive-index  variations  at  heights  up  to  3  km. 
Index  Headings:  Inhomogeneous  media;  Atmospheric  optics. 


Many  theoretical  predictions  of  the  effects  of  atmo- 
spheric turbulence  on  the  propagation  of  light  can  be 
checked  only  by  measurements  made  in  the  open 
atmosphere.  The  open  atmosphere,  however,  is  notable 
for  being  statistically  nonstationary  and  inhomogene- 
ous. Accordingly,  if  outdoor  optical  measurements  are 
to  be  useful  in  checking  propagation  theory,  they  must 
be  supported  by  simultaneous  direct  measurements  of 
the  atmospheric  turbulence.  It  is  not  sufficient  to 
measure  gross  meteorological  variables  such  as  tem- 
perature gradient  and  wind  velocity  and  from  them 
try  to  deduce  the  properties  of  the  turbulence.  Availa- 
ble theories  of  the  generation  of  turbulence  are  inade- 
quate, and  the  complexity  of  the  atmosphere  precludes 
the  use  of  simple  models. 

The  aspect  of  atmospheric  turbulence  of  interest  to 
optical-propagation  studies  is,  of  course,  the  variation 
of  refractive  index  or,  what  is  equivalent,  the  variation 
of  density  of  the  air.  Air  density  depends  on  both 
pressure  and  temperature,  but  only  the  latter  need  be 
measured  to  charcaterize  the  optical  effects  of  the 
turbulence.  Pressure  fluctuations  are  rapidly  dissipated, 
and  their  effect  is  miniscule  compared  to  that  of  the 
longer-lasting  temperature  variations.  Thus,  for  optical 
purposes,  the  word  "turbulence"  is  synonymous  with 
"temperature  fluctuations"  and  is  very  different  from 
the  mechanical,  velocity-fluctuation  turbulence  studied 
by  the  fluid  dynamicist.  In  fact,  if  an  adiabatic  tem- 
perature gradient  exists,  it  is  quite  possible  to  have 


strong  mechanical  turbulence  with   negligible  optical 
effects. 

The  turbulent  atmosphere  contains  temperature  vari- 
ations with  scale  sizes  ranging  from  about  a  millimeter 
to  several  hundred  meters  or  larger.  Optical  scintilla- 
tions are  caused  primarily  by  irregularities  having  the 
size  of  a  Fresnel  zone,  i.e.,  (AZ>)*  for  a  wavelength,  X, 
and  a  path  length,  D.  Thus,  for  visible  light  and  path 
lengths  of  a  few  kilometers,  the  scale  sizes  that  cause 
scintillations  are  a  few  centimeters.  The  minimum 
scale  size  for  very  short  paths  is  1  or  2  mm,  determined 
by  the  "inner  scale"  of  turbulence — that  region  of  the 
turbulent  spectrum  where  viscous  losses  dissipate  the 
turbulence.  If  we  divide  reasonable  wind  velocities  by 
these  scale  sizes,  we  see  that  it  is  important  to  measure 
temperature  fluctuations  with  a  frequency  response 
extending  to  several  hundred  hertz. 

FINE-WIRE  TEMPERATURE  SENSORS 

Ochs1  described  mounting  and  use  of  fine  platinum 
wires  as  resistance  thermometers.  He  used  wires  of 
various  sizes  for  specific  purposes,  the  most  common 
being  a  2.5-)u-diam  wire  having  a  resistance  of  20  ft/mm. 
The  inner  scale  was  measured  with  wires  only  one-tenth 
as  large.  The  frequency  response  for  the  larger  wire 
varies  from  200  Hz  in  still  air  to  500  Hz  in  a  wind 
with  a  velocity  of  5  m/sec.  Sensitivity  in  practice  is 
about  0.02  K  for  the  2.5-Aim-diam  wire,  and  is  deter- 
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Fig.  1.  Samples  of  high-speed  temperature  measurements  made  Fig.  2.  Samples  of  temperature-difference  measurements  made 

1.5  m  above  the  ground  on  a  calm,  sunny  day.  Noon,  23  September      on  a  clear,  sunny  day  with  sensors  1.5  m  above  the  ground,  spaced 
1969.  10  cm  apart.  Noon,  23  September  1969. 
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mined  by  the  input  noise  of  the  amplifier  and  the 
allowable  measuring  current  for  negligible  self-heating 
of  the  wire.  In  a  system  limited  only  by  the  Johnson 
noise  of  the  wire,  the  ultimate  sensitivity  would  be 
about  0.002  K. 

The  "Wollaston  process"  wire  is  drawn  inside  a 
silver  tube  having  a  final  outside  diameter  approxi- 
mately 100  times  greater  than  the  diameter  of  the 
platinum  wire.  This  heavy  casing  of  silver  facilitates 
the  handling  of  the  filament,  permitting  it  to  be  at- 
tached with  conducting  glue  to  a  supporting  structure. 
Then  nitric  acid  dissolves  some  of  the  silver,  exposing 
a  millimeter  or  so  of  the  platinum  wire. 

The  wires  are  used  in  pairs,  separated  by  a  distance 
of  a  few  centimeters,  so  as  to  measure  the  temperature 
structure  parameter, 

Cr2=((r,-r1;v^)»v=z?7.A!. 

Here  Dr  is  the  temperature  structure  function,  r  is  the 
separation  of  the  sensors,  and  their  individual  tem- 
peratures are  T\  and  T2.  According  to  the  Kolmogoroff 
theory,  Cr2  is  independent  of  r.  It  is  related  to  the 
refractive-index  structure  parameter,  C~V,  by 

cv=[(79/>/:r2)io-6Ky, 

where  p  is  the  pressure  in  millibars,  and  T  is  the 
Kelvin  temperature.  The  advantage  of  using  the  sensors 
in  pairs  is  that  the  structure-function  measurement 
acts  as  a  spatial  filter,  discriminating  against  irregulari- 
ties with  scales  larger  than  r.  In  this  way  it  is  possible 
to  observe  directly  those  irregularities  that  are  most 
important  in  their  optical  effects.  In  fact,  the  slope  of 
the  turbulence  spectrum  can  be  determined  from  simul- 
taneous measurements  of  Dt  with  various  values  of  r. 
In  practice,  it  is  more  convenient  to  measure 
(|r2— ri|)av2  than  {{T-t  —  Ti)2)w.  For  a  given  proba- 
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Fio.  3.  The  distribution  function  of  temperature-difference 
measurements  made  with  sensors  separated  vertically  by  3  cm, 
placed  2  m  above  the  ground,  compared  with  a  model  consisting 
of  a  gaussian  distribution  modulated  by  a  rectangular  wave. 
Noon,  14  January  1969. 
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Fig.  4.  The  refractive-index  structure  parameter  as  measured 
with  spaced  temperature  sensors  having  spacings  of  1,  3,  and 
10  cm.  7  September  1968. 


bility  density  function  of  temperature  fluctuations, 
these  quantities  are  related  by  a  known  constant  of 
proportionality. 

SAMPLE  MEASUREMENTS 

Figure  1  shows  a  typical  measurement  made  with  a 
single  temperature  sensor  2  m  above  the  ground.  The 
fluctuations,  having  peak,  values  of  several  kelvins, 
are  characterized  by  sharp  discontinuities  and  rela- 
tively long  quiescent  periods.  The  variations  are  not 
symmetrical  around  the  mean  but  tend  to  resemble 
hot  patches,  usually  with  sharp  edges,  superposed  on 
a  quiescent,  cooler  background. 

Figure  2  shows  typical  temperature-difference  records 
for  sensors  placed  1.5  m  above  the  ground  and  sepa- 
rated by  a  spacing  of  10  cm.  Here,  of  course,  the  record 
is  symmetrical  about  zero.  However,  the  probability 
density  function  is  definitely  not  gaussian.  A  typical 
distribution  function  is  shown  in  Fig.  3,  plotted  on  a 
distorted  scale  that  would  result  in  a  straight  line  for  a 
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Fig.  S.  The  refractive-index  structure  parameter  as  measured 
with  spaced  temperature  sensors  having  two  different  spacings. 
8  September  1968. 
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Fig.  6.  The  log-amplitude  variance  of  laser-beam  scintillations 
observed  simultaneously  with  the  refractive-index  variations 
shown  in  Fig.  5. 


normal  distribution.  The  smooth  curve  in  the  figure  is 
the  theoretical  distribution  function  of  temperature  dif- 
ference that  would  result  from  multiplying  a  realization 
of  gaussian  temperature  fluctuations  by  a  train  of  rec- 
tangular pulses  with  random  duration.  The  pulse  train 
has  an  upper  state  of  unity  and  a  quiescent  state  of 
«  =  0.2,  with  a  probability  p  =  0A5  of  being  in  the  upper 
state.  The  product  is  sampled  at  two  different  times 
(representing  spaced  probes)  and  the  statistics  of  the 
difference  produce  the  curve  shown  in  Fig.  3.  The 
derivation  requires  the  time  interval  representing  sensor 
separation  to  be  sufficiently  small  compared  to  the 
duration  of  a  rectangular  pulse  so  that  the  transition 
spikes  are  statistically  insignificant.  A  possible  physical 
meaning  of  this  model  is  the  existence  of  sharply 
bounded  plumes  of  warm  air,  intercepting  the  tem- 
perature sensors  approximately  45%  of  the  time  and 
containing  normally  distributed  temperature  fluctua- 
tions with  a  variance  some  25  (  =  1/*2)  times  greater 
than  the  fluctuations  during  the  cool  intervening 
periods.  Straiton  el  al.2  have  reported  similar  distribu- 
tion functions  for  radio  refractive  index. 


Fig.  8.  Typical  nighttime  observations  of  the  temperature 
structure  function  (1-h  averages).  24  April  1969. 


Figure  4  shows  the  variation,  throughout  a  partly 
cloudy  day,  of  C„2  as  deduced  from  three  pairs  of  tem- 
perature sensors  placed  2  m  above  the  ground  and 
spaced  at  1,  3,  and  10  cm.  A  1-h  running  average  has 
been  used  to  smooth  these  curves.  Failure  of  the  three 
curves  to  agree  illustrates  that  the  spectrum  of  turbi- 
lence  near  the  ground  is  not  always  in  agreement  with 
the  Kolmogoroff  model.  Similar  records,  smoothed  with 
only  a  100-sec  time  constant,  for  a  sunny  day  and 
spacings  1  and  3  cm  are  shown  in  Fig.  5.  The  intensity 
of  the  corresponding  optical  scintillations,  measured 
over  paths  of  0.5  and  1  km,  is  shown  in  Fig.  6.  Notice 
the  lack  of  scintillations  in  the  evening  and  early 
morning,  when  the  temperature  gradient  passes  through 
adiabatic,  and  the  pronounced  midday  saturation  of 
the  scintillations  on  the  1-km  path. 

Figures  7  and  8  show  daytime  and  nighttime  com- 
parisons of  1-h  averages  of  the  temperature  structure 
function  observed  with  sensors  1.5  m  above  the  ground 
and  six  different  horizontal  sensor  spacings  ranging 
from  3  mm  to  1  m.  A  Kolmogoroff  spectrum  would 
produce  straight  lines  with  a  slope  of  §  on  these  log-log 
plots.  Figure  7  shows  that  the  daytime  turbulence  for 
scale  sizes  smaller  than  30  cm  displays  a  slope  of  only 
0.5.  The  nighttime  situation  displayed  in  Fig.  8  is 
much  less  regular,  but  the  average  slope  is  closer  to 
5  than  f .  A  possible  explanation  for  the  small  slope  of 
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Fig.  7.  Typical  daytime  observations  of  the  temperature 
structure  function  (1-h  averages).  24  April  1969. 


Fig.  9.  Airborne  temperature-fluctuation  records,  made  on  a 
sunny  day  in  connection  with  a  5.5-km  laser-beam  propagation 
measurement.  Average  height  above  the  ground  is  200  ft.  3  Julv 
1967. 
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the  daytime  turbulence  is  that,  near  the  ground,  there 
are  energy  inputs  from  all  scale  sizes  rather  than  from 
only  the  largest  scales,  as  assumed  for  the  Kolmogoroff 
model. 

Miniature,  high-speed  temperature  sensors  may  also 
be  used  on  aircraft  following  methods  similar  to  those 
reported  by  Koprov  and  Tsvang.3  A  single  sensor, 
arranged  to  respond  to  angular  frequencies  from  oil 
to  «//,  is  mounted  on  an  aircraft  traveling  with  ve- 
locity, v.  Assuming  that  the  spectrum  of  turbulence 
follows  the  Kolmogoroff  law,  Strohbehn4  has  shown 
that 


CV  =  - 


2.68<P> 


where(P)av  is  the  mean-square  temperature  fluctuation, 

(Ti)av  =  a((AT)aS-W)  =  a((T-7%S-m. 

Here  N  is  the  noise  from  all  sources,  principally  that 
generated  by  the  airplane  propellor.  In  our  experience, 
N  is  less  than  0.02  K  equivalent  temperature.  The  scale 
factor  has  the  value  a  =  ir/2  for  a  gaussian  distribution 
of  temperature.  For  the  distribution  that  we  actually 
observe  2  m  above  the  ground,  a  =  2.48.  The  tem- 
perature-difference model  described  above  predicts  a 
scale  factor  a  =  7r/2[/>+(l-p)e2]/[/>+(l-/))e]2,  which 
yields  a  =  2.36  for  p  =  0A5  and  t  =  0.2.  The  airborne 
sensor  consists  of  a  platinum  wire  6  /x  in  diameter, 
wound  on  an  open  square  farm  0.35  cm  on  a  side  and 
2  cm  long.  Its  resistance  is  280  U.  The  aircraft  velocity 
is  usually  about  60  m-sec-1.  The  low-frequency  cutoff 
is  wl  =  31.4  sec-1  (5  Hz),  and  the  high-frequency  limit 
is  w«  =  2070  sec-1   (330  Hz).  The  calibration  of  the 
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Fig.  11.  Measurements,  made  in  the  afternoon  of  a  sunny  day 
with  an  airborne  temperature  sensor,  of  the  variation  of  the 
refractive-index  structure  parameter  in  the  first  3  km  above  the 
ground.  Hufnagel's  models  for  normal  conditions  (smooth  curve) 
and  disturbed  la  vers  (dashed  curve)  are  shown  for  comparison. 
1430-1500  MST,  26  November  1968. 


airborne  sensor  has  been  checked  by  flying  past  the 
top  of  a  20-m  tower  on  which  was  mounted  a  pair  of 
sensors  measuring  O2  in  the  more  conventional  manner. 
Such  airborne  measurements  clearly  show  the  struc- 
ture of  the  thermal  plumes  along  a  laser  beam.  Figure 
9  is  an  example  of  such  an  observation.  The  structure 
of  these  plumes  and  their  effect  on  optical  propagation 
have  been  described  in  detail  by  Coulman.5  Figures 
10-12  show  the  vertical  structure  of  Cat2  observed  at 
three  different  times  during  a  day  at  a  location  about 
40  km  leeward  of  the  Rocky  Mountains.  The  dashed 
curve  and  the  smooth  solid  curves  show,  for  com- 
parison, Hufnagel's  model.6  It  is  clear  that  no  simple 


HEIGHT     ABOVE    GROUND    (hm) 

Fig.  10.  Measurements,  made  in  the  forenoon  of  a  sunny  day 
with  an  airborne  temperature  sensor,  of  the  variation  of  the 
refractive-index  structure  parameter  in  the  first  3  km  above  the 
ground.  Hufnagel's  models  for  normal  conditions  (smooth  curve) 
and  disturbed  layers  (dashed  curve)  are  shown  for  comparison. 
1100-1130  MST/22  October  1968. 
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Fig.  12.  Measurements,  made  on  a  clear  evening  with  an  air- 
borne temperature  sensor,  of  the  variation  of  the  refractive-index 
structure  parameter  in  the  first  3  km  above  the  ground.  Hufnagel's 
models  for  normal  conditions  (smooth  curve)  and  disturbed 
layers  (dashed  curve)  are  shown  for  comparison.  2030-2100 
MST,  26  November  1968. 
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model  can  accurately  describe  the  violent  variations  levels  are  sufficiently  low  to  permit  measurement  of 

of  Cn2,  at  least  in  the  first  3  km  above  the  ground.  The  Cat2  at  values  less  than  10~17  m~*. 
irregularity  and  generally  high  level  of  the  turbulence 

we  observed  may,  of  course,  have  been  accentuated  by  REFERENCES 
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A  Survey  of  Clear-Air  Propagation  Effects 
Relevant  to  Optical  Communications 

ROBERT  S.  LAWRENCE  and  JOHN  W.  STROHBEHN,  member,  ieee 


Abstract  —  The  theory  and  observations  of  the  optical  propagation 
effects  of  the  clear  turbulent  atmosphere  are  reviewed,  with  particu- 
lar attention  to  those  characteristics  most  important  to  the  designer 
of  an  optical  communication  system.  Among  the  phenomena  con- 
sidered are  the  variance,  probability  distribution,  spatial  covariance. 
aperture  smoothing,  and  temporal  power  spectrum  of  intensity 
fluctuations,  and  similar  quantities  for  phase  fluctuations  and  angle 
of  arrival 

1    Introduction 

THIS  SURVEY  treats  the  effects  of  the  clear  atmo- 
sphere upon  light  waves,  with  particular  attention  to 
the  effects  of  turbulence.  The  results  of  atmospheric 
stratification  and  the  normal  variations  with  height  of  the 
atmosphere  are  also  described,  but  we  ignore  any  absorp- 
tion by  gaseous  constituents  and  make  no  mention  of 
scattering  or  absorption  by  aerosols  or  precipitation.  Ef- 
fects that  are  most  important  to  the  design  of  narrow-beam 
optical  communications  systems  operating  between  two 
points  on  the  ground  or  between  the  ground  and  space  are 
emphasized  Much  of  our  motivation  in  preparing  this  sur- 
vey arises  from  the  needs  expressed  clearly  in  the  report  [1  ] 
of  a  joint  M.I.T.-NASA  workshop.  Rationalized  MKS 
units  are  used,  and  the  following  symbols  are  employed. 

A  =  amplitude  of  the  electric  vector  of  the  optical  wave 

B  =  autocovariance  or  covariance  function 

h  =  normalized  autocovariance  or  covariance  function 

h  =  separation  of  interferometer  elements 

C  =  curvature  of  a  ray 

C^  =  refractive-index  structure  parameter 
D  =  aperture  diameter 

Ds  =  phase  structure  function 
£  =  electric  vector  of  the  optical  wave 
F  —  two-dimensional  spatial  power  spectrum 
Ai  =  height  above  ground 

I  =  A2,  intensity  (or  irradiance)  of  the  optical  wave 
k  =  2n/X;  wavenumber  of  the  optical  wave 
L  =  path  length,  or  distance  to  the  turbulent  layer 

L0  =  outer  scale  of  turbulence 
I-Ik/k,  scale  size  of  an  irregularity 
>0  =  inner  scale  of  turbulence 
N  ={n-  1)  106,  refractivity  in  parts  per  million 
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atmospheric  pressure 

autocorrelation  function 

radius  of  curvature  of  a  wavefront 

phase  of  the  electric  vector  of  the  optical  wave 

integrated  intensity  over  an  aperature 

Kelvin  temperature 

wind  velocity  component  normal  to  the  optical  path 

wind  velocity  component  parallel  to  the  optical  path 

radius  of  an  optical  beam 

temporal  power  spectrum 

zenith  angle  ( =  n/2 -  00) 

angle  of  arrival 

angle  between  wind  and  direction  of  propagation 

aperture-averaging  factor 

apparent    elevation    angle    above    the    horizon 

(  =  7t/2-Z) 

2tt/7,  spatial  wavenumber 

2n/l0 

2n/L0 

optical  wavelength 

ratio  of  specific  heats.  5:  1.4  for  air 

separation,  parallel  to  the  wavefront.  of  points  of 

observation 

ratio  of  receiver  aperture  radius  to  Fresnel-zone 

radius 

variance  of  log-intensity 

variance  of  log-amplitude 

astronomical  refraction  (total  bending)  of  a  ray 

three-dimensional  spatial  power  spectrum 

log  /4,  the  log-amplitude  of  the  optical  wave 

log  £ 

kW20/2L. 


In  Section  II  we  briefly  mention  the  magnitudes  of  the 
various  effects  and  in  later  sections  consider  them  in  greater 
detail.  Section  III  describes  the  atmospheric  model  we  are 
using  to  derive  the  various  optical  results,  Sections  IV,  V,  VI, 
and  VII  discuss  both  theory  and  observations  of  optical 
intensity  fluctuations,  optical  phase  fluctuations,  and  angle- 
of-arrival  effects,  respectively.1 


1  After  this  manuscript  had  been  prepared,  we  learned  of  a  similar 
effort,  at  the  time  unpublished,  by  Brookner  [95]  Many  readers  will  find 
his  work  also  of  interest 
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II.  Summary  of  Numerical  Values 
Optical  Intensity  Fluctuations 

A  smooth  and  featureless  optical  wave  or  beam  traversing 
more  than  a  few  meters  of  ordinarily  turbulent  atmosphere 
has  its  energy  redistributed  and  exhibits  fluctuations  in  in- 
tensity known  as  "scintillations."  The  logarithm  of  the  in- 
tensity of  the  distorted  wave  has  a  Gaussian  probability 
density  function,  so  the  strength  of  the  scintillations  is  de- 
scribed in  terms  of  "log-intensity  variance."  Log-intensity 
variance  increases  with  the  strength  of  the  turbulence  and 
as  the  1 1/6  power  of  the  path  length  until  it  reaches  a  value 
of  approximately  2.4,  then  it  "saturates"  and  no  longer  in- 
creases. In  fact,  it  slightly  decreases.  For  paths  a  few  meters 
above  the  ground,  saturation  may  occur  within  a  kilometer 
or  two;  for  earth-to-space  paths,  saturation  occurs  only  for 
elevation  angles  less  than  a  few  degrees.  Formulas  are  given 
in  Table  I. 

The  instantaneous  random  pattern  of  scintillations,  ob- 
served in  a  plane  parallel  to  the  wavefront,  displays  spatial 
Fourier  components  with  a  variety  of  scales,  but  the  pre- 
dominant scale  size  is  the  Fresnel-zone  size  X//.L,  where  /. 
is  the  optical  wavelength  and  L  is  the  path  length  or.  for 
space-to-earth  paths,  the  distance  between  the  observer  and 
the  turbulent  atmospheric  layer.  See  Table  II  for  formulas. 
Predominant  scale  sizes  thus  vary  from  about  1  cm  for 
paths  1  km  long  to  7  or  8  cm  for  slant  paths  through  the 
entire  atmosphere.  Since  the  scintillation  pattern  is  random, 
if  a  receiving  aperture  receives  a  number  N  of  statistically 
independent  portions  of  the  pattern  corresponding  to  the 
predominant  scale  size,  the  log-intensity  variance  of  the 
received  signal  will  be  reduced  by  a  factor  N.  This  effect  is 
known  ;.s  "aperture  smoothing." 

The  temporal  frequency  of  the  variation  of  intensity  ob- 
served at  a  fixed  point  depends  upon  the  transverse  com- 
ponent of  wind  that  moves  the  turbulence  across  the  beam. 
The  predominant  frequency  is  obtained  by  dividing  wind 
velocity  by  Fresnel-zone  size.  For  most  paths  it  is  usual  for 
the  important  temporal  frequencies  to  occupy  the  range 
from  1  to  100  Hz. 

Until  saturation  occurs,  the  log-intensity  variance  of 
scintillations  varies  inversely  as  the  7/6  power  of  the  optical 
wavelength.  Although  available  observations  are  contradic- 
tory, the  level  of  saturation  probably  varies  little  with  wave- 
length. Details  of  the  scintillation  pattern  are  relatively 
broad-band,  differing  little  with  a  wavelength  change  of  a 
few  tens  of  nanometers,  but  they  become  quite  uncorrelated 
when  the  wavelength  changes  by  a  factor  of  2. 

Optical  Phase  Fluctuations 

While  the  intensity  scintillations  are  caused  by  turbulence 
with  a  scale  near  the  Fresnel-zone  size,  phase  fluctuations 
are  produced  by  the  largest  scales  in  the  turbulence  and  so 
depend  on  the  "outer  scale"  of  the  turbulence  and  on  the 
nature  of  the  turbulence-generating  mechanisms  and  the 
height  above  ground. 

Until  the  size  of  the  outer  scale  is  reached,  the  mean- 
square  difference  of  the  phase  observed  at  two  points 


separated  by  distance  p,  parallel  to  the  wavefront  (the 
"phase  structure  function")  £)x(p),  varies  as  p5/3  and  in- 
creases linearly  with  path  length  and  with  C;,  the  strength 
of  the  turbulence.  See  Table  III  for  formulas. 

Angle  of  Arrival 

Systematic  bending  of  a  ray  passing  through  the  entire 
atmosphere  between  earth  and  space  depends  strongly  on 
the  elevation  angle  0o  of  the  source  as  seen  by  the  terrestrial 
observer.  The  sense  is  always  such  as  to  make  the  source 
appear  higher  above  the  horizon  than  it  really  is.  For  a  sea- 
level  observer  with  standard  atmospheric  pressure  and 
temperature,  the  total  bending  (or  "astronomical  refrac- 
tion") decreases  from  about  10  mrad  when  0o  =  0  to  zero  at 
the  zenith.  For  0O>  170  mrad,  the  astronomical  refraction 
t  *  0.28  cot  60  mrad.  The  value  of  x  decreases  nearly  linearly 
with  pressure  as  the  observer  rises  above  sea  level. 

The  downward  bending  of  an  optical  beam  on  a  ground- 
to-ground  path  is  related  to  the  vertical  gradient  of  refractive 
index.  For  standard  sea-level  conditions,  the  curvature  of  a 
beam  is 

/ 1 
C  =  32.6  +  0.93  — -  prad/km, 
ah 

where  dT/dh  is  the  temperature  lapse  rate  in  K/km. 

Short-term  variation  in  the  angle  of  arrival  is  best  de- 
scribed in  terms  of  the  phase  structure  function,  as  shown 
quantitatively  in  [53].  The  variation  on  earth-to-space 
paths  typically  amounts  to  a  few  microradians,  while  it 
may  often  be  ten  or  more  times  greater  on  horizontal  paths. 


Ill  The  Atmospheric  Model 
This  section  describes  the  clear-air  atmospheric  proper- 
ties most  important  when  considering  optical  communica- 
tions systems.  Quite  arbitrarily,  we  divide  the  discussion 
into  "large-scale"  and  "small-scale"  variations.  We  de- 
scribe as  large  scale  those  phenomena  that  affect  the  average 
position  of  a  light  beam  measured  over  a  period  of,  say,  10 
seconds;  and  we  describe  as  small  scale  those  irregularities 
that,  for  example,  distort  an  image,  broaden  a  laser  beam, 
or  cause  rapid  twinkling  and  dancing  of  a  star.  The  dividing 
line  between  these  scales  is  a  meter  or  less. 

Large-Scale  \  'ariations 

The  largest  scales  in  the  atmosphere  are  the  general  de- 
crease with  height  of  atmospheric  density  and  the  curvature 
of  the  atmospheric  layer  as  it  clings  to  the  spherical  earth. 
An  optical  ray  arriving  at  the  earth  from  a  star  bends  down- 
ward as  it  passes  through  an  atmosphere  of  steadily  increas- 
ing refractive  index.  This  effect  is  particularly  significant  for 
stars  near  the  horizon  or  for  near-horizontal  ground-to- 
ground  optical  paths. 

The  variation  of  atmospheric  refractive  index  with  height 
above  sea  level  can  be  computed  from  The  U.  S.  Standard 
Atmosphere  [2]  adopted  by  the  International  Civil  Aviation 
Organization  (ICAO).  The  refractive  index  n  of  the  atmo- 
sphere is  conveniently  and  customarily  described  in  terms  of 
the  refractivity  N  in  parts  per  million.  These  N  units  are  re- 
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lated  to  n  by  N=(n—  1)106.  For  optical  wavelengths, 

N  =:  19  P/T.  (1) 

Here  P  is  the  atmospheric  pressure  in  millibars  and  T  is  the 
temperature  in  Kelvin.  N  is  roughly  equal  to  290  at  sea  level, 
varying  with  wavelength  by  about  10  percent  over  the  visible 
band  and  with  humidity  by  about  1  percent.  The  details  of 
these  variations  have  been  reviewed  by  Owens  [3j.  in  Sec- 
tion VI  we  discuss  the  application  of  these  relationships 
and  of  the  model  atmosphere  to  the  calculation  of  the  sys- 
tematic bending  of  an  optical  beam. 

The  actual  atmosphere  is  usually  less  smooth  than  the 
ideal  model  of  the  U.  S.  Standard  Atmosphere.  Particularly 
characteristic  are  layers  having  great  horizontal  extent  and 
and  a  vertical  temperature  gradient  that  changes  abruptly. 
Their  structure  is  usually  measured  with  standard  balloon- 
borne  radiosonde  equipment  having  time  constants  that 
limit  the  spatial  resolution  to  about  1 5  meters.  Thus  we  have 
only  meager  knowledge  of  how  sharply  defined  such  layers 
may  be.  We  do  know,  however,  that  "looming""  can  occa- 
sionally occur,  a  phenomenon  in  which  a  light  ray  is  re- 
fracted with  a  curvature  equal  to  or  greater  than  the  curva- 
ture of  the  earth.  We  shall  see  in  Section  VI  that  a  positive 
vertical  temperature  gradient  of  134  K/km  is  required  to 
produce  such  ducting.  Thayer  [4],  while  interpreting  UFO 
sightings,  displayed  a  number  of  radiosonde  profiles  which, 
when  corrected  for  sensor  lag,  illustrate  such  sharp  layers 
1  or  2  km  above  ground.  He  infers  that  even  sharper  gra- 
dients must  sometimes  exist  but  points  out  the  difficulty  of 
making  the  necessary  measurements.  Lane  [5],  using  a 
high-speed  thermometer  mounted  on  an  airplane,  mea- 
sured an  elevated  layer  at  2.6  km  with  a  total  temperature 
change  of  4  K  and  a  vertical  temperature  gradient  that  he 
estimates  to  be  about  1000  K/km.  Richter  [6]  has  observed 
radar  scattering  layers  less  than  1  meter  thick. 

From  such  hints  emerges  the  picture  of  thin  sharp  gradi- 
ents of  refractive  index,  often  well  above  ground,  extending 
horizontally  for  many  kilometers  and  persisting  for  hours 
at  a  time.  Visual  observation  from  aircraft  passing  through 
the  boundary  of  a  haze  layer  occasionally  discloses  a  more 
or  less  regular  undulation  of  the  layer.  Ludlam  [7]  sug- 
gested that  the  breaking  of  such  waves  produces  much  of 
the  turbulence  that  occurs  a  kilometer  or  more  above 
ground. 

Small-Scale  Variations 

Turbulence  is  almost  always  superposed  on  the  large- 
scale  variations  of  the  atmosphere  and  produces  random 
fluctuations  in  the  density  and  therefore  in  the  refractive 
index.  If  we  are  willing  to  neglect  the  minor  optical  Doppler 
shifts  produced  by  the  irregular  turbulent  velocities,  we 
need  consider  only  the  spatial  structure  of  the  turbulence 
and  may  write  the  random  variation  of  the  refractive  index 
as 

n(r)  =  n0  +  »i,(r);        n0  =  <n(r)>, 

where  the  sharp  brackets  denote  an  ensemble  average. 
For  brevity  and  clarity,  we  define  and  work  with  spectra 


and  covariance  functions  of  n(r),  realizing  all  the  time  that 
the  use  of  spectra  requires  the  assumption  of  statistical 
homogeneity  (or  spatial  stationarity)  of  the  atmosphere. 
In  fact,  the  atmosphere  is  notably  nonstationary,  i.e.,  the 
statistics  of  its  fluctuations  vary  from  time  to  time  and  from 
place  to  place.  A  method  of  analysis  involving  structure 
functions  and  the  assumption  of  only  locally  homogeneous 
statistics  has  been  devised  and  is  partially  successful  in 
meeting  this  problem.  Tatarski  [8],  [9]  deals  with  this  ap- 
proach at  length,  and  a  summary  of  the  pertinent  formulas 
is  given  by  Strohbehn  [10].  Assuming  stationarity  and 
isotropy,  we  then  define  the  autocovariance  function  B„{r) 
of  the  refractive  index  and  its  Fourier  transform,  the 
spectrum  <I)„(k'),  as 


_  4n 
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<t>„(K')/N.'  sin  (Kr)  (Ik, 
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where  K  =  2n/I  is  a  spatial  wavenumber  and  /  is  the  cor- 
responding scale  size. 

Refractive-index  fluctuations  are  caused  almost  exclu- 
sively by  fluctuations  in  temperature,  since  pressure  varia- 
tions are  relatively  small  and  are  rapidly  dispersed.  The 
small-scale  sizes  and  short  lifetime  of  the  temperature 
fluctuations  ensure  that  they  are  adiabalic,  so  that 
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P 


v       ST 
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where  the  ratio  of  specific  heats  v  =  cp/cl  ^  1.4  for  air. 
Differentiating  (I)  and  eliminating  oP,  we  sec  that  the 
refractive-index  fluctuations  are  proportional  to  the  tem- 
perature fluctuations: 


-  79     P    . 
oN  =  -,  ST. 

v  -      T2 


The  temperature  fluctuations  originate  from  large-scale 
phenomena,  such  as  heating  of  the  earth's  surface,  but  arc 
broken  and  mixed  by  the  wind  until  they  exist  at  all  scales. 
Since  wind  velocity  fluctuations  control  the  temperature 
variations,  we  shall  first  briefly  describe  the  statistics  of  the 
random  velocity  field.  More  detailed  descriptions  are 
available  in  many  places  [  1 1  ],  [  1 2  ] ;  the  two  books  by  Tatar- 
ski  [8],  [9]  cover  aspects  particularly  relevant  to  propaga- 
tion. 

The  kinetic  energy  of  turbulence  is  usually  introduced  by 
such  large-scale  phenomena  as  wind  shear  or  convection 
from  solar  heating  of  the  ground.  Therefore,  it  is  reasonable 
to  assume  that  the  turbulent  energy  is  introduced  through 
the  action  of  scale  sizes  larger  than  some  minimum  value 
L0,  called  the  outer  scale  of  turbulence,  which  corresponds 
to  a  wavenumber  K0  =  2n/L„.  For  wavenumbers  smaller 
than  K'0  the  form  of  the  energy  spectrum  cannot  be  specified 
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in  general,  since  it  depends  on  surface  geography  and  local 
meteorological  conditions.  Very  likely,  the  turbulence  is 
neither  homogeneous  nor  isotropic  in  this  range.  Near  the 
ground,  the  value  of  the  outer  scale  is  thought  to  be  com- 
parable with  the  height  above  ground.  In  the  upper  atmo- 
sphere L0  is  often  100  meters  or  more,  but  in  the  presence  of 
stratified  layers,  perhaps  as  thin  as  a  few  meters.  L0  can 
not  greatly  exceed  the  layer  thickness. 

As  the  spatial  wavenumber  increases  above  k0  and  the 
scale  size  becomes  smaller  than  the  distance  to  the  ground 
or  to  the  nearest  inversion  layer,  ihr  turbulence  tends  to 
become  isotropic  and  homogeneous  Under  these  condi- 
tions, both  theory  and  experiment  indicate  a  k  "/J  de- 
pendence for  the  spectrum.  The  theory  ol  tins  dependence, 
originally  proposed  by  Kolmogoim  [13]  in  1441,  is  based 
on  a  number  of  assumptions:  the  energy  is  input  at  small 
wavenumbers  and  dissipated  at  much  larger  wavenumbers, 
the  Reynolds  number  must  be  much  greater  than  unity,  and 
the  scale  sizes  are  small  enough  so  that  buoyancy  effects  are 
negligible.  In  this  wavenumbei  range,  the  inertia  I  subrange, 
the  Reynolds  number  is  so  high  for'  the  large  eddies  that 
they  are  unstable  and  break  apart.  Thus  they  transfer  energy 
to  smaller  scales  (higher  wavenumbers)  down  to  the  inner 
scale  of  turbulence"'  /0,  a  scale  of  only  a  few  millimeters, 
where  the  Reynolds  number  approaches  unity  and  the 
energy  is  dissipated  into  heat.  The  spectrum  in  the  viscous 
dissipation  region  for  which  ;c> k„  =  5.92//0  is  considerably 
steeper  than  in  the  inertial  subrange,  but  its  form  is  un- 
certain. 

Temperature  fluctuations  which,  as  we  have  seen,  are 
directly  pertinent  to  optical  propagation  were  considered 
by  Obukhov  [14],  Corrsin  [15],  and  Pond  c\  «/,  [16]  They 
found  that  the  temperature  fluctuations  obey  the  same 
spectral,  law  as  the  velocity  fluctuations.  It  should  be 
remembered  that  while  the  forms  of  the  spectra  are  identi- 
cal, their  magnitudes  are  not  necessarily  related.  Strong 
mechanical  turbulence  tends  to  produce  a  well-mixed 
atmosphere  with  an  adiabatic  lapse  rate  so  that  the  tem- 
perature fluctuations  become  very  weak  [17].  Conversely,  a 
stable  atmosphere  with  little  wind  may  possess  strong 
thermal  gradients.  Henceforth,  we  use  the  word  "turbu- 
lence" to  refer  only  to  the  temperature  fluctuations,  not  to 
the  velocity  as  in  the  usual  fluid  dynamic  sense. 

Assuming  that  the  form  of  the  temperature  spectrum, 
and  hence  the  refractive-index  spectrum,  is  the  same  as  that 
of  the  velocity  spectrum,  Tatarski  [9]  used  the  following 
form  for  the  refractive-index  spectrum: 


<!>>)  =  0.033  CIk    " '•»  exp  (  -  K2/Ki\ 


i.M 


with  the  following  three  conditions.  1)  /vm/„-5.92.  2)  The 
equation  is  a  poor  approximation  lor  K<k{).  i.e.,  for  large 
scales.  3)  The  equation  is  a  reasonable  approximation  for 
k  >  K„,,  i.e..  for  small  scales.  The  refractive-index  structure 
parameter  Cl  is  a  measure  of  the  intensity  of  the  refractive- 
index  fluctuations.  Tatarski's  spectrum  has  a  singularity  at 
k =0,  so  it  does  not  possess  an  autocovariance  function,  but 
this  diliiculty  can  be  avoided  [10]. 

The  preceding  spectra  arc  reasonable  approximations  or 


models  for  the  atmosphere  under  many  conditions.  They  do 
not  represent  the  actual  atmosphere  at  all  times  or  all 
places  but  it  seems  impossible  to  comment  usefully  on  their 
range  of  validity.  Bolgiano  [18]  predicted  that  the  buoy- 
ancy effects  that  sometimes  become  important  at  low  wave- 
numbers  should  produce  a  steeper  spectrum.  Lawrence, 
Ochs.  and  Clifford  [19]  observed  flatter  spectra  near  the 
ground,  presumably  caused  by  the  direct  introduction  of 
turbulent  energy  at  scale  sizes  smaller  than  L0. 

In  contrast  to  the  foregoing,  a  Gaussian  spectrum  and  its 
corresponding  Gaussian  autocovariance  function  are  fre- 
quently used  for  mathematical  convenience.  A  serious 
problem  is  associated  with  the  use  of  the  Gaussian  model 
for  opiical  propagation;  we  believe  its  use  should  be  dis- 
couraged. The  Gaussian  model  contains  only  a  single  scale 
size,  although  at  least  two  independent  scales  are  important 
for  opiical  effects.  We  shall  see  that  the  small-scale  fluctua- 
tions are  primarily  responsible  for  intensity  scintillation 
effects,  and  the  large-scale  fluctuations  produce  optical 
phase  effects.  A  Gaussian  model  having  too  few  adjustable 
parameters  ties  these  together  in  an  arbitrary  and  unrealistic 
way  and  engenders  misleading  and  erroneous  predictions. 

So  far  we  have  discussed  the  form  of  the  refractive-index 
spectrum  of  the  turbulent  atmosphere  but  have  made  only 
the  most  general  references  to  the  actual  values  of  the  pa- 
rameters. Ihe  adjustable  parameters  of  the  model  are  as 
follows:  1)  C2.  the  refractive-index  structure  parameter 
(sometimes  optimistically  called  the  structure  "constant") 
which  is  a  measure  of  the  intensity  of  the  refractive-index 
fluctuations;  2)  /0,  the  inner  scale  of  turbulence,  below 
which  viscous  dissipation  steepens  the  spectrum ;  3)  L0,  the 
outer  scale  of  turbulence,  above  which  the  energy  is  pre- 
sumed to  be  introduced  into  the  turbulence.  Between  /0 
and  L0  lies  the  "inertial  subrange"  where  the  Kolmogorov 
model  predicts  a  spectral  slope  of  -  113.  The  slope  may 
be  considered  to  be  a  fourth  parameter  if  we  wish  to  consider 
cases  near  the  ground  where  the  energy  is  introduced  in  a 
wide  variety  of  scale  sizes.  Alternatively,  and  perhaps  more 
properly,  such  a  case  may  be  described  as  one  where  the 
outer  scale  L0  has  decreased  to  nearly  equal  the  inner  scale 
/ij.  thereby  destroying  the  inertial  subrange.  Let  us  consider 
these  parameters  in  turn. 

The  refractive-index  structure  parameter  C2  is  measured 
in  units  of  meters"2'3.  Its  value  varies  from  10" '7  or  less 
when  the  turbulence  is  extremely  weak,  to  10"  xi  or  more 
when  the  turbulence,  generated  near  the  ground  in  direct 
sunhghi.  is  strong.  Insufficient  measurements  exist  to  per- 
mit us  to  predict  with  confidence  the  mean  value  and  vari- 
ance of  C2  under  specified  meteorological  and  geographical 
conditions.  Except  for  occasional  individual  measurements 
near  the  ground,  estimates  are  based  largely  upon  optical 
observations  and.  as  we  shall  see.  substantial  uncertainty 
exists  in  the  deduction  of  C„2  from  such  observations.  A 
commonly  used  representation  (Fig.  1)  is  the  model  of 
C'2  suggested  by  Hufnagel  [20]  This  model  is  derived  from 
stellar  scintillation  measurements  and  from  the  few  avail- 
able direct  temperature-fluctuation  measurements,  usually 
within  30  meters  of  the  ground.  Although  Hufnagel's  model 
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ALTITUDE     AbOVE   0ROUN0 

Fig  I.  Model  ol  relracdve-index  structure  parameter  proposed  h> 
Hufnagel  [20).  Solid  lines  repiesent  normal  atmosphcnc  conditions 
for  (in  decreasing  order)  a  sunny  day.  a  clear  night,  and  a  dawn  dusk 
minimum.  The  dashed  line  indicates  typical  (not  average)  effects  to 
be  expected  from  such  meteorological  disturbances  as  frontal  activity. 
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Fig.  2.  Log-intensity  variance  versus  time  of  day  and  its  lelationship  (o 
temperature  fluctuations.  The  day  was  clear  until  approximately  1610. 
with  alternate  sunlight  and  shade  from  cumulus  clouds  lot  the  remain 
dcr  of  the  daylight  hours  The  middle  curve  a  490-meter  path  I  ft 
meters  above  level  ground,  represent-,  typical  unsaturated  diurnal 
behavior  The  upper  curve,  a  1000-meter  path,  shows  strong  saturation 
during  the  middle  of  the  day  The  lower  curve  is  (he  temperature  vari- 
ance measured  with  high-speed  sensors   From  Ochs  [u4] 


is  commonly  used,  other  workers  have  used  the  simpler 
exponential  model  with  scale  heights  of  from  2  to  8  km. 

In  Fig.  2  the  bottom  curve  shows  the  typical  diurnal  varia- 
tion of  Cl  measured  with  temperature  sensors  16  meters 
above  the  ground  Particularly  notable  are  the  increase  in 
Cl  and  its  variability  during  the  sunny  hours  of  the  day, 
and  the  very  low  values  near  sunrise  and  sunset  when  the 
temperature  lapse  rate  near  the  ground  was  adiabatic. 

The  inner  scale  of  turbulence  /0  can  be  calculated  from 
the  kinematic  viscosity  of  air  and  from  the  rate  of  viscous 
dissipation  of  turbulent  energy.  From  such  calculations.  /„ 
is  usually  considered  to  be  approximately  I  or  2  mm  near 
the  ground,  increasing  to  about  1  cm  at  the  tropopause. 
Direct  measurements  of  /n  with  small  temperature  probes 


are  unsatisfactory  because  of  the  uncertainty  of  the  effect 

of  the  supporting  structure  Gray  and  Waterman  [21  ]  and 
Strohbehn  [22]  have  proposed  measuring  the  inner  scale 
by  measuring  light  intensity  fluctuations  over  a  short  path. 
Limited  measurements  by  Gray  and  Waterman  have  given 
values  of  /,,  from  5  to  12  mm. 

The  outer  scale  /.„  is  also  uncertain.  If  we  define  L(,  to  be 
that  size  above  which  the  turbulence  becomes  nonisolropic 
and  depends  on  the  details  of  the  generating  mechanism, 
then  certainly  Z.0  must  not  exceed  some  reasonable  fraction 
of  the  distance  from  the  ground.  The  value  of  /.„  may  also 
depend  on  the  strength  of  the  turbulence.  Values  frequently 
used  for  L„  are  about  100  meters  or  I  5  the  height  above 
the  ground,  whichever  is  less.  Ochs  [23]  has  measured  the 
structure  function  of  temperature  fluctuations  at  1 .6  meters 
above  flat  ground  and  found  the  function  to  increase 
steadily  up  to  spacings  of  about  60  cm.  where  it  saturates. 
This  observation  suggests  1/3  the  height  above  ground  as 
a  leasonable  value  for  Lu. 

IV     GliNlKAl    C'OMMI  NIS  ON   I  Hi:  Till  OR Y 

We  do  not  attempt  to  present  the  derivations  of  the 
theoretical  tcsulls  in  any  comprehensive  way.  Instead,  the 
final  theoretical  results  are  presented  with  a  discussion  of 
the  assumptions  and  limitations  involved.  These  results 
are  then  compared  with  observations,  and  we  try  to  point 
out  where  we  believe  theorv  and  experiment  agree  well. 
where  theory  and  experiment  disagree,  or  where  there  is 
uisullii.  lent  information  on  either  the  observational  or  the 
theoretical  side 

In  this  section  a  brief  review  of  the  theoretical  area  is  pre- 
sented These  comments  are  restricted  to  the  fluctuations 
caused  by  small  scale  variations  in  the  refractive  index. 
From  a  theoretical  viewpoint  there  arc  two  features  that 
cause  difficulties  in  the  problem  of  line-of-sight  propagation 
of  optical  waves  through  the  atmosphere.  The  first  dilli- 
eulty  is  that  the  atmospheric  refractive  index  is  a  random 
function  of  both  space  and  tune;  therefore,  the  best  that 
we  shall  attempt  is  to  relate  the  average  properties  of  the 
optical  wave  to  the  average  properties  of  the  atmosphere. 
In  general,  the  atmospheric  properties  are  described  by  the 
spectral  density  function  of  the  refractive-index  fluctua- 
tion <i>„(K)  which  has  been  discussed  in  Section  III.  The 
second  difficult)  is  thai  for  u  number  of  situations  the  linear 
theory  based  on  applying  a  perturbation  method  to  the 
wave  equation  is  inadequate  At  the  present  lime  there  has 
been  little  progress  in  extending  the  lineai  theory 

I  here  are  scveial  different  theoretical  approaches  to  the 
general  problem  of  the  propagation  of  waves  in  a  random 
medium:  excellent  discussions  of  the  mathematical  aspects 
are  given  by  Keller  [241.  [25]  and  Hoffman  [26 1.  The  ap- 
proach that  appears  to  be  the  most  fruitful  has  been  in  di- 
rectly solving  the  wave  equation.  This  method  is  discussed 
in  detail  by  Chernov  [27]  and  Talarski  [8],  [9|.  Though 
there  arc  a  great  many  useful  results  in  the  monograph  by 
Chernov  and  in  the  first  monograph  by  Talarski.  their 
claims  for  the  range  of  validity  of  some  of  the  derived  ex- 
pressions are  too  liberal.  The  more  recent  work  of  Talarski 
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and  a  paper  by  Strohbehn  [28]  discuss  the  limitations  in 
the  theory  of  the  earlier  works.  A  different  but  extremely 
interesting  approach  has  been  introduced  by  Lee  and  Harp 
[29]  based  on  phase  screens.  Their  method  leads  to  the  same 
results  but  is  more  physical  in  its  formulation. 

We  assume  in  the  derivations  that  we  are  concerned  with 
an  atmosphere  having  no  free  charges,  that  the  magnetic 
permeability  is  constant,  and  that  the  time  dependence  of 
the  electrical  field  is  given  by  exp(  —  icot).  With  these  assump- 
tions the  vector  wave  equation  becomes 


V2£  +  k2n2E  +  2V(£  ■  V  log  n)  =  0, 


(4| 


where  k  —  2n/k  and  A  is  the  wavelength  of  the  electromag- 
netic wave.  The  last  term,  which  contains  the  interaction 
between  orthogonal  components  of  the  field,  produces 
depolarization  etfects.  Strohbehn  and  Clifford  [30]  calcu- 
lated the  average  power  in  the  depolarized  component  and 
showed  that  it  is  typically  160  dB  weaker  than  the  power  in 
the  incident  wave  [10].  Saleh  [31]  was  unsuccessful  in  his 
attempts  to  measure  the  depolarized  signal  with  a  sensitivity 
of45dB. 

A  practical  possibility  associated  with  the  small  depolari- 
zation of  an  optical  signal  when  propagating  through  the 
"turbulent"  atmosphere  might  be  to  use  polarization  mod- 
ulation in  optical  communications  systems.  The  amount 
of  "polarization"  noise  introduced  by  the  atmosphere  is 
almost  negligible,  while  there  is  very  significant  "amplitude 
modulation"  and  "phase  modulation"  noise.  However,  we 
are  in  no  position  to  comment  on  other  problem  areas,  such 
as  the  amount  of  depolarization  caused  by  particle  scatter- 
ing or  the  technical  problems  in  polarization  modulation. 

In  any  event,  the  lack  of  depolarization  is  a  great  theoreti- 
cal advantage  in  that  the  vector  wave  equation  (4)  may  be 
reduced  to  a  scalar  wave  equation 


V2£  +  k2n2E  =  0. 


(5) 


For  simplicity  in  notation,  we  assume  that  the  wave  is  plane 
polarized  in  the  z  direction,  i.e.,  £  =  £,,  and  is  propagating  in 
the  x  direction.  We  define  E=A  exp  (iS),  where  A  is  the 
amplitude  of  the  wave  and  S  is  the  phase.  Note  that  since 
the  exp  ( —  i<ot)  term  has  been  eliminated,  the  amplitude  and 
phase  refer  to  quantities  that  would  not  change  with  time  in 
a  frozen  medium.  Further  simplification  would  lead  to  a 
geometrical-optics  approach  that  ignores  diffraction  effects. 
While  that  approach  gives  reasonable  results  for  phase 
fluctuations,  its  results  for  amplitude  fluctuations  are  valid 
only  for  £«/„//,  where  /0  is  the  inner  scale  of  turbulence 
and  L  is  the  length  of  the  propagation  path.  For  typical 
parameters,  this  leads  to  restrictions  of  from  10  to  100 
meters  for  the  path  length.  For  this  reason  we  consider  only 
the  full- wave  solution,  which  includes  diffraction  effects. 
The  geometrical-optics  results  may  be  found  as  a  limiting 
case. 

Most  of  the  literature  since  1960  has  followed  the  Russian 
approach  of  using  the  so-called  Rytov  method,  which  sub- 
stitutes £  =  exp  (T)  into  the  scalar  wave  equation  (5).  If  we 
write  T  =  x  +  iS,  where  x^log  A,  then  the  real  part  of  ¥  is 


called  the  log-amplitude  and  the  imaginary  part  is  the  phase. 
With  this  substitution,  the  wave  equation  becomes 


V24V)  +  V4V)   W(r)  +  k2n2{r)  =  0. 


(6) 


The  problem  is  to  solve  (6)  for  the  fluctuations  in  log- 
amplitude  and  phase.  Since  a  perturbation  approach  is 
used,  the  results  are  valid  only  if  the  perturbations  are  small. 

The  primary  quantities  that  have  been  studied  are  the 
variances  and  the  spatial  covariance  functions  in  a  plane 
perpendicular  to  the  direction  of  propagation.  The  major 
emphasis  has  been  on  phase  and  log-amplitude  fluctuations, 
with  some  attention  to  angle-of-arrival.  intensity,  and  co- 
herence functions.  For  mathematical  simplicity  most  of  the 
work  has  dealt  with  plane-wave  propagation;  only  recently 
have  the  spherical-wave  and  beam-wave  cases  been  studied 
in  much  detail. 

When  a  plane  wave  propagates  through  a  statistically 
homogeneous  random  medium,  there  are  certain  symmetry 
properties  that  are  mathematically  convenient.  In  any  plane 
perpendicular  to  the  direction  of  propagation  the  statistics 
at  any  one  point  in  the  plane  are  the  same  as  at  any  other. 
Therefore,  the  spatial  covariance  function  depends  only  on 
the  separation  of  the  two  points  and  not  on  their  location  in 
the  plane.  In  this  case,  for  an  isotropic  medium,  the  spatial 
covariance  function  may  be  written  as  a  two-dimensional 
Fourier  expansion,  where 

f  =  </>  +  ft 
Bj(p)  =  <fl{pl)fl(pi  +  P)> 


Bj(p)  =  In 


Ff(K)J0(Kp)K  d.K 


FM)  =  t-  I    Bf(p)j0(KP)P  dp.  (7) 

2n  Jo 

Here  FAk)  is  the  two-dimensional  spectral  density  of  the 
fluctuations  in  f,  where  /  might  represent  the  log-amplitude 
or  phase.  For  spherical- wave  or  beam-wave  propagation,  the 
expansion  (7)  is  no  longer  valid  since  the  symmetry  has  been 
destroyed.  However,  under  the  approximations  that  are 
usually  made,  expressions  similar  to  (7)  are  often  used.  In  a 
number  of  works  the  quantity  derived  is  the  two-dimen- 
sional spectral  density  function  of  the  desired  quantity,  for 
example,  log-amplitude  fluctuations.  Equation  (7)  is  then 
used  to  find  the  covariance  function  or  the  variance 
<J2f  =  B,(0). 

The  derivation  of  the  spectral  density  functions  of  ampli- 
tude and  phase  from  (6)  is  extremely  involved  and  includes  a 
number  of  approximations.  The  clearest  derivations  appear 
in  the  works  of  Tatarski  [8],  [9]  and  are  not  repeated  here. 
In  all  the  derivations  a  number  of  approximations  are  made. 
First,  it  is  usually  assumed  that  /«/0  and  /.3L//q«1, 
where  /0  is  the  inner  scale  of  turbulence.  These  are  not  im- 
portant restrictions  at  optical  wavelengths. 

The  only  assumption  that  is  definitely  violated  in  some 
cases  is  the  basic  one  that  permits  a  perturbation  expansion 
to  be  applied  to  the  wave  equation.  As  has  been  shown  [32], 
[9],  [33],  there  are  cases  of  practical  interest  where  the 
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expansion  converges  very  slowly  and   the   perturbation 
method  is  no  longer  useful. 

A  major  problem  has  been  the  difficulty  in  comparing 
theory  with  experiment.  Until  1966  almost  all  of  the  theory 
centered  on  plane-wave  propagation,  for  which  the  only 
applicable  experimental  arrangement  involves  stellar  or 
satellite  sources.  For  space-to-ground  paths,  the  detailed 
distribution  of  refractive-index  fluctuations  is  unknown 
and  is  certainly  not  uniform.  The  more  recently  proposed 
and  less  well-developed  theories  of  spherical-wave  and 
beam-wave  propagation  can,  of  course,  be  compared  with 
ground-to-ground  experiments  over  accessible  paths.  Even 
here,  direct  measurements  of  temperature  fluctuations 
have  seldom  been  supplied  in  adequate  detail  to  permit 
critical  tests  of  the  theories. 

V.  Optical  Intensity  Fluctuations 
Probability  Distribution  and  Variance  of  Log- Intensity 

Theory:  Most  of  the  theoretical  investigations  have  con- 
centrated on  the  fluctuations  in  the  log-amplitude  x  or  the 
log-intensity  (more  properly,  the  log-irradiance).  In  apply- 
ing Rytov's  method,  the  scalar  wave  equation  in  the  electric 
field  £  was  transformed  to  an  equation  in  T  =  log  E.  The 
solution  of  (6)  for  T,  =  4*  —  <*F>  can  be  written  as  an  integral 
equation.  Application  of  the  central  limit  theorem  to  this 
integral  equation  leads  to  the  prediction  of  a  normal  proba- 
bility distribution  for  *P„  i.e.,  for  x  =  ln  {A/A0)  and  for  S,, 
the  deviation  of  the  phase  from  its  mean  value.  If  instea'd  of 
transforming  the  scalar  wave  equation  a  perturbation  ex- 
pansion had  been  applied  to  £,  the  same  procedure  would 
have  led  to  a  normal  probability  distribution  for  £,.  This 
distribution  leads  to  a  Rice  Nakagami  distribution  for  the 
amplitude  A,  in  contrast  to  the  log-normal  distribution 
predicted  by  Rytov's  method.  For  very  small  variances  in  x 
the  difference  between  the  log-normal  and  Rice-Nakagami 
distributions  is  small.  However,  as  the  variance  in  /  be- 
comes moderate  or  large,  the  difference  between  these  dis- 
tributions becomes  easily  recognizable. 

The  preceding  comments  are  based  on  a  theoretical  ap- 
proach valid  when  the  variance  of  x,  denoted  cr2,  is  small, 
i.e.,  less  than  0.64.  When  a\  exceeds  0.64,  the  theoretical 
results  are  rather  scarce  and  quite  controversial.  DeWolf 
[34]  originally  predicted  a  Rice  Nakagami  distribution 
in  this  region,  but  more  recently  [35]  he  seems  to  favor  the 
log-normal.  A  physical  discussion  pointing  out  the  differ- 
ences is  given  by  Strohbehn  [10].  This  argument  tends  to 
favor  the  log-normal  distribution.  Note  that  if  the  proba- 
bility distribution  of  the  amplitude  is  log-normal,  so  is  the 
probability  distribution  of  intensity.  A  Rice-Nakagami 
distribution  describes  an  electric  field  £  that  contains  a 
constant  component  plus  a  component  with  a  normal 
probability  distribution.  In  the  limit  where  the  constant 
component  is  zero,  the  amplitude  obeys  a  Rayleigh  distri- 
bution, and  the  intensity  follows  an  exponential  probability 
distribution. 

Since  intensity  (or  irradiance)  is  /  =  A 2,  the  variance  of  the 
log-intensity  is  equal  to  four  times  the  variance  of  the  log- 
amplitude: 


<x2n/  =  4<x.2. 

Normally,  <r2  is  calculated  but  rr,2n ;  is  measured. 

When  we  present  the  theoretical  results,  there  are  a  num- 
ber of  different  cases  of  interest,  separated  by  the  type  of 
wave  originally  transmitted  at  the  source.  The  three  cases 
that  we  consider  are  an  infinite  plane  wave ;  a  spherical  wave, 
i.e.,  a  point  source;  and  a  beam  wave.  The  beam  wave  that 
has  been  considered  by  almost  all  workers  is  the  so-called 
Gaussian  beam.  At  the  transmitter  the  electric  field  is 
assumed  to  obey  the  formula 


£0(0,  \\  z)  —  A  exp 


W: 


+w 


+ '-) 


(8) 


where  W0  is  the  radius  of  the  beam  and  R0  is  the  radius  of 
curvature  of  the  wavefront.  If  R0  =  oo,  then  the  beam  is 
collimated;  if  R0  equals  the  path  length,  then  the  beam  has 
its  focal  point  at  the  receiver. 

For  each  of  the  three  cases  we  usually  distinguish  be- 
tween two  types  of  propagation  conditions.  First  wc  assume 
that  the  atmosphere  is  statistically  homogeneous  and 
second  that  the  medium  is  smoothly  varying,  i.e.,  at  the 
spatial  wavenumbers  of  interest  the  spectral  shape  remains 
constant  along  the  path  but  the  intensity  of  the  fluctuations 
varies  slowly  along  the  path  so 

<D„U,k)  =  C„2(  a  )<"(*). 

A  further  distinction  is  made:  the  first  equations  given  are 
the  general  cases  where  the  shape  of  the  spectral  density 
function  of  the  refractive-index  fluctuations  is  not  specified. 
Where  possible  the  results  are  also  given  for  some  specific 
form  of  the  spectral  density  function,  which  is  closely  re- 
lated to  the  forms  discussed  in  Section  III.  In  all  cases  we 
assume  that  the  refractive-index  fluctuations  are  isotropic. 
Though  most  of  the  equations  could  be  generalized,  there 
is  very  little  known  about  the  nonisolropic  case. 

The  specific  equations  arc  given  in  Table  I,  assuming  that 
the  variance  of  the  intensity  fluctuations  is  measured  by  a 
point  receiver.  In  practice  a  receiving  aperture  much  smaller 
than  yjXL  should  adequately  represent  a  point. 

The  most  important  restriction  on  these  results  is  that 
(T,2„  y  must  remain  small  for  the  equations  to  be  valid.  Based 
on  plane-wave  theory,  Tatarski  [32],  [9]  derives  ff2  «  I,  or 
ofn,«4,  and  claims  experimental  verification  has  shown 
good  agreement  if  a2  <0.64,  or  ff,2n,<2.5.  It  is  apparent  that 
this  type  of  restriction  is  placed  on  all  the  results,  inde- 
pendent of  the  type  of  source;  however,  the  numerical  co- 
efficient may  differ  depending  on  the  source  distribution. 
The  only  theoretical  work  has  considered  plane  waves, 
while  the  experimental  work  has  been  primarily  with  spheri- 
cal waves.  Unfortunately,  the  restriction  is  not  a  minor  one. 
For  horizontal  propagation  paths  close  to  the  ground, 
where  high  values  of  C2  are  often  observed,  the  theoretical 
expressions  for  <r,2n,  may  exceed  2.5  for  paths  as  short  as 
500  meters.  For  vertical  or  slant  paths,  where  the  quantity 
C2  varies  along  the  path,  there  is  less  chance  of  exceeding 
this  limit. 
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TABLE  I 
Variance  of  Loo-Intensity 


Case  General  Random  Medium  Locally  Isotropic  Random  Medium* 


Plane  wave,  homogeneous    o}„ ,  =  Sn2  k2  L  \     [  1  -  -y-sin^—  W(ic)ic  die  (Tl)     ff2„,  =  1.23C2/c7/6L"'6,     l20/s.  «  L  (T4) 


medium 


<rr„,  =  4^2LJ  |\(k)ks  die,     L«/g//  (T2)     a2„,  =  12.8C2Z?/o  "3,     L  « /J/7.  (T5) 

3  Jo 

Plane  wave,  smoothly  af„,  =  16/i2/c2       d>|C2(ij)       diocCdc)  ct2„,  =  2.24/c7'*      C2fa)(L  -  f,)5'6  dii,     /2/a  «  L  (T6) 

varying  medium  •'"  ^° 

x  sin2 1-~— 1     (T3)     <i  =  38.4/o7'3  |    C„2W(L  -  ^)2  A,,     L  «  /2/x  (T7) 

Sphencal  wave,  <7,2n,  =  tSn2k2L  [ "  jl  -  (-** )  '[  cos  (^W  (—)' ")       <t2„,  =  0.50C2/c7'"L'"»,     /2/7  «  L  (T10) 

homogeneous  medium  J°  K  /       \    n  ■  /      / 

ol,  ■■=  2  n'L'i  "<J>„Mks  die,     L«tllX  (T9)     <x2„,  =  \2%C2nL%v\     L  «  12Ja  (Til) 

'  5         Jo 

Spherical  wave,  smoothly     a2„,  =  \bn2k2\    dl-Cfti;)       dwcOiV)  "fn/  =  0.56/c7'6      CZwlj)     (£- - '/)5,6<fy, 

varying  medium  •'0  ■*"  Jo 

xsin2R^r~l  (TI2)  /„/A«i.  an) 

al,  =  46.7/0-"3j    C2m[j)  (L  -  r,)2  dn, 

L  «  ll/X    (T141 


*iL 

7/6il  MbJ 


Beam  wave,  homogeneous    CT|2„,  =  8n2       dtj\     dmc  J0(i2v2Kp)  <x,2n,  =  4;r2(0.033  C2)r(-5/6)/c7'6L' 

medium      -  J„       J„  L  '       ' 


where 


where 


\  -  a2L  +  [(a2  +  a22)L  -  a2}r,  a,(L  -  if) 


(I  -  a2L)2  +  (o,L)2  2      (1  -  a2L)2  +  (ot,L)2  ,F,(a,  c;  z)  =  Ofa,  c;  z)  is  the  Kummer  function 

"«-W8      «*  =  ,/*o  r.     r  [i+(a,L)2x](i-xn^ 

9(a,L)=        Re   (l-x)2-i- — — — -         j 

a  =  a,  +  ia2  ^  =  (y2  +  z  )"    -  distance  from  beam  center  Jo        L  a\L  J 

MWexpj-^*2}     •  =Re{n(L^)"f'(-B,1:?:  ,a'L) 

2F.(a,  b ;  c ;  z)  is  a  hypergeomelric  function 

Beam  wave,  smoothly  <r2„,  =  8it2       rfi/C2(ij)       die*  J0(i2v2Kp)  <t,2„,  =  4;r2(0.033)[  -  T(  -  5/6)]kV6Lu">\      dr,C2(n)G A(r,) 

varying  medium  J°  J°  L  Jo 

-cos(  —  -  --K2jl|H|2<Di0,(K)    (T16)    where 

GA(x)  =  Re[(y2  +  iy,)(l  -  x)  +  S2]5'6  -  [y2(l  -  x)  +  S2]5'6 
Sm  =  <*/L)"2/0/5.92  (T18)|| 


*  For  the  locally  isotropic  random  medium  <!>„(*)  =  0.033C'2(x)k    ",3exp(  —  k^/kJ).  For  the  homogeneous  medium  C2(x)  is  a  constant  independent  ofx 

t  C(x)  =  j5cos(itf2/2)(/(,S(x)  =  {5sin(nr2/2)dt. 

X  Results  according  to  Ishimaru  [39],  [40].  Receiver  a  distance  p  from  beam  center,  beam  collimated  (R0=  oo). 

||  Receiver  at  beam  center,  any  value  of  R0. 
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The  results  for  plane  and  spherical  waves  have  been 
derived  by  a  number  of  different  workers  and  are  well  ac- 
cepted. For  locally  isotropic  turbulence  it  is  apparent  that 
the  functional  form  of  the  equations  for  the  two  cases  is  the 
same.  However,  the  numerical  coefficients  differ  by  a  factor 
of  about  2.5,  i.e.,  a  spherical  wave  has  smaller  variance.  The 
beam-wave  problem  has  been  attacked  more  recently,  and 
the  expressions  are  considerably  more  complex.  For  this 
reason  the  different  results  have  not  been  carefully  com- 
pared. The  first  comprehensive  paper  on  beam-wave 
propagation  was  by  Schmeltzer  [36],  who  gave  some  rea- 
sonably general  expressions  for  the  mean  value  of  the 
electromagnetic  field  and  for  the  covariance  functions  of 
log-amplitude  and  phase.  These  results  were  left  as  double 
integrals  that  were  not  evaluated.  His  derivation  uses  the 
approximation  that  the  observation  point  is  in  the  far  field, 
i.e.,  the  path  length 


L  » 


l\r  \w2 


(4i?5  + 


k2Wt)vl 


(9) 


where  W0  is  the  width  of  the  Gaussian  beam  at  the  transmit- 
ter and  R0  is  the  curvature  of  the  wavefront.  With  this 
approximation,  the  terms  in  his  expressions  are  only  weakly 
dependent  on  the  position  of  the  observation  point  relative 
to  the  center  of  the  beam ;  therefore,  the  dependence  is 
dropped,  i.e.,  all  calculations  are  done  on  the  beam  axis. 
For  a  collimated  beam,  where  K0=x,  (9)  becomes 
L»kWl/2.  For  a  1-cm  beam,  L  must  exceed  1  km;  for  a 
5-cm  beam,  L»  12  km  at  optical  wavelengths.  Therefore, 
for  a  number  of  cases  of  interest  this  approximation  is  not 
met.  Fried  and  Seidman  [37]  and  Fried  [38]  have  taken 
Schmeltzer's  expressions  and  evaluated  specific  cases.  Since 
in  the  beam-wave  case  there  are  additional  parameters,  the 
beam  width  and  its  wavefront  curvature,  it  is  difficult  to 
portray  the  results  in  any  general  manner.  They  assumed  a 
k-1"3  form  for  <J>„(k)  and  investigated  the  two  specific 
cases  where  the  beam  is  collimated  (R0=  oo)  and  where  the 
beam  is  focused  at  the  receiver  {R0  =  L).  They  introduced  a 
parameter  Q  =  kW2t/{2L),  which  is  the  ratio  of  the  distance 
to  the  far  field  divided  by  the  path  length.  Note  that  Schmelt- 
zer made  the  approximation  Q«  1  in  deriving  his  formulas 
which  would  appear  to  limit  Fried  and  Seidman's  results  to 
Q«  1  also.  However,  though  it  is  not  specifically  stated,  it 
appears  that  the  above  restriction  can  be  removed  if  we  are 
interested  in  effects  only  on  the  beam  axis.  For  a  collimated 
beam  and  a  given  source  diameter,  the  variance  cr,2n ,  starts 
out  being  equal  to  that  of  a  plane  wave  for  L«kWl,/2,  i.e., 
for  short  paths  where  the  beam  appears  as  a  plane  wave  (see 
Fig.  3)  When  L»kW2)/2,  i.e.,  the  observation  point  is  well 
into  the  far  field,  the  variance  becomes  very  close  to  that  of  a 
spherical  wave,  which  is  reasonable.  For  the  focused  case  in 
the  near  field  the  calculations  give  a  sharp  decrease  in 
a2nl.  As  the  path  length  increases  and  goes  into  the  far  field 
of  the  transmitter,  the  variance  of  the  log-intensity  again 
approaches  that  of  a  spherical  wave.  One  point  of  caution 
should  be  given,  however.  These  results  would  seem  to 
indicate  that  one  method  of  reducing  the  scintillations 
(ff,2n7)  would  be  to  use  a  focused  beam  and  a  large  aperture; 


Fig.  3.  Dependence  of  noimalized  log-intensity  variance  <r'nl/a^u 
(where  Ihe  subscript  ,s  denotes  (he  variance  calculated  lor  a  spherical 
wavel  on  normalized  transmitter  size  Q.  Solid  curves  reprcsenl  a 
homogeneous  path  and,  for  them,  Ci  =  kWl/(2L).  The  dashed  curve 
represents  slant  propagation  through  ihe  entire  atmosphere.  In  the 
slant  case,  Cl  =  kWl/[2h0  esc  00).  where  h0  is  ihe  "scale  height"  of  the 
atmosphere  and  0o  is  the  angle  from  Ihe  horizon.  From  Fried  and 
Seidman  [37],  [38]. 


however,  in  the  case  where  the  reduction  would  be  most 
useful,  i.e..  high  values  of  a,2,,,,  it  is  doubtful  that  it  would 
occur.  In  this  case,  in  a  very  short  distance  the  phase  front 
of  the  wave  is  so  perturbed  that  the  concept  of  a  focused 
beam  becomes  meaningless. 

One  way  to  look  at  this  problem  is  to  compare  the  phase 
fluctuations  introduced  by  the  atmosphere  with  the  differ- 
ence in  phase  that  distinguishes  between  a  collimated  beam 
and  a  focused  beam.  For  a  beam  focused  at  a  point  at  some 
distance  L,  the  difference  in  phase  at  the  transmitter  com- 
pared with  a  collimated  beam  is  <>S^-2kf>2/L,  where  /;  is 
the  transverse  distance  from  the  beam  axis.  Clearly,  phase 
fluctuation  introduced  by  the  atmosphere  must  be  much  less 
than  SS  for  the  concept  of  a  focused  beam  to  hold.  The 
phase  fluctuations  may  be  estimated  from  the  phase  struc- 
ture function  Ds(p)  (see  Section  VI);  therefore,  Ds{p)<SSz, 
Using  (T35)  ("T"  means  the  equation  appears  in  a  table) 
for  a  plane  wave,  we  have 


Therefore, 


2.92C2k2Lf)5,i  <lp*k2/H. 


a  <  ;2>r  >/l\ 


For  a  5-cm  beam  and  a  I -km  path,  C2  must  be  less  than 
10"  li  meters"2 '3  to  consider  focusing  a  beam.  Notice  that 
the  permissible  value  of  C2  decreases  as  L\ 

Fried  [38]  also  considered  the  reduction  in  scintillation 
for  a  collimated  Gaussian  beam  propagating  from  the 
ground  to  a  receiver  in  space  and  its  dependence  on  zenith 
angle  and  aperture  size.  His  results  are  plotted  as  the  dashed 
line  in  Fig.  3.  In  this  case,  as  the  optics  size  increases,  the 
predicted  scintillations  decrease  substantially.  This  is  a 
distinct  contrast  to  a  uniform  path  where  the  scintillations 
increase,  a  difference  that  seems  somewhat  hard  to  reconcile. 

Ishimaru's  approach  [39],  [40]  is  somewhat  different  than 
Schmeltzer's  in  that  he  extends  the  idea  of  spectral  represen- 
tations. His  final  equations  also  include  the  effect  of  the 
observation  point  being  offthe  center  of  the  beam.  However, 
a  quantitative  evaluation  of  the  magnitude  of  this  effect 
is  not  given.  Ishimaru  also  predicts  a  strong  reduction  in  the 
scintillations  when  the  beam  is  focused.  Fig.  4  is  a  graph 
from  Ishimaru  showing  the  dependence  of  a2n,  as  a  func- 
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Fig.  4.  Variance  of  log-intensity  as  a  function  of  lot,/.)'"6,  where 
a,=A/(7tH/o)  and  W0  is  the  beam  radius  [39]  The  vertical  scale  was 
added  after  private  correspondence. 

tion  of  o<iL)11/6.  For  a  given  aperture  size,  i.e..  a  constant 
value  of  a,  =/l/(7rH/o),  the  curve  shows  how  the  variance 
should  increase  with  path  length.  Again,  we  urge  a  note  of 
caution  in  using  these  curves.  When  C2  is  reasonably  high, 
it  seems  that  the  phase  fluctuations  would  be  large  enough 
to  seriously  affect  the  beam  parameters. 

As  indicated  previously,  the  equations  for  the  variance  of 
the  log-intensity  fluctuations  are  valid  only  when  rjfn,«4. 
Attempts' at  verifying  experimentally  (T4)  or  (T10)  have 
shown  that  for  small  values  of  a2nl  there  is  good  agreement 
between  theory  and  experiment.  However,  when  ofn/  is 
greater  than  about  2.5,  as  predicted  by  the  preceding  equa- 
tions, the  experimental  value  of  o2nl  appears  to  saturate  and 
remain  almost  constant.  Therefore,  the  theoreticians  know 
not  only  that  the  above  expressions  are  of  limited  validity 
but  also  what  type  of  relation  they  should  expect  to  find. 
Despite  this  insight,  very  little  progress  has  been  made 
theoretically  as  of  this  writing.  A  number  of  workers  have 
tried  using  the  renormalization  techniques  of  field  theory 
[41  ]— [45],  [34],  [35],  which  approach  is  exceedingly  com- 
plex mathematically,  involving  the  selective  summing  and 
neglecting  of  very  complicated  terms  in  a  series  representa- 
tion. There  is  still  no  general  agreement  among  workers 
over  which  terms  must  be  kept.  The  only  worker  that  ap- 
pears to  derive  a  saturation-like  curve  for  the  variance  of  the 
log-intensity  fluctuations  using  this  method  is  deWolf,  and 
his  results  are  controversial.  In  his  second  paper  [34-]  he 
predicted  a  saturation  effect  but  also  concluded  that  the 
probability  distribution  of  the  amplitude  fluctuations 
should  follow  a  Rice-Nakagami  curve.  The  experimental 
evidence  does  not  seem  to  bear  this  out,  and  in  a  more  recent 
paper  [35]  he  favors  a  log-normal  distribution  while  keep- 
ing his  saturation  curve.  His  work  leads  to  the  following  ex- 
pression for  the  variance  of  the  log-intensity : 


=   I 


1 


„f  o  («  +  my 
m  =  1/[1  -  exp(-a^)] 
o2R  =  1.23Cn2fe7/6L"/6, 


(10) 


where  o2R  is  the  variance  calculated  by  the  first-order  per- 
turbation theory.  This  curve,  which  leads  to  a  saturation 
value  of  1.65,  is  plotted  in  Fig.  5. 

Tatarski  has  tried  two  other  approaches  toward  pre- 
dicting saturation.  In  [46]  he  tried  a  rather  crude  approach 
that  gave  a  saturation  curve,  but  the  final  value  was  an 
undetermined  constant.  In  another  attempt  [9]  he  used  a 
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~ 
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Fig.  5.  Theory  and  observation  of  saturation  of  scintillations  compared 
with  values  predicted  from  temperature  fluctuations  using  (T4)  or 
(T10)  The  lower  dashed  curve  is  the  theoretical  result  from  Tatarski  [9] 
[<7,2„,  from  (11)];  the  upper  dashed  curve  is  the  theoretical  result  from 
deWolf  [35]  \a2D  from  (10)].  Solid  curves  are  averaged  observations 
replotted  from  Gracheva,  Gurvich,  and  Kallistratova  [50].  Curve  1, 
spherical  wave;  curve  2,  plane  wave  (50-cm-diam  collimator);  curve  3, 
white  light.  The  shaded  area  includes  all  the  observations  by.Ochs  [94] 
over  a  1000-meter  path.  If  Ochs'  measurements  are  restricted  to  times 
of  moderate  wind  (2  to  6  m/s),  the  mean  of  his  observations  agrees  well 
with  curve  1. 


geometrical-optics  approach  that  also  led  to  saturation 
despite  the  neglect  of  diffraction  effects.  In  this  case  his 
final  equation  was 


Ofnl  =  4 


1    - 


3    . 


1/6' 


a  =  z^/3 


n2U        d>n(K)K5  dK. 


This  curve  is  also  plotted  in  Fig.  5. 

In  summary,  at  this  time  there  is  no  well-accepted  general 
theory  for  amplitude  fluctuations  in  the  saturation  region. 
Though  there  are  some  results  for  the  variance  of  the  log- 
intensity,  no  method  has  yet  predicted  other  quantities  of 
interest,  such  as  the  amplitude  covariance  function  or  phase 
fluctuations. 

Experimental  Observations  Compared  with  Theory:  We 
have  grouped  the  experimental  observations  into  two  cate- 
gories. First,  there  are  those  measurements  that  we  believe 
may  be  meaningfully  compared  with  theory.  In  those  experi- 
ments the  optical  configuration  is  close  enough  to  the 
theoretical  models,  and  the  meteorological  parameters  are 
known  well  enough  so  that  such  a  comparison  should 
either  prove  or  disprove  the  theory.  Second,  the  bulk  of  the 
measurements  are  those  that  have  been  taken  under  such 
conditions  that  a  comparison  is  meaningless,  but  they  do 
provide  numerical  values  showing  the  magnitude  of  the 
effects. 

The  only  experimental  configuration  for  which  the  me- 
teorological parameters  can  be  obtained  is  a  short  hori- 
zontal path  close  to  the  gound.  A  number  of  experiments  of 
this  type  have  been  conducted,  originally  in  the  U.S.S.R. 
[47]-[50],  [28],  and  more  recently  in  the  West  [51]- [54]. 
These  experiments  attempt  to  verify  (T4)  or  (T10).  Fig.  5 
shows  some  experimental  data  [52],  [50]  indicating  a 
decrease  in  the  measured  variance  after  the  onset  of  satura- 
tion. On  the  horizontal  axis  is  the  value  a\nl  calculated  from 
(T4)  or  (T10),  where  C2  was  measured  with  high-speed 
temperature  sensors.  On  the  vertical  axis  is  the  experi- 
mental value  of  <T,2n,.  As  is  apparent,  there  is  good  agreement 
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for  o?„i<2.5,  but  the  variance  saturates  near  2.5.  Different 
saturation  values  are  quoted  by  different  workers,  but  these 
values  appear  the  most  reliable.  The  two  theoretical  curves 
of  Tatarski  and  deWolf  are  shown  for  comparison.  Gurvich 
et  al.  [49]  have  measured  the  ratio  of  the  log-intensity 
variance  of  a  plane  wave  and  a  spherical  wave,  obtaining  a 
value  of  2.3  compared  to  the  theoretical  value  of  2.4. 
Numerous  measurements  [47]-[53]  of  the  probability  dis- 
tribution of  the  intensity  have  shown  good  agreement  with  a 
log-normal  distribution  over  short  paths  and  fairly  good 
agreement  even  in  the  saturation  region.  Fitzmaurice  et  al. 
[55]  compared  scintillations  at  0.632  and  10.6  /mi  and 
found  good  agreement  with  the  wavelength  effects  predicted 
in  Table  I. 

Experimental  attempts  to  verify  Fried  and  Seidman's 
predictions  [37]  about  the  difference  between  a  focused  and 
a  collimated  beam  led  Khmelevtsov  and  Tsvyk  [56J  to 
conclude  that  there  was  no  difference.  Their  measurements 
were  in  the  weak-scattering  region  and,  although  their  paper 
lacks  the  details  required  to  judge  the  quality  of  the  work, 
their  result  seems  to  agree  with  our  contention  that  the 
concept  of  a  focused  beam  is  not  very  meaningful  for  optical 
propagation. 

General  Observations:  Fig.  2  shows  a  one-day  sample  of 
the  log-intensity  variance  at  490  and  1000  meters  on  a  path 
close  to  the  ground,  compared  with  the  measured  value  of 
C2.  The  typical  diurnal  variation  of  scintillation  consists  of 
a  broad  maximum  throughout  daylight  hours,  sharp  minima 
near  sunrise  and  sunset,  and  highly  variable  effects  at  night. 
The  daytime  maximum  reaches  a  broad  smooth  peak  soon 
after  noon,  but  cloud  cover,  either  intermittent  or  con- 
tinuous, produces  a  sharp  drop  in  scintillation  activity. 
Activity  increases  with  wind  velocity  for  light  winds  but  de- 
creases again  as  the  wind  becomes  strong,  mixing  the  air  to 
produce  an  adiabatic  lapse  rate.  Sharp  minima  at  sunrise 
and  sunset  occur  when  the  lapse  rate,  changing  because  of 
the  rapidly  varying  solar  radiation,  passes  through  the 
adiabatic  condition.  The  middle  curve  in  Fig.  2  is  typical  of 
the  diurnal  behavior  of  scintillation.  Along  a  1000-meter 
path,  during  the  middle  of  the  day,  the  variance  has  become 
saturated  and  is  actually  smaller  at  1000  meters  than  at  490 
meters!  For  paths  longer  than  1000  meters  it  is  difficult  to 
calculate  the  expected  variance  since  the  meteorological 
parameters  are  rarely  statistically  homogeneous.  Where 
most  of  the  path  is  not  close  to  the  ground,  the  variance 
tends  to  be  much  lower.  This  may  be  attributed  to  two  facts. 
First,  the  turbulence  normally  decreases  sharply  with 
distance  above  the  ground.  Second,  for  spherical  waves  it  is 
only  near  the  middle  of  the  path  that  turbulence  is  effective 
in  producing  scintillations  [see  (T13)].  Measurements  by 
Ochs  et  al.  [57]  over  a  45-km  path  at  night  gave  values  of 
*?„,*l-2. 

Spatial   Covariance   Functions   for   Irradiance  and   Loa- 
Amplitude 

Theory:  Theoretically  the  spatial  covariance  function 
normally  calculated  is  for  log-amplitude  fluctuations  Bx(p), 
but  experimentally  there  is  more  interest  in  the  covariance 


function  for  irradiance  fluctuations  B,(p).  Fortunately,  if 
we  accept  the  log-normal  probability  distribution  for  the 
amplitude  fluctuations,  discussed  in  some  detail  previ- 
ously, the  relationship  between  #,(/>)  and  B,(/>)  is  reasonably 
straightforward.  Lei 


/  =  a1  =  ,45  exp (2/  +  2/,) 
BApl.p2)=  <xM>i)ZilPi)\ 


(12) 


where  we  have  assumed  that  the  mean  value  of/  is  not  zero 
(,40  could  be  chosen  such  that  *  =  0).  Then  if  /  follows  a 
normal  probability  distribution, 

</(p)>  =  Ai  exp  [2/<p)]  exp  [2<zf(p)>] 
</(Pi)/(p2)>  =  ^o(P.Mo(p2)exp[22(p,)  +  2/(p2)] 

•exp;2[</7(,>,)>  +  <xi(p2)>  +2Bx(Pl,p2)]}.     (13) 

Defining  the  covariance  function  as 

B,(p„  p>)  =  </(p,)/(p2)>       </(/», )></(/»:)>,       (14) 

we  have 

B,(Pu  /'•>  =  <4o(PiMo(pi)exp[2£(p,)  +  2*(p2)] 
•exp[2<zf(p,)>  +  2<xf(p2)>]!cxp[4Bx(p„p,)]  -  I).  (15) 

Defining  a  normalized  covariance  function  by 

B,(P!,P2) 


h,(p„p2) 


we  have 


[</2(p,)></2(p,)>]12  -  </(p,»</(p2)> 


cxP[4«/(p„^,]-l 
'-'      exp[2</2<pl)>  +  2</2(,,2)>]-  I 

If  the  transmitted  wave  is  plane,  or  if  the  statistics  aty>,  and 
p2  are  the  same,  then  the  formula  reduces  to 

exp  [48,1/;)]  -  I 


M/M 


exP[4</7>]  -  1 


(17) 


If  <Zi>«1.  thcn  (1 6)  and  (17)  become 


<Z7(Pi)>  +  </7<P2» 


and 


Since  the  equations  derived  theoretically  arc  for  it/,  i  or 
B^lPi,  p2),  and  since  these  equations  are  valid  whether  or 
not  the  amplitude  distribution  is  log-normal,  these  arc  the 
equations  given  in  Table  II.  In  compai'Inj  Table  II  with 
experimental  observations,  which  arc  usually  of  the  co- 
variance  of  intensity  (irradiance)  fluctuations,  we  may  use 
the  formulas,  recognizing  the  assumptions  made  when 
they  were  derived. 

The  approximations  involved  in  deriving  the  equations  of 
Table  II  arc  essentially  the  same  as  those  used  in  deriving 
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TABLE  II 

CoVARIANCE  OF  LOG-AMPLITUDE 


Case 


General  Random  Medium 


Locally  Isotropic  Random  Medium 


Plane  wave,  homogeneous    B  t(p)  =  2n2  k2  L\     II j-  sin— —  J0„(K)Jo((cp)Kd(c(T19)     For  ll/X  «  L. 


medium 


'  K4<D„ 

JO 


Bz(p)  =  -  n2l}  |     k4<P„(k)./0(kp1  k  <1k,     L  «  ll/X         (120) 


bx(p) 


V2Y"        kP2         (kp1^2 

!        '  k,|— J      +  1.71—  -  0.024 ( 


/0  «  p  «  (XL)" 


kP: 


0.0242(    r     )        -     (XL)"2  «  p  (T22)* 


Plane  wave,  smool 
varying  medium 


hly  Bt(p)  =  4n2k2       dr\C2M)       (IkkJ0(kp)^°\k) 

Jo  Jo 

.      [<c2(L  -  ,)1 

x  sin      

L    ^k    J 


(T21) 


MP)  =  'fi(7/6-  '•  ->4p2/4),     L  «  ll/X  (T23)* 

B,(p)  =  4rc2  •  0.033  Ik2       dt\Cl(r\)       <1kkJ0(kp) 

Jo  Jo 

x  K-|"3exp(-K2/K-2)s1n2r'^-~-l     (T24)* 

Bt(p)  =  9.6/07/V,(7/6,  1,  -K2p2/4)      CRr\)(L  -  n)2dn. 

L  «  il/i.    (T25)» 


Spherical  wave, 
homogeneous  medium 


Bt(p)  =  4n2k2        dKK<t>n(K)       dt\J0(  — 


,  W2r,(L  -  n)l 

L       2kL       J 


(T26) 


/kp2yb         kP2  (kP2\,llb 

MP)=l-2.2(-fj       +,.7I-  +  0.050X 


0.080(— )  • 


ll/X  «  L,    l0  «  p  «  (XL)"2     (T28)t 


Spherical  wave,  smoothly     Bt(p)  =  4n2k2  \     divc^'M  \   driCHitfJ  J  —  )  Bx(p)  =  4tt20.033/c2       <fyC„2(i/)       dicic70( 

varying  medium  Jo  Jo  \  *<  /  Jo  Jo  V 


,  jVg(L  -  g)~| 


(T27) 


x  k       '    ex 


P(-»r/Kj)sin2 — — -        (T29) 


Beam  wave, 
homogeneous  medium 


Bt(p)  =  Tt2       dA    dKK[{J0(icP)  +  J0(kP*)}\H\2  No  cases  worked  out. 

Jo       Jo 

+  J0(kQ)H2  +  J0(KQ*)H*2]<t>n(K)    (T30)J 


where 


P2  =  [(V.^  -  i2y2yc)2  +  (y.z,  -  i2y2zc)2] 

Q2  =  (yy<)2  +  (yzt)2 

yi  =  y\-  y»  *4  =  *i  -  22 

ML 


H1  =  -lc2exp<  -i 


y  =  Vi  —  'V2 


-Kl 


Beam  wave,  smoothly  Let  O.(k)  =  C2(f/)<Di,0,(K:)  in  (T30). 

varying  medium 


(T31)     No  cases  worked  out. 


*  O.(k)  =  0.033  CI(x)k   '  "3  exp  ( -  k2/k2  ).  For  homogeneous  medium,  C2(x)  =  constant. 

t<D.(K)  =  0.033  C.2(x)k-'"3 

t  Pi  =(yi,  zi).  P2  =CV2.  z2)  are  tne  observation  points  referred  to  the  center  of  the  beam.  Other  symbols  defined  in  Table  I. 
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Fig.  6.  Observed  covanance  function  of  a  mountaintop-to-mountaintop 
path  (dashed  line)  [57]  and  for  saturation  conditions  over  a  uniform 
path  (circles)  [94]  as  compared  with  the  solid  curve  calculated  from 
(T28). 


the  expressions  for  the  variance  of  the  log-intensity.  Again, 
the  most  critical  restriction  is  that  afn ,  must  be  less  than  2.5, 
or  oj  less  than  0.64.  Note  that  for  values  of  ofn  ;  >  2  there  may 
be  considerable  error  in  using  (19)  in  place  of  (17).  The  ex- 
pressions for  the  log-amplitude  covariance  function  for 
plane  and  spherical  waves  are  reasonably  well  accepted.  In 
the  beam-wave  case,  to  our  knowledge,  there  are  no  exam- 
ples worked  out  for  the  case  of  locally  isotropic  turbulence. 
The  major  differences  between  the  plane-wave  and  the 
spherical-wave  log-amplitude  covariance  functions  are  in 
the  point  of  the  zero  crossing  and  in  the  depth  of  the  mini- 
mum. In  the  beam-wave  case  it  seems  reasonable  to  expect 
that  if  W\»XL  and  the  wave  is  collimated  or  diverging, 
then  the  covariance  function  for  the  beam-wave  case  will 
be  similar  to  the  cases  presented. 

For  spherical  or  plane  waves  it  is  often  easier  to  evaluate 
the  integrals  numerically.  This  can  be  done  even  in  the 
smoothly  varying  medium  if  the  model  is  mathematically 
reasonable.  Specific  cases  for  light  propagating  through  the 
atmosphere  have  been  worked  out  by  Tatarski  [8],  [9]  and 
Fried  and  Cloud  [58].  In  the  beam-wave  case  there  are 
double  integrals  to  evaluate,  unless  some  reasonable  ap- 
proximations are  found.  No  theoretical  results  now  exist 
for  the  log-amplitude  covariance  function  in  the  saturation 
region. 

Experimental  Observations  Compared  with  Theory:  The 
most  striking  prediction  of  the  equations  for  the  covariance 
function  of  log-intensity  is  that  the  covariance  will  fall  to 
zero  in  a  distance  given  by  the  Fresnel-zone  size  (AL)1'2. 
The  validity  of  these  equations  when  the  variance  is  not 
saturated  has  been  shown  by  Tatarski  [8],  [9]  over  500-  to 
2000-meter  paths  and  by  Ochs  et  al.  [57]  on  5.5-km  and 
15-km  paths.  Fitzmaurice  et  al.  [55]  in  a  two-wavelength 
experiment  also  indicated  good  agreement  with  the  wave- 
length dependence.  Most  of  these  measurements  use  a 
spherical  wave,  and  no  experimental  work  has  been  re- 
ported which  specifically  relates  to  beam-wave  effects. 
There  are  no  theoretical  predictions  and  very  few  measure- 
ments of  the  covariance  function  in  the  saturation  region. 
Fig.  6  shows  data  collected  by  Ochs  [52]  over  a  1-km  path 
when  saturation  existed.  Similar  experiments  by  Gracheva 
[48]  show  an  increasing  broadening  of  the  covariance 
curves  as  the  theoretical  value  for  a 2„ ,  increases. 

General  Observations:  Over  nonuniform  paths  the  char- 
acter of  the  covariance  function  may  change  markedly;  a 
typical  example  for  a  45-km  path,  taken  from  Ochs  et  al. 


[57],  is  plotted  in  Fig.  6.  This  covariance  curve  may  be 
duplicated  by  (T29)  only  through  the  use  of  a  nonuniform 
distribution  of  turbulence,  specifically  by  assuming  all  the 
turbulence  to  be  concentrated  near  the  ends  of  the  path,  a 
reasonable  situation  for  the  mountaintop-to-mountaintop 
path  that  was  used. 

Deitz  [59]  has  published  photographs  of  the  scintillation 
pattern  produced  by  a  ground-to-ground  laser  beam,  which 
demonstrate  the  striking  variation  and  complexity  of  the 
patterns.  Sometimes  the  patterns  consist  of  amorphous 
areas  of  random  sizes  and  shapes,  but  frequently  they  have 
a  reticulated  appearance  with  sharp  lines  bounding  large 
polygonal  areas. 

Observations  of  spatial  covariance  are  also  available  for 
starlight.  Both  Gaviola  [60]  and  Mikesell  et  al.  [61]  have 
published  photographs  of  "shadow  bands,"  the  intensity 
variations  of  light  incident  on  the  earth's  surface  from  a 
single  star.  The  shadow  bands  tend  to  be  elongated  rather 
than  isotropic  random  variations.  The  width  of  the  bands 
is  sometimes  as  small  as  3  or  4  cm  but  is  more  often  7or  8 
cm.  Thus,  if  one's  eyes  are  slightly  converged  by  focusing 
on  a  nearby  object,  the  two  images  of  a  star  are  often  seen 
to  scintillate  independently.  Interpreting  the  width  of  the 
shadow  band  as  the  width  of  the  covariance  function,  we 
see  from  (T22)  that  the  distance  from  the  ground-based 
observer  to  the  effective  midpoint  of  the  turbulent  path  is 
about  2  km  for  3-cm  shadow  bands  and  12  km  for  8-cm 
bands.  Even  if  the  stellar-scintillation  observations  were 
made  at  angles  of  50  or  60  from  the  zenith,  the  scintillation 
must  have  arisen  from  elevated  layers  high  in  the  atmo- 
sphere. 

Aperture  Smoothing 

Theory:  The  preceding  results  are  appropriate  only  when 
the  intensity  is  measured  by  a  point  receiver.  If  the  receiving 
aperture  is  less  than  some  critical  size,  such  that  the  intensity 
fluctuations  are  correlated  over  its  area,  then  the  aperture 
will  behave  as  a  point  detector.  As  the  aperture  size  in- 
creases so  that  the  intensity  fluctuations  are  uncorrelated 
over  the  aperture,  then  the  intensity  is  a  spatial  average  over 
some  finite  region  of  space,  and  the  fluctuations  tend  to 
decrease.  This  is  a  well-known  experimental  effect  in  as- 
tronomical observations  with  a  telescope.  Tatarski  con- 
sidered the  problem  in  his  first  monograph  [8]  but  he  re- 
vised his  work  in  his  later  manuscript  [9]  and  his  results 
agree  with  those  of  Fried  [62], 

The  pertinent  parameter  in  these  calculations  is  defined 
in  terms  of  the  quantity 


S=       \dydzW(y,z)l(y,z), 


(20) 


where  /  is  the  intensity  of  the  light  falling  on  a  point  (j,  z), 
and  W(y,  z)  is  the  weighting  function  over  the  aperture. 
Both  Tatarski  and  Fried  have  used  the  simple  assumption 
that  W{y,  z)  is  equal  to  one  over  a  circle  of  diameter  D  and 
zero  elsewhere.  Using  S,  we  may  define  the  aperture- 
averaging  factor  0  by 
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oUD) 


~  V 


which  is  the  ratio  of  the  actual  variance  of  S  to  the  variance 
if  the  intensity  were  perfectly  correlated  over  the  aperture. 
They  find 


16 


dpb,(p)p<cos 


(22) 


If  we  assume  the  intensity  follows  a  log-normal  distribution, 
we  may  use  ( 1 7)  to  get 


e 


£i* 


exp  [4Bx(p)\  -  1 
exp  [45,(0)]  -  1 


p <cos~ 


(23) 


Fig.  7  is  a  graph  from  Tatarski  who  assumed  that 
(X2}«  '  ar>d  s0  use(l  C9)  for  b,(p).  An  equation  similar  to 
(T22)  was  used  for  Bx{p).  Fried  presents  a  family  of  curves 
by  working  with  (23);  but  since  the  expressions  he  used  for 
Bj(p)arenot  valid  for  <^2>»  1,  some  of  his  curves  are  mis- 
leading. He  evaluated  the  space-to-ground  case,  but  the 
only  curves  that  are  meaningful  are  for  (j2}«\.  (In 
Fried's  paper,  C,(0)  corresponds  to  </2>.)  Note  that  (22) 
and  (23)  are  reasonably  general  for  a  circular  aperture  as 
long  as  the  log-normal  distribution  for  the  intensity  is 
correct,  and  therefore  may  be  used  in  any  case  where 
Bx(p)  is  known. 

Lutomirski  and  Yura  [63]  have  attempted  to  extend  the 
range  of  the  results  in  Fried's  paper  by  a  curve-fitting  pro- 
cedure. Since  Fried's  calculations  are  valid  only  in  the 
region  of  weak  fluctuations,  they  extend  his  results  by 
assuming  B,(p,  L)  is  given  by 

B,(p,  L)  =  I20[l  -  exp  {-2[fl*(p,  L)]"2}]2,       (24) 

where  B*(p,  L)  is  given  by  expression  equivalent  to  (T22). 
Although  (24)  was  chosen  so  that  it  fit  the  experimental 
results  for  p  =  0,  there  is  no  evidence  that  it  is  a  reasonable 
model  for  the  covariance  function,  i.e.,  for  p  #  0. 

Gracheva  and  Gurvich  [64]  used  a  heuristic  approach 
based  on  Gracheva's  measurements  [48]  of  B,(p)  in  the 
saturation  region.  Using  the  measured  values,  they  inte- 
grated (22)  numerically  to  estimate  the  aperture-averaging 
effects.  Their  results  for  a  given  aperture  size  indicate  that 
as  the  theoretical  value  of  <r,2n,  increases,  the  amount  of 
smoothing  decreases. 

Experimental  Observations  Compared  with  Theory:  We 
know  of  no  definitive  experiments  over  homogeneous  paths 
concerned  with  aperture  averaging. 

General  Observations:  Fried  el  al.  [65]  used  a  slightly 
diverging  laser  beam  over  an  8-km  path  and  found  the  log- 
amplitude  variance  to  decrease,  nicely  as  the  aperture  in- 
creased from  1  mm  to  10  cm,  but  further  increase  of  the 
aperture  to  89  cm  produced  no  further  decrease  in  scintilla- 
tion aad  no  change  in  the  log-normal  distribution  of  re- 
ceived signal.  As  Fried  et  al.  point  out,  this  result  implies  a 


Fig.  7.  Relative  decrease  in  the  variance  of  intensity  fluctuations  of  a 
plane  wave  when  received  by  an  aperture  of  diameter  D,  assuming 
I0«[i.L)'s  <L0.  From  Tatarski  [9,  p.  374]. 


covariance  function  that  falls  sharply  in  the  first  10  cm  but 
then  fails  to  decrease  further  for  spacings  as  large  as  1 
meter.  They  attribute  this  effect  to  some  unexplained  fea- 
ture of  beam-wave  propagation,  as  opposed  to  spherical- 
wave  propagation  for  which  the  theory  was  developed.  We 
suspect  it  is  simply  the  result  of  the  concentration  of  the 
turbulence  near  the  ends  of  the  path,  the  only  places  where 
the  beam  approached  within  15  meters  of  the  ground.  This 
would  then  be  the  same  effect  as  seen  by  Ochs  et  al.  [57]  on 
their  45-km  path  (see  Fig.  6). 

Hohn  [66]  used  4.5-km  and  14.5-km  paths  and  observed 
little  or  no  smoothing  for  apertures  up  to  8  cm.  Here  again, 
the  explanation  may  be  that  the  path  was  not  uniform  or 
that  saturation  existed.  The  resulting  large-scale  covariance 
function  would  prevent  aperture  smoothing  for  modest 
apertures. 

There  have  been  numerous  papers  concerned  with  the 
dependence  of  stellar  scintillations  on  zenith  angle.  As 
shown  by  Tatarski  [8],  [9],  this  dependence  is  strongly  re- 
lated to  the  aperture  size  used.  For  large  apertures,  i.e., 
£>»(/l/i)1/2  (h  is  the  scale  height  of  the  atmosphere),  the 
variance  of  scintillations  should  vary  as  (sec  Z)3.  For 
D«(Xh)112,  the  prediction  for  the  dependence  is(secZ)11'6. 

Probably  the  theories  would  adequately  describe  most 
observed  scintillations  of  starlight,  given  detailed  informa- 
tion about  the  distribution  of  turbulence  and  winds 
throughout  the  atmosphere.  However,  since  the  atmo- 
spheric parameters  are  not  known  in  detail  and  since  the 
signal-to-noise  ratio  for  starlight  observations  is  poor, 
comparisons  between  observation  and  theory  can  be  only 
qualitative  and  statistical. 

Poor  seeing  has  always  plagued  astronomers  and  a  huge 
volume  of  literature  has  accumulated  to  describe  and  inter- 
pret the  effects.  Meyer-Arendt  and  Emmanuel  [67]  have 
surveyed  this  literature  and  present  more  than  300  refer- 
ences with  a  brief  discussion  of  each  topic.  Astronomical 
"seeing"  is  an  ill-defined  function  of  scintillation,  image 
quality,  and  image  motion,  and  its  effects  depend  on  the 
aperture  of  the  optical  telescope.  As  a  result,  only  a  small 
portion  of  the  literature  on  astronomical  seeing  is  useful  to 
our  discussion  of  scintillation.  Some  of  the  most  pertinent 
are  mentioned  in  the  following. 

In  accord  with  theory,  Megaw  [68]  reported  that  rms 
fluctuations  vary  as  (sec  Z)3'2  for  zenith  angles  less  than 
about  60°.  He  presented  some  data  to  show  a  weaker 
variation  nearer  the  horizon.  Siedentopf  [69]  found  a  varia- 
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tion  as  (sec  Z)1/2  at  zenith  angles  greater  than  about 
60",  but  very  near  the  horizon  he  observed  deviations  from 
this  law  and  referred  to  the  effect  as  "saturation,"  particu- 
larly evident  at  the  high-frequency  end  of  the  scintillation 
spectrum. 

Observations  of  scintillations  for  propagation  in  the 
opposite  direction,  from  earth  to  space,  are  only  just  be- 
coming available.  Minott  [70],  observing  with  the  satellite 
GEOS-1I  a  ground-based  laser  at  a  wavelength  of  488  nm, 
found  the  irradiance  to  be  log-normally  distributed  and  to 
have  a  variance  comparable  with  that  of  stellar  scintilla- 
tions. 

Many  attempts  have  been  made  to  determine  the  height 
of  the  turbulent  region  responsible  for  scintillations  by 
observing  balloon-borne  lights  and  comparing  their  scin- 
tillations with  those  of  nearby  stars.  For  example,  Mikesell 
[71  ]  observed  such  lights  3  mm  in  diameter  and  found  them 
to  scintillate  only  1/3  to  1/10  as  much  as  adjacent  stars,  even 
though  the  lights  were  carried  to  heights  of  8  km.  Proper 
interpretation  of  this  observation  demands  attention  to 
(T13)  which  shows  that  even  though  the  balloon  may  have 
risen  above  all  the  turbulent  atmosphere,  the  scintillations 
could  not  be  expected  to  become  fully  developed.  Thus  the 
atmospheric  structure  is  only  weakly  determined  by  such 
an  experiment. 

Temporal  Power  Spectrum  of  Scintillations 

Theory:  The  frequency  spectra  of  both  intensity  fluctua- 
tions and  log-amplitude  fluctuations  are  of  interest,  but 
since  the  theoretical  work  has  been  concerned  with  log-am- 
plitude fluctuations,  we  shall  concentrate  on  them.  When- 
ever the  conditions  are  such  that  (19)  holds,  then  the  fre- 
quency spectrum  for  intensity  and  log-amplitude  fluctua- 
tions will  be  the  same.  When  (19)  does  not  hold,  but  reason- 
able expressions  for  By(p)  are  known,  the  expression  for 
the  frequency  spectrum  of  the  intensity  fluctuations  should 
be  obtainable  using  (17)  and  numerical  techniques. 

The  frequency  spectrum  of  the  intensity  or  log-amplitude 
fluctuations  is  caused  by  the  motion  of  the  atmosphere. 
For  our  purposes  this  motion  may  be  separated  into  three 
groups:  1)  mean  motion  of  the  wind,  2)  changes  in  wind 
direction,  and  3)  internal  "mixing"  motions  of  the  atmo- 
sphere due  to  the  evolution  of  turbulence.  Tatarski  [8],  [9] 
appears  to  be  the  only  author  to  have  studied  these  effects 
theoretically  in  any  detail.  The  most  straightforward  ap- 
proximation involves  the  use  of  Taylor's  hypothesis  of 
"frozen"  turbulence,  which  assumes  that  the  temporal 
variations  of  some  quantity  measured  at  a  point  are  caused 
by  the  uniform  motion  of  the  atmosphere  past  the  point, 
and  that  internal  motions  of  the  atmosphere  may  be  ne- 
glected. For  propagation  problems,  it  is  assumed  that  the 
only  motion  of  interest  is  perpendicular  to  the  path. 

Under  the  assumption  of  Taylor's  hypothesis, 


/(r,  t  +  t)  =  y\r  -    Cjt,  f), 


(25) 


where  vL  is  the  average  velocity  component  perpendicular 
to  the  path.  The  time  autocorrelation  function  is 


Rx(x)  =  (x(r,  t  +  r)x(r,t)> 

=  Bx(v±x). 
The  definition  of  the  frequency  spectrum, 

w/(/)  =  4      cos (2nfx)Rx{x)  dx 


(26) 

(27) 


=  4 


cos  (2itfx)BJj>,  x)  dx. 


(28) 


gives  the  general  relation  between  the  spatial  covariance 
function  Bx{p)  and  the  frequency  spectrum  wx(f)  under  the 
assumption  of  "frozen"  turbulence. 

Tatarski  [8],  [9]  has  evaluated  the  frequency  spectrum  for 
a  plane  wave  propagating  through  a  medium  with  a  refrac- 
tive-index spectrum  given  by  (3).  He  finds 


wJf)  =  2nOm3C2nkVbL 


21.7/6,   I  1/6 


Q- 


/o 


1.69  -  Im 


7t1/2exp(<fi2 


[(7/3) 

R17/6) 


tFAl/2,  -4/3,  -iQ2)  +  (-,-fiY/3^-iJ- 


,F,(17/6,  10/3,  -i£l2 


I2/?.  «  L 


(29) 


where  /0  =  r1/(27t/L)"2,  £l=f/f0,  and  ,  F,  is  a  hyper- 
geometric  function  (the  Kummer  function).  As  can  be  seen, 
the  frequency  spectrum  depends  on  the  characteristic  fre- 
quency /0,  which  is  the  ratio  of  the  perpendicular  compo- 
nent of  the  wind  velocity  to  the  width  of  the  first  Fresnel 
zone.  The  scale  sizes  of  the  inhomogeneities  primarily 
responsible  for  the  amplitude  fluctuations  are  about  the 
width  of  the  first  Fresnel  zone.  Defining  7^,  =  l//„,  we  find 
that  the  characteristic  time  T0  is  equal  to  the  time  required 
for  an  inhomogeneity  ofsize(27r/.L)"2  to  cross  the  path.  For 
Q«  1  or  fi»  1,  (29)  is  approximately  equal  to 

uz(/)=0.44</2>-J-[l  +0.27Q4'3  +  •••],    il«l     (30) 

70 


or 


wJf)  =  1.14<*2> 


Q-8/3 

n»i  (3d 


h 


The  dimensionless  quantity  F(Q)=  f0wx(f)/(z2y  is  plotted 
in  Fig.  8  where  it  is  labeled  F(ii,  0). 

Let  us  consider  the  conditions  Tatarski  requires  for  the 
above  expressions  to  hold.  Denote  v1  as  the  perpendicular 
and  D||  as  the  parallel  component  of  the  average  wind 
velocity.  Since  the  fluctuations  in  the  direction  of  the  wind 
are  about  0.1,  if  t'x^O.lr  |,  then  the  fluctuating  portion  of  the 
perpendicular  component  is  of  the  same  order  as  the  mean, 
and  Taylor's  hypothesis  does  not  hold.  Let  v  equal  the 
magnitude  of  the  average  wind  speed,  a±  and  rr  the  standard 
deviations  of  the  perpendicular  component  and  of  the 
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Fig.  8.     Frequency  spectrum  of  intensity  fluctuations  as  a  function  of 
receiving  aperture  diameter  f>  =  nD2/(4J.L).  From  Tatarski  [9,  p.  378]. 


magnitude  of  the  wind  speed,  respectively,  and  a  the  angle 
between  the  wind  direction  and  the  direction  of  propaga- 
tion. From  the  turbulence  theory  of  Tatarsk:  [9],  o\  =  \o2. 
Then 

a,        0.8  a 


Usually  <t/d~0.1  ;  therefore,  for  <x  =  n/2,  ajvx~  10  percent. 
For  a<50°,  cJvL>\  and  the  frozen  hypothesis  must  be 
considered  questionable. 

In  the  limit  when  <x  =  0,  however,  Tatarski  [9]  has  esti- 
mated the  frequency  spectrum  by  considering  the  fluctua- 
tions in  the  diffraction  pattern  of  the  wave,  where  the  per- 
pendicular component  of  the  velocity  is  considered  to  have 
a  normal  distribution  with  variance  a2.  He  calculates  an 
average  spectrum,  again  assuming  the  same  form  for 
<D„(k),  as 


<*.(/)>  = 


4n(2n)ll20M3k2LC2  [TtfY813 


O?' 


1  —  — =•  sin 

n2     x2 


e-x2-Ko(x2)x5/3rfx, 

/„/;.«  L,    (32) 


where 


/.=-(W2, 

71 

Q,  =  n  f(L/k)112  /a  =  flfu 
K0(x)  =  a    modified    Bessel    function. 
IfH»l,    then 


<w.(/)>  =  0.32 


<x2> 


Q" 


1%IX«L.    (33) 


For  both  cases  considered  (constant  motion  and  completely 
random  motion)  for  /  »  /,,  f0,  the  spectrum  decreases  as 
/~8/3 ;  however,  the  coefficient  in  the  second  case  is  smaller. 
Since 


<>,(/)>  df 


■f 


w»(/)  df  =  <z2>, 


this  implies  that  the  spectrum  in  the  low-frequency  region 
must  be  higher  for  the  completely  random  motion  than  for 
the  constant  motion  (frozen  turbulence). 

In  summary,  Tatarski  concludes  that  for  rj  «  v±,  (29),  (30), 
and  (33)  hold,  and  the  spectral  peak  is  at  /  =  f0.  For  a  ~  v± 
the  maximum  of  the  spectrum  begins  to  move  toward  zero, 
and  for  a  »  v±  this  maximum  begins  to  grow. 


These  calculations  have  not  considered  the  influence  of 
the  random  motions  of  the  medium  caused  by  the  evolution 
of  the  turbulence.  Such  random  motion  may  be  ignored  if 


t>1»[£(;.L)1/2]I/ 


(34) 


where  e  is  the  energy  dissipation  rate  of  the  turbulence.  Or 
if  v±»0,  v±  is  replaced  by  CTj^eZo)"3,  leading  to 


L0»{aL) 


1/2 


(35) 


Normally  this  last  condition  is  always  satisfied. 

Tartarski  [9]  also  calculates  the  frequency  spectrum  for  a 
receiver  with  a  finite  aperture.  He  determines  the  frequency 
spectrum  of  the  quantity  S  defined  in  (20).  Let 


S, 


dydzW(y,z)L(y;z) 


(36) 


where  the  subscript  denotes  the  fluctuating  component. 
Defining 


ws{f)  =  4 


cos  (2nfz)Mz)  dz, 


he  then  defines  a  relative  spectrum 

ws(/)  vvs(/) 


wSKS>(f)  = 


'    fn—<o2 


(37) 


and  shows  that,  in  general,  if  /  »  vL/(nD),  i.e.,  for  high  fre- 
quencies, the  effect  of  the  aperture  is  to  average  a  number  of 
inhomogeneities  and  hence  to  reduce  substantially  the 
spectrum  compared  with  that  of  a  point  aperture.  For 
/  «  vJ(nD),  if  the  important  spatial  wavenumber  k«2/D, 
the  spectrum  is  approximately  equal  to  that  for  a  point 
aperture,  but  if  the  important  spatial  wavenumber  k  »  2/D, 
the  spectrum  will  also  decrease  substantially. 

For  weak  fluctuations,  where  (19)  holds,  and  assuming 
d>»  =  0.033C2K""/3,  Tatarski  finds  for  the  plane-wave 
case 


ws/<s>(/)  =  0.67 


<r> 

/o 


"Z/.IXz  +  fi2)"2] 


p(z  +  Q2 


1 


sin(z  +  Q2)" 

z  +  n2 


(z  +  n2\ 


11/6, 


1/2  dz,  (38) 


where 

f2  =  kv2J(An2L) 

&  =  (f/fo)2 
P2  =  tiD2/2aL 
z  =  LK2/k 
D  =  aperture  diameter. 

Note  that  p  is  the  ratio  of  the  aperture  radius  to  the  radius  of 
the  first  Fresnel  zone.  Fig.  8  is  a  plot  of 

F{0,P)  =  f0wSKS>(f)KX2y 

as  p  is  varied. 

Experiments  Compared  with  Theory:  Experimental  mea- 
surements verifying  the  theory  have  been  discussed  by 
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Fig.  9.  Normalized  frequency  speclrum  u(f)  =/»■(/) ,'JJli  (/)  <//  lor  in- 
tensity fluctuations.  Cur\e  1.  plane  wave;  curve  2,  spherical  wave; 
curve  3,  theoretical  curve  for  plane  wave.  The  spectra  are  averages  of 
about  ten  different  samples  L/0  =  t'i/(2n/.L)*].  YrCV    GuTVlCh 

et   al   [48]    . 

Tatarski  [8],  [9]  and  Gurvich  et  al.  [49].  Fig.  9  shows  the 
normalized  frequency  spectrum  for  both  plane  and  spheri- 
cal waves  as  obtained  by  Gurvich  These  measurements 
show  that  the  predicted  normalization  frequency 
f0  =  vJ(2nXL)x'2  is  very  close  to  the  actual  peak,  and  they 
appear  to  agree  well  with  theory  for  short  homogeneous 
paths.  No  theoretical  predictions  exist  for  the  spectrum  in 
the  saturation  region,  but  Gracheva's  measurements  [48] 
show  much  more  energy  in  the  low-frequency  region  when 
compared  with  Fig.  9. 

General  Observations:  We  have  already  mentioned  the 
discrepancies  between  the  spatial  covariance  functions  ob- 
served on  long  paths  and  the  functions  expected  for  ideal 
conditions.  Similarly,  we  must  expect  that  measurements  of 
temporal  power  spectra  will  frequently  differ  significantly 
from  the  ideal  forms  given  above.  Thus,  it  may  not  be  sur- 
prising that  Ryznar  [72]  reports  that  the  peak  frequency  of 
the  spectrum  is  independent  of  path  length,  or  that  Hohn 
[73]  finds  the  spectra  unaffected  by  variations  in  receiving 
aperture  diameter  from  5  to  80  mm  and  states  that  the  ex- 
pected variation  with  (AL)"2  does  not  hold.  On  the  other 
hand,  Gilmartin  and  Horning  [74]  observed  the  peak  of  the 
fw(f)  curve  to  be  fp  =  Kv±(AL)~ 1/2  with  K  assuming  values 
of  2.5  to  2.8.  Chu  [75]  measured  the  power  spectrum  at  three 
wavelengths  (0.63, 3.5,  and  10.6  urn)  and  found  an  essentially 
exponential  spectrum  at  each  wavelength,  the  width  of  the 
spectrum  decreasing  with  wavelength  but  more  slowly  than 
X~112. 

Temporal  power  spectra  of  stellar  scintillations  have 

been  measured  by  many  observers  [71  ],  [76].  Scintillations 
observed  through  telescopes  with  aperture  less  than  about 
10  cm  display  spectra  that  are  nearly  constant  from  0.1  to 
100  Hz  and  decrease  steadily  into  the  noise  level  at  about 
500  Hz.  As  the  telescope  aperture  increases,  the  intensity  of 
the  scintillations  is  reduced  at  all  frequencies  in  agreement 
with  Fig.  8.  Above  about  25  Hz  the  reduction  proceeds 
faster  than  the  reciprocal  of  the  aperture  diameter.  Low  fre- 
quencies are  enhanced  as  the  star  approaches  the  horizon. 
Mikesell  found  that  the  higher  frequencies  of  scintillation 
are  enhanced  when  the  wind  speed  at  heights  of  8  to  14  km 
increases.  There  is  no  evidence  in  his  observations  that  the 
wind  exactly  at  the  tropopause  is  more  closely  related  to 
scintillation  frequency  than  wind  at  other  heights  in  the 


8-km  to  14-km  range.  Young  [77]  prepared  a  computer 
program  to  calculate  power  spectra  of  stellar  and  planetary 
scintillations  for  various  apertures  and  source  sizes  and 
used  arbitrary  vertical  profiles  of  turbulence  and  wind 
velocity.  He  obtained  good  agreement  with  Mikesell's 
observed  spectra  [71]  without  invoking  thin  turbulent 
layers  high  in  the  atmosphere. 

Minott  [70]  observed  a  light  source  earned  aboard  the 
GEOS-II  satellite  and  found  spectra  similar  to  those  of 
stellar  scintillations.  There  was  no  evidence  of  a  "pseudo- 
wind"  caused  by  the  motion  of  the  line  of  sight  across  the 
turbulent  structure  of  the  upper  atmosphere  because  the 
satellite  moved  so  slowly  that  the  actual  winds  aloft  were 
comparable  with  the  pseudowind. 

Variation  of  Scintillations  with  Wave  lent)  th 

It  is  common  knowledge  that  stars  near  the  horizon 
scintillate  with  different  colors  at  different  times,  while  stars 
higher  in  the  sky  show  no  such  effect.  Therefore,  we  might 
conclude  that  weak  scintillations  are  correlated  over  a  wave- 
length ratio  of  at  least  2:1,  while  stronger  scintillations 
show  less  correlation.  Neglecting  saturation  effects.  Fried 
[78]  calculated  that  the  correlation  of  log-amplitude  should 
drop  to  0.5  for  wavelengths  differing  by  an  octave.  Fitz- 
maunce  [79]  has  recently  measured  the  correlation  of  in- 
tensity for  various  wavelength  separations  of  from  10  to  50 
percent  and  found  the  correlation  to  be  about  0.6. 

VI.  Phase  Fluctuations 
Introduction 

In  general,  the  same  considerations  arise  when  studying 
phase  fluctuations  as  when  studying  intensity  fluctuations, 
though  there  are  a  few  important  differences.  We  start 
with  (6),  where  the  imaginary  part  of  </*  is  equal  to  S.  For 
intensity  fluctuations  the  important  scale  sizes  of  the 
refractive-index  inhomogeneities  are  about  the  width  of  a 
Fresnel  zone;  for  phase  fluctuations  the  longer  scales  are 
more  important.  As  a  result,  a  geometrical-optics  approach 
leads  to  results  that  are  very  similar  to  those  of  a  diffrac- 
tion theory.  The  importance  of  the  large  scales  poses  a  prob- 
lem since  this  portion  of  the  refractive-index  spectrum  does 
not  have  a  universal  shape.  Therefore,  attempts  to  predict 
the  variance  of  the  phase  fluctuations  for  tne  general  case 
are  meaningless.  For  this  reason,  much  attention  has  been 
focused  on  the  "phase  structure  function"  Ds(p)  which  is 
less  sensitive  to  large  scales,  defined  as  follows : 


D^P)  =  Ds(]fi\)  =  <[St(r)  -  St(r  +  p)J2> 


(39) 


Because  of  less  theoretical  and  less  experimental  attention, 
the  range  of  validity  of  the  expressions  for  phase  fluctua- 
tions is  not  as  well  understood  as  for  intensity  fluctuations, 
though  there  is  some  indication  that  the  expressions  should 
be  valid  for  longer  paths  [10]. 

The  probability  distribution  for  phase  fluctuations,  based 
on  the  same  arguments  as  for  log-intensity,  should  be 
normal,  at  least  where  linear  perturbation  theory  is  valid. 
Note,  however,  that  the  fluctuations  in  phase  about  the 
mean  value  will  be  much  greater  than  In.  Therefore,  while 
the  total  phase  deviation  from  the  mean  has  a  normal  dis- 
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tribution,  the  phase  referred  to  a  zero-to-27t  band  has  a 
distribution  that  is  practically  uniform. 

Spatial  Structure  Function  of  Phase 

Table  III  shows  equations  for  the  phase  structure  function 
for  the  same  cases  as  before,  i.e.,  plane  wave,  spherical  wave, 
and  beam  wave.  Again  we  give  no  derivations,  only  ref- 
erences. Except  for  the  numerical  coefficients,  the  phase 
structure  functions  for  plane  waves  and  spherical  waves  are 
similar.  It  seems  reasonable  to  expect  that  the  beam-wave 
case  will  lie  somewhere  between  the  two  but,  to  our  knowl- 
edge, no  such  case  has  been  worked  out.  Specific  cases  for  a 
spherical  wave  propagating  vertically  through  the  atmo- 
sphere have  been  published  for  the  wave  structure  function 
[80],  [81].  The  wave  structure  function  is  related  to  the 
phase  and  log-amplitude  structure  functions  by  the  relation 


where 


D(p)  =  Ds(p)  +  DJp) 


Dx(p)  =  2[BZ(0)  -  Bx(p)l 


(40) 


Since  the  phase  structure  function  is  usually  larger  than  the 
log-amplitude  structure  function,  the  wave  structure  func- 
tion is  dominated  by  the  phase  term.  Therefore,  the  results 
for  specific  cases  for  the  wave  structure  function  give  some 
insight  into  the  behavior  of  the  phase  structure  function. 

The  difficulties  involved  in  optical  interferometry  through 
the  open  atmosphere  have  tended  to  discourage  direct  mea- 
surements of  the  phase  structure  function.  Bertolotti  et  al. 
[82]  and  Mold  on  [83]  observed  phase  differences  over  4-km 
urban  paths  25  meters  or  more  above  the  ground  and  con- 
cluded that  the  phase  structure  function  could  not  be  con- 
strued to  increase  as  p5/3  for  any  p  >  3  cm.  Measurements  of 
the  modulation  transfer  function  (a  function  of  the  wave 
structure  function)  by  Djurle  and  Back  [84]  and  by  Coulman 
[85]  also  failed  to  verify  the  p5'3  dependence,  but  the  effect  of 
scintillations  confuses  the  interpretation  of  these  measure- 
ments in  terms  of  phase  structure  function. 

By  contrast,  Bouricius  and  Clifford  [86]  observed  phase 
structure  function  over  a  folded  50-meter  path  only  1.6 
meters  above  ground  and  verified  an  increasing  power-law 
dependence  on  p,  though  the  exponent  may  be  less  than  5/3. 

Temporal  Power  Spectrum  of  Phase 

The  procedure  for  finding  the  frequency  spectrum  of  the 
phase  fluctuations  is  similar  to  that  for  finding  the  log- 
intensity  frequency  spectrum,  except  that  the  formulas 
involve  the  structure  function  instead  of  the  covariance 
function.  Again,  the  simplest  approach  is  to  use  Taylor's 
hypothesis,  so  that 

St(r,  t  +  t)  =  S,(r  -  BjT,  t).  (41) 

Defining  a  time  structure  function  Hs(t),  we  get 

Hs{t)  =  <[£(r,  t  +  T)  -  Sx(r,  t)]2>  =  D^T). 

The  structure  function  may  be  written  as  a  spectral  rep- 
resentation, where  the  frequency  spectrum  Wg{f)  is  equal  to 


the  frequency  spectrum  defined  in  terms  of  covariance 
functions,  provided  the  covariance  function  exists.  The 
spectral  representation  is 


Hs(t) 


[1  -cos(27r/i)]ws(/)d/.  (42) 


Using  this  approach,  Tatarski  [9]  found  for  the  general  case 

871 


ws(f) 


4n2f2Y12      " 
+  — f-        'L 


ok,      (43) 


where 


Fs(k,L)=  nk2L\  1  + 


sin  —  <P». 


k2L~~" 
Assuming  0>„(k:)  =  0.033C2k    u/3  exp  (-k2/k2),  he  finds 

Q-8/3 

/o 

7il/2exp(iQ2) 


ws(f)  =  In  ■  0.033Cn2k7/6Ll  m ' 


1.69+  Im 


n2 


r(7/3) 
T(17/6) 


1        4 
2~  3' 
17   10 
6~'T' 


jQ2    +  (-iQ2)7'3 


H-7/3) 


r'/2 


i& 


llll«L 


(44) 


where  Q  =  f/f0  and  f0  =  vAJ(2nlL)il2.  As  one  can  see  by 
comparing  (44)  with  (29),  the  expression  for  the  frequency 
spectrum  for  the  phase  fluctuations  is  the  same  as  for  log- 
amplitude  fluctuations  except  for  a  minus  sign.  For  Q«  1 
and  Q»l,  (44)  becomes 

ws(f)  =  3.28  ■  10"2C2/c2Li;i/3/-8/3,        Q«  1,     (45) 
ws(/)=  1.64    10-2C2fe2Lt;i/3/-8/3,        Q»l.     (46) 

Note  that  for  Q»  1,  the  spectra  ws(/)  and  wz(f)  agree.  For 
the  two  regions  Q«  1  and  Q»  1,  the  values  of  Wg{f)  differ 
only  by  a  factor  of  2.  However,  in  the  low-frequency  region, 
the  form  for  <D„(k)  is  not  known  in  general ;  therefore,  (45) 
must  be  applied  cautiously  at  frequencies  less  than  vJL0, 
where  L0  is  the  outer  scale  of  turbulence. 

For  many  applications  the  quantity  of  interest  is  not  the 
frequency  spectrum  of  the  phase  fluctuations  but  the  spec- 
trum of  the  fluctuations  of  the  phase  difference  measured  at 
two  points  separated  by  a  distance  p.  If  we  define  the  phase 
difference  as 


SS(t)  =  Sl(r,t)-Sl(r  +  p,t), 


(47) 


Tatarski  [9]  shows  that  the  covariance  function  of  the  phase 
difference  is 

R4S(t)  =  <SpS(t)SpS(t  +  t)> 

=  H^siP  -  »xt)  +  D^p  +  Pjt)  -  2Ds(Pxt)})    (48) 

using  once  more  the  frozen-turbulence  hypothesis.  If  p  and 
vx  are  parallel,  then  Tatarski  calculates 
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TABLE    III 

Structure  Function  of  Phase 


Case  General  Random  Medium  Locally  Isotropic  Random  Medium* 


A     [1  -J0{xp)] 
Jo 


Plane  wave,  homogeneous    Ds(p)  =  4n2k2L  |     [1  -  J0{Kp)]  For  ll//.  «  L, 

medium 


r      k      k2l~\ 

1  +  ^-sin <D„(ic)kc(k    (T32) 

k  L         k   J 


DM 


64C„2fc2L/0- "3    1  +  0.87(  ."  )       p2  +  --.p  «  /0 


l.46C2/<2Lp5'3,     /0  «  p  «  (AL)"2 
2.92C2/c2Lp5'3,     (XL)"2  «  p 


Ds(p)  =  8n2k2L       f  1  -  J0(kP)]<J>„(k)k  da.  For  L  «  l20/X 

Jo  L  «  ,2JX    (T33I 


«%IX    (T33)  ( 

D,(p)  =  0.132*2  -  r(  6U2LC2K„5'3  (T35) 


'hK1'-^)-1] ,T36> 

Plane  wave,  smoothly  Ds(p)  =  8k2/c2       df/C2(»/)        dioc[l  -  J0(kp)]  D,(p)  =  8ji2    0.0331c2       <if|C2(r;)        c<kk[I  -  J0(k/>)] 

varying  medium  J°  J°  Jo  Jo 

x  <Dy»(K)cos2  r        ~  -      (T34)  x  K"'"3exp(-ic2/K2)cos2    —  — ~^M    (T37) 


D,(p)  =  2.92fc2p5'3      C2(r/)  <A/,     UL)"2  «  p  (T38) 

Jo 

For  L  «  ll/X, 

Ds(p)  =  O.I32n2-r(-WK;5'3 

K  [•'»(-  i  ••  -  ^  r  'JT03***  ,T39) 


Spherical  wave,  Ds(p)  =  87t2fc2       dKK*„(ic)      drl  1  -  J0(  — )  Ds(p)  =  1.089fc2C2p5/3L  -  2[fl/(0)  -  B,(p)]  (T42)t 

homogeneous  medium  Jo  Jo       L  V  i-  /J 

x  cos     ( F40) 

Spherical  wave,  smoothly     Ds(p)  =  8re2Jk2       ^kkO^'Ik)     di/C2(»J  I  -  J0(  — )  Ds(p)  =  87i2Jk2       dijC2(if)       dnx I  I  -  J0( ~- ) 

varying  medium  J°  J°  L  V  ^   /  J  Jo  Jo  L  V  L.  /  J 

2  [K2ti(L  -  f/)~|  Tk2i/(L-ij)1 

x  cos2    (T41)  x  k    "/Jexp(-K:2/Ki)cos         —  (T43) 

L       IkL       J  L       2fcL       J 

Beam  wave,  homogeneous    £>s(p)  =  2k2      df;      c/kic[{  J0(i2v2Kp,)  No  cases  worked  out. 

medium  Jo      J° 

+  J„(i2y2Kp2)  -  J0(kP)  -  J0(kP*)}\H\2 

-  {1  -  J„(KQ)}f/2  -  {1  -  Jo(Ke*)}«*2l<l>» 

(T44)J 

Beam  wave,  smoothly  Let  <J>„(k)  =  C«(ij)Ojr0,(K)  in  (T44).  (T45)     No  cases  worked  out. 

varying  medium 

*  *„(k)  =  0.033  C2(x)k"'"3  exp(-K2/K2)  except  as  noted.  For  homogeneous  medium,  C2(x)  =  constant. 

t  *„(<c)  =  0.033  C2k-'  "\  Also,  B,(p)  given  by  (T26)  and  (T28). 

\  Symbols  defined  in  Tables  I  and  II.  Same  comments  as  (T15)  and  (T30). 
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"„•:</>        ■'■-■ (^K(./> 


*Pf\ 

V 


(49) 


Using  (45)  and  (46),  we  find  that  (49)  becomes 

wAS(/)  =  0.132C„2fc2Lt>i/3sin2^\/'-8/3,  (?±)v2«p  (50) 


wdS(j  )  =  0.066C*k2Lvlli  sin 


Wf 


f~s'\  p«(/L)1/2.(51) 


In  the  low-frequency  region  for  / «vjp,  w6S(f) 
~/2ws(/),  and  ifp  does  not  exceed  L0,  then  wdS(/)~/-2/3. 
Although  there  is  a  singularity  at  /  =0,  Tatarski  shows  that 
it  does  not  contribute  much  energy  to  the  spectrum  of  the 
fluctuations.  Another  point  to  note  is  that  (49)  predicts 
zeros  or  nulls  in  the  phase-difference  spectrum.  These  nulls 
result  from  assuming  a  constant  wind  speed,  and  fluctua- 
tions in  wind  speed  smear  them  out.  If  f  >^v2Javp),  then 
the  sin2  factor  can  be  replaced  by  j,  so  that 


wM)  =  2ws(/),       /  > 


iJ!L 

2  (jvp 


(52) 


Note  that  all  the  specific  cases  for  the  above  spectra  are 
calculated  assuming  plane-wave  propagation.  Though  we 
do  not  know  of  any  calculations  for  spherical-wave  or 
beam-wave  cases,  the  approach  is  straightforward,  but  the 
mathematics  may  become  cumbersome. 

The  only  measurements  of  the  spectrum  of  fluctuations 
of  phase  are  those  made  incidentally  to  the  structure  func- 
tion measurements  of  Bouricius  and  Clifford  [86]  who,  for 
wind  velocities  of  about  1  ms"1  and  L  =  50  meters,  ob- 
served no  contribution  from  frequencies  above  15  Hz. 
Phase-difference  spectra  have  not  yet  been  measured  di- 
rectly but  are  intimately  related  to  the  angle-of-arrival 
spectra  described  in  Section  VII. 

VII.  Angle-of- Arrival  Fluctuations 

Introduction 

In  considering  angle-of-arrival  fluctuations,  we  must  dis- 
tinguish carefully  among  the  differeni  definitions  of  angle 
of  arrival,  remembering  that  the  angle  of  arrival  is  closely 
tied  to  the  equipment  involved.  Attempting  to  remove 
equipment  considerations,  Strohbehn  and  Clifford  [30] 
used  the  direction  of  the  wave  normal  at  the  receiving  point. 
With  this  definition,  the  angle  of  arrival  is  proportional  to 
the  spatial  derivative  of  the  phase  fluctuations.  However,  if 
one  is  using  an  interferometer,  then  the  angle  of  arrival  is 
the  phase  difference  measured  at  two  points  separated  by 
some  distance,  call  it  b.  Obviously,  the  parameter  b  affects 
the  measurements.  If  a  telescope  is  used,  the  angle  of  arrival 
is  closely  related  to  the  average  tilt  of  the  wave  across  the 
aperture  of  the  telescope.  In  this  case  spatial  variations  in 
phase  tend  to  average  out  if  they  are  smaller  than  the 
diameter  D  of  the  aperture. 


Variance  of  Angle -of- Arrival  Fluctuations 

Most  of  the  theoretical  work  has  been  done  by  Tatarski 
[8],  [9];  the  second  work  is  more  complete.  For  an  inter- 
ferometer with  separation  b,  the  variance  of  the  angle  of 
arrival  a  is 


<a2>  =  °l 


(53) 


where  it  has  been  assumed  that  a  is  small  so  that  sin  ct^cc. 
Thus,  the  variance  of  the  angle  of  arrival  may  be  obtained 
from  the  appropriate  expressions  for  the  phase  structure 
function  given  in  Table  III. 

Tatarski  [9]  derives  the  angle-of-arrival  variance  for  a 
telescope  of  diameter  b,  and  the  result  differs  from  (53)  by 
only  3  percent.  For  spherical-wave  propagation,  Gurvich 
et  al.  [49]  give 

a\  =  1.05C2/>"3L,        (XL)'l2«2b.  (54) 

In  (53)  and  (54),  a  corresponds  to  one  component  of  the 
angle-of-arrival  fluctuations;  (54)  is  valid  only  as  long  as  the 
expressions  used  for  D^p)  are  valid. 

Gurvich  and  Kallistratova  [87]  measured  the  variance  of 
angle-of-arrival  fluctuations  under  conditions  where  the 
intensity  fluctuations  were  saturated  and  not  saturated. 
Using  a  telescope  with  a  constant  aperture  size,  they  verified 
that  (54)  was  correct  over  paths  125  and  500  meters  long. 
The  maximum  values  of  <xa  were  1 5  and  25  prad,  respectively. 
Over  a  1 750-meter  path  the  predictions  were  still  quite  good, 
but  the  measured  values  were  somewhat  lower  than  pre- 
dicted. Similar  measurements  by  Gurvich  et  al.  [49]  gave 
aa  ~5  to  20  prad  for  a  650-meter  path  and  15  to  45  prad 
for  a  6500-meter  path  during  daytime.  These  measurements 
indicate  that  the  theoretical  expressions  for  the  phase 
structure  function  appear  to  be  valid  even  when  the  ex- 
pressions for  intensity  are  not.  More  comparisons  of  this 
type  are  needed.  Gurvich  et  al.  also  measured  a2  pi/o2^p 
(the  ratio  of  the  plane-wave  to  spherical-wave  variance)  and 
found  a  ratio  of  2.42  compared  with  a  theoretical  value  of 
2.75. 

Kerr  [88]  has  tabulated  theoretical  values  for  various 
cases. 

The  Covariance  Function  and  Spectrum  of  Angle-of- Arrival 
Fluctuations 

Strohbehn  and  Clifford  [30]  calculated  the  angle-of- 
arrival  covariance  function  assuming  that  the  angle  of 
arrival  corresponds  to  the  normal  to  the  wavefront.  Their 
results  are  of  questionable  practical  value  since  most  mea- 
surement techniques  do  considerable  averaging  over  the 
phase  front. 

The  temporal  power  spectrum  of  angle-of-arrival  fluctua- 
tions may  be  estimated  by  using  some  of  the  previous  results. 
We  have  mentioned  that  the  variance  of  angle-of-arrival 
fluctuations  of  an  interferometer  is  almost  identical  to  that 
of  a  telescope.  Assuming  that  the  same  similarity  holds  for 
the  spectrum,  we  must  only  find  the  frequency  spectrum  for 
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Fig.  10.  Normalized  Irequency  spectrum  for  angle-of-arrival  fluctu- 
ations over  a  650-meter  path ;  v1  =  2  m/s.  The  heavy  curve  is  theoretical 
From  Gurvich  el  ai  (49,  p.  1368]. 


an  interferometer.  When  considering  phase  fluctuations, 
however,  we  described  the  spectrum  of  the  difference  of  the 
phase  fluctuations  at  two  receivers  separated  by  distance  p. 
Setting  p  =  b  makes  the  spectrum  wdS(f)  found  in  Section  VI 
also  the  spectrum  of  the  angle-of-arrival  fluctuations  of  an 
interferometer,  provided  the  expressions  for  wgs{f)  are 
divided  by  k2\  i.e.,  in  (49)  through  (52),  let 


w«(/)  = 


1 


s(/). 


Gurvich  et  al.  [49]  measured  the  frequency  spectrum  of 
angle-of-arrival  fluctuations  over  a  650-meter  path  when 
v±  was  2  ms"1.  Fig.  10  compares  their  results  with  theory. 
The  value  of  afnl  for  these  measurements  varied  between  1 
and  2.2;  therefore,  they  were  not  in  saturation.  Excellent 
agreement  is  shown. 

Astronomical  Refraction  and  Beam  Wander 

A  ray  of  starlight  traveling  to  the  earth's  surface  under- 
goes a  total  bending  x  that  depends  on  the  refractive-index 
profile  of  the  atmosphere  and  on  the  elevation  angle  of  the 
star  above  the  observer's  horizon.  This  bending  is  known 
as  "astronomical  refraction."  For  a  grazing  ray  where  the 
elevation  angle  of  arrival  0O  =  O,  at  sea  level,  a  typical  value 
for  t  is  10  mrad  (34  minute  of  arc,  or  slightly  more  than  the 
apparent  angular  diameter  of  the  sun).  For  a  surface  refrac- 
tivity  Ns  and  for  90>  170  mrad,  the  approximate  formula 
t  %  Ns  cot  60  /xrad  is  valid  to  within  0. 1  mrad. 

Garfinkel  [89]  prepared  a  computer  program  for  calcu- 
lating the  astronomical  refraction  through  an  arbitrary 
atmospheric  profile,  including  the  U.  S.  Standard  Atmo- 
sphere, applicable  to  all  cases  for  -n/2<60<n/2.  More 
approximate  and  more  convenient  methods  for  estimating 
astronomical  refraction  are  discussed  and  tabulated  by  Bean 
and  Dutton  [90].  They  fitted  an  exponential  function  of 
height  to  the  model  atmosphere  and  made  appropriate 
corrections  to  permit  the  inclusion  of  the  initial  refractive- 


index  gradient  observed  within  the  first  100  meters  above 
ground.  Their  interest  is  the  refraction  of  radio  waves,  but 
their  methods,  tables,  and  graphs,  with  the  humidity  taken 
as  zero,  all  apply  directly  to  the  optical  case.  This  arises  from 
the  fact  that  the  refractive  index  for  radio  waves  is  the  same 
as  that  for  light  waves,  except  that  for  the  radio  case  a  term 
must  be  added  to  account  for  a  strong  water-vapor  effect. 
They  have  compared  in  detail  the  results  of  the  exponential 
model  that  was  corrected  for  surface  observations  with 
actual  ray  tracings  through  observed  radiosonde  profiles  of 
the  atmosphere.  For  elevation  angles  0O  greater  than  about 
10  mrad  the  simplified  method  can  be  trusted  to  yield 
accuracies  in  total  bending  r  of  a  small  fraction  of  a  milli- 
radian. 

Downward  bending  of  an  optical  ray  also  occurs  on 
ground-to-ground  paths.  The  curvature  C  of  the  ray  is  given 
by  the  transverse  gradient  of  refractive  index  or,  for  nearly 
horizontal  rays,  by  the  vertical  refractive-index  gradient. 
Adopting  a  sign  convention  that  downward  curvature  is 
positive  and  using  N  units  so  that  curvature  is  measured  in 
/irad/km,  we  can  differentiate  (1)  to  obtain 


C  =  - 


dN 
~dh 


79  dP      79P  dT 
T  "dh  +  Y*    ~dh  ' 


For  sea-level  conditions,  where  the  pressure  is  1013.25 
mbar,  the  vertical  pressure  gradient  is  —  121  mbar  •  km"  ', 
and  the  temperature  is  20  C;  the  ray  curvature  is  related  to 
the  temperature  lapse  rate  ("C  •  km"  ' )  by 


C  =  32.6 


IT 

0.93  V^rad 
dh 


km 


Under  these  conditions  the  temperature  gradient  needed  to 
prevent  bending  (C  =  0)  is  -35"C-km"'.  Although  this 
temperature  lapse  rate  is  much  greater  than  that  for  a  normal 
atmosphere  (  —  6"C  •  km  ')  or  an  adiabatic  atmosphere 
(-I0C  km"1),  even  greater  lapse  rates  can  occur  for 
a  short  distance  above  a  hot  surface.  Such  conditions 
produce  upward  curvature  and  cause  a  mirage.  On  the 
other  hand,  if  the  vertical  temperature  gradient  becomes 
strongly  positive,  exceeding  about  134  C- km  '  as  may 
happen  above  a  cold  surface,  the  normal  downward  curva- 
ture of  the  ray  may  exceed  157  /<rad  ■  km"  ',  the  curvature 
of  the  earth's  surface.  This  produces  another  kind  of 
mirage  known  as  looming.  The  corresponding  phenomenon 
in  radio-wave  propagation  is  known  as  "ducting."  A  review 
of  the  theory  and  observation  of  mirages,  with  an  extensive 
bibliography,  was  recently  prepared  by  Viezee  [91]. 

Since  the  curvature  of  a  light  ray  depends  so  strongly  on 
the  vertical  temperature  gradient  of  the  atmosphere,  the 
apparent  position  of  a  distant  object  or,  what  is  equivalent, 
the  spot  produced  at  a  distance  by  a  fixed  laser,  will  vary 
from  time  to  time.  Ochs  and  Lawrence  [92]  measured  the 
variations  of  beam  curvature  over  paths  from  5  to  45  km 
long.  A  typical  24-hour  measurement  showed  a  diurnal 
variation  of  30  /^rad  km"1  on  a  1 5-km  path.  A  laser  beam 
wanders  sufficiently  over  long  paths  tc  exceed  the  minimum 
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beamwidth  permitted  by  the  turbulent  atmosphere.  Thus 
optical  systems  using  minimum  beamwidth  must  employ  a 
servo  pointing  system  to  remove  variable  refraction.  Ochs 
and  Lawrence  [92]  tracked  their  beams  at  a  maximum 
angular  rate  of  7.5  /^rad  •  s"  '  and  were  usually,  but  not  al- 
ways, able  to  maintain  lock.  When  occasionally  the  nearly 
horizontal  beam  passes  through  an  elevated  inversion  layer 
of  the  kind  described  in  Section  III,  the  vertical  deflections 
are  greatly  enhanced.  In  these  cases  nearly  periodic  vertical 
oscillations  are  common.  The  maximum  required  tracking 
rate  is  unknown;  the  spot  position  at  the  receiving  plane 
may,  in  fact,  sometimes  be  discontinuous.  More  observa- 
tions are  required  to  permit  predicting  the  reliability  of  a 
laser-beam  tracking  system. 

Motion  of  stellar  images  can  be  measured  either  with 
small  apertures  and  long  exposures,  in  which  case  the 
motion  results  in  a  blurred  image  indistinguishable  from 
defocusing,  or  with  large  apertures  and  short  exposures,  in 
which  case  the  aperture-averaging  effects  produce  multiple 
overlapping  images.  Measurements  of  the  latter  type  were 
made  by  Lese  [93]  with  a  fixed  0.9-meter  telescope  and  ex- 
posure times  of  a  few  milliseconds.  Multiple  exposures 
produced  images  lying  more  or  less  on  a  straight  line,  and 
deviations  from  the  straight  line  were  caused  by  random 
atmospheric  fluctuations.  The  mean  value  of  such  deviations 
was  3  firad  for  zenith  angles  60  <  1  rad.  Maximum  excur- 
sions of  about  5.5  ^rad  occurred  for  the  largest  zenith 
angles. 
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Experimental  Study  of  Atmospherically  Induced  Phase  Fluctuations  in  an  Optical  Signal 

G.  M.  B.  Bouricius  and  S.  F.  Clifford 

ESSA  Research  Laboratories,  Boulder,  Colorado  80302 

(Received  12  February  1970) 

We  present  the  results  of  measurements  of  the  optical  phase  variations  on  a  short  line-of-sight  path 
through  the  turbulent  atmosphere.  A  helium-neon  laser  (6328  A)  propagates  along  a  folded  50-m  path  that 
is  one  arm  of  a  Michelson  interferometer,  and  its  interference  fringes  are  observed.  A  measured  time-lagged 
structure  function,  found  by  using  Taylor's  hypothesis,  compares  well  with  the  theoretical  predictions  of 
Tatarski  for  a  broad  range  of  effective  separations,  in  contrast  with  earlier  observations.  Simultaneous 
measurements  of  C2  are  made  to  facilitate  comparison  with  theory.  Values  of  the  outer  scale,  deduced 
from  temperature  measurements  at  a  different  time  at  the  same  location,  indicate  excellent  agreement  with 
the  spacing  corresponding  to  the  knee  of  the  observed  phase  structure  function,  a  result  predicted  by 
Tatarski's  theory  and  not  previously  observed. 
Index  Headings:  Inhomogeneous  media;  Coherence;  Atmospheric  optics. 


When  a  light  beam  traverses  the  turbulent  atmosphere 
it  suffers  distortion  due  to  random  refractive-index 
variations.  We  concern  ourselves  here  with  the  fluctua- 
tions that  the  refractive  turbulence  produces  in  the 
received  optical  phase.  These  fluctuations  limit  the 
maximum  useful  aperture  for  optical  heterodyne 
receivers  and  have  detrimental  effects  on  the  resolution 
of  imaging  systems.  Hence,  a  study  of  the  signal 
degradation  due  to  the  atmospherically  induced  phase 
perturbations  is  relevant  to  both  communications  and 
optics. 

Many  authors1-4  consider  theoretical  predictions  of 
the  various  statistical  properties  of  the  phase.  However, 
there  are  few  direct  optical-phase  measurements. 
Gurvich  el  a/.,5,6  while  measuring  angle-of-arrival 
variance,  have  effectively  observed  the  behavior  of  the 
phase  structure  function  as  a  function  of  path  and 
intensity  of  turbulence  at  a  single  separation.  There 
exists,  to  our  knowledge,  only  one  direct  experimental 
measurement  of  the  phase  structure  function,7  for 
variable  separations,  although  others  have  measured 
it  indirectly  through  the  modulation  transfer  func- 
tion.8-10 These  measurements,  especially  the  work  of 
Bertolotti  el  al.,7  have  raised  serious  questions  about  the 
theoretical  prediction  of  the  form  of  the  phase  structure 
function  advanced  by  Tatarski.  One  goal  of  our  research 
is  to  resolve  some  of  the  questions  raised  by  their 
measurements. 

Tatarski  predicted  that  the  phase  structure  function 
of  an  initially  plane  wave  passing  through  locally 
homogeneous  and  isotropic  turbulence,  measured  at  a 
given  position  along  the  propagation  path,  will  have  the 
form 


D*(p)  =  2.9  \k-LC,:-pw;    p- 


pi-p: 


(1) 


Here  k  =  2tt/\  is  the  wavenumber,  L  the  path  length, 
and  C„-  a  parameter  representing  the  intensity  of  the 
refractive  turbulence.  The  vectors  pi  and  j>o  represent 
points  in  the  plane  perpendicular  to  the  axis  of  propa- 
gation. The  form  of  Eq.  (1)  is  expected  to  Ik-  valid  for 
separations,  p,  greater  than  a  Fresnel  zone,  (XL)1,  up 
to  the  outer  scale  of  turbulence,  L0.  In  another  paper 


Tatarski11  discusses  the  limitations  of  Eq.  (1)  and  states 
that  its  range  of  validity  is  restricted  to  the  condition 
D0(p)«7r.  Strohbehn,12  using  this  restriction,  found 
that,  for  strong  turbulence  (Cn2>4X10~14  m-§)  and  a 
path  length  of  100  m  or  more,  Eq.  (1)  would  be  valid 
for  separations  of  only  a  few  centimeters.  However,  in 
his  later  work  Tatarski  dropped  the  restriction  and 
implied  that  the  phase  results  have  broader  validity. 

The  measurements  of  Bertolotti  et  al.1  indicated  that 
the  phase  structure  function  does  not  follow  the  5/3 
law  for  separations  greater  than  a  few  centimeters. 
They  assumed  that  the  law  holds  below  that  value  but 
presented  no  experimental  verification.  There  are  at 
least  three  interpretations  of  Bertolotti's  result:  (1) 
The  outer  scale  of  turbulence  is  only  a  few  centimeters 
instead  of  a  few  meters,  as  is  generally  believed,  or  (2) 
Tatarski's  original  contention  that  his  phase  results  are 
not  valid  for  D^y-ir  is  correct,  or  (3)  the  meteorological 
situation  over  Bertolotti's  path  did  not  satisfy  the 
conditions  for  homogeneous  turbulence.  If  the  second 
interpretation  were  true,  the  phase  theory  would  have 
a  range  of  validity  for  strong  refractive  turbulence  that 
would  be  about  as  limited  as  that  of  the  theory  for 
log-amplitude  fluctuations. 

In  order  to  resolve  the  status  of  the  phase  theory, 
we  must  have  careful  measurements  of  the  phase  struc- 
ture function  for  different  path  lengths  under  a  wide 
variety  of  meteorological  conditions,  and  supporting 
meteorological  data  consisting  of  temperature,  humidity, 
pressure,  and  wind  information.  We  report  here  the 
initial  results  of  such  a  measurement  program. 

EQUIPMENT  CONFIGURATION  AND 
MEASUREMENTS 

Our  measurements  were  made  at  the  ESSA  Table 
Mountain  Research  Facility,  located  10  miles  north  of 
Boulder,  Colorado.  The  terrain  is  flat  and  the  semiarid 
vegetation  is  less  than  60  cm  in  height.  We  placed  a 
Michelson-type  interferometer  on  a  1.6-m  concrete 
pillar  with  its  movable  mirror  on  a  similar  pillar  at  a 
distance  of  25  m.  We  installed  a  differential  tempera- 
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lure  sensor  near  the  midpoint  of  the  light  path,  0.5  m 
off  the  beam  axis  and  at  the  same  1.6-m  height  as  the 
colllmated  laser  beam.  This  sensor,  described  by  Ochs,13 
contains  two  resistance  thermometers,  made  from  2-/tim- 
diam  platinum  wire,  spaced  10  cm  vertically.  A  pro- 
peller-driven anemometer  was  located  about  5  m  from 
the  midpoint  of  the  path.  The  data  used  in  this  paper 
were  all  obtained  between  5  and  6  h  after  sundown. 

The  laser  beam  propagates  along  the  25-m  path 
and  returns  while  the  transverse  wind  speed,  v„,  and 
the  intensity  of  the  refractive-index  fluctuations  are 
monitored.  The  interferometer  has  a  conventional 
movable  mirror  that  may  be  located  at  an  arbitrary 
distance  (we  used  25  m)  from  the  rest  of  the  instrument. 
A  highly  stabilized  Hc-Ne  laser  provides  the  light.  As 
is  shown  in  Fig.  1,  a  small  portion  of  the  laser  power 
is  extracted  from  the  beam  by  a  plain -glass  beam  split  ter 
and  monitored  by  detector  1),.  The  beam  then  passes 
through  the  plane-of -polarization  rotator  that  sets  the 
polarization  plane  about  45°  to  the  horizontal.  This 
angle  may  be  adjusted  to  obtain  maximum  fringe 
visibility.  The  beam  splits  at  the  next  beam  splitter  into 
approximately  equal  portions.  The  reference  beam 
passes  through  the  retardation  plate,  R,  is  reflected  by 
first-surface  mirrors,  M,  and  arrives  at  the  next  beam 
splitter  where  it  combines  with  the  returning  long-path 
beam,  to  produce  the  observed  interference  fringes. 
Detector  D4  monitors  the  returning  beam  llux. 

Although  a  single  detector  can  reliably  count  fringes, 
it  is  necessary  to  use  a  second  detector,  out  of  phase 
with  the  first,  in  order  to  determine  unambiguously  the 
direction  of  fringe  motion.  It  is  most  convenient  for 
the  two  signals  to  be  90°  out  of  phase.  To  obtain  two 
such  signals  in  quadrature,  we  use  a  retardation  plate 
to  delay  the  horizontally  polarized  component  90° 
relative  to  the  vertically  polarized  component  of  the 
reference  beam.  The  YVollaston  prism  separates  the 
two  polarized  components  and  detectors  Di  and  D> 
measure  their  fluxes  as  functions  of  time. 

Amplifiers  with  adjustable  bias  and  gain  settings  and 
adder-subtracter  circuits  compose  a  real-time  analog 
computer  that  uses  the  signals  from  tin  four  detectors 
as  inputs  and  furnishes  two  output  voltages, 


and 


/•.',(/)  =  .!/<'  cos0, 
Ey(t)  =  liAFsm<t>. 


(2) 
(3) 


The  constant  H  is  determined  while  adjusting  the 
instrument,  .1  is  the  measured  laser  power,  and  F-  is 
the  measured  returning  beam  llux.  The  phase  angle, 
0(/),  is  the  difference  of  phase  between  the  reference 
beam  and  the  returning  long-path  beam. 

The  output  voltages,  Eqs.  (2)  and  (3\  are  recorded 
on  an  analog  magnetic  tape.  Simultaneously  with  these 
tape  recordings,  we  record,  on  a  paper  chart, 

(1)  wind  speed  and  direction, 
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Ijg.  1,  The  optical-phase-measuring  instrument,  illustrating 
the  relative  position  of  half-wave  plate,  P,  retardation  plate,  R, 
Wollaston  prism,  W,  photodetectors,  Di,  and  mirrors,  M. 


(2)  relative  laser  power.  This  signal  comes  from 
interferometer  detector  D3,  Fig.  1,  and 

(3)  root-mean-square  temperature  difference  be- 
tween two  vertically  spaced  probes. 

While  these  data  are  being  recorded,  the  mean  air 
temperature,  barometric  pressure,  and  humidity  are 
observed  and  recorded  from  time  to  time. 

DATA  REDUCTION 

As  part  of  our  analysis  of  the  phase  data,  we  wish  to 
relate  its  fluctuations  to  the  variations  of  some  local 
measure  of  atmospheric  conditions.  Only  the  variations 
of  temperature  affect  the  propagation  of  visible  light. 
We  measured  the  temperature  at  two  points  separated 
vertically  by  10  cm.  The  mis  difference  of  these  values, 
as  a  function  of  time,  is  read  directly  from  the  paper- 
chart  recording. 

The  temperature  difference,  (Tz—Ti),  is  related  to 
the  temperature  structure  parameter,  CV,  by 


CY2  =  - 


((n-r,)2). 


(4) 


where  pv  is  the  power  law  of  the  temperature  structure 
function.  We  assumed  u  =  |  for  our  work.  To  obtain 
the  refractive-index  structure  parameter,  C,r,  we  use14 

«  =  1+ (77. 6P/T) (1+0.00753  'X'-)X10-6.        (5) 

Here  n  is  the  refractive  index,  X  is  the  wavelength  of 
the  light,  and  P  is  the  barometric  pressure.  Taking  the 
partial  derivative  of  Eq.  (5)  with  respect  to  tempera- 
ture and  noting  the  definitions  of  ('„-  and  Cr,  we 
obtain  for  our  wavelength  0.6328  /um, 

('„-'  =  [(79/>  T-) X  10-fi]-G-. 

We  determine  (.V  from  Eq.  (4).  Experimentally,  it 
is  more  convenient  to  measure  (  T»—T\  >avs  than 
{(T-2—TiY\v.  They  are  related  by  a  constant  factor 
for  a  given  probability  distribution  of  the  temperature 
fluctuations.   Lawrence  ct  al.u  have  determined   this 
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seconds 


Fig.  2.  A  typical  run  of  phase  as  a  function  of  time.  The  ex- 
panded section  has  been  magnified  5X  in  the  vertical  direction 
and  20X  in  the  horizontal  direction. 


factor  to  be  2.48  for  temperature  variations  at  2  m 
above  the  ground  for  a  wide  range  of  atmospheric 
conditions.  Thus,  in  the  absence  ot  noise,  we  use 


C„2  =  2.48 


r79/' 

T2 


-xicr-f 


-  ('r.-ni  >-„ 


(6) 


p' 


as  a  measure  of  the  strength  of  the  refractive  inhomoge- 
neities.  The  measured  values  of  P  and  T  were  831.2  mb 
and  279°,  respectively.  Equation  (6)  was  used  directly, 
along  with  the  probe  spacing  (p  =  0.1  m),  to  determine 
the  refractive-index  structure  parameter,  C,,'-',  for  each 
of  our  nine  runs.  The  wind  speed  and  direction,  read 
from  a  chart  recording,  were  used  to  eslimatc  the 
average  transverse  wind  component. 

The  two  signals,  Ez(t)  and  Ey(t)  [see  Eqs.  (2)  and 
(3)~J,  containing  the  time-varying  phase  information, 
along  with  the  necessary  calibration  signals,  were 
played  back,  from  the  magnetic  tape  through  an  analog- 
to-digital  converter,  the  output  being  recorded  on 
digital  magnetic  tape.  From  this  tape,  a  computer 
program  calculated 

0(0  =  tan-1[  {EV/B)/EI~], 

and  the  relative  returning  beam  flux, 

r®-lE,*+(E,/B)*yA*=F>. 

Figure  2  shows  the  phase  as  a  function  of  time  for  a 
typical  data  run  of  73  s. 

During  the  analog-to-digital  conversion,  the  analog 
data  were  sampled  at  the  rate  of  137  samples/s.  The 
power  spectrum  of  the  time  series  of  phase  samplings 
was  obtained  to  determine  whether  our  sampling  rate, 
with  a  Nyquist  frequency  of  68.5  Hz,  had  been  suffi- 
ciently rapid.  In  obtaining  the  power  spectrum,  we  used 


deviations  from  a  running  average  over  a  4-s  time 
interval,  therefore  the  frequencies  below  0.25  Hz  are 
highly  attenuated.  The  spectrum  exhibits  a  rapid 
decrease  and  no  important  contributions  beyond  15  Hz. 
Because  the  spectrum  exhibits  no  significant  amplitude 
near  the  Nyquist  frequency,  we  conclude  that  the 
sampling  rate  was  more  than  adequate. 

The  power  spectrum  appears  to  decay  somewhat 
slower  than  the  /~s  3  predicted  by  Tatarski.16  This  is 
consistent  with  our  observation  (see  bel  >w  and  Ref.  15) 
that  the  temperature  structure  function  rises  more 
slowly  for  our  experimental  conditions  than  the  usually 
assumed  §  law  of  Kolmogorov. 

From  the  decay  of  the  phase  power  spectrum,  it  is 
apparent  that  any  laser  frequency  noise,  arising  from 
wind-induced  acoustic  vibrations  at  frequencies  above 
15  Hz,  did  not  affect  our  results.  To  check  laser  noise 
at  the  lower  end  of  the  spectrum,  the  system  was 
tested  in  an  enclosure  relatively  free  from  temperature 
gradients.  The  laser  was  subjected  to  acoustic  noise 
and  simulated  wind  from  a  blower.  We  observed  no 
fringe  blurring,  caused  by  high  frequencies,  but  a 
low-frequency  fringe  motion  of  less  than  one  tenth  of  a 
fringe  was  detected.  This  would  cause  less  than  a 
1-rad-  error  in  the  measured  structure  function. 

The  phase  data  generated  as  described  above  are 
used  to  obtain  a  time-lagged  structure  function.  The 
time  interval  between  phase  values  is  0.0073  s.  The  time 
lags  for  obtaining  the  phase  structure  function  are  lluia 
restricted  to  multiples  of  this  unit, 

j     „, 

0#(h)=—  E  [>.— 0.1--J2, 
hi  'i 

where  in  is  the  total  number  of  phase  samples  used  and 
varies  between  2000  and  10  000  for  each  run.  No 
significant  changes  of  the  shape  of  the  structure  function 
occurred  for  values  of  m  greater  than  2000.  The  linal 
results  were  based  on  w;  =  10  000. 

ANALYSIS  OF  THE  MEASURED 
STRUCTURE  FUNCTION 

The  experimental  results  we  describe  below  are 
based  on  the  assumption  that  the  temperature  field 
does  not  change  appreciably  in  a  time  interval  r  and  is 
merely  carried  across  the  path  by  the  mean  transverse 
wind,  r„.  Then  the  random  field  representing  the  phase 
fluctuations  at  a  point  p  and  time  t-\-r  coincides  with 
the  field  at  a  point  <>  — v„r  at  the  time  /,  and  therefore 
D^(p)=J)0(rnT).  This  assumption,  called  Taylor's 
hypothesis,  has  several  obvious  difficulties,  first,  it 
requires  that  the  significant  time  changes  in  the  atmo- 
spheric variables  are  due  to  Iranslational  motions  of 
the  air  and  not  to  thermodynamic  processes  such  as 
convection  or  decay  of  turbulence.  Second,  it  assumes 
that  the  wind  velocity  is  uniform  along  the  path,  an 
assumption    that    severely     limits    the    range    of    path 
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lengths  for  which  this  method  is  applicable.  The  major 
advantage  of  this  measuring  technique  is  that  it  pro- 
duces a  large  number  of  data  points  without  a  corre- 
sponding increase  of  experimental  complexity,  as  would 
be  the  case  if  the  structure  function  were  measured 
directly,  by  use  of  a  large  number  of  spacings  either 
simultaneously  or  in  rapid  sequence. 

The  validity  of  Taylor's  hypothesis  strongly  depends 
upon  the  optical  parameter  being  measured.  Each 
parameter  of  the  optical  beam  is  sensitive  to  different 
regions  of  the  spectrum  of  turbulence.  Tatarski  shows 
that  for  amplitude  fluctuations,  the  validity  of  this 
assumption  requires  that  (\L)'-«L0.  However,  the 
turbulence  scales  most  effective  in  producing  phase 
variations  are  approximately  the  size  of  the  outer 
scale.  Tatarski1  indicates  that,  for  phase  measurements, 
Taylor's  hypothesis  should  be  valid  for  delays  as  long 
as  a  few  seconds.  Direct  measurements  of  Ochs  at 
ESSA  Laboratories,  who  obtained  the  time-lagged  cross 
correlation  of  two  temperature  sensors  spaced  along  the 
wind  and  used  the  criterion  that  a  maximum  correlation 
of  less  than  0.5  implies  failure  of  this  hypothesis  for 
that  separation,  indicated  validity  for  time  delays 
greater  than  1.5  s  (The  wind  velocity  was  steady  at 
3  m/s  during  his  observations.)  Ochs's  measurement 
weighted  equally  the  contributions  from  all  turbulence 
scales,  to  give  an  effective  eddy  lifetime.  Since  the 
lifetime  is  proportional  to  eddy  size,1  we  expect  that 
an  even  longer  lag  would  result  if  larger  scales  in  the 
spectrum  of  turbulence  were  emphasized.  We  arbi- 
trarily chose  to  use  a  time  delay  of  3  s  to  account  for 
the  large  scales  that  are  most  effective  in  producing 
phase  perturbations.  This  we  assumed  to  be  the  maxi- 
mum allowable  time  lag  for  computing  the  phase  struc- 
ture function,  and  our  analysis  has  been  conducted 
accordingly.  The  results  below  indicate  that  our  ap- 
proach was  sound  because  a  failure  of  Taylor's  hy- 
pothesis would  have  caused  a  premature  saturation  of 
the  measured  phase  structure  function,  ah  effect  that 
did  not  occur. 

Our  experiment  was  conducted  on  a  total  path  of 
50  m.  Nine  runs  were  made,  of  which  three  were 
discarded  because  of  inadequate  transverse  winds.  Of 
the  six  remaining  runs,  the  first  and  last  groups  of  three 
were  consecutive,  with  30  min  between  each  group. 


Table  I.  Transverse  wind  speed  and  intensity 
of  turbulence  for  each  run. 


?000 


Transverse 

wind 

Run  No. 
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Fig.  3.  The  time-lagged  phase  structure  function  normalized 
to  its  value  at  0.029  s  for  each  of  six  runs.  The  labeled  straight 
lines  are  theoretical  curves.  The  run  numbers  and  associated 
symbols  are,  1— X,  2 — a,  3 — h,  4-o,  5 — V,  6 — •. 


Figure  3  illustrates  the  measured  phase  structure  func- 
tion vs  time  lag  for  each  of  the  six  runs.  The  curves 
are  all  normalized  to  their  value  at  a  time  lag  of  0.029  s 
to  facilitate  comparison  of  slopes.  From  these  results 
it  appears  that  the  structure  functions  may  not  follow 
the  piedicted  5/3  power  law.  They  rise  more  slowly, 
possibly  in  agreement  with  the  temperature  data 
reported  by  Lawrence  et  al}b  whose  daytime  obser- 
vations indicated  a  slope  on  a  log-log  plot  much  closer 
to  §  than  the  predicted  §.  For  such  a  case,  the  phase 
structure  function  would  have  a  slope  of  §.  Their  night- 
time observations  show  a  much  more  variable  set  of 
curves,  most  of  which  exhibit  slopes  less  than  §.  The 
curves  of  Fig.  3  were  drawn  vs  time  lag  in  order  to 
avoid  the  uncertainty  that  would  have  been  introduced 
by  use  of  the  average  wind  along  the  path  to  compute 
the  equivalent  value  of  the  spacing  according  to  the 
formula  p  =  r„r.  The  minimum  transverse  wind  speed 
for  all  runs  was  29  cm/s ;  therefore,  all  the  curves  in  the 
figure  extend  to  at  least  87-cm  effective  spacing. 

Table  I  shows  the  values  of  transverse  wind  speed 
and  intensity  of  turbulence,  C„2,  for  each  of  our  six 
runs.  Using  the  measured  transverse  winds  and  the 
values  of  the  time-lagged  structure  function,  we  obtain 
the  curves  in  Fig.  4.  (Taylor's  hypothesis  must  certainly 
apply  for  our  data  in  all  but  runs  4  and  5.  Except  for 
these  runs  the  measured  variance  of  the  normal  wind 
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Fig.  4.  The  phase  structure  function,  normalized  by  the  coeffi- 
cient of  the  theoretically  predicted  power  law  using  the  observed 
temperature  structure  parameter,  is  plotted  vs  separation.  The 
dotted  line  is  a  theoretical  curve  that  applies  for  all  six  runs. 


component  was  much  less  than  10%  of  the  normal 
wind.)  The  curves  were  normalized  by  inserting  the 
path  length,  L  =  50  m,  and  the  wavelength  of  light, 
X  =  6328A,  into  Eq.  (1).  Then 

D*(P)  =  6.66  X1012C„y/3, 

where  p  is  now  given  in  centimeters.  Using  the  values 
listed  in  Table  I  for  C„2,  each  run  shown  in  Fig.  4  was 
normalized  by  the  factor  6.66X1012  Cn2  to  make  the 
curves  independent  of  the  changes  in  the  level  of 
turbulence  and  therefore  easier  to  compare.  The  curves 
follow  a  power  law  quite  closely  until  separations  on 
the  order  of  1  m.  This  compares  well  with  a  nighttime 
measurement  of  the  outer  scale  by  Ochs  at  the  same 
location  and  the  same  height  above  the  ground,  inferred 
from  the  knee  of  the  temperature  structure  function 
measured  by  separating  two  sensors  until  saturation 
occurred. 

It  is  apparent  from  Fig.  4  that  our  results  are  signifi- 
cantly different  from  those  of  Bertolotti  el  al.7  The 
phase  structure  function  follows  a  power  law  for  a  large 
range  of  separations  up  to  and  sometimes  exceeding 
1  m,  instead  of  saturating  at  distances  of  less  than  3  cm 
as  was  true  for  their  work.  The  results  appear  to  corre- 
late well  with  the  measured  temperature  structure 
function  according  to  the  theoretical  prediction 
[Eq.  (1)]. 


CONCLUSIONS  AND  PLANS  FOR  FUTURE  WORK 

Our  experimental  results  are  well  predicted  by 
Tatarski's  theory  over  a  large  range  of  spacings  if, 
close  to  the  ground,  we  allow  for  a  reasonable  departure 
of  the  spectrum  of  turbulence  from  the  usual  Kolmo- 
gorov  spectrum.  This  conclusion  disagrees  with  the 
results  of  Bertolotti  et  al.  who  found  disagreement  with 
the  theory  at  separations  greater  than  a  few  centimeters. 
Differences  between  our  experimental  arrangement  and 
theirs  should  be  noted.  Our  propagation  path  of  50  m 
is  over  a  uniform  flat  terrain  with  the  beam  about 
1.6  m  above  and  parallel  to  the  ground.  Their  paths 
were  longer  (0.5-3.5  km)  and  were  25-30  m  above  a 
city.  It  is  difficult  to  argue  the  relative  merits  of  the  two 
experimental  locales,  but  it  is  certain  that  ours  con- 
tained fewer  extraneous  atmospheric  variables. 

We  indicated  previously  that  there  are  several 
possible  explanations  of  their  results.  It  is  interesting 
to  consider  the  results  of  our  work  in  that  light.  Measure- 
ments of  the  outer  scale,  taken  in  conjunction  with  our 
experiments,  show  excellent  agreement  with  the  phase 
data.  The  knee  of  the  phase  structure  functions  occur 
at  separations  on  the  order  of  1  m,  and  this  compares 
well  with  the  measured  outer  scale.  As  for  uncertainties 
of  our  wind  measurements,  they  would  have  had  to  be 
in  error  by  a  factor  of  10  to  move  the  saturation  point  of 
the  phase  structure  function  down  to  a  few  centimeters. 
It  therefore  appears  very  unlikely  that  juggling  the 
size  of  the  outer  scale  affords  much  insight  into  the 
results  of  Bertolotti  et  al.  The  other  possibility,  men- 
tioned above,  was  that  of  exceeding  the  range  of  validity 
of  the  phase  theory.  In  the  plan  of  our  experiment,  a 
path  length  of  50  m  was  chosen,  sufficiently  short  to  be 
within  the  range  D^(p)  <t  for  spacings  up  to  the  outer 
scale  of  turbulence.  However,  the  particular  night  that 
data  were  taken,  C„2  indicated  very  strong  turbulence, 
as  is  seen  in  Table  I.  For  such  strong  turbulence,  the 
restriction  D^(p)<ir  implies  that  Eq.  (1)  should  be 
valid  only  for  separations  less  than  a  few  centimeters.12 
However,  the  measured  phase  agrees  with  the  theory 
for  separations  up  to  1  m!  Apparently  the  condition 
D^ip)  <jt  may  be  relaxed  considerably,  as  was  thought 
by  Tatarski,  and  the  phase  theory  is  adequate,  at  least 
for  distances  up  to  50  m,  for  propagation  near  the 
ground. 

More  work  needs  to  be  done  to  compare  the  theory 
with  measurements  at  different  heights  above  the 
ground,  at  different  path  lengths,  and  under  a  wide 
variety  of  atmospheric  conditions.  We  intend  to  take 
measurements  on  a  1-km  path,  instrumented  with 
anemometers  and  temperature  sensors.  Using  the 
resulting  wind  and  temperature-structure  profiles  along 
the  path,  we  hope  to  determine  the  relation  between 
the  observed  temperature  and  wind  data  and  the 
measured  phase.  We  are  also  completing  a  multiple- 
aperture  interferometer  which  has  several  spacing  stops 
and  will  measure  the  structure  function  directly.  Com- 


1  1  1 


1489 


G.     M.     B.     BOURICIUS    AND    S.     F.     CLIFFORD 


Vol.  60 


paring  the  two  techniques,  we  shall  be  able  to  test 
directly  the  validity  of  Taylor's  hypothesis  for  optical 
phase,  and  perhaps  take  advantage  of  its  simplifications 
in  future  phase  measurements  at  different  heights  and 
under  more  variable  atmospheric  conditions. 
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We  have  demonstrated  the  feasibility  of  using  polarization  coding  in  an  interferometric  measurement  of  optical 
phase.  Phase  variations  can  be  followed  continuously,  relative  to  the  beginning  of  any  desired  time  interval.  Typical 
phase  fluctuations  of  a  laser  beam  traversing  the  open  turbulent  atmosphere  are  presented. 


INTRODUCTION 

THE  phase  of  a  light  beam  propagated  through  the 
free  atmosphere  will  vary  with  time  because  the 
optical  path  length  is  time  dependent.  To  test  theories  of 
the  statistical  properties  of  phase  variations  or  establish 
design  parameters  for  optical  systems,  it  is  necessary  to 
study  the  optical  phase  fluctuations  experimentally.  Previ- 
ous workers,  all  using  laser  sources,  have  employed  various 
devices  for  obtaining  absolute  phase  measurements.  Buck1 
used  a  Michelson  interferometer.  Because  of  laser  fre- 
quency instability,  an  equal  arm  arrangement  was  needed 
that  called  for  one  arm  to  be  shielded  from  atmospheric 
effects.  (The  shielding  becomes  unwieldly  for  long  path 
lengths.)  To  obtain  two  signals  with  a  90°  phase  difference 
for  determining  direction  of  fringe  motion,  he  adjusted  two 
photomultipliers  to  view  different  parts  of  the  fringe 
system.  Unfortunately,  variations  in  fringe  spacing  render 
that  method  impractical  in  the  open  atmosphere.  Other 
experimenters  have  obtained  the  relative  phase  of  two  open 
air  optical  paths  rather  than  the  phase  variations  of  a 
single  path.  Burlamacchi  el  al?  used  a  grating  interfer- 
ometer and  a  rotating  mirror  to  display  a  portion  of  the 
fringe  system  on  a  cathode  ray  oscilloscope.  The  display 
was  then  photographed  for  analysis.  Moldon3  moved  a 
Ronchi  ruling  back  and  forth  to  modulate  the  optical  signal. 
In  this  system  the  useful  observation  time  interval  is 
limited  because  the  signal  phase  is  lost  each  time  the 
motion  of  the  ruling  is  reversed.  Bertolotti  el  al*  obtained 
interference  patterns  on  a  screen  and  photographed  them 
with  a  continuously  recording  camera  to  produce  pictures 
for  data  analysis. 


Our  instrument  has  several  advantages  over  the  previous 
methods:  No  long  path  shielding  is  needed  because  of 
improved  lasers,  no  photography  is  involved,  and  no 
rotating  machinery  is  used.  We  obtain  continuous  phase 
measurements  using  only  one  portion  of  a  polarization 
coded  fringe  system. 

THEORY 

We  have  constructed  a  two-beam  interferometer  with  a 
long  arm  containing  an  atmospheric  path  of  many  meters 
and  a  reference  path  of  6;)  cm.  A  photomultiplier  detector 
monitors  the  fringe  pattern.  While  a  single  detector  ob- 
serving the  fringe  pattern  can  reliably  count  the  passage  of 
fringes,  it  is  necessary  to  add  a  second  detector  which 
produces  a  signal  out  of  phase  with  the  fust  to  obtain 
unambiguous  direction  of  fringe  motion  and,  thus,  phase. 
We  have  used  a  single  aperture  so  that  both  detectors  view 
the  same  portion  of  the  fringe  system.  It  turns  out  to  be 
most  CDnvenient  for  data  reduction  purposes  if  the  two 
signals  have  90°  phase  difference.  To  obtain  two  such 
signals  in  quadrature,  we  employ  perpendicular  polariza- 
tions of  the  laser  output  and  place  a  retardation  plate  in  the 
reference  arm  of  one  of  the  polarizations;  thus,  the  light 
input  to  the  detectors  comes  from  two  fringe  patterns,  one 
from  each  polarized  component,  90°  out  of  phase,  but 
otherwise  identical. 

Figure  1  is  a  block  diagram  of  the  optical  assembly.  The 
half-wave  plate  P  rotates  the  laser  output  to  a  plane  about 
45°  to  the  horizontal.  This  angle  may  be  adjusted  to  obtain 
maximum  fringe  visibility.  We  now  consider  the  system 
using    the    horizontal    and    vertical    components   of    the 
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polarized  input  to  the  first  beam  splitter.  If  the  input  beam 
amplitude  is  A,  it  has  complex  components  Ax  and  Au.  As 
the  input  light  beam  strikes  the  various  elements,  each  has 
its  own  transmission,  reflection,  and  phase  changing 
properties.  The  following  convention  will  be  followed: 
Components  of  light  vibrating  in  a  plane  parallel  to  or 
perpendicular  to  the  plane  of  the  optical  assembly  (Fig.  1) 
will  be  called  x  components  or  y  components,  respectively. 
Since  the  laser  emits  polarized  light,  it  is  permissible  to 
use  Jones'  matrices  for  the  optical  elements.  Assuming 
ideal  optical  alignment,  each  element  may  be  represented 
by  a  diagonal  matrix  containing  either  a  reflection  or 
transmission  amplitude  factor  and  an  accompanying  phase 
change.  With  the  exception  of  the  atmospheric  path,  all 
optical  elements  are  constants.  Suppose  the  fast  axis  of  the 
retardation  plate,  having  retardation  angle  8,  is  oriented 
along  the  x  axis.  The  reference  beam  amplitude  A '  arriving 
at  beam  splitter  B4  is 
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Kxexp(—iax)  0 

0  A' j,  exp(— ;'a„) 
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LO    exp(-/0)JL4j 


where  the  first  matrix  represents  all  optical  elements  in  the 
reference  beam  except  the  retardation  plate,  and  the  second 
matrix  represents  the  phase  retardation  in  the  y  polariza- 
tion. The  amplitude  A"  of  the  beam  traversing  the 
atmosphere  and  arriving  at  beam  splitter  B4  is 
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where  the  first  matrix  represents  all  the  constant  optical 
elements  in  the  atmospheric  beam,  and  the  second  matrix 
represents  the  atmospheric  effects. 

We  make  the  assumption  that  the  atmosphere  treats 
both  polarizations  alike.  $  and  F  are  the  time  varying 
phase  and  amplitude  perturbations  introduced  by  the 
atmospheric  refractive  turbulence.  At  beam  splitter  B4  the 
beams  combine  to  produce  two  signals  that  are  separated 
by  the  Wollaston  prism  and  detected  by  Dl  and  D2  as 
quadrature  intensities,  given  by 

Ix  =  Az>[_Kx*+F>U+2K,LxFcos(<i>+tlx-az)l 
Iy=Af\_K*+FiLvi+2KvLyFcos(<i>+ftu-au-6)~\. 

The  angle  8  is  an  assignable  constant.  The  only  time  de- 
pendent angle  is  4>,  a  characteristic  of  the  atmospheric 
path.  The  statistics  of  the  fluctuating  part  of  the  above 
phase  angles  are  unaffected  by  additive  constants;  there- 
fore, let  <f> =<J>+j3J— ax  and  adjust  the  retardation  angle  0  so 
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Fig.  1.  The  optical  phase  measuring  instrument. 
0=(J3v-P*)-(ay-ax)+T/2, 


and    the   two   output   signals   arriving  at   the   detectors 
become 


7*i     r 

ij       L 


i  =  x,y. 


+F*L?+2KiLiF 


costf>]  ■ 
sin0 ) . 


(1) 


Off-diagonal  terms  in  the  matrix  representation"of  the 
optical  elements  will  produce  additional  scintillation  de- 
pendent terms  in  Eq.  (1)  which  will  not  be  eliminated  by 
the  procedure  discussed  below.  If  these  terms  are  suffi- 
ciently large  they  may  cause  significant  errors  in  the 
measurement  of  phase. 

EXTRACTION  OF  PHASE 

In  order  to  extract  <j>{l),  the  additive  terms  in  Eq.  (1) 
must  be  removed.  A  fraction  of  the  laser  output  power  h 
is  diverted  by  beam  splitter  Bi  into  detector  D4.  The 
returning  atmospheric  beam  intensity  is  monitored  by  the 
detector  D3,  which  receives  a  small  fraction  h  of  the  light 
intensity  diverted  by  beam  splitter  B3.  These  four  signals 
(/*,  Iy,  It,  and  Js)  are  used  to  obtain  <p(l). 

Each  of  the  four  optical  intensities  illuminates  an  elec- 
tron multiplier  phototube.  Each  phototube  output  current 
is  an  input  to  an  amplifying  circuit  whose  output  is  a 
voltage  proportional  to  the  input  current.  The  amplifier 
biases  are  adjusted  for  a  zero  output  with  the  laser  ex- 
tinguished. This  removes  phototube  dark  currents  and 
offset  biases.  Let  the  channel  gain  factors  be  G,\  Then  the 
output  voltages  will  be 


and 


E\=G\IX,    Ei=G%Iy,    Ei=GzI\,    Ei=GJi, 


Ei—GfJi, 


where  Ix  and  /„  are  given  in  Eq.  (1).  The  relative  values  of 
the  gains  are  adjusted  by  blocking  first  the  reference  beam 
and  then  the  atmospheric  beam  with  the  system  in  opera- 
tion. With  the  reference  beam  blocked,  AI  =  Ay  =  0.  The 
gains  G\,  G2,  and  Gt  are  adjusted  so  that  Ei  =  Ei  =  Et\ 
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thus,  we  have 

Gi^I2Ix2=G2^u2I1,2=G4(/2/F2). 


(2) 


Restoring  the  reference  beam  and  interrupting  the  beam 
passing  through  the  atmosphere  makes  F  =  0.  Gain  G3  is 
subsequently  adjusted  so  that  £3  =  £i;  thus,  we  have 

GJi^GiAfKf.  (3) 

Gain  GB  is  next  adjusted  so  that  £6  =  £>;  then, 

GiTi-GtASK,*.  (4) 

Dividing  Eq.  (4)  by  Eq.  (3)  yields 

G6    _    Gl/AyKy\* 

G3      G^AJCj  ' 

The  relative  gains  G3  and  Gt,  are  measured  by  introducing 
a  common  input  to  the  amplifiers  and  measuring  the  output 
with  a  digital  voltmeter  having  an  accuracy  better  than 
0.1%.  Using  the  measured  ratio  of  G5/G3  and  the  ratio  of 
G2/G1  from  Eq.  (2),  we  obtain  the  gain  ratio  B2,  whefe 

B2=Gi/G3=(LxKy/LyKx)2. 

Now  the  interrupted  beam  is  restored.  The  value  of  B  is 
inserted  into  the  output  equations  which  become 

£i=G,^I2(A'I2+i72ix2+2A'IFZ.Icos*), 

£2=Gi^I2(52AI2+£2Z,12+2Ax£LI£sin</>), 

E3=GiAx2Kx2, 

El=GlAx2F2Lx2,  and 

Eh=GiAx2Kx2B2. 

To  conserve  data  recording  channels,  these  five  signals  are 
fed  into  a  simple  real  time  analog  computer  to  add  and 
subtract  them  in  a  suitable  manner.  One  computer  circuit 
forms  £1— £3— £4  and  another  £>  — £4— £6.  Their  re- 
spective output  voltages,  Ex  and  £„,  are 

EX  =  J  cos<t>(l),  (5) 

Ey=JBsm<t>(l),  (6) 

where 

/  =  2G1^x2AIIIF; 

Ex  and  £„  are  then  recorded  on  analog  tape  at  the  field  site. 

Subsequently  these  data  are  transcribed  to  digital  tape 
for  computer  processing.  The  phase  angle  often  changes  by 
hundreds  of  radians  during  an  experimental  run.  The 
assumption  is  made  that  the  digitizer  has  a  sufficiently 
rapid  sampling  rate  so  that  the  phase  does  not  change  more 
than  ±tt  rad  between  consecutively  sampled  sets  of  values 
of  Ex  and  £„.  The  computer  program  uses  EX  =  J  cosi>, 
EV  =  BJ  sin<£,  B,  and  the  sampling  assumption  to  produce 
the  phase  angle  as  a  function  of  time  for  an  experimental 
run  of  any  desired  length. 

If  the  time  variation  of  the  relative  intensity  of  the 
returning  beam  is  desired  in  addition  to  the  phase,  another 


signal  voltage  must  also  be  recorded,  digitized,  and  used  in 
computations.  The  returning  beam  intensity  is  F2.  Since 
Ex  and  Ey  are  already  necessary,  only  one  more  signal, 
e.g.,  £3,  need  be  recorded.  The  intensity  F2  is  then  found 
to  be 

F2=  (Kx/2LxB)2l(B2Ex2+Ey2)/E32l 

Since  Kx/Lx  is  not  known,  only  the  relative  intensity  is 
obtainable. 

ERROR  ESTIMATES 

As  mentioned  above,  B  in  Eq.  (6)  is  measured  with  an 
accuracy  of  0.1%.  The  uncertainty  this  produces  in  the 
measured  phase  is  given  by 


AB  sin2</> 
B      2<j>   ' 


Hence,  the  error  in  <j>  will  be  bounded  by  the  0.1%  error 
in  B. 

The  off-diagonal  terms  previously  mentioned  will  tend 
to  alter  the  form  of  Eqs.  (5)  and  (6)  and  return  them  to  a 
form  similar  to  Eq.  (1).  If  these  signals  are  displayed  on 
the  X  and  Y  axes  of  an  oscilloscope  with  suitably  adjusted 
gains,  the  resulting  average  locus  will  not  be  a  circle  as 
would  be  the  case  if  Eqs.  (5)  and  (6)  were  valid.  There 
would  be  additional  scintillation-induced  modulation  of  the 
circle  radius  and  a  random  precession  of  the  center.  The 
latter  effect  would  seriously  inhibit  the  ability  to  de- 
termine the  quadrant  of  the  phase  at  a  given  instant. 
Average  circularity  may  be  assured  in  the  alignment 
procedure  by  linearly  changing  the  phase  along  the  atmo- 
spheric path  in  the  laboratory  and  adjusting  the  relative 
position  of  the  optical  elements.  However,  a  check  for 
motion  of  the  center  of  the  circle  must  be  made  under  the 
actual  atmospheric  conditions  or  with  simulated  scin- 
tillations to  determine  the  magnitude  of  the  undesirable 
effects  of  the  off-diagonal  elements.  We  have  not  observed 
any  motion  of  the  center  of  the  circle. 

DESIGN  AND  CONSTRUCTION 

The  optical  elements  are  rigidly  mounted  on  a  1.9  cm 
thick  by  38  cm  by  76  cm  aluminum  baseplate  placed  in  a 
horizontal  plane.  The  mirrors  Ml  and  M2  located  on  the 
baseplate,  the  mirrors  M3  and  M4  located  on  the  remotely 
placed  dihedral  reflector,  and  the  beam  splitter  U4  are 
adjustable  in  angle.  The  apertures  Al  and  A2  are  ad- 
justable vertically  and  laterally  so  that  the  intensity 
monitor  D3  and  the  detectors  Dl  and  D2  all  view  the 
same  portion  of  the  returning  beam.  Because  of  the  vastly 
unequal  lengths  of  the  two  arms  of  the  instrument,  a  highly 
stabilized  He-Ne  laser5  is  used  as  the  light  source.  The 
returning  light  beam  is  prevented  from  entering  the  laser 
and  disturbing  the  stability  of  the  source  by  using  beam 
splitter  B2   to  separate  the  beam  and  a  second  beam 
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Fig.  2.  A  typical  measurement  of  absolute  optical  phase 
as  a  function  of  time. 

splitter  B4  to  recombine  the  beams.  All  signal  and  power 
leads  on  the  assembly  are  rigidly  fastened  to  the  baseplate. 
The  baseplate  itself  is  supported  on  15  flattened  balls  of 
putty  to  provide  vibration  damping.  While  recording  data, 
it  is  necessary  that  vibration  be  held  to  a  minimum.  Thus 
no  power  supplies  or  electronic  equipment  are  located  on 


the  same  platform  on  which  the  instrument  is  mounted. 
All  cables  leading  from  the  instrument  assembly  to  the 
electronic  equipment  are  firmly  fastened  to  prevent  wind 
induced  vibration. 

RESULTS  AND  DISCUSSION 

A  typical  plot  of  absolute  optical  phase  as  a  function  of 
time  is  shown  in  Fig.  2.  This  curve  is  a  computer  generated 
graph  of  10  000  successive  values  of  </>  taken  in  a  73  sec 
time  interval.  The  sampling  rate  for  these  data  was  137 
sec-1.  A  Fourier  analysis  of  the  data  shows  negligible 
contribution  for  frequencies  higher  than  about  15  Hz, 
indicating  a  sufficiently  rapid  sampling  rate.  Laboratory 
tests  of  vibration  sensitivity  carried  out  in  a  quiet  atmo- 
sphere showed  that  winds  below  about  5  m-sec-1  blowing 
directly  upon  this  laboratory  model  instrument  have 
negligible  effect  on  the  signals. 


1  A.  L.  Buck,  Appl.  Opt.  6,  703  (1967). 

2  P.  Burlamacchi,  A.  Consortini,  and  L.  Ronclii,  Appl.  Opt.  6,  1273 
(1967). 

3  J.  C.  Moldon,  M.I.T.  Tech.  Rep.  469  (1969). 

4  M.  Bertolotti,  M.  Carnevale,  L.  Muzii,  and  D.  Settc,  Appl.  Opt.  7, 
2246  (1968). 

6  Spectra-Physics,  Inc.,  model  119  gas  laser. 
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Measurements  of  the  Wavelength  Dependence  of 
Scintillation  in  Strong  Turbulence* 
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ESSA  Research  Laboratories,  Boulder,  Colorado  80302 
(Received  2  July  1970) 


Index  Headings:  Atmospheric  optics;  Scintillation. 

It  is  now  generally  agreed  that  the  scintillation  of  an  optical  beam 
does  not  increase  indefinitely  as  the  refractive-index  turbulence 
of  the  atmosphere  increases  but  tends  to  saturate  for  sufficiently 
strong  turbulence  and  sufficiently  great  path  length.  Several 
workers  have  verified  the  existence  of  this  saturation  region.1-6 

Additionally,  Mevers  et  a/.6  have  made  observations  in  this 
region  at  several  wavelengths.  Their  results  indicated  that  the 
maximum  saturation  level  was  markedly  wavelength  dependent, 
decreasing  with  increasing  wavelength.  This  unexpected  result 
encouraged  us  to  perform  a  similar  experiment,  comparing  the 
scintillation  of  two  wavelengths  at  a  fixed  distance  but  over  a 
wide  range  of  turbulence  conditions.  Our  results  show  little,  if 
any,  variation  of  the  maximum  scintillation  level  with  wavelength. 

The  measure  of  scintillation  that  we  use  is  log-amplitude 
variance,  C;(0),  defined  as 

Ci(0)  =  ((1iw-  <lnr)av)2>av, 

where  v  is  the  amplitude  of  the  vector  of  the  optical  wave.  Because 
the  irradiance,  /,  over  a  small  aperture  is  actually  measured, 
Ci  (0)  can  be  obtained  from  the  expression 

C,(0)  =  |<(ln/-<ln/>av)2)av 

The  refractive-index  structure  constant,  C„2,  is  derived  from 
temperature  measurements  by  using  small,  high-speed,  platinum 
resistance  thermometers.7 

All  measurements  were  made  on  a  1-km  optical  path  2  m 
above  the  grass-covered  surface  of  Table  Mountain,  a  very  flat 
mesa  12  km  north  of  Boulder,  Colorado.  Two  continuous-wave 
He-Ne  lasers  were  used  with  single-mode  outputs  at  0.6328  and 
1.084  (im,  respectively.  The  experimental  conditions  are  sum- 
marized in  Table  I. 

At  the  lasers,  the  beams  were  separated  4  cm  (horizontally)  by 
a  mirror  in  one  of  the  optical  paths.  The  receivers  were  separated 
by  30  cm  horizontally.  The  relatively  large  receiving  apertures, 
scaled  as  X*,  were  used  so  that  a  sufficient  signal-to-noise  (S/N) 

Table  I.  Summary  of  experimental  conditions. 


Wavelength 

0.6328  *im 

1.084  >im 

Laser  output 

3mW 

5  mW 

Laser  aperture 

5  mm 

2  mm 

Laser  divergence 

2  mrad 

1  mrad 

Receiver 

EMI  9558 

RCA  7102  at  dry-ice 
temperature 

Receiver  aperture 

5  mm 

6.4  rflrm 

Receiver  acceptance  angle 

5  mrad 

5  mrad 

Optical-filter  bandpass 

10  A 

25  A 

Electrical  filter 

0-3  kHz 

0-3  kHz 

ratio  was  available  at  1.084  jim.  Occasionally,  the  analog  circuitry 
following  the  photomultiplier  tubes  was  interchanged,  and  results 
were  compared  to  insure  that  the  two  circuits  were  performing 
identically. 

Recorded  variables  were  preprocessed  with  analog  equipment, 
and  mean  values  of  quantities  of  interest  were  recorded  digitally, 
once  each  minute,  for  later  computer  processing.  (Analog  methods 
of  computation  have  been  described  by  Ochs  et  alJ)  These  tech- 
niques for  the  measurement  of  log-amplitude  variance  might  have 
lacked  sufficient  dynamic  range  for  values  of  Cj(0)  such  as  were 


Fig.  1.  Log-amplitude  variance,  C/(0),  of  light  fluctuations  received 
between  1024  MST,  14  February,  and  0800  MST,  15  February,  1970,  vs 
log-amplitude  variance,  O'(O),  predicted  from  linear  spherical-wave 
propagation  theory.  Ci"(0)  is  determined  from  a  temperature  structure- 
function  measurement  made  near  the  receiving  end  of  the  path.  Each  point 
represents  a  1-min  average  of  the  variables.  The  upper  graph  is  for  X  =0.6328 
am  ;  the  lower  is  for  X  ■=  1.084  »m. 
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Fig.  2.  The  upper  two  graphs  display  only  that  data  of  Fig.  1  obtained 
when  the  wind  speed  was  in  the  range  2-6  m/s.  The  lower  graph  is  log- 
amplitude  variance,  C/(0).  at  X  -0.6328  pm  vs  that  at  X- 1.084  /im,  for 
the  wind-velocity  range  2-6  m/s. 


encountered  in  the  saturation  region ;  hence  an  occasional  check, 
consisting  of  an  amplitude-distribution  analysis,  was  made  when 
the  optical  scintillations  were  saturated.  From  the  portion  of  the 
amplitude  plot  having  the  best  S/N  ratio,  Ci  (0)  was  determined 
and  used  to  check  the  calibration  of  the  analog  equipment. 

In  Fig.  1,  we  show  a  comparison  of  our  observed  scintillation 
levels  with  those  predicted  by  Fried's8  spherical-wave-propagation 
theory,  developed  from  Tatarski's  earlier  work,  which  does  not 
predict  a  saturation  of  scintillation.  According  to  Fried's  theory, 

CV(0)  =  0.124(2ir/X)"«Z'"«Cn2, 

where  X  is  the  wavelength  of  the  light,  Z  is  the  path  length,  and 
C*  is  the  refractive-index  structure  parameter  derived  from  our 
temperature-fluctuation  sensors,  separated  10  cm  vertically.  Al- 
though there  is  considerable  scatter  in  the  data,  the  optical 
scintillation  displays  a  general  tendency  to  rise,  reach  a  peak,  and 
then  diminish  somewhat  with  increasing  turbulence.  Most  of  the 
scatter  occurs  when,  because  of  low  wind  velocity,  the  path 
becomes  extremely  nonuniform.  At  such  times,  a  1-min  average 
may  be  expected  to  have  large  statistical  fluctuations  and,  in 


addition,  the  atmosphere  is  less  likely  to  be  described  adequately 
by  a  Kolmogorov  theory  of  turbulence. 

In  Fig.  2,  we  show  only  that  portion  of  the  data  taken  when 
the  wind  velocity  was  between  2  and  6  m/s.  The  scatter  in  the 
upper  two  plots  is  noticeably  less  than  in  Fig.  1.  Below  saturation, 
the  measured  scintillation  is  somewhat  less  than  that  predicted 
by  spherical-wave  propagation  theory.  There  is  considerable 
scatter  in  the  region  of  maximum  scintillation.  Farther  into  the 
saturation  region,  there  is  a  decrease  of  the  scintillation  at  both 
wavelengths.  Because  of  aperture  smoothing,  the  variance  at 
which  the  0.6328-^m  scintillations  saturate  is  less  than  that 
reported  earlier  by  Ochs  and  Lawrence.5  A  1-mm-diam  aperture 
was  used  in  the  early  experiments.  The  aperture-averaging  effect 
was  measured  at  0.6328  fim,  where  the  S/N  ratio  for  a  1-mm 
aperture  was  adequate.  These  experiments  indicated  a  40% 
reduction  of  log-amplitude  variance  with  the  5-mm-diam  aperture. 

Some  features  of  the  wavelength  comparison  become  more 
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Fir,.  3.  A  series  of  scatter  plots  of  log-amplitude  variance,  Ci(0),  at 
0.6.128  pm  vs  tint  at  X  - 1.084  um.  Each  point  Is  a  l-min  average  and  the 
first  seven  graphs  contain  8  h  of  data  each,  beginning  with  0001-0800 
MST.  I.)  February  and  ending  with  0001-0800  MST.  IS  February  l«70. 
The  sequence  is  by  rows  from  upper  left  to  lower  right.  The  last  graph 
contains  all  56  h  of  data. 
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Fie.  4.  The  data  of  Fig.  3.  log-amplitude  variance,  Ci(0).  for  X -0.6328 
»m,  sorted  as  a  function  of  wind  speed.  From  top  to  bottom,  the  scatter 
plots  contain  only  those  observations  made  when  the  wind  speed  was  in 
the  ranges  0-2,  2-4,  and  4-6  m/s,  respectivelv. 


evident  if  the  scintillation  at  X=  1.084  pm  is  plotted  vs  that  at 
0.6328  /im,  as  shown  in  the  lower  graph  of  Fig.  2.  The  agreement 
with  the  predicted  wavelength-scaling  law  (dotted  line)  is  good 
at  low  variance,  in  agreement  with  the  6ndings  of  Fitzmaurice 
et  al.*  over  a  greater  wavelength  range.  Also  there  is  less  scatter 
in  this  plot  than  in  the  upper  two  plots  of  Fig.  2. 

The  scatter  in  the  upper  two  plots  is  principally  due  to  two 
causes:  First,  there  is  a  variation  in  the  spectrum  of  turbulence; 
second,  there  is  a  statistical  fluctuation  resulting  from  a  1-point 
turbulence  measurement  being  used  to  represent  turbulent  con- 
ditions along  a  1-km  path.  The  lower  plot  is  affected  only  by 
turbulence-spectrum  variations,  so  the  relative  magnitudes  of 
the  two  effects  can  be  seen. 

All  of  the  data  in  Fig.  2  were  taken  when  the  wind  velocity 
ranged  between  2  and  6  m/s.  In  Fig.  3,  no  such  restriction  has 
been  applied,  and  comparisons  of  scintillation  at  X  =  0.6328  and 
1.084  /im  are  shown  for  consecutive  8-h  segments  of  a  56-h  ob- 
serving period.  The  last  plot  contains  all  of  the  data  taken  during 
the  period.  The  most  striking  feature  of  Fig.  3  is  the  great  varia- 
tion from  segment  to  segment,  even  though  each  includes  8  h 
of  data.  It  is  clear  that  the  nonstationary  nature  of  the  turbulent 
atmosphere  near  the  ground  necessitates  long  periods  of  measure- 
ment to  obtain  stable  (or  representative)  results.  Such  nonsta- 
tionarity  undoubtedly  explains  some  of  the  differences  reported 
in  the  results  of  various  experiments.  An  additional  source  of 
error  lies  in  the  difficulty,  pointed  out  by  Fitzmaurice  and  Bufton,10 
in  measuring  accurately  high  log-amplitude  variances.  In  Fig.  4, 
the  data  of  Fig.  3  have  been  sorted  in  2-m/s  wind-speed  ranges. 
Again,  most  of  the  scatter  appears  to  occur  in  those  data  taken 
when  the  wind  speed  was  less  than  2  m/s. 

It  appears  that  the  atmosphere  is  more  nearly  statistically 
stationary  and  most  closely  approximates  a  Kolmogorov  spec- 
trum of  turbulence,  when  the  speed  exceeds  about  2  m/s.  The 
lower  graph  of  Fig.  2  and  the. two  lower  graphs  of  Fig.  4  were 
taken  under  these  conditions,  and  they  show  less  scatter.  At  low 
variances,  the  wavelength-scaling  laws  are  obeyed.  With  increas- 
ing turbulence,  the  shorter  wavelength  begins  to  saturate  first, 
and  the  slope  of  the  curve  begins  to  decrease.  When  the  log- 
amplitude  variances  at  both  wavelengths  have  reached  their 
maximum  values,  they  appear  to  be  about  equal,  although  it 
could  be  argued  that  the  maximum  scintillation  of  the  shorter 
wavelength  is  a  little  greater.  By  contrast,  Mevers  el  al*  reported 
a  pronounced  decrease  of  saturation  with  increasing  wavelength, 
using  measurements  made  over  a  wider  wavelength  range. 

After  the  scintillations  at  the  two  wavelengths  saturate,  further 
increase  of  atmospheric  turbulence  decreases  the  scintillation  of 
each.  The  scintillation  seems  to  be  independent  of  wavelength  at 
this  stage,  although  at  the  highest  turbulence  levels  there  is  some 
indication  that  the  scintillation  of  the  shorter  wavelength  de- 
creases more  rapidly. 

I  In  summary,  our  observations  below  saturation  indicate  good 
agreement  with  the  predicted  wavelength  dependence.  With  in- 
creasing turbulence,  the  scintillations  for  both  wavelengths 
saturated  at  nearly  the  same  level  and  then  decreased,  the  shorter 
wavelength  tending  to  decrease  more  rapidly. 
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Temporal-Frequency  Spectra  for  a  Spherical  Wave  Propagating 
through  Atmospheric  Turbulence 
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Tatarski  has  found  the  frequency  spectra  for  the  amplitude,  phase,  and  phase-difference  fluctuations  of 
an  infinite  plane  wave  propagating  through  turbulence.  Many  practical  optical  beams,  used  in  atmospheric 
studies,  closely  resemble  point  sources,  for  which  the  spherical-wave  theory  is  more  applicable.  The  same 
spectra,  calculated  for  spherical  waves,  reveal  contributions  at  higher  frequencies  for  amplitude  scintillations, 
nearly  identical  phase  results,  and  a  phase-difference  spectrum  with  no  nulis,  in  contrast  with  the  plane-wave 
results.  Comparison  with  recent  data  is  shown. 
Index  Headings:  Scintillation;  Inhomogeneous  media;  Atmospheric  optics;  Turbulence. 


In  a  recent  paper,  Lawrence  and  Strohbehn1  considered 
the  temporal-frequency  spectrum  of  the  amplitude, 
phase,  and  phase-difference  fluctuations  of  a  plane, 
monochromatic  wave  propagating  through  atmospheric 
turbulence.  A  similar  calculation  for  spherical  waves  is 
easily  tractable  as  they  imply  and  contain  some  in- 
teresting features  not  found  in  the  plane-wave  results. 

A  propagating  wave's  amplitude  and  phase  are  modu- 
lated in  a  complex  manner  by  the  temporal  and  spatial 
behavior  of  the  atmosphere's  turbulent  fields.  These 
effects  are  usually  modeled  by  means  of  a  variable 
refractive  index,  n(x,y,z,t),  a  function  of  both  position 
and  time.2-5 The  function  n  has  a  mean  value,  (n)  (angle 
brackets  indicate  an  ensemble  average),  independent 
of  coordinates  and  time,  and  a  random  component, 
ri\{x,y,z,t),  with  zero  mean.  Time  variations  of  n  are  due 
to  motion  of  the  atmosphere.  These  motions  are  either 
random,  such  as  those  produced  by  individual  turbulent- 
eddy  decay,  or  large-scale  mean  motions  involving  the 
entire  spectrum  of  turbulence  scales,  such  as  those  pro- 
duced by  the  wind.  Taylor's  hypothesis,  that  the  effects 
of  the  mean  motion  dominate,  producing  time  changes 
in  rii  by  transporting  frozen-in  spatial  variations  of 
refractive  index  past  the  point  of  observation,  allows 
the  determination  of  the  power  spectra  most  directly. 
Then,  simultaneous  knowledge  of  the  spatial  statistics 
of  the  wave  parameters  and  the  wind  velocity  permits 
a  transformation  to  temporal  statistics.  In  propagation 
problems,  the  component  of  the  wind  perpendicular  to 
the  path  produces  the  most  important  variations. 

Following  Tatarski6  we  define  the  temporal  power 
spectrum  of  the  function  g(r,t)  as 


W„(f) 


•'0 


dr  cos(2x Jt)R0{t), 


(1) 


where  R„{r)  is  the  time-lagged  autocorrelation  of  g 
given  by 

R0(r)=(g(r,t)g(r,l+r)).  (2) 

Assuming  the  mathematical  existence  of  Ra(r)  and 
applying  the  transformation  implied  in  Eq.  (1),  we  easily 
solve  the  problem  posed  above.  Taylor's  hypothesis  aids 

1 


in  the  determination  of  /?0(t),  given  the  spatial  covari- 
ance  function,  B0(q),  where 


Bg(9)  =  (g(r,t)g(r+9,t)). 


(3) 


The  assumption  of  statistical  homogeneity  allows  writ- 
ing Ba  as  a  function  of  g  alone.  If  g  is  a  wave  parameter, 
such  as  amplitude  or  phase,  and  i>  the  position  vector 
representing  a  displacement  in  the  plane  perpendicular 
to  the  propagation  path  at  the  point  of  observation, 
Rg(r)  is  easily  determined,  if  the  wave  is  initially  plane. 
A  refracting  eddy  of  size  /,  passing  through  the  beam 
with  a  velocity  v,  parallel  to  the  unperturbed  phase 
front,  produces  a  disturbance  at  the  receiver  with  the 
same  spatial  size  and  with  a  characteristic  frequency, 
f~v/l.  Clearly,  the  effect  of  this  eddy  motion  is  to  pro- 
duce variations  of  g  with  the  property  that  the  behavior' 
of  the  function  at  previous  positions  determines  its 
future.  Therefore, 


g(r,t+T)=g(r-\T,t). 


(4) 


[Equation  (4)  also  requires  that  the  disturbances  are 
persistent  and  coherent6  for  times  up  to  the  maximum 
time  lag  of  interest.]  If  we  assume  a  statistically  homo- 
geneous spectrum  of  eddies,  distributed  uniformly  along 
the  path,  Eq.  (2)  becomes 

Rg{T)  =  {g(T,i)g{r-vT,l))  =  Bu(vT). 

If  g  is  statistically  isotropic,  i.e.,  B(i(vt)=B0(vt),  Eq. 
(1)  becomes 


(5) 


Wg(f)  =  i        dr  cos(27r/r)Z{e(sr). 


Equation  (5)  relates  the  power  spectrum  of  the  tem- 
poral fluctuations  in  the  plane-wave  parameters  to  the 
two-dimensional  covariance  of  their  spatial  variations. 
The  spherical-wave  calculation  proceeds  in  the  same 
manner,  with  some  interesting  complications  due  to  the 
divergence  of  a  point  source. 

AMPLITUDE  AND  PHASE  POWER  SPECTRA 

Consider  the  following  problem.  A  spherically  diver- 
gent, monochromatic  wave  propagates  along  the  z  axis 
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from  z  =  0,  through  a  region  of  refracting  irregularities, 
moving  across  the  path,  to  a  receiver  at  z  =  L.  The  wind 
velocity,  v,  perpendicular  to  the  z  direction,  and  the 
strength  of  the  refractive-index  fluctuations  are  uniform 
along  the  entire  path.  We  wish  to  derive  the  expressions 
for  the  temporal  power  spectra  of  the  received  amplitude 
and  phase  fluctuations  using  their  spatial  covariance 
functions  and  Taylor's  hypothesis. 

The  spatial  covariance  functions  for  a  spherical  wave 
of  wavenumber,  k  =  2ir/\,  if  we  assume  a  homogeneous 
and  isotropic  refractivity  spectrum,  &n(K),  are3 

Bx,„(P)  =  2ir2k°- J     dzf     dKK^K)J0(—\ 


rK*z(L- 


X    l=Fcos 


kL 


,     (6) 


where  the  upper  sign  applies  for  log  amplitude,  X,  and 
the  lower  for  phase,  5.  Equation  (6)  contains  the  spac- 
ing, p,  and  the  two-dimensional  spatial  wavenumber, 
A',  both  defined  in  the  plane  perpendicular  to  the  z  axis, 
Jo  is  a  zero-order  Bessel  function,  and  $n(A")  is  the 
isotropic  form  of  the  Fourier  transform 


f>„(K)  = [ 

(2tt)3  J 


(2tt)3 

of  the   three-dimensional 
function  defined  by 


dhBH{r)eiK' 


refractive-index   covariance 


B„(r)  =  (»i(ri)»i(ri+r)). 

In  contrast  to  the  plane-wave  case,  a  receiver  observ- 
ing the  motion  of  an  eddy  of  size,  /,  drifting  through  the 
diverging  bundle  of  rays  from  a  point  source,  sees  a 
magnified  disturbance  of  size,  ldiSl=l(L/z),  moving  with 
velocity,  Vdist  =  v(L/z).  (Note,  however,  that  the  charac- 
teristic frequency,  /=!\ustAnst>  is  the  same  as  for  plane 
waves,  f~v/l.  The  relative  strengths  of  the  contribution 
at  this  frequency  depend  on  the  different  path -weight- 
ing functions  in  the  plane-  and  spherical-wave  cases, 
i.e.,  the  relative  effectiveness  of  the  eddy  in  producing 
phase  or  amplitude  variations  at  the  receiver.)  Because 
the  observed  disturbance  propagates  with  a  velocity 
vL/z,  the  expression  for  spherical  waves  equivalent  to 
Eq.  (4)  is 

g(r,/+r)'=g[r-v(/Vz)r,  /]. 

Generalizing  to  a  spectrum  of  eddies  located  between  s 
and  z-\-dz  leads  directly  to  the  definition  of  a  differential 
time-lagged  autocorrelation.  With  v  perpendicular  to 
the  z  direction  and  assuming  statistical  homogeneity  in 
this  plane,  we  find 

/?„(r,z)(/z  =  (/;(r,/)g[r-v(/./s)r,/])=(/«0[v(/./z)T].     (7) 

If  we  assume  that  effects  of  different  portions  of  the  path 
on  g  are  uncorrelated,  then  the  entire  covariance  func- 


tion is  the  path  integral  of  Eq.  (7).  (This  is  a  good  as- 
sumption because  we  require  only  that  contributions 
from  the  same-size  eddies  at  different  positions  along 
the  path  be  uncorrelated.  The  assumption  of  homogene- 
ous turbulence  forces  different  eddy  sizes  to  be  uncorre- 
lated.3 For  a  weakly  scattering  medium  with  an  outer 
scale  of  turbulence  equal  to  L0,  this  assumption  restricts 
our  solutions  to  the  case  L^>L0.) 


R 


rh  rB,{yr)  /\Lt\ 

,(t)-/      dzRe{r,z)=\  dBa( J. 

Jo  J  Ba(x)  \    Z     / 


(8) 


If  J5„(oo)=0,  Eq.  (8)  becomes7 

R0(T)=Ba(yr). 

If  the  two-dimensional  spectrum  of  eddies  in  consecu- 
tive z-axis  planes  results  from  the  projection  of  a  three- 
dimensional  refractivity  field  that  is  statistically  homo- 
geneous and  isotropic,  then,  for  amplitude  and  phase 
fluctuations,  Eq.  (6)  with  p  —  vL/z  is  equivalent  to  Bg(vr) 
above,  and  we  may  write 


lir2k2\     dz 

Jo         Jo 


Rx,s(t)=Bx,s(vt)  =  2 

XK<f>n(K)J0(KvT)  \  l=Fcos 


IK 

-A2 

z(L- 

-.)! 

kL 

(9) 


for  the  time-lagged  autocorrelations  of  X  and  5.  To 
proceed,  substitute  Eq.  (9)  into  Eq.  (1)  and  integrate 
with  respect  to  t  to  obtain8 


Wx,s(f)=&Tr2k2       dz  dK 

Jo  J -lull* 

XA'*„(A)[(A^)2-(27r/)2]-i 

A2z(A-  z) 


X    lTcos 


kL 


(10) 


for  the  temporal  power  spectra  of  the  spherical-wave 
amplitude  and  phase. 

For  the  particular  case  of  a  Kolmogorov  refractivity 


spectrum. 


<I>„(A)=0.033C„2A- 


(11) 


assumed  valid  in  the  inertial  subrange  of  turbulence  be- 
tween some  minimum  scale  /o  and  some  maximum  scale 
Z-o,  Eq.  (10)  assumes  a  particularly  useful  form  for 
atmospheric-propagation  problems.  (C„2  is  the  structure 
constant  of  the  index  of  refraction,  a  quantity  related  to 
the  magnitude  of  the  refractive-index  fluctuations.) 
Changing  the  variables  of  integration  to  (?<-fT)/2=z/A 
and   7={Kv/2irf)2~\    after   inserting   Eq.    (11)    into 
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Table  I.  Comparison  between  the  plane-  and  spherical-wave  asymptotic  forms  of  the  log-amplitude, 
phase,  and  phase-difference  temporal  power  spectra." 


Sl«l 


Si«l 
ft»l 


SK<1 

n»i 


p«(\L)i 
P»(\L)i 


Plane  wave 


Spherical  wave 


log  amplitude— Wx(f),  /0«(XZ.)»«Z.0,  }>v/Lt 
0.85A'i"3C»2!i-,(l+0.27n4")  0.191£LL7/3C„V-1[l+0.119ii4'3] 

2.19£iZ.7'3C„2ir1£r8'3  2.19£iZ.7'3C„2jr1ir8'3 

In  terms  of  log-amplitude  variance 
(x2>p  =  0.308*7  /6£1"6C„2,  (x2>. = 0.124*"«iu/«C»,) 

0.44(x2)P  (l//o>  (1  +0.2712"3)  0.245<x2>.(l//o)[l  +0. 1 19S2"3] 

L14(x2>p(l//o)n-8'3  2.81(x2>.(l//o)sr8'3 

phase— Wsif),  U«(\L)i«L0,  f>n/L„ 
4.38*  'Z.7  "CnHi^JT 8'3  4.38£'Z.7  "Cn^Or*" 

2.19*!£7'3C„^-Isr8'3  2.19*'Z.7'3C„2i'-,sr8'3 

phase  difference— 1Lj.sC/),  /o«(Xi),«Z.0,  f>t/L» 

0.033*2Z,C„2^>5'3[l-cos(2)rp/AO]r8,3  O^^IO.V'3^*!,"^^!/-8'3 

L      w/»)      J 

0.066*2LC„21-s'3[l-cos(27rp/A-)]r8/3  0J066PLC»hfinP~^2^Jfy~\f-M 


•Symbols  used  in  the  table:  X  =wavelength.  *=2ir/X;  v=wind  speed  perpendicular  lo  k;  p=separation  in  plane  perpendicular  to  k ;  L=patl)  length 
CV  =  strength  of  refractive  turbulence;  /=frequency,  Si  =///o,  /o  =t>/ (2irX/.)-"J;  x  =log  amplitude;  5'  =  phase,  /o  =  inner  scale.  La  =outer  scale. 


Eq.  (10)  yields 

Wx  ,s(f)  =  0.1327r2^L7/3C„2ir'fr8'3 


/III 


X 


H-l)1 


-{lTcos[-if22(o-+l)(l-M2)]},     (12) 


where  fl  =  ///o  and  f0  =  v(2Tr\L)"i.  The  equation  is 
subject  to  the  constraints  /0«(XL)i«Io  and  f>v/L0, 
both  arising  from  the  requirement  that  the  important 
region  of  integration  be  in  the  range  of  validity  of  Eq. 
(11).  The  former  constraint  allows  setting  the  upper 
limit  of  the  c  integration  to  infinity.  Equation  (12), 
integrated  in  Appendix  A  with  no  additional  restriction, 
yields 

Wx,s(f)=2-WkW3Cn2v-lir>iliRe 

X[i=F2F2(i,  -f;t,-i;t'ia2) 

T(4/ll)r(-!)(-^)i1F1(i,17/6)/il22)],     (13) 
where  2F2  is  defined  as 

oc  r(ai+H)r(a»+w)r(ii)r(A2)  zn 

2F2(ai,fl2;  bi,b2;  z)  =  £ 

—or(Ai+»)r(A,+»)r(a,)r(fl2)»! 

and  the  obvious  relation, 

2Fi(ai,a;bi,a;z)  =  iFi(ai,bhz), 

applies  in  Eq.  (13). 

Equation  (13),  valid  for  f>v/L0,  has  the  asymptotic 
forms  listed  in  Table  I.  Tatarski's  original  low-fre- 
quency, plane-wave  asymptote  for  Wx  is  in  error.  The 
corrected  form  is  in  Table  I. 

Figures  1  and  2  illustrate  the  complete  spherical-wave 
log-amplitude  and  phase  power  spectra  plotted  versus 


logii,  using  Eq.  (13).  Shown  for  comparison  are  the 
same  spectra  for  plane  waves.  All  curves  are  normalized 
to  the  appropriate  log-amplitude  variance.  This  peculiar 
normalization  for  the  phase  is  necessary  because  of  the 
impossibility  of  defining  the  variance  of  the  phase  fluc- 
tuations without  introducing  other  parameters,  such  as 
the  outer  scale.  The  shapes  of  the  curves  for  f>v/Ln 
are  universal,  changes  in  the  experimental  parameters 
X,  L,  C„2,  and  v  merely  modify  the  vertical  and  hori- 
zontal scales.  Figure  3  contains  the  same  curves  as  Fig. 


0.5 


PLANE     WAVE 


Fig.  1.  Temporal  p.iwer  spectrum  of  the  log-amplitude  fluctua- 
tions for  both  plane-  and  spherical-wave  propagation.  Each  curve 
is  normalized  to  the  applicable  log-amplitude  variance,  <x2>,  ami 
plotted  vs  frequency  ratio  il"f/U,  with  f„  =  v(2ir\l.) "•. 
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Fig.  2.  Temporal  power  spectrum  of  the  phase  fluctuations 
times  frequency  ratio,  fi  =  ///o,  for  both  plane-  and  spherical- 
wave  propagation.  Each  curve  is  normalized  to  the  applicable 
log-amplitude  variance,  (x2>-  fo  =  v(2*\l.)~l. 

1,  replotted  to  show  the  true  relative  distribution  of 
power  versus  frequency. 

A  simple  geometrical  argument  explains  the  predomi- 
nance of  higher  frequencies  for  the  spherical-wave 
amplitude  scintillations  (Fig.  3).  For  a  given  position 
along  the  path,  the  optimum-size  eddy  for  producing 
amplitude  fluctuations  will  have  extreme  ray  paths  that 
differ  in  length  by  X/2  at  the  receiver,  causing  complete 
cancellation.  These  most  effective  eddy  sizes  are 
/p~[X(Z.-2)]»   and  /.~[Xz(l-z/L)]»   for  plane   and 
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Fig.  3.  Normalized  frequency  spectrum  for  intensity  or  log- 
amplitude  fluctuations  vs  log(///0),  /o=l,(2irXL)~*.  The  plane- 
and  spherical-wave  cases  are  normalized  to  their  appropriate  log- 
amplitude  variance  (xl)  =  J" Wx  (f)df. 


spherical  waves,  respectively.  (If  l~2w/K,  these  re- 
sults also  come  directly  from  the  maxima  of  the 
{l-cos[Kh(L-z)/(kL)2)  filter  function  in  Eq.  (10) 
and  the  corresponding  function,  {1—  cos[_K2(L—  z)/k~\}, 
for  plane  waves,  provided  that  we  assume  that  the  decay 
of  the  refractive-index  spectrum  suppresses  the  effects 
of  the  smaller  eddies  at  the  same  position  and  that  only 
the  first  maximum  contributes.)  Recalling  that  the 
characteristic  frequency  for  a  given  wind,  v,  and  a  scale 
size,  /,  is  the  same  for  both  cases,  /~»//,  and  noting  that 
/,</„  for  2>0,  we  find  that  the  smaller  most  effective 
eddies  for  spherical  waves  will  contribute  higher-fre- 
quency amplitude  fluctuations  than  the  larger,  most 
effective  eddies  for  plane  waves. 

The  phase  results,  Fig.  2,  are  easily  understood.  Apart 
from  the  different  normalization  for  the  two  curves,  the 
gross  features  (see  the  asymptotes,  Table  I)  are  iden- 
tical. Only  the  minor  ripple  in  the  tails,  showing  larger 
fluctuations  about  the  asymptotic  line  in  the  spherical- 
wave  case,  differentiates  them.  Large-scale  irregularities 
simply  modulate  the  phase  by  changing  the  optical  path 
length.  Diffraction  effects  dominate  for  small  scales  and 
reduce  their  contribution  to  the  phase  variance  at  the 
high  frequencies  from  that  determined  by  simple  geo- 
metric optics  considerations.  This  reduction  of  effec- 
tiveness of  the  small  eddies  is  clearly  shown  by  the  50% 
reduction  of  the  high-frequency  asymptote. 

PHASE-DIFFERENCE  POWER  SPECTRUM 

For  measuring  the  structure  function  of  phase,  i.e., 
the  mean-square  phase  deviation  at  two  points  sepa- 
rated by  a  distance,  g,  the  phase-difference  frequency 
spectrum  is  of  most  interest.  The  derivation  follows  es- 
sentially that  for  the  phase  or  amplitude  spectrum  but 
with  some  additional  complications  that  arise  from  the 
introduction  of  a  new  degree  of  freedom,  the  spacing  g. 

We  define  the  phase  difference  in  the  receiving  plane 
as 

8,S(t)=S(T,t)-S(T+g,t),  (14) 

and  again  seek  the  time-lagged  autororrelation  function 

Km(t)-<*^S(0M(<+t)>. 

[This  derivation  parallels  the  calculations  leading  to 
Eqs.  (7)-(9).]  A  spectrum  of  turbulent  irregularities, 
drifting  through  the  beam  at  some  position,  z,  produces 
a  received  differential  correlation  function  of  the  form 

Rhs(r,z)dz  =  /  \s(t-  v  -  T,i)-s(r+g-\  -  r,ij] 


xlS(rA-s(t+tAlS.   (is) 


The  drift  velocity,  v,  assumed  in  the  plane  of  g,  is  per- 
pendicular to  the  z  axis.  If  the  refractivity  spectrum  is 


123 


October  1971       SPHERICAL     WAVE     PROPAGATING    THROUGH     TURBULENCE      1289 

homogeneous  in  this  plane,  Eq.  (15)  simplifies  to  owing  to  the  geometric  magnification  of  the  velocity, 

„    ,     .  ,  viL/z),  are  moving  at  different  speeds. 

KiS{T,z)dz  Equation  (19)  may  be  cast  in  a  form  similar  to 

/  L  \            /         L  \            /         L  \  Ecl-    (12)    with    the    substitutions    (u+l)/2  =  (z/L), 

=  2dBs(  v-tJ— dBslg—  v-r)— dBs(  p+v-r  ),  (16)      °'  =  [^/(2t/)]2—  1,  and  using  the  Kolmogorov  spec- 

\   z   /            \         z    /           \         z    /  trum  defined  in  Eq.  (11).  Then 


where  dBs  is  the  spatial  phase-covariance  function  for 
a  spherical  wave  propagating  through  a  differential  slab 
of  turbulent  refractive-index  variations.  Again  assum- 
ing uncorrelated  effects  from  parallel  planes,  valid  for 
Ly>Lo,  the  entire  autocorrelation  function,  R&s(t),  is 
the  path  integral  of  Eq.  (16), 


*is(t) 


-f 

Jo 


Ris(r,z)dz 


=  [2Bs(vt)  -Bs(9-  vt)-Bs(9+\t) 

+2Bs(co)-Bs(-<*)-Ba(co)l.     (17) 

For  a  three-dimensionally  homogeneous  and  isotropic 
refractivity  spectrum  and  a  well-behaved  phase-covari- 
ance function, i.e., Bs(<x>)=Bs{—<x>)  =0,7  Eq.  (17)  with 
p  and  v  parallel  becomes 

^w(t)  =  2t***  f   dz 


/ 

Jo 

X  [   dKK$n(K)    1+cosl" 


Kh{L-z\ 
kL 


X  rZ/0(  A:»t)  -  J  J—  -  KvA 

-Jo(—+KvtX\.     (18) 

The  form  of  Eq.  (18)  results  from  the  insertion  of  Bs(p) 
from  Eq.  (6)  into  Eq.  (17).  Substituting  Eq.  (18)  into 
the  definition  of  the  temporal  power  spectrum,  Eq.  (1), 
we  finally  obtain 

<trpfz\ 


W,s(f)=32wW  [   dz  smH——)f       dK 
Jo  V  vL  /  Jush 

x(K*n(K)£(Kvy-(2*fyj-i 

rK*z(L-z)-\\\ 

rir-J}> 


1+cos 


(19) 


Eq.  (11). 
WtsU)  =0.264ir^'Z,7/3Cn2f-'ir8'3 

x/'4.-cos(!f")cos(^)] 


X 


(20) 

where  D  =  ///0  as  before.  The  inside  integral  may  be 
written  as  follows. 

Wss(f)  =4.38£!Z,7'3C„  V.'ir8'3 

x/^l-cos^cos^)] 

X[l+G(ifiV)],     (21) 

Re  exp[-*'ifi2(«2-l)] 


where 

r(ii/6) 


G=- 


»»r(t) 


r*    daa  —  \  \ 

X       exp[-i}n»(«2-l)]   .     (22) 

Jo    (<r+l)>"°      K  J| 

Equation  (22),  solved  explicitly  in  Appendix  A,  upon 
substitution  into  Eq.  (21),  causes  the  u  integration  to 
become  extremely  cumbersome.  The  interesting  be- 
havior of  Eq.  (21)  may  be  elicited  from  asymptotic 
solutions. 
The  function  C(j02m2)  is  bounded  by  a  sinusoid 

G<cos[in2(«2-l)]. 

Using  this  bound  in  Eq.  (21),  we  obtain  four  terms,  the 
last  two  involving 


•!)>/« 


and 


/»<    f    C0s[ifi2(M2-] 

Jo 

Ii<COs(  —  j  [    COs(^— J  C0s[}fi2(M2-l)}/M. 


The  t  integration  (see  Appendix  B),  although  involved, 

is  straightforward.  Note  the  suvTjrp/z/^)]  term  is  the  In    the    region    fi»irp//n,    cos[{£22(k2  — 1)]   oscillates 

same  filter  function  obtained  in  the  plane-wave  case1  rapidly  over  the  u  integration  compared  to  cos(irpfu/v) 

with  the  exception  that  in  Eq.  (19)  we  must  integrate  (also  rapidly  compared  to  unity  in  /»)  and,  from  a 

over  the  propagation  path  or,  equivalently,  over  the  stationary-phase  approximation,  valid  for  large  U,  both 

spectral  components  in  the  received  pattern  which,  the  1%  and  It  contributions  are  of  order  ft-1  times  the 
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Fig.  4.  Theoretical  spherical-wave  frequency  spectrum  of  the 
phase-difference  fluctuations  (solid  line)  vs  log  of  the  frequency 
ratio  f/fi,  where  fi  =  v/p,  v  is  the  transverse  wind,  and  p  the  spac- 
ing of  two  sensors.  The  curve  is  normalized  such  that  it  also  repre- 
sents the  normalized  angle-of-arrival  spectrum.  Also  shown  are 
recent  data  for  four  different  spacings.  □ — p  =  0.3  cm,  • — p  =  i 
cm,  A — p=  15  cm,  and  O — p  =  30  cm. 


integral  of  the  first  two  terms;  therefore 

Ih+h+h+h 

Jo 

sin(27rp//z')" 


(27TP/A)      J 


,    tt»TPf/v.     (23) 


For  ft«irp//i>,  G  oscillates  very  slowly  in  I*  compared 
with  cos(irpfu/v)  and  we  may  use  its  asymptotic  form 
from  Eq.  (22),  i.e.,  G— >  1  as  SI— >0,  in  the  important 
region  of  u  integration.  Therefore, 

Zli+h+h+r*l**2  I    du   l-cos( jcos( J 


=  2 


1  — 


sm{2wpj/v) 


(2tP/A) 


tt«Trpf/v.     (24) 


Substituting  Eqs.  (23)  and  (24)  and  rewriting  the  fi  con- 
straints by  use  of  the  formula,  ft  =  ///0,  f0  =  v(2ir\L)~i, 
gives  for  the  asymptotic  forms, 


[riS(/)=0.033CV£2Z.z>s/3 

r      sin(27rp/A)-| 

X   1 

L         (2wpf/v)   J 

W'Ss(/)=0.066CV£2Z.t>5/3 


\f-»i\    P«(\L)K     (25) 


XI 


sin(2irp//i>)~| 
v)   J 


(2xp/A) 


(26) 


Equations  (25)  and  (26)  are  the  desired  results.  (Of 
course,  the  restriction  f>v/L0  applies  to  these  and  all 
results  of  this  paper.)  The  comments  following  Eqs. 
(50)  and  (51)  of  Ref.  1  apply  directly,  with  the  interest- 
ing exception  that  Eqs.  (25)  and  (26)  do  not  predict 
nulls  in  the  spectrum  as  was  the  case  for  plane  waves. 
Lawrence  and  Strohbehn  removed  the  nulls  by  noting 
that  variations  of  the  wind  along  the  path  would  tend  to 
smear  them  out  and  produce  a  smooth  high-pass  filter 
with  a  breakpoint  at  f~\v^/(a,p),  where  a,  is  the 
standard  deviation  of  the  transverse  wind,  Vi.  In  the 
derivation  of  Eqs.  (25)  and  (26)  the  assumption  of  a 
point  source  with  its  accompanying  spherical  divergence 
produced  a  multiplicity  of  scale  velocities  in  the  pattern 
instead  of  a  single  velocity  corresponding  to  the  trans- 
verse wind  as  in  the  plane-wave  case.  These  different 
pattern  motions  smeared  out  the  nulls  in  a  fashion 
analogous  to  that  described  by  Lawrence  and  Stroh- 
behn, resulting  in  a  [1—  (sinx)/x]  high-pass  filter  with 
a  break  point  at  j~~v/ p,  independent  of  wind  variations 
along  the  path.  For  the  asymptotic  regions  p<£(\L) 
and  p»(XL),  the  plane-  and  spherical -wave  results  are 
the  same,  with  the  exception  of  this  effect. 

ANGLE-OF-ARRIVAL  SPECTRUM 

Tatarski6  indicates  that  the  angle-of-arrival  spectrum 
of  a  plane  wave  is  related  to  the  phase-difference  spec- 
trum. By  setting  p  =  b  in  Wis  for  an  interferometer  of 
separation  b,  he  implies  that  Wa{j)~  (l/k2)WiS(f), 
where  a  is  the  angle-of-arrival.  Assuming  the  same  rela- 
tion applies  for  spherical  waves,  using  Eqs.  (25)  and 
(26),  we  have 

s\n(2irbf/v)~ 


JF„(/)=0.033CV£2Z,i>5/: 


1  — 


(2*A/A) 


/" 


6«(XZ)*,     (27) 


Wa(f)=0.066Cn2k2Lv*i3\  1  — 


s'm(2irbf/i>y 
(2*bf/v)  . 


t 


b»(\L)>,     (28) 


for  the  temporal  power  spectrum  of  the  angle-of-arrival 
fluctuations.  This  result  also  applies  to  about  the  same 
order  of  approximation  for  a  telescope  of  diameter  b.1 

CONCLUSIONS 

The  formulas  developed  for  the  spherical-wave  scintil- 
lation spectrum,  plotted  in  Figs.  1  and  3,  indicate  power 
at  higher  frequencies,  less  relative  power  in  the  low  fre- 
quencies, and  a  central  frequency  approximately  a  factor 
of  2  higher  than  the  equivalent  plane-wave  results. 
There  is  no  essential  difference  of  the  plane-  and  spheri- 
cal-wave phase  power  spectrum  (Fig.  2).  Table  I  con- 
tains all  of  the  asymptotic  results  for  these  spectra,  the 
corresponding  results  for  plane  waves,  and  includes 
a  corrected  form  of  Tatarski's  low-frequency  asvmptote 
for  Wx(f). 
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Figure  4  illustrates  some  recent  optical  phase-differ- 
ence measurements,  taken  at  four  different  spacings  on 
a  uniform  propagation  path  of  70  m  (\  =  0.6328  pm). 
The  power  spectrum  was  found  by  using  the  fast  Fourier 
transform  directly  on  the  time  series  of  the  sampled 
phase-difference  data.  Each  point  illustrated  represents 
an  average  of  the  quantity  fWss(f)  over  many  adjacent 
points  contained  in  evenly  spaced  log/  intervals  about 
the  frequency  shown.  The  solid  line  is  the  theoretical 
curve  [Eqs.  (25)  and  (26)]  normalized  to  the  appropri- 
ate phase  structure  function. 

The  data  were  plotted  in  terms  of  the  characteristic 
frequency,  fi—v/p,  a  function  of  the  measured  trans- 
verse wind,  v,  and  the  spacing,  p.  At  each  of  the  four 
spacings,  p  =  0.3,  0.15,  0.03,  and  0.003  m;  the  measured 
mean-square  phase  difference  was  used  as  the  normaliza- 
tion factor.  The  transverse  wind  speed  averaged  0.72 
m/s. 

The  theoretical  curves  for  phase  difference  [Eqs.  (25) 
and  (26)]  were  normalized  to  the  mean-square  phase 
deviation  at  each  spacing,  i.e.,  the  phase  structure  func- 
tion. Tatarski6  gives  the  spherical-wave  phase  structure 
function  as 


and 


Ds(p)  =  0.54&2LC„2p5/\    l»«P«(\L)i, 
Ds(p)  =  l.09k2LCnV13,    P»(\L)*. 


With  this  as  a  normalization  factor,  we  obtain  the  theo- 
retical curve  in  the  form 


fWtsU) 
fWls(f)df 


=  16.5   1 (-)      , 

L         (2r///0    JV/i/ 


(29) 


valid  for  both  /0«P«(X£) '  and  p»(\L)i.  Equation  (29), 
plotted  as  the  solid  line  in  Fig.  4,  also  applies,  using  Eqs. 
(27)  and  (28)  for  the  angle-of-arrival-tluctuation  spec- 
trum. It  is  interesting  to  note  that  the  breakpoint  in 
Fig.  4  depends  only  on  the  mean  wind  velocity  and  the 
spacing  and  not  on  the  standard  deviation  of  the  wind 
as  in  the  plane-wave  case.  Good  agreement  with  the 
data  is  shown. 
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APPENDIX  A 

In  order  to  evaluate  Eq.  (12)  in  the  text,  we  write  the 
u  integral  in  the  form 


Wo    («■ 


00    do<j  —  \ 


(H-l)1 


X{lTexp[-aa2(ff+l)(«2-l)]}Y     (Al) 


where  Re  means  take  the  real  part  of  the  result  in  the 
boldface  parentheses.  With  the  aid  of  tables,9  the  first 
integral  is  easily  performed  in  terms  of  gamma  functions 


Anr-i        (Tr)ir(l) 


(ff+l)n/e     r(ll/6) 
From  Erdelyi  el  a/.,1"  the  second  integral  is" 


(A2) 


W»[;lS2-(M--l)]"r>exp[-/iS22(«2-l)] 

Xir23,--2  3L<i"-(M2-l)],      (A3) 

where  W m,„  is  the  Whitlaker12  function.  It  is  convenient 
to  express  Eq.  (A3)  in  terms  of  the  confluent  hvpergeo- 
metric  function,  1F1,  where 

=c    V(a+n)r(b)  x" 

tfi(aM  =  E •  (A4) 

»-o T(b+n)T(a)  nl 

From  the  NBS  Handbook,1-  we  find  that  Eq.  (A3)  may 
be  written 


O0*r($) 
r(ii/6) 


exp(- 


l^l(5  >  —3>->) 


r(— |-)r(ii/6) 

x'1y-'1(ll/6,7/3,.v, 


,     (A5) 


«Jr(f) 

where  .v=  iil-\(u-—  1).  Noting  also  that 

e~'iFi(a,b,x)  =  iFi(b  —  a,  b,  —x) 
and  substituting  Eqs.  (A2)  and  (A5)  into  Eq.  (Al)  yields 


/  =  -         -Re 


r(ii/6) 


lTiFiC-l,  -I.  ~-v) 

r(-!)r(ii/6) 

=F X'iFiQ,  7/3,  -a) 

(x)*r(j) 

Inserting  Eq.  (A6)  into  Eq.  (12)  yields 


(A6) 


W    ,s(/)=u.l327r2/^/.7':iC'„2K-|sr,/;i RA  /  dul\. 

r(ii/6)     U»      I 

The  integral  in  the  curly  brackets  is  most  easily  evalu- 
ated by  substituting  2=  —  iV-\(u2  —  1)  and  l  =  \iT-;  then 


•  1 


1 


I    dul=-       I    dz(l-z) 
Jo  2(0*  J9 


n    pr(ii/6) 

-{-iz)\l<\(hJ/S,iz) 


W(r(i; 

By  use  of  tables,13  these  integrals  yield  Eq.  (13). 
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Obtaining  Eq.  (19)  in  the  text  required  evaluation  of 
the  integral 


/" 

Jo 


</rcos7r[7o(/3+ar)+/o(/3-a7-)].         (Bl) 


Using  the  addition  formulas  for  Bessel  functions14 
Jo(P+aT)+Jo($-aT) 

=   £    J.k(0)Jk(ar)+  £    Jk(ff)Jk(ar), 

noting  that  /_*=  {—\)kJu,  and  simplifying  yields 
M0+aT)+Jo(0-aT) 

=  2/0(/3)/o(ar)+4£  Ju(fi)J»(ar).     (B2) 


Substituting  Eq.  (B2)  into  Eq.  (Bl)  and  integrating15 
yields 

2/0(/S)(a2-72)-1+4£(-l)* 


X/2*G8)r2*(7/a)(a2-72)-*,     0<7<a,       (B3) 


and 


0, 


a<y<  ao, 


where  7,2i(z)=cos[2*  cos-l(z)]-  Noting  that  Eq.  (B3)  is 
related  to  the  series  representative  of  cosOfy/a),16  we 


write  Eq.  (B3)  as 

2(a2-72)-*  cos(fiy/a),     0<y<a, 


and 


(B4) 


0, 


a<7<  ». 


Equation  (B4)  is  the  result  desired  and  gives  the 
sin2[7rp fz/(yL)~\  spectral- filter  term  in  Eq.  (19)  for 
y  =  2wf,  /J  =  Kpz/L,  and  a  =  Kv. 
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Temperature  structure  in  the  atmosphere,  transported  by  the  wind  across  a  laser  beam,  produces  time 
variations  in  the  optical  path  length.  Using  a  He-Ne  laser  (0.6328  Mm)  on  a  70-m  propagation  path,  we 
measured  the  optical  phase  variations  at  four  different  spacings,  p<30  cm.  Simultaneously,  a  midpath 
measurement  of  wind  velocity  and  temperature  structure  parameter,  Ct2,  provided  the  necessary  meteoro- 
logical measurements  to  compare  the  observed  phase  structure  function  with  Tatarski's  theoretical  curve. 
We  obtained  excellent  agreement  between  theory  and  experiment.  Direct  measurements  of  the  outer  scale 
of  turbulence,  taken  continuously  over  a  24-h  period  at  a  height  of  1.6  m,  indicated  an  average  outer  scale 
of  1.3  m  with  diurnal  variations  of  ±20%.  The  frequency  spectrum  of  the  received  phase  difference  at  each 
of  the  four  spacings  is  plotted  and  its  implications  for  the  data-sampling  rate  are  examined.  The  curves 
obtained  exhibit  excellent  agreement  with  the  predicted  spherical-wave  phase-difference  frequency  spectrum. 
Index  Headings:  Inhomogeneous  media;  Coherence;  Atmospheric  optics. 


The  received  phase  of  an  optical  beam  propagated 
through  the  atmosphere  varies  with  time  due  to  turbu- 
lent temperature  variations  in  the  intervening  medium. 
Many  studies,  both  theoretical1-4  and  experimental,5-9 
have  been  undertaken.  The  major  thrust  of  some  of 
these5,6  is  to  propose  extremely  small  values  (3-10  cm) 
of  the  outer  scale  of  turbulence,  derived  from  phase- 
difference  measurements,  for  both  long  and  short  paths 
(3  m-3.5  km)  and  almost  independent  of  height  above 
the  ground  (1-30  m).  These  experiments  contain  only 
the  most  qualitative  statements  about  meteorological 
conditions  and  hence  cannot  reasonably  be  compared 
with  theory. 

The  theoretical  result  of  Tatarski1  that  directly  bears 
on  our  phase-difference  measurements  is  his  derivation 
of  the  phase  structure  function.  The  phase  of  a  wave, 
after  propagating  through  a  region  of  refractive-index 
variations,  will  vary  randomly  as  a  function  of  co- 
ordinates in  the  receiving  plane.  The  structure  function 
is  defined  as  the  mean-square  variation  of  the  received 
phase  (f  between  two  observation  points  separated  by 
a  distance  p,  i.e., 


D,  =  (MT+9)-Hrm. 


(i: 


The  angle  brackets  indicate  an  ensemble  average.  The 
physical  utility  of  the  structure  function  is  that,  as  a 
measure  of  the  phase  deviation  in  the  receiving  plane, 

1 


it  defines  phase  coherence.  A  length  derived  from  the 
separation  at  which  the  structure  function  exceeds  a 
certain  value,  say  it2,  is  related  to  the  maximum  usable 
aperture  diameter  for  optical  heterodyne  receivers. 
Therefore,  measurements  of  the  phase  structure  func- 
tion have  important  practical  significance. 

Specifically,  for  a  wave  of  wavelength  X  propagating 
a  distance  L  in  a  homogeneous  and  isotropic  turbulent 
medium,  Tatarski  obtains,  for  plane  waves 

Dv(p)  =  2.9WLCn2Pm,    \/(XL)<P<Z.„        (2) 

and  for  spherical  waves 

Dv(p)  =  \.Wk*LCn2Pil\    \/(\L)<p<Le,         (3) 

where  L0  is  the  outer  scale  of  turbulence.  The  quantity 
Cn  is  a  measure  of  the  magnitude  of  the  refractive- 
index  fluctuations  and  for  X  =0.6328  pm  is  related 
directly  to  CV,  the  temperature  structure  parameter, 
bv  the  formula7 


cv = [(79/yr)  x  io-6]2cy. 


(4) 


Here  P  is  the  barometric  pressure  in  millibars  and  T 
the  temperature  in  Kelvin.  [^Equations  (2)  and  (3) 
may  be  looked  upon  as  the  limiting  formulas  for  the 
more  accurate  beam-wave3  approach.] 

Our  present  work  consists  of  direct  measurements  of 
all  the  variables  pertinent  to  a  complete  description  of 
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Fig.  1.  Schematic  diagram  of  the  optical-phase  experiment,  il- 
lustrating configuration  of  laser,  retardation  plate  R,  optical 
filters  Fi  and  F2,  and  signal  detectors  Di  and  D2. 


the  statistics  of  the  phase-difference  fluctuations.  We 
then  compare  the  observed  data  with  existing  theory. 

EXPERIMENT  DESCRIPTION 

The  site  of  the  experiment  was  the  National  Oceanic 
and  Atmospheric  Administration  (NOAA)  Table 
Mountain  Research  Facility  described  earlier.7  A 
highly  stabilized,  spatially  filtered,  laser  beam  initially 
5  cm  in  diameter  illuminates  a  2-m-diam  area  at  the 
receiver  70  m  away.  The  beam,  polarized  at  an  angle 
of  45°  to  the  horizontal,  propagates  to  the  inter- 
ferometer shown  schematically  in  Fig.  1.  Different 
portions  pass  through  two  2-mm  apertures  separated 
by  a  distance  p.  The  phase  of  the  horizontally  polarized 
component  of  signal  1  is  retarded  90°  at  R  with  respect 
to  the  same  component  of  signal  2,  before  they  inter- 
fere at  the  following  beam  splitter.  The  vertical  com- 
ponents interfere  directly.  The  beams  pass  through 
analyzers  Fl  and  F2,  which  are  polarized  in  the  vertical 
and  horizontal  directions,  respectively.  The  signals 
detected  at  Di  and  D2  will  then  be  in  quadrature, 
proportional  to  the  sine  and  cosine  of  the  phase  differ- 
ence of  the  two  paths.  (The  detailed  construction  and 
more  elaborate  analysis  of  the  essentials  of  this  inter- 
ferometer may  be  found  elsewhere.10)  A  series  of 
apertures  and  mirror  arrangements  with  the  same 
retardation  arm  permit  the  acquisition  of  data  with  a 
single    set    of    photomultiplier    detectors    by    rapidly 
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Fig.  2.  Plot  of  temperature  structure  function  vs  separation 
measured  on  2  June  1970. 


sequencing  different  spacings.  The  output  voltages  Si 
and  S2  are  recorded  on  magnetic  tape.  Because  the 
phase-difference  data  at  different  spacings  are  obtained 
sequentially,  a  typical  20-s  run  at  each  separation 
requires  a  total  experiment  time  of  80  s  to  cycle  through 
the  four  separations.  We  have  observed  that  steady 
winds  of  at  least  1  m/s  are  required  to  produce  rea- 
sonably stationary  atmospheric  conditions  over  this 
80s  period. 

A  differential  temperature  sensor,11  0.5  m  off  the 
beam  axis  and  at  the  same  1.6-m  height  as  the  He-Ne 
laser,  is  placed  near  the  middle  of  the  optical  path. 
The  temperature-sensor  measurements,  using  a  sepa- 
ration of  40  cm,  provided  an  estimate  of  the  refractive- 
turbulence  parameter,  CV,  for  each  run.  CV  is  derivable 
via  CV  as  described  in  Eq.  (4).  A  simple  analog  circuit 
computes  Cr2  continuously  from  the  temperature- 
difference  measurements.  A  propellor-driven  anemom- 
eter, 5  m  up-wind,  monitored  the  wind  speed  and 
direction.  The  temperature  and  wind  data  were  re- 
corded on  a  paper  chart. 

The  data  reduction  consisted  of  digitizing  the  sine 
and  cosine  of  the  phase  difference  (with  careful  atten- 
tion to  proper  sampling  rate,  as  discussed  below)  and 
using  a  digital  computer  to  find  the  phase  difference, 
along  with  its  mean-square  fluctuation,  statistical 
distribution,  and  temporal  power  spectrum.  The 
digitizing  was  very  important  because  we  sampled 
the  sine  and  cosine  functions  of  the  phase  difference 
and  then  retrieved  the  phase-difference  information  by 
use  of  an  arctangent  computer  routine.  Hence,  an 
insufficient  sampling  rate  (one  with  less  than  two 
samples  a  period  of  the  highest  significant  frequency 
in  the  data)  would  produce  peculiar  results,  far  removed 
from  the  true  phase.  From  a  plot  of  the  deduced  phase 
difference  vs  time  it  becomes  obvious  whether  the 
sampling  rate  is  sufficiently  rapid.  Severe  trends  in  the 
normally  zero-mean  phase  difference  and  interesting 
geometric  figures  are  generated  by  sampling  too  slowly 
when  the  phase  difference  exceeds  360°. 

OUTER-SCALE  MEASUREMENTS 

On  2  June  1970,  the  first  evening  of  phase-data 
acquisition,  we  attempted  to  coordinate  our  experiment 
with  simultaneous  temperature-sensor  measurements 
of  the  outer  scale.  Unfortunately,  the  phase  data  taken 
on  that  occasion  were  useless.  We  include  those  tem- 
perature-sensor measurements  here  and  assume  that 
they  give  representative  values  of  the  outer  scale  of 
turbulence  along  our  path  for  the  evenings  when  we  did 
obtain  valid  phase  data. 

Using  five  sets  of  platinum-resistance-thermometer 
probes11  (2.5-/um  diameter,  2  mm  long)  at  horizontal 
spacings  of  0.3,  0.7,  1.0,  2.0,  and  3.0  m,  continuous 
24-h  measurements  of  temperature  fluctuations  at  1.6  m 
above  the  ground  supplied  information  about  the  tem- 
perature structure  function. 


129 


October  1971       PHASE    VARIATIONS    IN    ATMOSPHERIC    PROPAGATION 


1281 


Assuming  that  the  temperature  fluctuations  are 
statistically  homogeneous  and  isotropic,  Tatarski1 
shows  that  the  structure  function  is 


DT(r)=2(TT*)(l-Rr), 


(5) 


where  Rr  is  the  normalized  covariance  of  the  tempera- 
ture fluctuations  at  two  points  separated  by  a  distance, 
r.  We  measure  (7\2),  the  mean-square  temperature 
fluctuation,  and  the  normalized  covariance  as  a  function 
of  separation  using  100-s  averages  for  each  quantity. 
(The  normalized  covariance  was  measured  using  a 
1-bit  correlator12  with  a  100-s  cutoff.)  The  averaging 
time  was  varied  from  10  to  100  s  with  no  change  of 
(7V)  or  the  normalized  covariance. 

Figure  2  illustrates  three  such  temperature  structure 
functions  on  log-log  scales.  If  we  assume  a  Kolmogorov 
spectrum  of  turbulence,  the  slope  of  the  line  drawn 
through  the  points  should  be  §  until  the  outer  scale  is 
reached.  The  curves  should  then  change  slope  at  a 
spacing  corresponding  to  the  outer  scale.  The  curves 
appear  to  obey  the  §  law  up  to  separations  of  about 
1-2  m. 
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Fig.  3.  Outer  scale,  measured  at  1.6  m  above  the 
ground,  vs  time. 

Figure  3  uses  the  somewhat  arbitrary  definition  of 
the  outer  scale  as  the  intersection  of  the  lines  drawn 
through  the  two  extreme  pairs  of  data  points,  to  illus- 
trate the  behavior  of  hourly  mean  outer  scale  for  a 
24-h  period.  The  average  of  these  points  illustrates  that 
the  outer  scale  measured  over  our  uniform  path  is  of 
the  order  of  1.3  m±20%.  This  is  somewhat  higher  than 
the  value  suggested  by  Tatarski,13  L0'  =  Kh,  where  K 
is  von  Karman's  constant,  roughly  equal  to  0.4,  and 
somewhat  lower  than  that  suggested  by  Fried,14 
Z,0/  =  V/(4A).  For  A=1.6  m,  L„'=0.64  m,  L0>  =  2.S  m. 

ANALYSIS 

The  useful  phase-difference  data  consisted  of  runs 
in  July  and  August  of  1970 — in  each  case  3-4  h  after 
sunset.  Our  measurement  technique  demands  that  the 
medium  be  stationary  for  1-2  min.  A  relatively  uniform 
wind  of  2  m/s  provided  excellent  results  for  the  July 
data  and  a  lighter  wind  somewhat  less  so  for  August. 


1         2        3       4        f 
Time  ( sec) 
/>-30cm  July  Data 

V.  ■  1  m/s    lAfTZ-0.05 
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VL-  0.4  m/s     IATI  2  - 0.08 


Fig.  4.  Phase  difference  vs  time  for  July  and  August  1970,  il- 
lustrating the  variability  of  the  data  as  a  function  of  transverse 
wind  v  and  average  rectified  temperature  difference  (|A7"|)2. 


Figure  4  illustrates  a  comparison  between  the  conditions 
of  July  and  August  for  the  same  30-cm  spacing.  Using 
(|Ar|)2  as  an  indicator  of  the  strength  of  turbulence7 
on  our  70-m  path,  we  observe  the  higher  peak-phase 
difference  corresponding  to  the  more  turbulent  August 
conditions  and  note  the  predominance  of  lower  fre- 
quencies to  the  lighter  transverse  winds  on  that 
occasion. 

Figure  5  shows  a  typical  set  of  phase-difference  data, 
Aip,  taken  consecutively  at  each  of  our  four  spacings. 
Note  how  the  frequency  content  varies  with  spacing. 
This  was  well  predicted  by  Tatarski13  and  is  a  function 
of  the  transverse  wind  (here,  less  than  1  m/s)  and  the 
spatial-filtering  action  of  the  phase-difference  operation 
[see  Eq.  (8)].  The  data  were  retrieved  by  digitizing 
sinAy?  and  cosA^,  which  are  proportional  to  fringe 
intensity  at  fixed  positions.  The  arctangent  operation 
was  subsequently  performed  in  the  digital  computer, 
resulting  in  the  curves  of  Fig.  5.  The  rate  of  change  of 
the  sampled  function,  e.g.,  cosAy?,  is  determined  not 
only  by  the  frequency  content  of  Ay?  but  also  by  the 
peak-phase  deviation.  We  found  that  our  sampling 
rate  (1000  samples/s),  sufficient  to  prevent  aliasing, 
was    determined    primarily   by   the   large   peak-phase 


AUGUST     DATA 


Time  (sec) 


Time  (sec) 


Fig.  5.  Typical  data,  phase  difference  vs  time,  taken  at  each  of 
four  spacings,  p  =  0.3,  3,  15,  30  cm,  illustrating  predominance  of 
lower  frequencies  and  higher  peak-to-peak  variations  as  spacing 
increases. 
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Fig.  6.  Probability  distribution  of  the  received  phase  difference 
for  each  of  four  spacings,  p  =  0.3,  3,  15,  and  30  cm.  a\v  is  the  stand- 
ard deviation  of  the  phase  difference  at  each  point,  ant,=  \ <'Dt. 

deviations  at  the  wider  spacings  and  not  by  the  high- 
frequency  variations  of  A<p. 

There  is  an  insidious  effect  associated  with  this 
phenomenon.  Any  sampling  rate  will  produce  the  correct 
mean-square  phase  deviation  (or  equivalently,  phase- 
difference  variance)  provided  that  the  phase  difference 
does  not  exceed  lit  rad,  i.e.,  as  long  as  the  fluctuation 
remains  within  this  bound,  it  is  not  possible  to  lose 
track  of  entire  cycles  and  hence  err  in  the  variance 
calculation.  Once  a  full  cycle  is  exceeded,  however,  the 
aliased  result  (caused  by  too  slow  a  sampling  rate) 
will  increase  slowly  and  saturate  prematurely  at  less 
than  (27r)2  as  the  spacing  is  changed.  The  properly 
digitized  phase-difference  variance  will  continue  to 
increase  as  it  does  for  small  separations.15  We  experi- 
mented with  aliased  data  and  found,  for  our  70-m 
path  and  rather  large  C„2,  that  the  variance  saturated 
at  approximately  3-cm  spacing,  the  point  where  the 
phase  difference  first  exceeded  27r  rad  a  significant 
percentage  of  the  time. 

Figure  6  shows  typical  statistical  distributions 
obtained  from  one  run  in  July.  (Note  that  a  large  part 
of  the  data  analysis  was  done  on  the  July  data  only. 
Then  the  wind  was  steady  and  the  turbulent  conditions, 
as  reflected  by  our  meteorological  measurements,  were 
stationary  over  10-min  periods.  The  August  data 
exhibited  light  and  variable  winds.) 

The  points  on  the  structure  function  presented  in 
Fig.  7  are  the  result  of  several  runs  on  2  July.  The 
data  are  uncorrected  for  measured  C„2  variations  and 
nevertheless  exhibit  a  rather  close  clustering  along  the 
5/3  line,  shown  for  comparison.  (The  p5'3  line  was  drawn 
without  any  regard  to  its  intercept.  It  is  merely  to 
indicate  slope.)  The  spread  of  the  points  at  a  specific 
spacing  indicates  the  stability  of  the  turbulent  con- 
ditions during  our  runs.  Some  points  at  3-cm  spacing, 
for  example,  are  separated  by  more  than  40  min.  Each 
point  represents  a  20-s  average  of  the  square  of  the 
phase  deviation  at  that  separation.  Data  were  taken 
for  longer  runs,  up  to  2  min,  to  test  the  stability  of  the 


average,  with  excellent  repeatability.  This  20-s  aver- 
aging time  is  at  least  20  times  the  integral  scale  of  the 
process,  i.e.,  20  times  the  duration  needed  for  the 
largest  (=1  m)  eddy  to  pass  a  single  sensor  at  the 
observed  wind  speed.  Figure  8  shows  the  same  data 
corrected  for  the  measured  C„2  variations  and  averaged 
over  all  runs.  (C„2  varied  from  5.3  XIO"14  to  1.9X10-13 
m~>  for  the  duration  of  the  experiment.)  Here  the 
data  points  were  all  normalized  to  a  C„2  value  of 
1.0X10-13  m~*  and  the  solid  line  is  the  plot  of  the 
spherical-wave  theoretical  curve  from  Eq.  (3), 

^(p)  =  [1.09Xl0-»FLP5/3](57.3)2,  (degrees)2    (6) 

or,  for  &~107  m-1  and  L  =  70  m, 


ZV(p)  =  2.5XlOV/3,  (degrees)2 


(7) 


The  circled  figure  indicates  the  number  of  data  points 
contained  in  the  average.  There  is  excellent  agreement 
with  the  theory,  Eq.  (7),  and  no  pronounced  reduction 
of  slope  up  to  separations  of  30  cm,  in  agreement  with 
our  outer-scale  measurements. 

Figure  9  illustrates,  we  believe  for  the  first  time,  the 
temporal-frequency  spectrum  of  the  phase  difference 
vs  frequency  /  for  each  of  our  four  spacings.  [Figure 
(5)  is  a  picture  of  the  first  5  s  of  these  same  data  and 
Fig.  (6)  its  statistical  distribution.]  After  sampling 
approximately  16  s  of  the  phase  difference  for  each 
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Fig.  7.  Phase  structure  function  (degrees  squared)  vs  spacing 
(cm).  Data  uncorrected  for  Cn2  variations  and  shown  with  a  p5'3 
curve  for  comparison. 
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spacing  at  a  rate  of  1000  samples/s,  we  obtained  214 
data  points  that  were  directly  used  as  input  to  a  fast 
Fourier-transform  routine.  The  output  was  213  values 
representing  the  contribution  to  the  variance  of  A<p, 
at  equally  spaced  intervals  in  frequency.  To  obtain  a 
representative  set  of  points  equally  spaced  in  log/  for 
our  curve,  we  averaged  fWsv(f)  over  all  points  found 
in  an  interval  of  ±0.125  in  log/  about  each  frequency 
selected.  Each  symbol  in  Fig.  9  is  the  result  of  this 
averaging  process.  Recently,16  the  spherical-wave 
phase-difference  power  spectrum  was  obtained.  The 
solid  lines  represent  the  plot  of  this  spherical-wave 
spectrum, 

/       sin(2irp//i')\ 
Wt,(J)  =0.066C„2£2Z,i'5/3   1 /~8/3.     (8) 


(2tp//«) 

Equation  (8)  is  valid  for  p^>>\/(\L).  The  result  for 
p<K\/(^L)  is  50%  smaller.  The  value  of  the  experi- 
mental parameters  used  in  obtaining  the  plot  were 
CV=1.1X10-13  m~*  (found  from  the  paper-chart 
recording),  the  measured  transverse  wind  »  =  0.72  m/s, 
&~107  m_1,  Z.  =  70  m,  and  the  four  spacings  p=0.3,  3, 
15,  and  30  cm.  For  our  path  and  wavelength,  \/(\L) 
~0.6  cm,  so  that  all  but  the  0.3-cm  case  are  clearly 
in  the  region  p2>\/(\L).  Our  average  measured  wind 
velocity  during  this  run  was  1.7  m/s  at  an  angle  of 


0.3  3  15    30 

JULY     DATA     SPACING      (cm) 

Fig.  8.  Normalized  phase  structure  function  (degrees  squared) 
vs  spacing  (cm).  Each  point  represents  the  average  value  over  the 
circled  number  of  points.  The  solid  line  is  the  theoretical  curve, 
D,(p)  =  1.09  k'LCjp6'3. 
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Fig.   9.   Phase-difference    temporal    power  spectrum    H'^(f) 
plotted  vs  frequency  for  four  different  spacings,  p.   D — p  =  0.3 

cm,  • p  =  3  cm,  A — p  =  15  cm,  and  O  —  p  =  M)  cm.  The  solid 

lines  are  the  corresponding  theoretical  curves  plotted  from  F.q. 
(8). 


25°  to  our  path.  We  were  unable  to  read  the  paper 
chart  any  closer  than  ±5°  which  makes  our  transverse- 
wind  value  z'  =  0.72±0.15  ni/s  due  to  this  uncertainty 
alone.  However,  this  variation  would  not  make  much 
difference  in  our  curves,  and  the  data  and  theory  are 
in  good  agreement. 

CONCLUSIONS 

Measuie.nents  of  the  phase  structure  function  have 
shown  direct  correspondence  with  the  predicted  5/3 
law  of  Tatarski,  persisting  to  spacings  of  30  cm  without 
significant  bending,  in  agreement  with  outer-scale 
measurements  taken  at  the  same  location  at  a  different 
time.  We  have  included  effects,  previously  neglected, 
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of  transverse  wind  and  spacing  of  the  sensors.  Noting 
the  obvious  importance  of  the  eddy-transport  velocity 
to  the  received  frequency  spectrum,  and  the  high-pass 
filtering  by  the  difference  operation  [see  Eq.  (8)],  we 
have  considered  the  effects  of  wind  and  spacing  on  the 
digitizing  rate  and  discussed  the  effects  of  data  aliasing 
on  the  derived  structure-function  power  law.  The 
phase-difference  power  spectrum,  measured  possibly 
for  the  first  time,  has  well  defined  asymptotes  and 
break  points,  and  exhibits  good  correspondence  to  the 
spherical-wave  theory.16 

The  agreement  of  these  multiple-aperture  measure- 
ments with  our  earlier  single-aperture  measurements,7 
with  the  results  of  Tatarski,  and  with  each  other, 
implies  that  a  single-sensor  measurement  of  phase 
using  Taylor's  hypothesis  is  a  feasible  and  reliable  way 
of  studying  the  phase  variations  of  a  laser  beam.  The 
advantages  of  the  single-sensor  method  are:  simplicity 
of  design,  the  large  number  of  data  points  per  run 
without  interruption,  and  power  requirements  at  only 
one  end  of  the  path.  However,  the  technique  requires 
a  laser  with  extremely  long  coherence  length  (on  the 
order  of  the  path  length)  and,  over  long  paths,  can  be 
sensitive  to  laser-frequency  noise.  The  multiple- 
aperture  technique  allows  propagation  experiments 
over  longer  paths  (provided  scintillation  effects  are 
properly  removed)  and  requires  only  short  coherence 
lengths  of  the  order  of  the  maximum  spacing. 
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Relative  Power  Losses  at  the  Mirrors  of  an  Asymmetric, 
Confocal,  Laser  Interferometer 
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The  asymmetric,  confocal,  laser  interferometer  with  output  coupling  apertures  is  considered.  The  diffrac- 
tion losses  at  the  two  mirrors  are  shown  to  be  equal,  regardless  of  differences  in  mirror  sizes  or  the  existence 
of  coupling  apertures  in  one  or  both  mirrors. 
Index  Headings:  Interferometer;  Laser;  Mirrors;  Diffraction. 


The  diffraction  losses1  of  an  asymmetric  laser  inter- 
ferometer (one  with  geometrically  dissimilar  mirrors) 
are  generally  divided  unequally  between  the  two  mir- 
rows,  depending  on  the  interferometer  geometry.  The 
purpose  of  this  analysis  is  to  show  that,  within  the 
conditions  of  the  Fox  and  Li  formulation,2  the  confocal 
asymmetric  interferometer  with  circular  or  rectangular 
mirrors  is  an  exception  to  the  rule.  Its  diffraction  losses 
are  shown  to  occur  equally  at  the  two  mirrors,  regardless 
of  differences  of  mirror  sizes  or  the  existence  of  coupling 
apertures  in  one  or  both  mirrors.  This  result  is  useful  in 
calculations  associated  with  asymmetric,  aperture- 
coupled  laser  interferometers.3 

Assuming,  then,  that  the  interferometer  is  confocal 
(concave  spherical  mirrors  separated  by  their  common 
radius  of  curvature),  that  the  mirrors  are  of  circular 
or  rectangular  cross  section  with  perfectly  reflecting 
surfaces,  and  that  the  conditions  of  validity4  of  the  Fox 
and  Li  interferometer  theory  are  satisfied,  the  electric 
fields  of  a  normal  mode  incident  on  the  mirror  surfaces 
are  proportional  to  the  eigenfunctions  of  a  coupled 
set  of  integral  equations  of  the  form 


72^2(^2)  =e' 


7iMi(£i)=e 


/•/(60 

7 

J  /(ai) 

/•/((>2) 
J  /{at) 


*(fc,Si)Mi($i)rf$i 


*(*!,&)«(&)<*&, 


(1) 


where  71  and  72  are  the  eigenvalues  associated  with  the 
eigenfunctions  mi(£i)  and  ^2(^2),  and  the  kernels  are 
real  and  symmetric5;  that  is, 

K  (|i,fc) -*(&ti)  =  K*  (fc.fe)  =  JT*(&,  fc).       (3) 

In  these  equations  and  the  ones  that  follow,  the  mirrors 
are  identified  by  the  subscripts.  The  £'s  represent  field 
positions  on  the  mirror  surfaces,  the  f(b)'s  represent 
the  outer  dimensions  of  the  mirrors,  the  /(a)'s  represent 
the  aperture  sizes,  and  a  is  a  constant.  Explicit  expres- 
sions for  these  quantities  are  given  in  Appendix  A  for 
both  circular  and  rectangular  mirrors. 

If  the  eigenfunctions  are  normalized  so  that 


r/{bi)  r/{M 

/       lw(«i)[W&«/        l»ttO|W& 

J /(m)  J  /(of) 


(4) 


it  is  shown  in  Appendix  B  that  |  -yi  | 2  and  |72|2  may  be 
interpreted  as  effective  power  reflection  coefficients 
associated  with  the  diffraction  losses  at  mirrors  1  and  2, 
so  that  the  fractional  power  loss  at  the  two  mirrors  is 
1—  I  -y  1  j 2  and  1—  |  -^2  [ 2-  The  fractional  power  loss  per 
two-way  transit  is  1—  |  T1T2 1 2,  regardless  of  the  normal- 
ization of  the  eigenfunctions. 

To  determine  the  power  losses  of  one  mirror  relative 
to  the  other,  a  relation  between  71  and  72  is  required. 
Such  a  relation  can  be  obtained  by  multiplying  both 
sides  of  Eq.  (1)  by  e~ian*{&),  integrating  over  £2,  and 
interchanging  the  order  of  integration  on  the  right  side 
to  produce 


72£" 


/•/  ^02) 

■//(oj) 

r/{bi)  r-  «./(62)  -| 

Xi»i(«i)<%.     (5) 

Applying  Eq.  (3),  we  see  that  the  quantity  in  brackets 
is  the  complex  conjugate  of  the  right  side  of  Eq.  (2), 
so  that  Eq.  (5)  reduces  to 


(2)       72« 


J /{at) 


|M»(fcdl*<%™Yi 


r/{bi) 

v«  / 

J/(al) 


Imi«i)|2£i,      (6) 


t>!>  .//(ai) 

and  finally  to  the  required  relation 


(7) 

under  the  normalization  of  Eq.  (4).  From  Eq.  (7)  it 
follows  that 

|71|2=|72|2;  (8) 

thus  the  diffraction  losses  at  the  two  mirrors  are  equal, 
regardless  of  differences  of  mirror  or  aperture  sizes.6 

Note  that  Eq.  (8)  does  not  imply  that  the  power 
losses  of  the  interferometer  are  independent  of  the 
mirror  or  aperture  sizes.  On  the  contrary,  a  change  of 
any  of  these  dimensions  generally  produces  a  corre- 
sponding change  of  the  fractional  power  loss  per  transit 
of  the  interferometer,  but  the  losses  at  the  two  mirrors 
change  by  the  same  factor,  so  that  Eq.  (8)  remains  valid. 
This  result  has  been  numerically  substantiated  for 
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several  asymmetric,  confocal  systems  with  circular 
mirrors  and  circular  apertures,  by  solving  Eqs.  (1)  and 
(2)  with  the  numerical-integration  technique  of  Fox 
and  Li.2  The  possibility  that  these  results  might  have 
wider  validity  than  their  proof  has  also  been  considered 
and  discarded.  Numerical  solutions  have  shown  Eq.  (8) 
to  be  invalid  for  several  asymmetric,  nonconfocal 
systems. 

APPENDIX  A:  EXPLICIT  EXPRESSIONS  FOR 

£(&&)i  /(«.).  /(&.)  AND  a  FOR  CIRCULAR 

AND  RECTANGULAR  MIRRORS 

The  confocal  interferometer  with  circular  mirrors  and 
apertures  is  shown  in  Fig.  1.  The  quantities  in  Eqs.  (1) 
and  (2)  appropriate  to  this  interferometer  are 


ff  (&,&)-*/■!>(&,&)*] 

fc-r«V(M) 

i,j=  1,2 

/(a,)  =  a,7(M) 

&j, 

j{b,)  =  b>/(\d)                       j 

o-&r/2)(fi+l-4d!A), 

where  X  is  the  wavelength,  the  r's  are  the  radial  coor- 
dinates of  the  field  points,  Jn(x)  is  the  Mth  order  Bessel 
function  of  the  first  kind  with  argument  x,  and  the 
remaining  quantities  are  defined  in  the  figure. 


Fig.  1.  Asymmetric  confocal  interferometer  with  circular 
mirrors  and  apertures. 


The  confocal  resonator  with  rectangular  mirrors  and 
apertures  is  shown  in  Fig.  2.  Here  the  integral  equations 
separate  into  two  sets,  one  associated  with  an  infinite 
strip  in  the  x  direction,  and  the  other  with  an  infinite 
strip  in  the  y  direction.  The  eigenvalue  associated  with 
a  mirror  is  the  product  of  the  eigenvalues  obtained  with 
the  x  and  y  solutions  for  that  mirror;  that  is,  yl  =  yi(x) 
X7;<B>,  i=l,2.  Because  both  infinite-strip  equations 
have  the  same  form,  only  the  quantities  required  for  the 
x  solutions  are  given.  These  are 


Kti>&)  = 


i,j=  1,2 


f2(Xd)~»  cos[2ir£,£//(Ad)] 

for  even  symmetric  modes 
2(X(/)-5  sin[2r&$//(X<0] 

for  odd  symmetric  modes 

/(a1)  =  a,<l) 

'(*/4)(l— 4d/\)  for  even  symmetric  modes 
(ir/4)(3  — 4rf/A)  for  odd  symmetric  modes, 

where  the  x's  are  the  cartesian  coordinates  of  the  field 
points,  and  the  remaining  quantities  are  defined  in  the 
figure. 


APPENDIX  B:  CALCULATION  OF  EFFECTIVE 
REFLECTION  COEFFICIENTS 

Following  Gordon  and  Kogelnik,7  we  consider  a 
traveling  wave  launched  from  mirror  1  with  electric- 
field  distribution  e'"/ui(£i).  Since  the  right  side  of  Eq. 
(1)  is  a  Fresnel-Kirchhoff  integral  and  the  mirror 
surfaces  are  perfectly  reflecting,  the  field  distribution  of 
the  wave  on  reflection  from  mirror  2  is  72/^2(^2).  The 
power  in  the  wave  leaving  mirror  1  is  proportional  to 


/•/(6D 
/         Im- 


ftOIVfc, 


and  the  power  in  the  reflected  wave  at  mirror  2  is 
proportional  to 


J  /(a 


|/il(fc)|2<*fc, 

U2) 


so  that  the  effective  reflection  coefficient  representing 
the  diffraction  loss  at  mirror  2  is 


/•/(&2)  ,      /•/(*!) 

£>2=|72|2/  lw(fe)|«fe// 


Fig.  2.  Asymmetric  confocal  interferometer  with 
rectangular  mirrors  and  apertures. 


and,  similarly,  at  mirror  1  it  is 

ft  =  1 7i  1 2  /         I  Mi(li)  1 2^li  /  /         I  Mi(fc)  I W 2.  (B2) 
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If  the  eigenfunctions  are  normalized  so  that 


•>/<<u)  J  fiat) 


2dh, 


the    reflection   coefficients   reduce    to   Z>i  ^  1  "Ki  1 2   and 
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A  NOTE  ON  TERMINOLOGIES  USED  IN  GASEOUS 
ABSORPTION  PROCESSES 

R.   F.   Calfee 

The  relationships  among  the  many  systems  of  units  for 
absorption  coefficients,  optical  paths,  and  intensities  for 
gaseous  processes  are  discussed.  A  table  showing  the  inter- 
connecting factors  is  presented. 
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ACOUSTIC  SOUNDING  OF  THE  LOWER  ATMOSPHERE1 
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ABSTRACT 

The  refractive  index  of  air  to  bound  waves  is  a  function  of  the  three  primary  meteorological  parameters  of 
the  lower  atmosphere,  i.e.,  wind,  temperature  and  humidity.  It  is  therefore  of  interest  to  consider  to  what 
extent  the  propagation  of  sound  waves  can  be  used  to  derive  quantitative  information  on  these  atmospheric 
parameters. 

It  is  shown  that  the  fluctuations  in  acoustic  refractive  index  may  be  expected  to  be  about  one  thousand 
times  stronger  than  in  the  radio  case;  hence,  the  scatter  of  acoustic  waves  may  be  expected  to  be  roughly  one 
million  times  stronger  than  for  radio  waves.  In  addition,  the  million-fold  ratio  between  the  velocities  of 
electromagnetic  and  acoustic  waves  results  in  an  acoustic  system  requiring  one  million  times  less  bandwidth 
to  interrogate  a  given  atmospheric  volume.  This  results  in  an  overall  reduction  in  interfering  noise  power  for 
the  acoustic  case  of  about  a  factor  of  one  million.  For  a  single  pulse,  the  acoustic  signal-to-noise  ratio  from 
a  given  scattering  region  is  likely  to  be  some  twelve  orders  of  magnitude  stronger  than  in  the  radio  case. 

The  system  parameters  required  to  achieve  an  effective  acoustic  sounder  are  discussed.  It  is  concluded 
that  the  acoustic  sounding  technique  could  be  developed  to  monitor  (to  heights  of  at  least  1500  m)  the 
vertical  profile  of  wind  speed  and  direction,  the  vertical  profile  of  humidity,  the  location  and  intensity  of 
temperature  inversions,  the  three-dimensional  spectrum  of  mechanical  turbulence,  and  the  three-dimensional 
spectrum  of  temperature  inhomogeneity  (i.e.,  of  optical  refractive  index  fluctuation). 

Typical  time  and  height  resolutions  for  the  proposed  acoustic  echo-sounders  could  be  of  the  order  of  10  sec 
and  10  m;  the  spatial  wavenumber  explored  could  range  from  about  0.01  to  ~400  m_1. 

Limitations  to  the  acoustic  technique  include  its  limited  range  (to  perhaps  10  km)  and  the  probability  of 
serious  loss  of  sensitivity  due  to  increased  noise  level  during  periods  of  strong  wind,  hail  or  rain.  Other  diffi- 
culties include  the  low  information  rate  [of  the  order  1  pulse  (10  sec)-1]  and  the  strong  refraction  effects 
due  to  wind  and  temperature  gradients. 


1.  The  refractive  index  of  air  to  soun     waves 

The  phase  velocity  of  sound  in  air  is  affected  by 
three  primary  meteorological  parameters:  wind,  tem- 
perature and  humidity.  Jt  is  therefore  of  some  interest 
to  consider  to  what  extent  acoustic  waves  can  be 
used  to  sense  these  parameters  remotely. 

In  dry  air  the  velocity  of  sound  (m  sec-1)  is  given  by 

Ct  =  20.05  Vf,  (1) 

i.e.,  the  phase  velocity  Cd  relative  to  [dry]  air  is 
proportional  to  the  square  root  of  the  air  tempera- 
ture T. 

If  water  vapor  is  present,  the  phase  velocity  is 
slightly  increased,  since  water  molecules  arc  lighter 
than  oxygen  or  nitrogen  molecules,  and  travel  faster 
at  a  given  temperature,  lor  moist  air  the  phase  velo- 
city Cm  is  increased  by  an  amount  proportional  to 
the  partial  pressure  of  water  vapor,  and   is  given  by 


C  =  G[l  +0.14  (c/p)-], 


(2) 


1  This  manuscript  is  largely  based  on  a  paper  published  in  the 
April  1969  issue  of  the  Proceedings  of  the  Institute  of  Electrical 
and  Electronic  Engineers. 


where  e/p  is  the  ratio  of  the  partial  pressure  of  water 
vapor  e,  to  the  total  pressure  p.  The  total  contribution 
of  water  vapor  to  the  phase  velocity  of  sound  is 
typically  less  than  ~  1  m  sec-1  (~  0.3%).  For  fre- 
quencies higher  than  ~  100  Hz,  however,  the  primary 
result  of  the  water's  presence  in  the  atmosphere 
lies  not  in  its  effect  on  the  phase  velocity  (the  real 
component  of  the  refractive  index)  but  on  the  atten- 
uation, i.e.,  on  the  imaginary  component.  Fig.  1, 
due  to  C.  M.  Harris  (1966),  shows  how  the  exponential 
decay  exponent  varies  with  relative  humidity  at 
20C  for  several  frequencies  in  the  kHz  range. 

In  the  presence  of  wind,  the  phase  velocity  of  sound 
observed  by  a  stationary  observer  is  given  by 


V  =  C  +  W  cosd>, 


(3) 


where  C  is  the  phase  velocity  of  sound  through  the 
air,  IF  the  wind  and  <j>  the  angle  between  the  wave 
normal  and  the  wind  direction. 

The  lower  atmosphere  is,  of  course,  a  somewhat 
turbulent,  inhomogeneous  medium,  and  the  phase 
velocity  of  sound  is  therefore  a  fluctuating  quantity, 
varying   in    both    time   and    space.    Following    radio 
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Fig.  1.  Total  attenuation  coefficient  w  vs  percent  relative 
humidity  for  air  at  20C  and  normal  atmospheric  pressure,  for  fre- 
quencies between  2.0  and  12.5  kHz  at  one-third  octave  intervals. 
To  obtain  the  attenuation  in  dB  per  meter,  multiplv  the  ordinate 
by  4.34  (from  C.  M.  Harris,  1966). 

practice,  it  is  convenient  to  express  these  fluctuations 
in  terms  of  N  units,  where  N  =  (An/n)  10*,  i.e.,  N  is 
the  fractional  change  in  refractive  index  «,  expressed 
in  parts  per  million. 

Table  1  compares  the  refractive  index  changes  in 
N  units  associated  with  given  changes  in  temperature, 
humidity  and  wind  for  acoustic,  radio  and  optical 
frequencies. 

Acoustic  waves  are  shown  to  be  very  much  more 
sensitive  to  atmospheric  fluctuations  than  are  elec- 
tromagnetic waves.  Analysis  indicates  that  normal 
fluctuations  in  the  refractive  index  in  the  boundary 
layer  are  (roughly)  1000  times  stronger  for  acoustic 
waves  than  for  electromagnetic  waves.  Since  the  power 
scattered  by  refractive  index  irregularities  is  propor- 
tional to  (An/n)2,  the  scattering  efficiency  of  atmo- 
spheric turbulence  is  on  the  order  of  one  million  times 
greater  for  acoustic  waves  than  for  electromagnetic 
waves. 

The  sensitivity  of  sound  velocity  to  changes  in 
wind,  temperature  and  humidity  is  such  that  the 
humidity  fluctuations  can  almost  always  be  ignored. 
For  remote  probing  purposes  one  is  therefore  left 
with  the  problem  of  being  able  to  identify  separately 
the  effects  of  wind  and  temperature  fluctuations.  This 
can  readily  be  done  since  the  wind  is  a  vector  quantity, 
while  the  temperature  js  scalar.  Measurements  of  the 

Tahi.k  1.  Sensitivity  of  refractive  index  of  the  lower  atmosphere 
to  changes  in  atmospheric  temperature,  wind  and  humidity,  for 
acoustic,  radio  and  optical  waves. 
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Change  of 

A  A7 

Acoustic 
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Temperature 

Humidity 
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IK 
1  ml) 

1  m  see-' 

-1700 
~  140 
-3000 

-1 

—4 
-2X10-' 

-1 

-0.04 

-2X10-' 

time  of  arrival  of  a  pulse,  or  of  the  phase  of  a  received 
cw  acoustic  signal,  taken  on  a  ring  of  microphones 
surrounding  a  central  loudspeaker,  could  be  used  to 
measure  both  the  mean  temperature  (from  the  average 
time  delay  around  the  ring)  and  the  mean  wind  and 
wind  direction  (from  the  variation  of  time  delay 
around  the  ring).  These  values  are  averaged  over  the 
diameter  of  the  ring  and  hence  are  more  representative 
of  the  ambient  atmosphere  than  the  rapidly  fluctuating 
measurements  taken  at  a  single  point.  The  data  from 
the  various  microphones  could  also  be  used  to  derive 
information  on  spatial  scales  of  turbulence  and  on 
power  spectra  in  the  time  domain.  With  a  cw  system, 
considerable  sensitivity  in  measurements  of  mean 
wind  speed  and  temperature  could  be  achieved.  A 
100  m  radius  circle  around  which  the  relative  phase  of 
a  100-Hz  acoustic  signal  could  be  measured  to  an  ac- 
curacy of  (1/100)X  s  3.6°  would  give  mean  wind 
speeds  to  ~  10  cm  sec-1.  Temperature  measurements 
to  an  accuracy  of  0.2C  could  be  made,  provided  the 
partial  pressure  of  water  vapor  was  known  to  an 
accuracy  of  ~  1  mb. 

Measurements  of  the  mean  humidity  of  the  air 
could  be  made  from  studies  of  the  variation  of  received 
power  around  the  ring  of  microphones  as  the  trans- 
mitted frequency  is  varied.  Since  the  variation  of 
absorption  with  acoustic  frequency,  relative  humidity 
and  temperature  is  well  known,  a  circular  ring  of 
microphones  operated  in  a  multi-frequency  mode 
should  provide  sufficient  information  to  permit  un- 
ambiguous derivation  of  the  mean  humidity,  even  in 
the  presence  of  unknown  refraction  effects  in  the 
vertical  plane  due  to  vertical  gradients  in  wind  and /or 
temperature. 

The  discussion  above  relates  to  the  measurement 
of  atmospheric  parameters  at  the  surface  of  the  earth. 
For  many  years,  the  rocket  grenade  technique  (Strand 
et  al.,  1956)  has  proven  to  be  of  value  in  the  derivation 
of  wind  and  temperature  profiles  to  heights  on  the 
order  of  90  km.  It  is  also  possible  that  aircraft  could 
be  used  as  elevated  sources  of  sound,  using  either  the 
broadband  noise  radiated  by  the  aircraft  engines,  or 
specially  installed  cw  sources.  In  either  case,  one 
could  take  advantage  of  the  very  strong  Doppler 
frequency  shifts  which  occur  with  modern  aircraft. 
The  author  has  not  conducted  any  acoustic  ray- 
tracing  analyses,  but  it  would  appear  likely  that  useful 
profiles  of  wind,  temperature  and  relative  humidity 
could  be  derived  from  such  observations. 

2.  Echo-sounding  of  the  atmosphere,  using  acoustic 
scatter 

Experimentally,  the  scatter  of  sound  by  irregulari- 
ties in  the  atmospheric  wind  or  temperature  field  has 
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been  investigated  by  several  workers.  One  of  the 
earliest  of  these. was  Tyndall  (1X74),  who  concluded 
that  the  echo,  which  he  obtained  occasionally  when 
using  a  fog  siren  on  the  south  coast  of  England,  could 
be  attributed  to  the  "flocculent"  nature  of  the  atmo- 
sphere. Oilman  el  ul.  (1946)  of  the  Bell  Telephone 
Laboratories  reported  the  detection  of  acoustic  echoes 
of  unexpectedly  high  intensity  from  the  lowest  few 
hundred  feet  of  the  atmosphere.  Kallistratova 
(1959a,  b),  and  Kallistratova  and  Tatarsky  (1960), 
conducted  experimental  tests  of  the  theory  of  the 
scatter  of  sound  by  atmospheric  irregularities.  Kelton 
and  Bricout  (1964)  showed  that  the  scattered  acoustic 
signals  were  of  sufficient  intensity  to  permit  Doppler 
measurements  of  wind  velocity.  Studies  by  Bellamy 
el  al.  (1958)  of  scattering  from  considerably  greater 
heights  were  inconclusive,  and  it  remained  for  .McAllis- 
ter (1968)  to  show  that  these  echoes  could  readily  be 
obtained  and  studied. 

The  theory  of  the  scatter  of  sound  by  turbulent 
atmospheric  velocity  fluctuations  or  by  fluctuations  in 
scalar  atmospheric  properties  such  as  temperature 
has  been  investigated  by  several  authors.  Thus,  Light- 
hill  (1953)  and  Kraichnan  (1953)  dealt  with  the  case 
of  scatter  by  turbulent  velocity  fluctuations,  while 
Batchelor  (1957)  treated  the  scatter  of  sound  by  tem- 
perature inhomogeneities.  The  broadening  of  the 
spectrum  of  scattered  energy  due  to  the  Doppler 
shifts  associated  with  turbulent  velocity  fields  was 
discussed  by  Kraichnan  (1953),  and  by  Ford  and 
Meecham  (1960).  The  scatter  of  sound  by  both  tem- 
perature and  velocity  fluctuations  has  also  been 
treated  by  Tatarsky  (1961),  Kallistratova  (1961)  and 
Monin  (1961).  Experimental  checks  of  the  theory 
have  been  made  in  the  field  by  Kallistratova  and  in 
the  laboratory  by  Baerg  and  Schwarz  (1966). 

Following  Monin  (1961),  we  have,  for  the  scatter 
of  sound  inhomogeneities  in  dry  air 

da,  m  2irfc<Kcos2  0[(1/C-)  E  (K)  cos2  (0/2) 

+  (iT>)v(K)]dQ,     (4) 

where  da  is  the  fraction  of  the  incident  acoustic  power 
which  is  scattered  by  irregularities  in  volume  V 
through  an  angle  8  into  a  cone  of  solid  angle  <ff2;  k 
=  2x/X  and  is  the  wavenumber  of  the  acoustic  wave; 
and  K  =  2k  (sin  6/2)  is  the  effective  wavenumber  at 
which  an  acoustic  radar  scattering  through  angle  8 
interrogates  the  medium.  The  parameters  Cand  T  are 
the  mean  velocity  of  sound  and  the  mean  temperature 
of  the  scattering  volume,  and  E(K)  and  <p  (K)  are, 
respectively,  the  spectral  intensity  of  the  wind  fluctua- 
tions and  the  temperature  fluctuations  at  wavenum- 
ber K. 

Eq.  (4)  is  not  complete,  since  it  does  not  include 
the  Doppler  effects  due  to  transportation  of  the  small 


scattering  eddies  by  larger  scale  eddies,  as  discussed 
by  Ford  and  Meecham  (1960).  This  omission  is 
equivalent  to  the  assumption  that  echo  power  is 
measured  with  a  receiver  bandwidth  several  times 
broader  than  the  Doppler  broadening  (assumed  small) 
due  to  larger  scale  turbulence.  Other  limitations  of 
this  equation  include  the  omission  of  any  term  to 
cover  scatter  by  humidity  fluctuations  (this  term 
would  typically  be  two  or  three  orders  of  magnitude 
lower  than  the  wind  or  temperature  terms  and  there- 
fore can  safely  be  ignored)  and  the  inherent  assump- 
tion that  the  wind  and  temperature  fluctuations  are 
uncorrected.  This  latter  assumption  appears  to  have 
been  made  in  all  the  acoustic  scattering  theories  to 
date,  and  probably  warrants  critical  evaluation,  espe- 
cially under  conditions  of  strong  convection.  Despite 
these  limitations,  the  equation  is  adequate  for  a  first- 
order  discussion  and  calculation  of  the  scatter  of 
sound  by  atmospheric  irregularities. 

It  is  very  important  to  note  the  different  angular 
dependences  of  the  scatter  from  mechanical  turbulence 
[proportional  to  cos20  cos2(0/2)J  and  the  scatter  from 
temperature  fluctuations  [proportional  to  cos2  0~\.  The 
additional  cos2  (6/2)  factor  in  the  turbulence  scatter 
term  results  in  a  null  in  the  backscatter  direction,  i.e., 
when  8  =  180°.  In  other  words,  backscattered  echoes 
are  produced  only  by  temperature  fluctuations;  at  all 
other  scatter  angles  (except  8  =  90°,  where  both  terms 
go  to  zero  because  of  the  cos20  term)  the  scatter  will 
be  caused  by  the  sum  of  the  effects  of  both  tempera- 
ture and  wind  fluctuations.  By  taking  measurements 
of  scattered  power  as  a  function  of  scatter  angle,  it 
should  therefore  be  possible  to  determine  the  intensi- 
ties of  E(K)  and  <o(K)  separately.  In  this  way  profiles 
of  the  variation  with  height  of  mechanical  turbulence, 
and  of  temperature  inhomogeneity,  could  be  obtained. 

3.    Acoustic    Doppler   measurements    of    wind    and 
turbulence 

Additional  information  can  be  derived  from  the 
Doppler  frequency  shifts  of  the  echoes.  The  Doppler 
spectrum  of  an  acoustic  signal  scattered  from  iso- 
tropic turbulence  has  been  discussed  theoretically  by- 
Ford  and  .Meecham  (1960)  and  investigated  experi- 
mentally by  Kelton  and  Bricout  (1964).  Ford  and 
Meecham  showed  that  the  maximum  of  the  scattered 
power  spectrum  is  shifted  from  the  incident  frequency 
by  an  amount  determined  by  the  Doppler  shift  due  to 
the  radial  component  of  the  mean  flow,  and  that  the 
half-width  of  the  spectrum  is  proportional  to  the 
turbulence  Mach  number  (see  Fig.  2).  The  velocity- 
azimuth  type  of  display,  originally  developed  for 
Doppler  radar  studies  of  the  wind  field  (Lhermitte  and 
Atlas,  1961),  can  be  used  to  determine  the  complete 
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Fig.  2.  The  velocity-azimuth  display  Doppler  radar  system  : 
a.,  the  Doppler  radar  beam,  sweeping  in  azimuth  at  fixed  Zenith 
angle,  and  b.,  the  Doppler  shift  at  a  given  height,  as  a  function  of 
azimuth.  Note  that  1)  the  amplitude  of  4/  of  the  sine  wave  is 
proportional  to  the  mean  horizontal  wind,  2)  the  phase  of  the 
sine  wave  is  determined  by  the  azimuthal  direction  of  the  mean 
wind,  and  3)  the  mean  displacement  bj  of  the  sine  wave  is  pro- 
portional to  the  mean  vertical  velocity. 

velocity  vector.  In  this  technique,  the  sounding  beam 
is  rotated  in  azimuth  at  a  fixed  zenith  angle.  The 
direction  of  the  horizontal  component  of  the  mean 
wind  is  deduced  from  the  phase  of  the  sinusoidal 
variation  of  Doppler  frequency  with  azimuth,  the 
magnitude  of  the  mean  horizontal  component  of  the 
wind  from  the  amplitude  of  the  sine  wave,  and  the 
mean  vertical  velocity  from  the  mean  value  of  the 
Doppler  shift  around  a  full  360°  azimuthal  rotation 
'see  Fig.  3).  By  comparing  the  mean  radial  velocities 
of  pulse  volumes  observed  essentially  simultaneously 
at  different  spacings  along  the  beam,  the  intensity  of 
turbulence  at  scales  larger  than  the  pulse  length  could 
also  be  explored.  Since  pulse  lengths  as  short  as  3  m 
could  be  used,  this  implies  that  the  spectrum  of  turbu- 
lence  could    be    measured    for  spatial  wavenumbers 
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FlG.  3.  The  ability  of  the  Doppler  radar  to  measure  the  mean 
r.idial  component  of  velocity  (proportional  to  Af)  and  the  fluctua- 
tion in  that  component  (proportional  to  if). 


k  =  2ir/\  in  the  range  2  to  0.01  in-1.  Note  that  the 
turbulence  spectrum  at  shorter  spatial  wavelengths 
could  be  measured  by  determining  E(K)  as  a  function 
of  K  from  the  measurements  of  total  echo  power  (as 
opposed  to  echo  spectrum)  proposed  in  Section  2. 

4.    A   possible   technique   for   the    measurement   of 
humidity  profiles 

The  scattering  cross  section  for  acoustic  waves  in 
the  inertial  subrange  of  the  Kolmogorov  spectrum  of 
turbulence  varies  as  X-'  (Kallistratova,  1961),  i.e., 
rather  weakly  with  wavelength.  The  molecular  absorp- 
tion of  the  sound,  however,  varies  quite  strongly  with 
the  acoustic  wavelength  and  with  humidity  (see 
Fig.  1).  This  fact  suggests  that  measurements  of  the 
received  echo  strength  as  a  function  of  frequency  and 
height  could  be  used  to  derive  information  on  the 
variation  of  humidity  with  height.  A  possible  method 
is  outlined  below. 

Consider  the  case  in  which  two  acoustic  radars  are 
used  in  the  backscatter  mode  to  obtain  echoes  suc- 
cessively from  the  same  volume  of  space  on  two 
frequencies,  say,  4  and  8  kHz.  Let  us  suppose  that  the 
same  peak  power,  antennas,  transducer  efficiencies, 
etc.,  apply  to  each  radar.  In  the  absence  of  any  atmo- 
spheric attenuation,  the  8-kHz  radar  echoes  should 
be  1  dB  stronger  than  the  4-kHz  echoes  at  all  heights, 
because  of  the  \~*  increase  in  effective  scattering  cross 
section.  The  classical  absorption  of  acoustic  energy 
would  result  in  a  weakening  of  the  8-kHz  echoes 
relative  to  those  at  4  kHz  by  a  known  amount  [~  1 
dB  (100  in)-1  increase  in  height].  Any  additional 
decrease  in  the  ratio  of  8  to  4  kHz  echo  power  with 
height  could  be  attributed  to  molecular  absorption 
due  to  water  vapor;  the  known  dependence  of  this 
absorption  upon  humidity  could  be  used  to  derive 
the  humidity  profile.  Thus,  Fig.  4  indicates  that  a 
5.75  dB  increase  in  the  ratio  of  8  to  4  kHz  echo  power, 
per  100  m  increase  in  height,  implies  a  50%  relative 
humidity  if  the  temperature  is  20C.  The  double-valued 
nature  of  the  curve,  however,  could  result  in  unreason- 
able ambiguities  near  the  peak;  thus,  values  near  a 
12  dB  change  in  echo  ratio  per  100  m  could  be  inter- 
preted as  a  relative  humidity  of  either  12  or  30%. 
This  ambiguity  could  be  fully  resolved  if  the  radar 
could  also  operate  at  2  kHz.  In  this  case  the  right- 
hand  scale  shows  that  the  change  in  ratio  of  the  4  and 
2  kHz  echoes  would  either  be  7  dB  (100  m)-' for  a  12% 
relative  humidity  or  2.8  dB  (100  m)*1  for  a  30%  rela- 
tive humidity,  a  difference  which  could  presumably 
be  detected. 

One  obvious  weakness  of  this  method  is  the  assump- 
tion of  an  isotropic  homogeneous  Kolmogorov  spec- 
trum of  turbulence.  However,  the  effect  of  tempera- 
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ture  inversions  could  be  identified  and  avoided  by 
using  different  elevation  angles;  and  checks  of  the 
spectrum  of  turbulence  could  also  be  made  using 
bistatic  systems. 

5.  On  the  feasibility  of  acoustic  echo-sounding 

The  above  discussion  indicates  that  acoustic  sound- 
ing offers  considerable  potential  for  remote  measure- 
ment of  atmospheric  parameters.  We  therefore  pro- 
ceed to  estimate  the  system  requirements  for  an 
effective  acoustic  sounder. 

For  a  Kolmogorov  spectrum  of  turbulence,  Eq.  (4) 
reduces  to 

<j  (0)  =  0.03  k*  cos2  0  [(CVO  cos2  {6/2) 

+  0.13  (CVVr2)]  (sin  0/2)-'"3,      (5). 

where  <r  (0)  is  now  the  scattered  power,  per  unit  vol- 
ume, per  unit  incident  flux,  per  unit  solid  angle  at  an 
angle  6  from  the  initial  direction  of  propagation.  The 
values  of  Cv  and  Ct  may  be  obtained  from  measure- 
ments of  the  corresponding  structure  functions 


Dw  =  lW{x)  -  W(x  +  r)J  =  C;-  ri 
DT  -  LT(x)  -  T(x  +  r)J  =  CV  H 

where  W{x)  and  T(x)  are  the  instantaneous  wind  speed 
and  temperature  at  point  x,  and  W(x  +  r)  and 
T(x  +  r)  are  the  corresponding  instantaneous  values 
at  point  (x  +  r).  Thus,  C,  and  CT  are,  respectively, 
the  rms  differences  in  velocity,  or  in  temperature,  for 
two  points  separated  by  unit  distance. 

The  radar  equation,  applied  to  the  r  onostatic  case 
(i.e.,  co-located  transmitter  and  receiver),  gives  the 
received  power  PT  as 


P,  =  Pa  (Ct/2)  A,  {\/F?)L, 


(6) 


where  P  is  the  radiated  acoustic  power,  a  the  scattering 
cross  section  of  Eq.  (1)  with  0  =  180°,  C  the  velocity 
of  sound  in  the  scattering  region,  t  the  pulse  length, 
A,  the  collecting  area  of  the  receiving  antenna,  R  the 
range  to  the  scattering  region,  and  L  an  attenuation 
factor  which  takes  into  account  antenna  and  trans- 
ducer inefficiencies  and  any  atmospheric  attenuation 
along  the  double  path  to  and  from  the  scattering 
region. 

Assuming,  for  the  moment,  that 

P    =  10  W, 

t     =  10~J  sec  (3.3  in  pulse), 
R    =  150  m, 
AT  =  1  mJ, 


0        102030405060708090 
%  RELATIVE     HUMIDITY 
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then 


P,  =  7.3  X  10~4  a  L  [mks  units]. 


Fig.  4.  The  variation  with  relative  humidity  of  the  increase, 
per  100  ni  increase  in  height,  of  the  ratio  of  echo  powers,  Pi/Pt 
and  Pa/P*.  for  acoustic  radars  operating  at  2,  4  and  8  kHz.  The 
atmospheric  temperature  is  assumed  to  be  20C. 


For  the  backscatter  case,  Eq.  (5)  reduces  to 

a  =  0.0039  (27r/X)i  (CT/T)\ 

Taking    X  =  2    ir  X  10~2    m   (/  «  S  kHz),   CT  =  4.6 
X  10-2  deg  m-»  and  T  =  300K,  then 

<r  =  4.4  X  10"10  m2  m-3. 

Using  this  value  of  <r,  we  have 

PT  =  3.2  X  10-"  L. 

In  considering  the  detectability  of  this  received 
power,  we  must  first  estimate  L  and  then  estimate  the 
the  interfering  noise  power  against  which  the  signal 
must  be  detected. 

The  attenuation  factor  L  is  made  up  of  the  efficiency 
factor  of  the  receiving  antenna  (i.e.,  the  ratio  of  output 
electrical  power  from  the  microphone  transducer  to 
the  acoustical  power  incident  upon  the  geometrical 
area  of  the  receiving  antenna)  and  the  absorption  of 
acoustical  energy  occurring  on  the  propagation  path. 

The  efficiency  factor  of  a  loudspeaker  at  the  focus 
of  a  paraboloid  is  likely  to  be  of  the  order  0.05,  based 
on  an  effective  collecting  area  of  about  0.5  of  the 
geometrical  area  and  a  transducer  efficiency  of  about 
0.1. 

The  absorption  of  sound  by  the  atmosphere  is  a 
strong  function  of  frequency.  It  is  conventional  to 
divide  this  into  two  components:  a  classical  absorp- 
tion due  to  the  sum  of  viscoscity,  conduction,  diffusion 
and  radiation  terms;  and  a  non-classical  component 
due  to  the  presence  of  water  vapor.  In  the  frequency 
range  1-10  kHz,  the  classical  absorption  is  usually 
the  smaller,  and  can  be  well  predicted ;  at  5  kHz  it  is 
about  1.0  dB  for  the  round  trip  path  to  a  height  of 
150  m. 
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From  Fig.  1  we  sec  that  the  total  attenuation  at  a 
frequency  of  5  kHz  would  be  about  10  dB  for  the  round 
trip  to  a  height  of  150  m.  This  figure  would  decrease 
with  increasing  temperature  and  with  increasing 
relative  humidity. 

Using  the  above  values  of  receiving  antenna  effi- 
ciency and  of  atmospheric  attenuation,  we  have 


whence 


L  =  5X  10-', 
PT  =  1.6  X  10-'S\V. 


This  electrical  signal  is  now  to  be  compared  with  the 
interfering  noise  level  existing  at  the  input  to  the 
preamplifier. 

Five  potential  sources  of  noise  must  be  considered 
in  identifying  the  signal-to-noise  ratio  to  be  expected 
on  an  acoustic  radar.  The  ultimate  ineluctable  limit, 
to  be  achieved  only  under  ideal  conditions,  will  be  set 
by  the  random  pressure  fluctuations  experienced  by 
the  microphone  due  to  the  random  thermal  motion  of 
the  atmospheric  molecules.  The  available  acoustic 
noise  power  is  given  by 

Pa  =  kTB, 

where  k  is  Boltzmann's  constant,  T  the  absolute  tem- 
perature of  air,  and  B  the  observing  bandwidth.  For 
a  bandwidth  of  100  Hz  and  normal  atmospheric  tem- 
perature, this  thermal  acoustic  noise  power  would  be 
about  4.2  X  10-"  W. 

Electron  shot  noise  in  the  receiving  preamplifier 
must  also  be  considered.  At  audible  frequencies  there 
should,  however,  be  no  difficulty  in  building  a  pre- 
amplifier which  generates  no  more  noise  than  that  of 
a  resistor  at  room  temperature.  For  a  100-Hz  band- 
width, this  noise  power  also  is  ~  4.2  X  10-19  W. 

Wind  noise  on  the  receiving  microphone  is  likely 
to  prove  a  more  serious  limit  to  the  sensitivity  of  the 
radar.  This  noise  can,  however,  be  greatly  reduced 
by  placing  the  microphone  as  close  to  the  surface  of 
the  earth  as  practicable,  by  using  an  array  of  micro- 
phones (since  the  wind  noise  will  not  be  correlated  on 
microphones  more  than  a  wavelength  apart),  and  by 
screening  the  microphone  from  the  wind.  A  combina- 
tion of  these  techniques  may  be  expected  to  reduce 
this  problem  until  it  is  no  longer  limiting,  at  least 
under  low  wind  conditions. 

In  addition  to  wind-induced  noise  created  at  the 
microphone  itself,  atmospheric  turbulence  may  create 
pressure  fluctuations  which  propagate  as  sound  waves 
of  natural  atmospheric  origin.  Pressure  fluctuations 
of  sub-audible  frequencies  attributable  to  the  jet 
stream,  severe  storms,  etc.,  have  been  detected  at 
considerable  ranges;  it  is  believ'ed  that  the  intensity 
of  these  pressure  fluctuations  drops  off  rapidly  with 
frequency.   It  is  not   known  to  what  extent  acoustic 


noise  generated  by  atmospheric  turbulence  may  a 
times  limit  the  sensitivity  of  an  acoustic  radar,  but 
if  this  should  occur,  it  should  be  recognized  that  th< 
technique  may  provide  a  new  passive  method  of  sens 
ing  atmospheric  turbulence. 

The  final  noise  limitation  to  be  considered  is  that  o 
acoustic  energy  from  non-atmospheric  sources  sucl 
as  vehicles,  insects,  etc.  This  may  be  estimated  fron 
data,  as  summarized  by  Stevens  and  Baruch  (1957) 
They  show  that  the  ambient  acoustic  noise  power  a 
a  quiet  site  is  on  the  order  of  20  dB  above  10-18  V\ 
cm-2  for  an  octave  band  centered  at  1  kHz  and  de 
creases  by  about  5  dB  per  octave  increase  in  frequency 
From  these  figures,  an  acoustic  noise  power  of  about 
8  dB  per  octave  at  5  kHz  would  be  expected;  for  a 
100-Hz  bandwidth  at  5  kHz,  the  noise  power  flux 
would  be  of  the  order  of  —  9  dB  relative  to  10~IS  W 
cm-2  or  1.25  X  10~17  VV  cm-2.  If  we  assume  that  the 
noise  is  isotropic  in  origin,  the  effective  collecting  area 
for  this  noise  will  be  X2/(4ir)  =  3  cm2,  leading  to  an 
acoustic  nOise  power  of  3.75  X  10~17  W.  This  acoustic 
noise  power  is,  however,  reduced  to  3.75  X  10-18  W 
because  of  the  transducer  inefficiency.  This  result 
suggests  that  even  at  a  quiet  site  the  electrical  noise 
level  clue  to  5-kHz  acoustical  interference  is  likely  to 
be  some  10  dB  above  the  equivalent  electrical  noise 
input  due  to  the  preamplifier  noise. 

The  expected  received  signal  power  of  1.6  X  10~u  W 
exceeds  the  predicted  interference  noise  power  of 
about  4  X  10-'8  W  by  a  factor  of  400,  or  26  dB ;  that 
is,  for  the  conditions  postulated,  the  signal-to-noise 
ratio  would  be  26  dB. 

6.   Choice  of  the  optimum  frequency  range  for  an 
acoustic  radar 

The  optimum  frequency  for  an  acoustic  radar  will 
be  chosen  as  a  compromise  between  the  increase  in 
directivity,  the  improved  Doppler  resolution  and  the 
reduced  interference  potentially  available  at  the 
higher  frequencies,  and  the  undesired  increase  in  at- 
tenuation with  increasing  frequency.  The  optimum 
frequency  will  be  a  strong  function  of  the  range  over 
which  the  radar  is  to  work,  and  will  be  lower  for  the 
larger  ranges.  Thus,  the  calculations  above  give  a 
predicted  26  dB  signal-to-noise  ratio  for  a  range  of 
150  m  and  a  frequency  of  5  kHz.  At  ten  times  the 
range,  the  atmospheric  absorption  would  be  100  dB 
instead  of  10  dB,  making  it  imperative  to  use  a  lower 
frequency.  Computations  similar  to  the  above  indicate 
that  a  backscattcrcd  signal-to-noise  ratio  of  20  dB 
could  still  be  obtained  at  a  range  of  1.5  km,  but  would 
require  100-W,  100-msec,  1-kllz  acoustic  pulses  radi- 
ated and  received  on  a  10  in2  acoustic  antenna.  By 
reducing  the  frequency  to  100  I  Iz,  increasing  the  pulse 


1^3 


OCTOHKK   1970 


m  i: 


i;o  i<  o  i. or.  i  c  a  i.    monographs 


403 


length  to  1  sec  and  narrowing  the  receiver  bandwidth 
to  a  few  Hz,  it  should  lie  |)Ossil)k:  to  get  acoustic 
echoes  from  a  height  of  10  km. 


7.  Some  limitations  of  the  echo-sounding  technique 

The  above  discussion  of  the  acoustic  echo-sounding 
technique  indicates  that  it  offers  great  promise  lor 
remote  acoustic  probing  of  the  atmospheric  boundary 
layer.  It  is  therefore  important  to  identify  some  of  the 
probable  limitations  ol  the  technique. 

The  primary  limitation  of  the  acoustic  sounding 
technique  is  likely  to  be  one  of  range.  If  round  trip 
attenuations  due  to  anomalous  absorption  are  lo  be 
less  than  10  dB,  ranges  will  have  to  be  limited  to 
(roughly)  150  m  at  5  kHz  and  1.5  km  at  1  kHz, 
depending  upon  humidity.  A  second  limitation  may 
arise  due  to  the  strength  of  the  interaction  of  the 
acoustic  waves  with  the  atmospheric  irregularities. 
The  theory  presented  earlier  is  a  single-scatter  theory, 
and  assumes  that  the  acoustic  beam  remains  essen- 
tially unaffected  by  the  atmosphere,  except  for  the 
very  small  fraction  of  the  energy  which  is  scattered.  In 
other  words,  the  attenuation  or  broadening  of  the 
beam  by  the  scatter  process  is  assumed  to  be  negligi- 
ble. This  assumption  warrants  further  investigation, 
since  multiple  scatter  is  likely  to  degrade  the  perform- 
ance of  the  echo-sounder  at  long  ranges,  or  under 
conditions  of  strong  turbulence. 

Tatarsky  (1961)  has  discussed  the  propagation  of 
sound  in  an  inhomogeneous  medium.  For  the  case  of  a 
spherical  wave  propagating  through  a  region  in  which 
the  inhomogencities  are  characterized  by  the  Kolmo- 
gorov  spectrum  of  turbulence,  he  derives 

X2  =  0.13  Cn2£7/6L11/6, 


where  X2  =  [loge  (A/A,-)y  is  the  mean  square  fluctua- 
tion of  the  logarithm  of  the  ratio  of  the  instantaneous 
amplitude  of  the  wave  to  the  mean  amplitude,  Cn  a 
structure  constant  of  the  (acoustic)  refractive  index, 
k  =  2ir/\  where  X  is  the  acoustic  wavelength,  L  the 
length  of  acoustic  path,  and  Cn  =  Ct/(2T).  For  the 
case  already  considered  (X  =  6  X  10"'-'  m,  Ct  =  4.6 
X  10~2  m-5,  L  =  150  m),  we  have 

X  ~  0.04, 

from  which  we  see  that  the  acoustic  beam  will  propa- 
gate to  a  150  m  height  with  only  minor  amplitude 
scintillation.  For  X  =  0.3  ill,  Cr  =  4.6  X  10_a  in-* 
and  L  =  1500  m, 

X  ~  0.13, 

and    the   amplitude   scintillations   are   still    not    fully" 
developed. 


We  niiij  com  hide,  for  the  experimental  conditions 
used  as  examples  in  this  paper,  that  multiple  scatter 
will  not  be  a  serious  factor.  However,  for  more  tur- 
bulent conditions,  or  for  longer  paths  or  shorter  wave- 
lengths, a  multiple  scatter  theory  may  be  required. 

A  third  limitation  arises  from  the  susceptibility  of 
the  receiving  system  to  adverse  weather  conditions, 
such  as  strong  winds,  rain  or  hail.  These  would  tend 
to  enhance  the  ambient  noise  level.  Other  difficulties 
include  the  relatively  low  information  rate  (one  pulse 
per  second  to  a  height  of  150  in,  less  frequently  for 
greater  heights)  and  the  effects  of  beam  refraction  due 
to  wind  or  temperature  gradients.  In  addition,  the 
problems  of  the  susceptibility  of  the  radar  to  man- 
made  noise,  and  of  man  to  the  acoustic  signals  from 
the  sounder  have  not  been  adequately  investigated ; 
some  preliminary  tests  by  the  author  of  a  low-side- 
lobe  acoustic  antenna  suggest  that  these  need  not  be  a 
serious  problem. 

8.  Conclusion 

Despite  the  somewhat  unknown  magnitude  of  these 
limitations,  it  is  concluded  that  the  acoustic  echo- 
sounding  technique  could  be  developed  to  measure 
(to  heights  of  up  to  at  least  1500  m) :  1)  the  vertical 
profile  of  wind  speed  and  direction  (by  utilizing  a 
Doppler  system) ;  2)  the  vertical  profile  of  humidity 
(by  means  of  a  multi-wavelength  system) ;  3)  the 
location  and  intensity  of  temperature  inversions  (by 
using  a  monostatic  system  to  study  the  echo  power 
and  frequency  spectrum,  as  a  function  of  elevation 
angle,  range  and  wavelength) ;  4)  the  three-dimensional 
spectrum  of  temperature  inhomogeneity  (by  using  a 
monostatic  system  to  study  the  echo  power  as  a 
function  of  wavelength,  azimuth,  and  elevation) ;  and 
5)  the  three-dimensional  spectrum  of  mechanical 
turbulence  (by  using  both  monostatic  and  bistatic 
systems  to  study  the  echo  power  as  a  function  of 
scatter  angle,  wavelength  and  direction). 

Typical  height  resolutions  attainable  would  be  on 
the  order  of  one-half  of  the  pulse  length,  i.e.,  about  10 
m  if  a  60-msec  pulse  is  used.  Spatial  wavenumbers 
could  be  explored  over  the  range  from  47r/Xmin  (about 
400  m_1)  to  about  10~2  m-1  in  the  case  of  mechanical 
turbulence,  and  from  400  m-1  to  40  in-1  for  the  tem- 
perature inhoniogeneities.  The  difference  is  due  to 
the  ability  of  the  Doppler  radar  to  measure  the  radial 
velocities  at  different  points  along  a  beam  simul- 
taneously. Time  resolutions  for  successive  independent 
measurements  to  heights  of  1500  m  would  be  about 
10  sec. 

The  above  potentialities  suggest  that  the  acoustic 
sounding  technique  will  prove  a  uniquely  valuable 
remote   sensing   concept    for  atmospheric   boundary- 
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layer  studies.  In  particular,  the  author  suggests  that 
active  consideration  be  given  to  its  application  to  the 
meteorological  aspects  of  air  pollution,  and  to  such 
airport  problems  as  the  measurement  of  low-level 
wind  shear  and  the  detection  of  wake  turbulence.  In 
lower  atmospheric  research,  its  strongest  contribu- 
tion is  likely  to  be  in  the  field  of  atmospheric  turbul- 
ence and  the  measurement  of  vertical  fluxes  of  heat, 
momentum  and  water  vapor.  If  necessary,  it  would 
seem  likely  that  a  large  array  of  loud-speakers  and/or 
microphones  on  the  ground  could  be  used  with  a  holo- 
graphic technique,  to  make  "visible"  the  atmospheric 
structure  responsible  for  the  scattering  of  the  sound 
waves.  Electromagnetic  propagation  research  will 
also  benefit  as  the  acoustic  sounder  makes  apparent 
the  atmospheric  structure  responsible  for  the  fluctua- 
tions in  microwave  and  optical  propagation. 
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ABSTRACT 


Acoustic  Radar  Detection  Techniques 

by 

D.    Beran 
Wave  Propagation  Laboratory 
NOAA,   Environmental  Research  Laboratories 
Boulder,    Colorado  80302 


Following  a  brief  introduction  to  the  theory  of  sound  scattering 
by  turbulence  and  a  description  of  an  acoustic  sounder,    examples 
of  currently  feasible  measurements  are  given.      These  include 
records  of  inversion  height,    intensity  of  temperature  fluctuations, 
the  height  and  intensity  of  thermal  plumes  and  vertical  wind 
velocities.     Measurements  which  are  possible,    but  have  not  yet 
been  made,    are  also  discussed  along  with  the  use  of  detectable 
features  other  than  scattering  such  as  ray  bending  and  scintilla- 
tion. 

Based  on  the  established  ability  of  an  acoustic  sounder  to 
monitor  low  level  meteorological  parameters  a  system  is  proposed 
for  use  in  an  airport  environment.     This  system  would  be  capable 
of  providing  a  real  time  output  of  the  mean  wind  profile,    the  height 
of  inversion  layers  and  the  turbulence  intensity  along  runway  approach 
paths. 
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Acoustic  Radar  Detection  Techniques 
D.   Beran 
This  paper  describes  a  new  approach,    acoustic  sounding,   to  the 
detection  of  atmospheric  phenomena  which  may  constitute  a  hazard 

to  low-level  aircraft  operations. 

It  has  been  realized  for  some  time  that  acoustic  waves  interact 
strongly  with  the  medium  through  which  they  are  transmitted  and  the 
early  work  of  Lighthill  (1953),    Kraichnan  (1953),    Batchelor  (1957), 
Ford  and  Meecham  (I960),    Tatarski  (1961),    Kallistratova  (1961)  and 
Monin  (1962)  resulted  in  an  equation  describing  the  scatter  of  sound 
waves  by  turbulent  inhomogenities  (both  temperature  and  wind). 

This  equation, 


1_ 

ct(  e )  =  0.03k  3  cos2e 


2  2 

"V    cos2     ^  +  0.13       * 


c2  2  T2 


.  11 
(sin  |)  3  ,     (1) 


relates  a  the  scattered  power,  per  unit  volume,  per  unit  incident  flux, 
per  unit  solid  angle  at  an  angle  9  from  the  initial  direction  of  propaga- 
tion,   to  the  wave  number  k  of  the  sound  wave  and  structure  constants 

of  wind  C     and  temperature  C  .      The  ambient  speed  of  sound  and 
v  t 

the  temperature  are   represented  by  C  and  T  respectively.     Values  of 

C     and  C    can  be  obtained  from  the  structure  functions  for  wind  and 
v  t 

temperature  fluctuations  and  are  functions  of  the  root  mean  square 
difference  in  longitudinal  velocity,    or  in  temperature,   for  two  points 
separated  by  a  unit  distance. 

Equation  1  shows  that:     a)  the  scattered  acoustic  power  is  only 
a  weak  function  of  the  wave  length  of  the  illuminating  frequency,    b)  the 
scattered  power  is  the  sum  of  two  terms,    one  due  to  wind  fluctuations 
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and  one  due  to  temperature  fluctuations,   c)  both  wind  and  temperature 

2 
scattering  terms  are  multiplied  by  cos    0,    which  means  that  no  power 

will  be  scattered  at  an  angle  of  90    ,    d)  the  wind  term  includes  a  cos    (6/2) 

multiplying  term,    which  means  that  the  wind  fluctuations  produce  no 

scatter  in  the  backward  direction  (9  =  180    )  and  e)  both  the  wind  and 

_    U_ 
temperature  components  of  the  scatter  are  multiplied  by  a  (sin  9/2)       3 

factor,  i.e.,    most  of  the  scatter  is  in  the  forward  hemisphere. 

By  sensing  the  scattered  power  as  a  function  of  wave  number  and 
scatter  angle  a  wide  variety  of  direct  and  inferred  measurements  of 
low  level  atmospheric  phenomena  are  possible.    The  RMS  intensity  of 
both  temperature  and  wind  fluctuations  at  a  scale  determined  by  the 
carrier  frequency  and  as  a  function  of  time  and  height  are  available 
through  the  dual  use  of  a  monostatic  and  bistatic  system.     The  radial 
velocity  of  the  wind  along  a  receiver  beam  can  be  determined  by  using 
doppler  techniques.     A  monostatic  system  operated  in  the  velocity- 
azimuth  display  mode,    or  a  bistatic  system  with  orthogonally  oriented 
receivers  could  give  a  profile  of  the  total  wind  component  at  any  height 

within  the  range  of  the  sounder.     (The  present  WPL  sounder  has  a  range 
of  1  km  or  more.)     In  addition,    the  inherent  pattern  of  turbulence 
fluctuations  associated  with  various  temperature  lapse  rates  makes  it 
possible  to  detect  strong  returns  from  horizontal  stratifications  in  the 
atmosphere.      This  same  pattern  of  differing  turbulence  intensities  also 
makes  the  structure  of  thermal  plumes  easy  to  monitor. 

Many  of  these  same  measurements  can  and  have  been  made  with 
other  types  of  remote  sensors,    including  electromagnetic  radar,    both 
pulsed  and  CW-FM  systems  and  lidar;     however,    it  is  important  to  note 
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the  rather  striking  differences  in  the  degree  of  interaction  with  the 
atmosphere  of  acoustic,    radio  and  optical  waves.     Little  (1969)  makes 
this  point  very  well  by  expressing  the  magnitude  of  the  fluctuations  in 
refractive  index  of  the  medium,   i.e.  ,    the  phase  velocity  of  the  wave 
in  the  medium  relative  to  the  phase  velocity  for  standard  conditions 
(vacuum  for  electromagnetic  waves,    1  atm  pressure  of  dry  air  at  0    C 
for  acoustic  waves)  and  then  comparing  the  expected  N  unit  change 
for  both  types  of  wave.     (1  N  unit  equals  1  part  in  10    ). 

Table  1  gives  the  comparison  for  different  parameters  based  on 
Little's  (1969)  analysis. 

TABLE  1 

Magnitude  of  Parameter 
Deviation Change  in  Refractive  Index  (N  units) 

Acoustic  Radio  Optical 

1   C  fluctuation  in  temperature  1700  1  1 

1  meter-per-sec  variation  in  3000  negligible        negligible 

wind  speed 

1  m  bar  change  in  water  vapor  140  4  0.  04 

pressure 


The  very  large  difference,    shown  in  Table  1,   for  the  various  types 
of  wave  are  an  indication  of  the  potential  of  acoustics  as  a  remote  sensor 
of  atmospheric  processes.     The  overall  picture  is  of  course  not  without 
some  disadvantages.      For  one  thing,    the  desirable  strong  interaction 
of  the  acoustic  wave  with  the  atmosphere  also  produces  a  large  attenuation 
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of  the  power,    leading  to  a  relatively  short  useful  range  for  the 
system.     An  examination  of  the  radar  equation  which  relates  the  power 
returned  P     to  various  equipment  parameters,    losses  and  the  scattering 
strength  suggests  possible  steps  which  could  be  taken  to  increase  the 
range. 

This  equation  is 

p     =    PCT    91    A      -L      L  (2) 

2  r     R2 

where  P       is  the  power  returned  from  range  R  to  a  system  which  has  a 

transmitted  power  P,    antenna  area  A     and  pulse  width  T,     The  scatter- 

r 

ing  cross  section  C7  can  be  obtained  from  Equation  1,    and  L  includes 
equipment  parameters  such  as  transducer  and  antenna  efficiency  as  well 
as  the  loss  due  to  atmospheric  attenuation.     It  is  clear  that  an  increase 
in  power,    antenna  area,    and  pulse  width  will  all  result  in  stronger 
return  from  a  given  range,   however,    limitations  imposed  by  the  state 
of  transducer  technology,   the  physical  dimensions  of  the  system  and 
loss  of  resolution  at  longer  pulse  widths  combine  to  make  the  range  of 
operational  systems  something  on  the  order  of  2  km.    Echoes  from  as 
high  as  9  km  have  been  received  during  experiments  in  Australia, 
(Beran  1970),    but  these  were  observed  during    unusual  propagation 
conditions  with  a  15  m  antenna  using  a  pulse  width  of  nearly  1  sec 
(making  the  vertical  resolution  something  of  the  order  of  160  meters). 
While  future  advances  may  increase  the  useful  range  of  acoustic  sounders 
to  something  approaching  3  or  4  km  their  greatest  potential  will  probably 
remain  as  a  sensor  of  boundary  layer  phenomena  under  1  km  in  height. 
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Acoustic  sounders  now  being  used  for  research  comprise  rather 
simple  and  inexpensive  systems,    the  essential  components  of  which 
are  shown  in  Fig  1.     Various  configurations  have  been  constructed 
both  in  the  U.   S.    (Wescott,    Simmons  and  Little,    1970)  and  in  Australia 
(McAllister  et  al,    1968;  Beran,    1970)  at  costs  ranging  from  $3,  000.00 
to  $12,  000.  00  depending  on  the  degree  of  sophistication. 

The  feasibility  of  acoustic  sounders,    established  during  the  past 
3  years,    is  demonstrated  by  the  following  examples: 

1.  The  height-time  history  of  inversion  surfaces.      The  record  in 
Fig  2  shows  an  oscillating  inversion  surface  associated  with 
the  top  of  a  stratus  cloud  deck  which  produced  intermittent 
snow  and  reduced  ground  level  visibility. 

2.  The  intensity,    height  and  spacing  of  thermal  plumes*      Fig  3 
shows  a  time  section  of  C     (the  intensity  of  temperature 
fluctuations    taken  from  a  sounder  record  of  thermal  plumes. 

3.  The  vertical  velocity  field.     Fig  4  shows  the  vertical  velocities 
measured  during  thermal  plumes  and  Fig  5  those  under  a 
nocturnal  inversion  containing  waves.    (Beran,    Little  and 
Willmarth,    1971). 

Experiments  now  in  progress  are  testing  the  feasibility  of  measuring 
components  of  the  wind  other  than  vertical,    a  procedure  which  will 
make  possible  the  monitoring  of  mean  horizontal  wind  profiles  as  a 
function  of  height. 

The  potential  applications  for  these  measurements  are  at  present 
a  matter  of  speculation  but  the  proven  ability  of  an  acoustic  sounder 
to  monitor  low  level  atmospheric  phenomena  in  addition  to  its  relatively 
low  per  unit  cost  suggests  that  more  effort  should  be  directed  toward 
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the  development  of  operational  systems  which  could  provide  the  follow- 
ing real-time  information  at  an  airport. 

1.  A  single  sounder  with  a  vertically  oriented  beam  monitoring 
the  height  of  an  inversion  surface,    could  provide  a  possible 
indication  of  cloud  formation  at  an  inversion,    the  top  surface 
of  visibility  reducing  polluted  air,    and  the  layers  where 
strong  wind  shear  is  likely  to  be  present. 

2.  Information  on  the  intensity  of  thermal  plume  activity  -  a  factor 
of  interest  to  approaching  and  departing  aircraft  -is  also 
available  from  a  simple  monostatic  sounder. 

3.  The  actual  strengths  of  vertical  wind  velocities  can  be  derived 
by  analysis  of  the  Doppler  frequency  shifts  from  a  monostatic 
system,    a  procedure  which  is  feasible  in  real  time. 

4.  The  addition  of  two  receivers,    looking  at,    and  programmed  to 
sweep  up  and  down  along  the  vertically  pointing  beam  would 
provide  the  information  necessary  for  monitoring  the  low  level 
wind  profile,    indicating  the  strength  and  location  of    strong 
wind  shears. 

5.  A  bistatic  system  with  the  receiver  and  transducer  located  on 
opposite  sides  of  a  runway  and  with  the  common  volume  of  their 
beam  overlap  located  above  the  runway  could  be  used  to  monitor 
the  turbulence  in  the  approach  path  produced  by  both  ambient 
background  turbulence  and  the  presence  of  wake  vortices.     In 
this  connection  it  should  be  pointed  out  that  the  present  scatter- 
ing theory  assumes  random  homogeneous  turbulence,    clearly 
not  the  case  in  the  early  stages  of  a  wake  vortex.     Before 
quantitative  measurements  of  vortex  strength  can  be  made  it 


152 


will  therefore  be  necessary  to  develop  the  theoretical  aspects 
of  sound  scattering  by  a  vortex;     however,    the  present  theory 
seems  adequate  for  simply  monitoring  the  location  of  vortices 
and  for  indicating  the  strength  of  the  turbulence  resulting  after 
the  vortex  breaks  up. 
Operation  of  an  acoustic  sounder  in  an  airport  environment  will 
of  course  require  that  the  receiver  be  well  shielded  from  aircraft 
noise.      While  this  problem  needs  more  study,    present  indications  are 
that  the  use  of  narrow  receiver  bandwidth,    higher  frequencies  (4000  to 
5000  Hz)  and  the  installation  of  anechoic  shielding  to  suppress   side 
lobes  will  make  it  possible  to  monitor  a  volume  within  less  than  5  sec 
after  a  jet  aircraft  passes  overhead. 

In  addition  the  very  strong  scattering  produced  by  a  vortex  reduces 
the  need  for  an  extremely  high  gain  system,    thus  reducing  the  effect  of 
ambient  background  noise  in  the  side  lobes.     Tests  have  also  shown 
(A.    Proudian,    private  communication)  that  the  scatter  from  temperature 
fluctuations  in  a  vortex  are  much  stronger  than  would  normally  be 
expected,    probably  due  to  the  entrainment  of  jet  exhaust,    indicating 
that  monostatic  detection  of  vortices  is  feasible. 

So  far  only  the  scatter  of  acoustic  waves  has  been  suggested  as  a 
method  of  detecting  atmospheric  phenomena.      Other  characteristics 
of  the  interaction  between  the  atmosphere  and  sound  waves  are  equally 
intriguing  and  deserve  mention  as  possible  mechanisms  for  monitoring 
of  low  level  turbulence.      One  of  these  is  the  ray  bending  found  when 
sound  is  transmitted  through  a  vortex.     Dr.    T.   M.   Georges  of 
NOAA 's  Wave  Propagation  Laboratory  has  recently  developed  a 
computer  model  for  simulating  ray  paths  through  a  vortex.     Some  of 
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his  early  results,    (see  Fig  6)  show  intense  concentrations  of  rays 
as  well  as  shadow  zones  occurring  after  sound  waves  have  passed 
through  the  vortex.      The  vortex  model,    shown  at  the  bottom  of  the 
figure,    represents  a  combination  of  a  viscous  core,    rotating  as  a 
solid  body  and,    outside  the  core,    the    —    velocity  is  only  about 
30  m/sec,    probably  near  the  upper  limit  for  the  velocities  found  in 
aircraft  wakes.      How  this  interaction  of  sound  waves  with  a  vortex 
could  be  used  to  detect  wake  vorticies  is  not  entirely  clear,    however, 
an  understanding  of  the  phenomena  is  important  when  other  methods 
such  as  scatter  and  amplitude  scintillation  (discussed  below)  are 
considered. 

A   second  characteristic  of  the  interaction  of  sound  and  the  atmos- 
phere is  the  amplitude   and  phase  scintillation  produced  when  the  wave 
passes  through  turbulence  (Clifford  and  Brown,    1970).      These 
scintillations  are  a  function  of  the  eddy  size  and  intensity  of  the 
turbulent  fluctuations,    suggesting  that  a  system  designed  to  monitor 
say  the  log  amplitude  of  the  acoustic  wave  after  it  has  passed  through 
a  turbulent  region  could  be  used  to  provide  a  continual  picture  of  the 
averaged  turbulence  along  the  path  between  a  transmitter  and  receiver. 
By  using  two  receivers,    one  placed  at  a  position  on  the  opposite  side 
of  a  runway  from  the  transmitter,    and  the  second  placed  along  a  line 
parallel  to  the  runway  both  the  ambient  background  turbulence  at  any 
given  time  and  the  increased  turbulence  produced  by  aircraft  movement 
could  be  monitored.      This  type  of  system  is  limited  to  regions  where 
line  of  sight  transmission  can  be  made,    however     this  difficulty  might 
be  overcome  by  incorporating  the  bistatic  approach  and  monitoring 
the  scintillation  of  the  scattered  signal. 
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The  various  techniques  described  above  might  be  incorporated  into 
a  single  system  which  would  provide  information  on  the  mean  wind 
profile,    turbulence  intensity  and  inversion  height  either  along  or  in 
the  vicinity  of  an  airport  approach  path.     Fig  7  shows  a  sketch  of 
such  a  proposed  system  using  the  vertically  pointing  antenna  in  a 
monostatic  mode  to  collect  information  on  the  inversion  height  and 
vertical  wind  velocities.     The  doppler  shift  observed  by  the  other  two 
orthogonally  positioned  antennas  would  provide  the  required  components 
of  the  mean  wind     and,    by  scanning  along  the  vertical  beam,    a  mean  wind 
profile  could  be  measured.     Finally  the  amplitude  scintillation  of  the 
signal  transmitted  from  the  vertically  pointing  antenna  to  either  of 
the  orthogonally  positioned  receivers  would  provide  a  measure  of 
the  turbulence  intensity  along  the  path,    or  by  gating  the  received 
signal  the  turbulence  in  a  volume  along  the  path  could  be  monitored. 
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Figure  1.   Block  diagram  of  monostatic  sounder 
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Acoustics:     A  New  Approach  for 

Monitoring  the  Environment  near 

Airports 

D.  W.  Beran* 

Wave  Propagation  Laboratory,  Environmental  Research 
Laboratories  NO  A  A,  Boulder,  Colo. 


THE  introduction  of  much  larger  aircraft  to  commercial 
and  military  fleets  has  focused  attention  on  the  need  for 
more  complete  coverage  of  the  meteorological  environment 
at  airports.  Of  immediate  concern  to  those  responsible 
for  flight  safety,  and  indeed  to  every  pilot  who  may  encounter 
one,  are  the  intense  vortices  shed  from  the  wings  of  large 
aircraft.  This  problem  is  especially  critical  near  the  ground 
where  momentary  loss  of  control  could  prove  fatal.  Concern 
over  this  new  safety  aspect  has  lead  to  a  concerted  effort 
by  the  FAA  to  learn  more  about  the  nature  of  vortices  and 
their  effect  on  other  aircraft,  and  to  a  search  for  ways  of 
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reducing  their  residence  time  in  the  atmosphere  or  of  deter- 
mining their  location  in  order  that  other  aircraft  can  be 
advised  of  the  potential  hazard. 

This  effort  has  lead  to  a  potpourri  of  suggested  methods 
for  monitoring  the  affected  airspace,  ranging  from  pulsed 
lidar  to  various  acoustic  devices.  A  common  weakness 
found  in  most  of  the  proposed  monitoring  systems  is  that 
they  concentrate  only  on  vortex  detection  and  overlook 
other  equally  important,  if  less  spectacular,  environmental 
factors  which  affect  low-level  aircraft  operation.  For 
example,  the  effect  on  a  planned  glide  slope  of  strong  low- 
level  wind  shear  or  of  turbulence  produced  by  strong  thermal 
activity  can  be  of  great  importance  to  aircraft  safety.  This 
Note  describes  a  relatively  new  device,  an  acoustic  echo 
sounder,  which  has  the  potential  to  not  only  indicate  the 
presence  or  absence  of  wake  vortices,  but  to  act  as  a  con- 
tinuous monitor  of  other  important  meteorological  param- 
eters. 

In  1962,  Monin1  following  contributions  from  many  others, 
formulated  the  basic  relationship  describing  the  scatter 
of  sound  waves  by  turbulent  wind  and  temperature  fluctua- 
tions. More  recently  following  a  summary  of  this  work, 
Little2  outlined  the  potential  applications  of  this  principle 
which  has  been  applied  in  the  development  of  acoustic  echo 
sounders  used  in  remote  sensing  of  low-level  atmospheric 
phenomena.2-4 

Because  an  acoustic  wave  is  dependent  on  the  medium 
being  measured   (the  atmosphere)  for  its  transmission,  its 
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interaction  with  changes  in  structure  are  far  stronger  than 
for  other  types  of  waves  (radio  or  light)  used  for  remote 
sensing.2  This  strong  interaction  also  limits  the  useful 
range  of  the  echo  sounder  to  regions  within  the  Earth's 
boundary  layer.  For  these  reasons,  an  acoustic  echo  sounder 
is  ideally  suited  for  minitoring  the  immediate  environment 
of  an  airport. 

The  mode  of  operation  which  has  been  successfully  used 
in  sounders  designed  for  research  purposes  consists  of  sending 
a  sound  pulse,  on  the  order  of  50  msec  long,  into  the  atmo- 
sphere and  then  monitoring  the  acoustic  power  scattered 
from  atmospheric  inhomogenities  along  the  path  traversed 
by  the  pulse.  This  has  been  done  for  both  colocated  and 
separated  transmitters  and  receivers,  an  important  considera- 
tion because  of  the  different  scattering  intensity  for  the  two 
modes. 

The  sounder  is  sensitive  to  turbulent  eddies  on  a  scale 
which  is  equal  to  one  half  the  wavelength  of  the  acoustic 
wave,  i.e.,  at  a  carrier  frequency  of  2000  Hz,  eddies  having 
dimensions  of  about  0.08  m  produce  the  strongest  scatter. 
While  this  portion  of  the  turbulence  spectra  is  of  little  aero- 
nautical interest,  information  relevant  to  larger  scale  motions 
can  be  inferred.  Assuming  a  Kolmogorov  turbulence 
spectrum,  having  a  well  defined  energy  cascade  rate,  the 
intensity  of  the  fluctuations  at  the  smaller  scale  are  directly 
related  to  the  intensity  of  the  eddies  at  all  other  scales  within 
the  inertial  subrange.  Perhaps  more  important,  however, 
is  the  influence  of  much  larger  motions  on  regions  or  layers 
of  strong,  small  scale,  turbulence. 

The  regions  of  intense  scatter  are  displaced  by  the  larger 
scale  flow  and  serve  as  tracers  of  phenomenon  which  are  large 
enough  to  affect  the  flight  of  aircraft.  This  influence  of 
large  scale  motion  on  smaller  tracer  is  clearly  shown  in  Fig.  1 , 
a  typical  example  of  the  output  from  an  acoustic  sounder 
reproduced  on  a  facsimile  recorder.  Each  vertical  trace  of 
the  facsimile  corresponds  with  a  single  pulse  from  the  sounder, 
the  dark  line  along  the  bottom  of  the  record  showing  the 
end  of  each  active  pulse  and  the  remaining  portion,  above 
this  level,  the  period  of  time  when  the  sounder  was  in  a 
passive  mode,  "listening"  for  the  scattered  returns.  The 
single  vertically  pointing  antenna  used  during  this  field 
test  provided  the  data  necessary  for  monitoring  a  temperature 
inversion  surface,  the  dark  oscillating  line  between  200  and 
450  m.  This  inversion  marked  the  boundary  between  clear 
air  and  a  low-level  stratus  deck,  a  valuable  input  to  ILS 
operations.  The  ability  to  continually  monitor  the  height 
of  such  low-level  inversions  would  be  of  value  also  in  regions 
where  visibility  reducing  air  pollution  might  accumulate. 

The  evolution  from  stable  horizontally  stratified  structures 
to  vertically  oriented  unstable  structure  (thermal  plumes) 
after  the  breakup  of  a  low-level  inversion  is  equally  vivid 
in  acoustic  sounder  records  and  can  also  be  monitored  with 
a  single  antenna.  A  typical  record  produced  by  a  thermal 
plume  is  shown  on  the  left  side  of  Fig.  2,  where  the  ascending 
portion  of  the  plume  creates  the  dark  vertically  oriented 
structure.4 

The  actual  vertical  velocities  within  the  plume  can  be 
determined  from  the  Doppler  frequency  shift  of  the  scattered 
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Fig.  1    Facsimile  recording  of  the  backseat ter  from  an  in- 
version surface. 
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Fig.  2  Acoustic  echoes  (left)  and  Doppler  derived  vertical 
velocity  field  during  thermal  plume  activity.  Contour 
interval  is  0.4  msec-1;  regions  of  vertical  velocity  >0.8 
msec  '  are  shaded;  arrows  indicate  direction  of  vertical 
component. 

signal.  This  was  done  for  the  plume  shown  in  Fig.  2  and 
resulted  in  the  vertical  velocity  field  shown  on  the  right 
side  of  the  figure. 

By  adding  a  second  antenna  separated  from  the  first,  but 
pointing  at  a  volume  common  to  both  antenna  beams,  a 
second  wind  component  in  the  plane  formed  by  the  two  beams 
can  be  measured.  This  type  of  measurement  has  also  been 
carried  out  successfully,6  -demonstrating  the  feasibility  of 
adding  a  third  antenna  orthogonal  to  the  plane  of  the  first 
two  in  order  to  resolve  the  total  wind  vector  at  the  inter- 
section of  the  three  beams. 

From  here,  it  should  be  a  relatively  simple  matter  to  incor- 
porate phased  steerable  antennas  capable  of  sweeping  up 
and  down  the  vertically  pointing  beam  and  to  process  the 
information  in  a  small  on-line  computer  for  real  time  display 
of  a  vertical  profile  of  the  total  wind  vector  up  to  heights  of 
about  1  km.  This  technique  could  then  be  incorporated 
into  a  complete  monitoring  system,  such  as  that  shown  in 
Fig.  3,  where  a  terminal  forecaster  or  air  controller  would 
have  a  display  of  the  vertical  wind  profile,  inversion  height, 
and  information  on  the  ambient  turbulence  intensity.  This 
amount  of  continually  updated  detail  wind  information 
would  certainly  improve  the  air  controllers  ability  to  advise 
aircraft,  considering  that  present  information  at  airports 
at  best  consists  of  a  constant  output  of  surface  wind  and  a 
vertical  sounding  every  6  hr. 

It  should  be  noted  that  the  information  discussed  above 
is  derived  entirely  from  the  ambient  background  scattering 
of  sound  in  the  atmosphere,  no  additional  tracer  is  required. 
Very  high  velocities  found  in  wake  vortices  coupled  with 
entrained  engine  heat  result  in  an  increase  of  scatter  from 
both  velocity  and  temperature  fluctuations.  The  scattering 
strengths  associated  with  this  increased  activity  should 
be  orders  of  magnitude  greater  than  those  which  result 
from  ambient  turbulence.  The  presence  of  a  wake  vortex 
will  be  readily  detectable  by  the  increased  signal  amplitude 
and  its  range  or  height  above  the  ground  can  be  fixed  by 
the  delay  time  between  each  pulse  and  the  return  signal. 
Methods  of  vortex  detection  similar  to  this  are  already  being 
tested,7,8  and  preliminary  results  support  the  speculation 
that  scatter  from  a  vortex  is  much  stronger  than  that  from 
the  ambient  atmosphere.  In  addition,  these  tests  have 
demonstrated  that  an  acoustic  sounder  can  be  successfully 
operated  in  an  environment  containing  extremely  high- 
intensity  noise  sources,  such  as  would  be  present  at  an  airport. 

Other  characteristics  of  the  interaction  of  sound  waves 
with  vortices  may  also  prove  useful  as  detectable  phenomenon. 
One  of  these  is  the  ray  bending  which  results  as  a  sound 
wave  passes  through  a  strong  vortex.    Georges,9  has  demon- 
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vide  real    time    information    about    meteorological   condi- 
tions near  an  airport. 


stinted  that  this  bending  can  be  of  very  large  magnitude 
and  can  result  in  high  concentrations  of  sound  pressure  or 
complete  nulls  depending  on  the  locations  of  the  receivers. 
Because  of  the  requirement  that  the  transmitter  and  receiver 
must  be  located  at  just  the  right  spot  to  receive  the  enhanced 
signal  this  approach  would  appear  to  have  limited  operational 
value.  A  better  understanding  of  the  phenomenon,  however, 
will  certainly  aid  in  the  interpretation  of  data  collected 
by  the  scattering  method. 

A  second  approach,  as  yet  untested,  might  be  to  interpret 
the  amplitude  or  phase  scintillation  of  the  received  signal 
as  a  measure  of  the  turbulence  intensity  along  the  path  of  the 
sound  wave.  It  is  known  that  the  intensity  of  such  scintilla- 
tions is  a  function  of  the  turbulence  intensity  and  eddy  size10,11 
and  a  real  time  analysis  of  this  parameter  could  provide 
information  on  the  intensity  of  both  the  ambient  background 
turbulence  and  the  turbulence  when  a  vortex  is  present. 
While  more  theoretical  study  and  experimentation  are  needed 
to  establish  the  functional  relationship  between  sound  wave 
scintillation  and  a  vortex  or  ambient  turbulence  this  approach 
would  seem  to  provide  exactly  the  type  of  information  that 
a  pilot  making  an  approach  would  be  interested  in  knowing. 
It  would  also  be  possible  to  make  this  type  of  measurement 
with  the  same  equipment  used  for  measuring  the  wind  profile. 

With  any  operational  monitoring  system  the  question 
of  cost  must  certainly  be  considered,  and  it  is  here  that  acous- 
tics has  a  decided  advantage  over  the  use  of  other  types  of 
waves.  Thanks  to  the  high  level  of  interest  in  providing 
quality  sound  eqipment  for  the  general  public,  many  of  the 
components  needed  for  an  acoustic  sounder  have  already 
been  developed  and  are  being  mass  produced.  This  factor 
alone  reduces  the  over-all  cost  of  the  system  to  a  level  which 


would  allow  the  building  and  installation  of  sounders  at 
most  major  airports.  This,  added  to  the  versatility  of  a  sys- 
tem which  can  monitor  not  only  wake  vortices  but  also  provide 
real  time  information  on  the  ambient  environment,  makes 
the  acoustic  sounder  an  attractive  prospect. 

To  summarize,  recent  studies  have  shown  that  the  strong 
interaction  of  acoustic  waves  with  the  atmosphere  can  be 
used  to  remotely  sense  a  variety  of  details  about  the  structure 
and  motions  within  the  boundary  layer.  The  need  for  more 
complete  information  on  both  the  ambient  and  man  induced 
structure  of  the  environment  near  airports  can  be  fulfilled 
by  the  practical  application  of  this  relatively  new  monitoring 
technique.  Based  on  confirmed  measurements  and  an  exten- 
sion of  these  ideas  one  can  envision  systems  similar  to  that 
shown  in  Fig.  3.  Here  a  fixed,  vertically  pointing  antenna, 
in  conjunction  with  two  orthogonally  positioned  scanning 
antennas  could  provide  a  continual  real  time  record  of  the 
inversion  height,  the  turbulent  intensity,  an  indication 
of  the  presence  of  wing  tip  vortices,  and  the  vertical  profile 
of  the  total  wind  vector. 
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5.  1      ACOUSTIC  REMOTE  SENSING  OF  TEMPERATURE  AND 
VELOCITY  STRUCTURE  IN  THE  ATMOSPHERE 

Freeman  F   Hall  Jr,    Wave  Propagation  Laboratory,    NOAA 
Environmental  Research  Laboratories ,    Boulder,    Colorado, 

USA. 


INTRODUCTION 

Acoustic  echo  sounding  of  atmospheric  structure  is  one  of  the 
newest  and  yet  one  of  the  oldest  remote  sensing  techniques. 
It  was  in  1873  that  John  Tyndall  detected  acoustic  backscatter 
from  thermal  and  wind  structure  in  the  atmosphere.     He  attri- 
buted the  scattering  to  "acoustic  clouds".     The  effect  was  dis- 
covered while  investigating  the  propagation  of  acoustic  energy 
from  a  large  fog  horn  [l].     He  was  even  able  to  demonstrate 
that  air,   heated  by  a  flame,    could  attenuate  the  direct  propaga- 
tion of  sound  and  lead  to  backscattering.     A  sensitive  flame  de- 
tector was  used  in  this  laboratory  experiment.    After  Tyndall's 
initial  investigation,   the  technique  lay  dormant  for  over  70 
years  before  being  studied  again  as  an  atmospheric  probe. 

Shortly  before  the  end  of  World  War  II,    Gilman,  Coxhead 
and  Willis  [2]  used  acoustic  backscatter  to  study  the  structure 
of  low  level  temperature  inversions  as  they  affected  the  propa- 
gation in  microwave  communication  links.     A  loud-speaker 
source  and  microphone  in  a  60  cm  parabolic  dish  were  used  as 
source  and  receiver,   and  the  backscatter  echoes  displayed  on 
an  oscilloscope,    which  was  photographed  with  a  time-lapse 
camera.     The  surprising  amount  of  atmospheric  structure  dis- 
played under  inversions  was  noted.     Strong  correlation  was 
found  between  the  acoustic  inversion  echo  and  microwave  fad- 
ing over  a  low  level,    64  km  path.     The  breakup  of  nocturnal 
Published  in:      "Statistical  Methods  and  Instrumentation 
in  Geophysics/'     A.   G.  Kjelaas,    ed.,    Teknologisk 
Forlag  A/S,    Oslo   (l97l).  l67 
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thermal  inversions  was  monitored,    and  the  change  to  typical 
daytime  convective  echoes  could  be  observed.      The  authors 
were  not  able  to  explain  completely  the  reason  why  such 
echoes  were  obtained.     The  publication  of  these  results  in  the 
Journal  of  the  Acoustical  Society  of  America  may  explain  why 
meteorologists  were  not  attracted  to  the  advantages  of  acous- 
tic remote  sensing  at  an  earlier  date. 

During  the  late  1950's  acoustic   scattering  from  the  at- 
mosphere was  investigated  experimentally  in  the  Soviet  Union 
by  Kallistratova  [3,  4,  5]   but  it  was  the  studies  by  McAllister 
[6]  which  showed  that  echoes  could  be  reliably  obtained  to 
heights  of  several  hundred  meters.     McAllister  also  showed 
the  value  of  the  facsimile  recording  media  for  illustrating  the 
temporal  structure  of  atmospheric   scatter  for  both  stable  and 
unstable  lapse  rates. 

The  analytical  study  of  the  capabilities  of  acoustic  echo 
sounding  by  Little  [7]  was  the  first  step  on  which  the  NOAA  At- 
mospheric Acoustics  Program  was  based.     In  this  paper  it  is 
shown  that   Q  ( 9) ,    the  acoustic  power  of  wavelength   X   scattered, 
per  unit  volume,    per  unit  incident  power    is  given  by 


a  (6)   =  0.06A       cos26 
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where   0  is  the  scattering  angle  measured  from  the  original  in- 
cident direction,    Cv  is  the  velocity  structure  parameter,    Cm2 
is  the  thermal  structure  parameter,    C  is  the  velocity  of  sound, 
T  is  the  mean  absolute  temperature  of  the  atmosphere,    and  a 
Kolmogorov  spectrum  of  turbulence  is  assumed.     The  values 
of  the  two  atmospheric  structure  parameters  are  defined  by 


u(x)  -  u(x+  r) 


^2 


.1/3 


T(x)  -  T(x+  r) 

_t/3 
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where   u   is  the  wind  speed  at   x   in  the  positive  x  direction  and 
r    is  measured  along  the  x  axis.     It  is  seen  that  the  scattered 
acoustic  power  is  only  a  weak  function  of  acoustic  wavelength 
varying  as    X"1'3,    that  direct  backscatter  for    0  =  it    is  a  function 
of  the  thermal  structure  only,   that  because  sound  is  a  longitu- 
dinal vibration  there  is  no  scattering  at  tt/Z,    and  that  there  is 
strong  scattering  in  the  forward  direction  because  of  the  final 
factor  in  equation  (l).      Obviously  the  equation  is  a  simplifica- 
tion and  cannot  be  applied  for  extremely  small  values  of  0  . 
More  details  and  discussion  of  the  scattering  are  given  by 
Little  [7]. 
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Expressing  the  interaction  of  acoustic  waves  in  terms  of 
the  sonic  refractive  index   where  1  N  unit  is  one  part  in  106, 
one  can  compare  the  interaction  of  acoustic  waves  with  radio 
and  optical  waves  for  a  given  change  in  atmospheric  tempera- 
ture,   velocity,    or  absolute  humidity.     The  results  from  Little 
are  shown  in  Table  5.1.1.      The  reason  for  the  strong  inter- 
action of  acoustic  energy  with  the  atmosphere  is  essentially 
because  the  atmosphere  is  the  transmitting  vehicle  for  the  lon- 
gitudinal pressure    vibrations  with  the  velocity  of  sound  given 

by 


C    =    331 


/273 


m  s 


-1 


(3) 


for  dry  air. 

The  atmosphere  is  but  a  perturbation  for  the  propagation 
velocity  of  electro-magnetic  energy. 


Magnitude  of 
Parameter  Change 

Change  in  Refractive 
Index,    N  units  * 

Acoustic 

Radio 

Optical 

1    K  fluctuation  in  temperature 

1ms      variation  in  wind  speed 

1  mb  change  in  water  vapour 
pressure 

1700 

3000 

140 

1 

2xl0"6 

4 

1 
2xl0-6 
0.04 

-X-  6 

One  N  unit  equals  one  part  in  10 


Table    5.1.1.       Comparison    of  refractive    index    change    for    acous- 
tic ,    radio,    and    optical  waves    for    small    changes    in    atmos- 
pheric  parameters . 

THE  ACOUSTIC  ECHO  SOUNDER  SYSTEM 

A  typical  sounding  system  will  employ  an  acoustic  source  to 
insonify  the  atmosphere  with  short  pulses  of  sound,    and  a 
means  to  collect  the  scattered  acoustic  power.      The  acoustic 
power  must  be  converted  to  an  electrical  signal,    amplified, 
and  recorded  or  displayed  for  operator  evaluation.     Fig5.1.1 
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illustrates  a  schematic  block  diagram  for  the  NOAA  Mark  I 
Acoustic  Echo  Sounder.     Most  of  the  components  were  pur- 
chased as  off-the-shelf  electronic  sub-systems.     It  was  found 
to  be  prudent  to  purchase  the  highest  quality  equipment  avail- 
able to  insure  reliable  low  noise  operation  of  the  completed 
system.     The  acoustic  carrier  frequency,   pulse  repetition 
rate,   pulse  length,    receiver  turn-on  and  turn-off  time,    recei- 
ver gain,    receiver  bandwidth,    and  receiver  amplifier  gain 
sweep  are  all  controllable  parameters  of  the  system.     It  has 
been  found  desirable  to  have  this  number  of  controllable  para- 
meters variable  over  a  wide  range  to  insure  a  flexible  system 
to  match  the  varying  atmospheric  conditions. 
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Fig      5.1.1.       The    NOAA    Mark    I   Echo    Sounder ,       illustrating 
the    flow    of   transmitted    signal,    control    functions ,    and   re 
oeived   signal. 


The  operation  of  the  sounder  can  be  followed  from  the 
block  diagram,   further  details  are  given  in  the  report  by 
Wescott,   Simmons  and  Little  [8].     The  tone  burst  and  timing 
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generator  is  ster  control  center  of  the  system.     The 

tone  burst  is  acting  electronic  switch.     When  closed,  it 

passes  the  signal  output  of  the  audio  oscillator  to  the  input  of 
the  power  amplifier.     The  duration  of  this  switch  closure  is 
adjustable.     Typical  settings  range  from  20  to  200  ms  and  are 
accurate  to  a  small  fraction  of  a  microsecond.     The  timing 
generator  controls  the  repetition  rate  of  the  tone  bursts.    Typi- 
cal repetition  rates  range  from  0.  1  to  0.  5  Hz.     During  each 
burst,   the  power  amplifier  delivers  40  W  through  the  back-to- 
back  diodes  of  the  transmit- receive  circuit  to  the  acoustic 
transducer  or  driver.      The  driver  is  coupled  acoustically  to  a 
reflector-horn  antenna,   which  then  radiates  a  tone  burst  pulse 

of  acoustic  energy  into  the  atmosphere.     As  soon  as  the  pulse 
is  completed,    the  sub-threshold  high  impedence  of  the  back- 
to-back  diodes  prevents  low-level  hum  and  noise  of  the  power 
amplifier  from  reaching  the  acoustic  transducer.     During  the 
tone  burst,    another  set  of  back-to-back  diodes  in  the  transmit- 
receive  circuit  shorts  out  the  input  of  the  receiver  variable - 
gain  preamplifier  to  prevent  overload  and  damage  to  this  ex- 
tremely sensitive  component.     At  the  completion  of  the  pulse, 
the  sub-threshold  impedance  of  this  set  of  diodes  comes  into 
play  and  they  act  as  an  open  circuit  (no  load)  across  the  very 
small  echo  signal  about  to  be  received. 

During  reception  of  echoes,    the  acoustic  transducer  acts 
as  a  microphone,   transformer  coupled  to  the  variable-gain  pre- 
amplifier.     The  transformer  has  a  high  step-up  ratio  and  in- 
creases the  microphone  Johnson  noise  voltage  to  a  level  that 
exceeds  the  input  self-noise  of  the  preamplifier.      This  insures 
that  the  receiving  system  does  not  degrade  the  ultimate  signal- 
to -noise  ratio  at  the  microphone  terminals. 

The  gain  of  the  preamplifier  is  electronically  controlled 
by  the  l/R  ramp  shaper  to  compensate  for  the  spherical  diver- 
gence of  acoustic  echoes  as  they  are  received  from  progressi- 
vely longer  ranges.     The  voltage  gain  is  varied  inversely  with 
range  (l/R)  rather  than  as  the  inverse  square  of  range  (l/R) 
because  the  voltage  signal  developed  by  the  receiving  transdu- 
cer is  proportional  to  acoustic  pressure  rather  than  acoustic 
power. 

The  output  of  the  variable-gain  preamplifier  is  applied 
to  a  receiver  gate.     This  gate  is  opened  and  closed  by  rectan- 
gular pulses  from  the  ramp  and  gate  pulse  generator.     Pulse 
timing  is  controlled  by  the  tone  burst  and  timing  generator. 
The  purpose  of  the  receiver  gate  is  to  suppress  the  small 
amount  of  signal  that  leaks  through  the  transmit- receive  cir- 
cuit during  the  transmitted  tone  burst  and  would  otherwise 
reach  the  wave  analyzer.     Since  the  driver  and  antenna  "ring" 
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for  some  50  ms  after  termination  of  the  high  power  tone  burst, 
the  opening  of  the  receiver  gate  is  delayed  for  a  controllable 
time  (typically  about  100  ms)  until  the  ringing  has   stopped  and 
the  driver  has  fully  recovered  its  sensitivity  as  a  microphone. 
As  soon  as  the  receiver  gate  has  opened,    amplifier  echo  sig- 
nals from  the  preamplifier  are  able  to  reach  the  wave  analyzer. 

The  wave  analyzer  operates  as  a  receiver  tuned  to  the 
carrier  frequency  of  the  acoustic  tone  burst  radiated  into  the 
atmosphere.      Its  bandwidth  is  set  to  accommodate  the  radiated 
bandwidth  and  is  therefore  determined  by  the  duration  of  the 
tone  burst.     A  100  Hz  bandwidth  generally  has  been  used  to  ac- 
commodate the  major  sideband  frequencies  generated  by  tone 
bursts  lasting  20  ms.      The  wave  analyzer  has  two  types  of  out- 
put signal,    both  of  them  tape  recorded.      One  of  the  signals  is 
an  amplified  version  of  the  received  carrier  and  sidebands. 
This  is  the  type  of  signal  that  is  used  for  determining  Doppler 
shifts  of  frequency  between  a  transmitted  signal  and  its  recei- 
ved echo.      The  other  signal  is  the  detected  level  of  the  received 
echo  and  is  displayed  as  functions  of  altitude  and  time  of  day  by 
means  of  the  facsimile  recorder. 

An  alternate  display  of  receiver  output  level  is  indicated 
by  the  blocks  labeled  "eductor"  and  X-Y  stripchart  recorder. 
The  "eductor"  is  an  electronic  instrument  that  obtains  the 
waveshape  of  a  repetitive  signal  obscured  by  noise.      It  does  so 
by  sampling  and  accumulating  the  signal  level  at  corresponding 
points  along  consecutive  sweeps  of  a  noisy  waveform.     Select- 
ing an  accumulation  time  not  appreciably  longer  than  the  time 
in  which  the  repetitive  waveshape  of  the  original  signal  changes 
significantly  yields  an  optimum  combination  of  improved  signal- 
to-noise  ratio  without  substantial  loss  of  time  resolution. 

The  improved  echo  signal  from  the  "eductor"  can  be  app- 
lied to  the  X-Y  stripchart  recorder  that  plots  signal  level  (pro- 
portional to  echo  strength)  along  the  Y-axis  and  time  (propor- 
tional to  height  above  local  terrain)  along  the  X-axis.     The  in- 
crementally advancing  stripchart  of  the  recorder  permits  nest- 
ing of  consecutive  traces  at  regular  intervals  of  real  time.    The 
advantage  of  this  display  over  facsimile  recording  is  that  it  is 
quantitative  rather  than  qualitative,    allowing  direct  and  accu- 
rate reading  of  echo  signal  strength. 

The  acoustic  antenna  is  an  important  component  of  the 
system  since  it  serves  to  collimate  the  transmitted  power  into 
a  narrow  beam  in  the  transmit  mode,    and  serves  as  a  highly 
directional  microphone  in  the  receive  mode.     The  NOAA  soun- 
der uses  a  cone  paraboloid  antenna  originally  designed  for 
microwave  use.     The  electro-dynamic  transducer  is  bolted  to 
the  cone  section  in  place  of  the  microwave  conical  wave  guide. 
The  only  other  modification  of  the  antenna  found  desirable  is  to 
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coat  it  with  an  acoustical  dampening  material  to  limit  rever- 
beration time  after  the  transmitting  pulse  is  turned  off.      The 
antenna  is  shown  in  Fig  5.  1.  2.      Other  types  of  antennas  which 
have  been  used  in  acoustic  sounders  include  arrays  of  electro- 
dynamic    speakers,    and  transducers  mounted  at  the  focus  of 
parabolic  dishes. 


Fig    5.1.2.       Cone-paraboloid    antenna    adapted   for      acoustic 
echo    sounding . 


A  desirable  feature  of  any  antenna  is  the  limitation  of 
side  lobes  so  that  unwanted  acoustic  power  is  not  directed  else- 
where and  so  that  noise  in  the  environment  surrounding  the 
sounder  does  not  affect  sounder  performance.    The  measured  side 
lobe  characteristics  of  the  NOAA  cone  paraboloid  antenna  are 
shown  in  Fig  5.1.3  for  different  acoustic  frequencies.     It  will 
be  seen  that  at  a  frequency  of  1  kHz,   the  half  power  beam 
width  is  about  16°,    whereas  at  5  kHz  the  main  beam  is  mea- 
sured  to  be  only  3  or  4  degrees  wide  to  the  half  power  points. 
Note  also  that  the  90°  sidelobe  is  38  dB  below  the  main  beam 
at  1  kHz  and  nearly  50  db  below  the  main  beam  at  5  kHz. 
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Fig    5.1.3.       Measured   antenna   patterns    for    the    cone- 
paraboloid   antenna   for    the    range    of   acoustic   frequencies 
used    in    echo    sounding . 
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One  easy  way  to  improve  sidelobe  rejection  is  to  surround  the 
antenna  with  an  absorbing  cuff.     For  a  vertically  pointed  an- 
tenna it  has  been  found  that  an  open  cylinder  of  hay  bales  is  an 
effective  absorber.     If  the  cylinder  aperture  is  several  times 
that  of  the  antenna  and  the  height  several  times  the  antenna 
aperture,    20  -  30  dB  additional  90°  sidelobe  attenuation  is  ob- 
tained.    An  analysis  of  this  absorbing  cuff  has  been  performed 
by  Strand  [9]  and  the  theoretical  improvement  closely  checks 
with  that  experimentally  measured  in  the  field.      Further  im- 
provements should  be  possible  with  internal  attenuators  in  the 
horn  to  achieve  the  effect  of  a  tapered  feed  in  the  microwave 
case.     The  present  antenna  acts  nearly  like  a  perfect  piston 
source,   but  by  decreasing  the  amplitude  of  the  pressure  fluc- 
tuations near  the  edge  of  the  aperture,   less  energy  will  be  dif- 
fracted at  the  edge,    further  improving  the  sidelobe  rejection. 

Our  interest  in  improving  the  antenna  characteristics  is 
strongly  motivated  by  the  desire  to  utilize  the  acoustic  echo 
sounder  for  studying  boundary  layer  meteorology  of  interest  in 
urban  air  pollution  situations.     While  the  unshielded  antenna 
will  be  entirely  adequate  to  achieve  performance  limited  only 
by  the  Johnson  noise  from  the  ohmic  resistance  in  the  trans- 
ducer in  a  quiet  rural  environment,   the  background  noise  in 
typical  urban  or  industrial  environments  will  not  be  so  easy 
to  live  with.     Based  on  analysis  of  typical  noise  levels  of  built 
up  areas,    it  was  found  that  a  desirable  side  lobe  attenuation 
varied  from  70  dB  for  the  urban  environment  to  100  dB  for  a 
noisy  downtown  location,    if  transducer  Johnson  noise  was  to 
be  the  fundamental  limitation  on  systems  performance. 

Another  consideration  when  operating  the  sounder  in 
built  up  areas  is  the  avoidance  of  noise  pollution  which  might 
be  aggravating  to  nearby  inhabitants.     We  have  analyzed  the 
masking  effect  of  background  noise  in  typical  urban  and  indus- 
trial environments.     Based  on  the  Fletcher  [10]  masking  cri- 
terion,   wherein  sound  levels  comparable  to  the  background 
noise  are  not  readily  discernible,    we  find  that  with  50-60  dB 
side  lobe  rejection,    it  should  be  possible  to  operate  the  pre- 
sent NOAA  sounder,    with  an  output  of  8  acoustic  watts,    within 
several  hundred  meters  of  a  suburban  residence  without  being 
annoying.     In  the  typical  downtown  noise  levels,    the  sounder 
would  be  undetectable  by  persons  within  just  a  few  meters,  be- 
cause of  the  masking  noise  from  traffic,    industrial  activity, 
or  building  airconditioning  noise.     With  proper  attention  to  de- 
sign detail  then,    it  appears  that  the  sounder  should  be  oper- 
able within  most  environments  without  being  troubled  by  nomi- 
nal environmental  noise  and  without  contributing  to  noise  pollu- 
tion from  acoustic  pulses. 
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OPERATIONAL  RESULTS  WITH  A 
MONOSTATIC  ACOUSTIC  SOUNDER 

We  noted  earlier  that  with  a  co-located  transmitter  and  re- 
ceiver,   the  backscatter  from  the  atmosphere  is  caused  only 
by  thermal  structure.      It  is  not  surprising  that  considerable 
thermal  structure  is  observed  when  the  atmosphere  is  convec- 
tively  unstable.      The  typical  pattern  observed  on  the  facsimile 
recording  showing  backscattered  intensity  with  height,    as  a 
function  of  time,    is  shown  in  Fig  5.1.4.      This  is  the  thermal 
plume  structure,    indicating  the  non- uniform  rise  of  heated  and 
thermally  non-uniform  parcels  from  the  ground  due  to  surface 
heating  from  solar  radiation.      That  the  upwelling  air  is  charac- 
terized by  variation  in  temperature  is  well  known  from  inves- 
tigations with  fast  response  temperature  sensors  on  aircraft, 
such  as  the  study  by  Myrup  [ll]. 

Myrup  also  shows  how  the  variation  of  C-p  with  height 
may  be  used  to  differentiate  between  different  convective  mo- 
dels.    With  a  well  calibrated  acoustic  sounder,    and  if  the  at- 
mospheric acoustic  attenuation  is  known,    it  is  possible  to  mea- 
sure C-p  as  a  function  of  height  and  compare  results  with  the 
Townsend  convective  theory,    where  a  variation  as  the  -0.  6 
power    with   height  is  predicted,   or   with    similarity   theory 
where  a  -0.33  power  law  is  found.     We  are  just  to  the  stage 
where  it  should  be  possible  in  the  near  future  to  perform  such 
studies.     By  comparing  the  acoustic  sounder  measurements  of 
C-p  with  temperature  differences  recorded  by  fast  response 
thermometers,    spaced  one-half  of  the  acoustic  wavelength 
apart,   on  a  nearby  micro-meteorological  tower,    we  are  now 
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Fig 5.1.4.       Facsimile    recording    of   backscatter    acoustic 
intensity    from    convective    thermal   plumes. 
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studying  the  accuracy  of  the  acoustic  measurements.     Prelimi- 
nary results  indicate  rather  good  agreement  between  the  soun- 
der and  tower  measurements  of  mean  Cx>    and  even  in  the  vari- 
ance of  this  parameter.     The  great  advantage  in  using  the  soun- 
der over  tower  or  aircraft  measurements  is  that  the  entire  spa- 
tial structure  of  the  plume  is  visible,    instead  of  one  or  several 
finite  horizontal  slices  through  the  structure. 

The  sounder  facsimile  record  clearly  shows  the  vertical 
organization  of  the  convective  plumes,    seemingly  putting  to 
rest  the  controversy  over  the  existence  of  plumes  as  opposed 
to  isolated  heated  bubbles  of  rising  air.      One  improvement 
which  we  were  striving  to  add  to  our  sounder  is  to  enable  the 
detection  of  echoes  from  lower  levels  in  the  atmosphere  than 
the  present  minimum  of  30  m.     It  is  in  these  lower  levels  that 
wind  shear  frequently  produces  a  marked  slope  in  the  plume 
structure  as  observed  by  Kaimal  and  Businger  [12].     We  have 
observed  such  plume  slopes  occasionally  in  the  levels  above 
3  0  m,   but  at  our  present  location  do  not  have  wind  instrumenta- 
tion above  15  m  to  verify  wind  shear  at  higher  levels.     Occa- 
sionally the  plumes  seem  to  slope  in  a  direction  opposite  to 
that  to  be  expected  from  wind  shear  in  the  lower  levels,   or 
backward  into  the  wind.     Without  knowledge  of  the  wind  pro- 
file with  height  it  is  not  possible  to  explain  this  observation. 
We  look  forward  in  the  future  to  tests  with  tethered  balloon 
sounding  systems  to  obtain  better  wind  profile  data. 

Although  backscatter  at    Q  =  it  is  caused  only  by  thermal 
structure,    the  frequency  of  the  scattered  sound  will  depend 
upon  the  velocity  of  the  scattering  parcel  along  the  line-of- 
sight.     The  Doppler  shift  produced  by  vertical  winds  has  been 
sensed  acoustically  as  reported  by  Beran,    Little  and  Will- 
marth  [13].     It  is  possible  to  resolve  line-of-sight  velocities 
to  several  tenths  ms"1  when  the  sounder  is  operated  at  a  car- 
rier frequency  of  4  kHz.     We  are  now  experimenting  with  bi- 
static  Doppler  wind  detection  wherein  two  monostatic  systems 
are  used  with  beams  intersecting  in  a  common  volume.     Wind 
velocity  components  along  each  beam  are  then  obtained  which 
may  be  resolved  into  an  orthogonal  wind  field  in  the  plane  de- 
fined by  the  beams.     Three  sounders  would  allow  remote  de- 
tection of  three  dimensional  wind  in  the  intersecting  volume. 

A  second  class  of  acoustic  sounder  returns  is  found  un- 
der stable  conditions  in  the  boundary  layer  during  nocturnal 
radiation  temperature  inversions.     Fig  5.1.5  shows  a  typical 
record  of  inversion  taken  on  a  night  when  considerable  wind 
shear  existed  above  the  inversion  layer.     Evidently    the  wind 
shear  at  the  top  of  the  inversion  was  sufficient  to  cause  Kelvin- 
Helmholtz  instabilities  in  the  layer  which  propagated  as  gra- 
vity waves  in  the  stable,    cold,    trapped  air.     The  large  excur- 
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Fig  5.1.5.       Facsimile    recording   of  backscatter   acous- 
tic   intensity    from   a    nocturnal    inversion 3    showing    gravity 
wave    structure . 

sions  in  height  of  these  waves,    shown  in  Fig  5.  1.  5,    could  also 
be  detected  with  an  array  of  infrasound  microphones.     We  are 
presently  studying  more  carefully  the  correlation  between 
infrasound  detected  pressure  excursions,   of  the  order  of  a 
few  microbars,   with  the  structure  revealed  from  acoustic 
sounding. 

Another  class  of  breaking  wave  phenomenon  is  revealed 
in  Fig  5.  1.  6,    with  the  braiding  structure  in  the  center  of  the 
figure  typical  of  the  clear  air  radar  returns  from  Kelvin- 
Helmholtz  breaking  waves  detected  by  Hardy,    Glover,    and 
Ottersten  [14]. 
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Fig  5.1.6.       Breaking   wave    structure    revealed   by    thermal 
irregularities    in    the    turbulent    air,    leading    to    acoustic 
backscatter. 
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CONCLUSIONS 

Acoustic  echo  sounding  has  been  found  to  provide  a  new  and 
valuable  tool  for  sensing  temperature  and  velocity  structure 
in  the  earth's  boundary  layer.      The  ability  to  measure  quanti- 
tatively these  variables,    at  the  same  time  providing  pictorial 
displays  of  the  organization  of  convective  structures,    inver- 
sions,   and  waves  is  already  providing  new  insights  into  boun- 
dary layer  dynamics.     The  simplicity  and  relatively  low  ex- 
pense of  fabricating  an  acoustic  system,    as  compared  with 
radar  or  lidar  devices,    makes  it  probable  that  acoustic  tech- 
niques will  find  wider  application  in  the  future. 
(Not  subject  to  copyright.  ) 
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DOPPLER  WINDS  FROM  A  BISTATIC  ACOUSTIC  SOUNDER 
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ABSTRACT 

Acoustic  echo   sounding  has  been  shown  to  have   considerable  promise  as   a  remote   sensor 
of  various  low  level  atmospheric  phenomena.      The  feasibility  of  one  application,    the  derivation 
of  vertical  winds  from  the   Doppler  shift  on  a  monostatic   acoustic   sounder,    was  demonstrated 
in  an  earlier  experiment  by  the  authors.      This  paper  describes   a  more   complex  arrangement 
involving  the  use  of  bistatic  acoustic  sounding  to  measure  a  component  of  the  horizontal  wind. 
The  feasibility  of  this  approach  is  demonstrated  and  found  to  be  superior   to  a  monostatic   system. 
The   results  also  suggest  that  refraction  due   to  temperature  or  wind  gradients  along  the  tilted 
beam  of  a  bistatic   sounder  can  result  in  an  incorrect  estimate  of  the   real  wind. 
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DOPPLER   WINDS  FROM  A  BISTATIC  ACOUSTIC  SOUNDER 

In  an  earlier  experiment  (Beran,    Little  and  Willmarth,    1971)  the   Doppler  shift  of  monostatic 
acoustic   sounder  returns  was  used  to  derive  the  vertical  motion  of  the   echo  volume.      The   Doppler 
information  made  it  possible  to  produce  a  height-time   section  of  the  vertical  velocity  field  in  a 
breaking  gravity  wave   and  in  a  thermal  plume   (see  Fig.    1). 

This  paper  describes  a  more  complex  experiment   in  which  a  second  acoustic   receiver  is 
employed  to  test  various  bistatic  techniques  for  obtaining  a  horizontal  component  of  the  wind. 
The   results  of  this  work  will  help  to  determine  the  feasibility  of  complete  determination  of  the 
wind  vector  by  complementing  a  monostatic   sounder  with  two  bistatic  links. 

The  optimum  arrangement  of  antennas  for  measuring  Doppler  winds  must  take  into  considera- 
tion the  basic   scattering  equation,    developed  from  contributions  by  Lighthill  (1953),     Kraichnan    (1953), 
Batchelor  (1957),    Ford  and  Meecham  (1960),    Tatarski  (1961),    Kallistratova  (1961)  and  Monin  (1962). 
The   scatter  of  sound  by  turbulent  wind  and  temperature  inhomogenities,    represented  by  the   struc- 
ture  constant  for  wind  C-  and  temperature   C   ,    can  be   represented  by; 


1_ 
cr(9)  =   0.  03k  3   cos2! 


r2  C2 

v_    cos       -    +     0.13      — 
2  2  ^ 


C 


(sin|)        3         ,  (1) 


where  a  is  the  scattered  power,    per  unit  volume,    per  unit  incident  flux,    per  unit  solid  angle   9 
measured  from  the  initial  direction  of  propagation.      The  wave  number  of  the   sound  wave  is  k  and 
the  ambient  speed  of  sound  and  temperature  are   represented  by  C  and  T  respectively. 

It  is   clear  from  Equation  1  that:     a)  the   scattered  acoustic  power  is  only  a  weak  function 

of  the  wave  length  of  the  illuminating  frequency,    b)  the   scattered  power  is  the   sum  of  two  terms. 

one  due  to  wind  fluctuations  and  the  other  to  temperature  fluctuations,    c)  both  wind  and  temperature 

scattering  terms  are  multiplied  by  cos^G,    which  means  that  no  power  will  be   scattered  at  an  angle 

of  90    ,    d)  the  wind  term  includes  a  cos^(    )  multiplying  term,    which  means  that  the  wind  fluctua- 

2  o 

tions  produce  no  scatter  in  the  backward  direction  (9  =   180    )  and,    e)  both  the  wind  and  tempe  rature 

e    -11 

components  of  the  scatter  are  multiplied  by  a  (sin  -z  )    ~J~  factor,    i.e.    most  of  the  scatter  is  in  the 
forward  hemisphere. 

For  bistatic  acoustic  measurements  it  is  important  to  avoid   configurations  where   the 

beams  will  intersect  at  right  angles  because  of  the  lack  of  scatter  at  90    .      In  addition,    because 

o  o 

of  the  enhanced  scatter  at  angles  other  than  180      and  90   ,  the  bistatic  configuration   should  have  a 

range   advantage   over  a  monostatic    system. 

Keeping  these  differences  in  mind, we  now  turn  to  the   Doppler  shift  produced  by  motion  of 
the  scattering  volume  (the  mean  wind).     Consider   the   scattering  geometry  shown   in   Fig.    2.      Sound 
transmitted  from  T  at  a  frequency  f     and  having  the  wave  vector  K      is   incident  on  the   scattering 

volume   at  0,    moving  with  a  mean  velocity  V.      The   scattered  sound,    having  frequency  f      and  wave 

vector  K     is   received  at  R   and  a  difference  frequency  Af  =  f      -  f     is  observed.       This   Doppler   shift 

s  so 

Af  is   given  to  the  first  order  by 

Af  =  jzr  (K     -  K   )  .   V 

c-~  s  o 

«^      sin     (|)  cos   P  (2) 

o 

where   9  is  the   scattering     angle  defined  in  Equation  1,    3  is   the  angle,    in  the  plane  formed   by  t  he- 
two  beams,    between  the  wind  vector  V    and  (K      -   K    )  and  X      is   the  wavelength  of  the  original 
carrier  frequency.      Replacing  X     with  C/f    ,    where   C  is  the   speed  of  sound  in  the   scattering  volume, 

1700 


184 


and  solving  for  the  magnitude  of  the  wind  component  being  measured,    we  have 


2   sin- 


Af_ 
f 


From  Equation  2  we   see  that  the  magnitude  of  the   Doppler  shift  is  also  a  function  of  scattering 

angle,    becoming  larger  as  the   scatter  angle  increases.      The  direction  of  the  measured  component 

is  the   same   as  the  direction  of  the  vector   (K      -  K    ),    or  the  direction  of  the  bisector  of  the  angles 

so 
formed  by  the  intersection  of  the  two  beams,    in  the  following  termed  the   radial  vector*.      Clearly 

if  we  wish  to  derive   a  horizontal  wind  component  from  this   radial  vector,    it  must  be  kept  as   close 

to  the  horizontal  as  possible. 

The  above  derivation  does  not  consider  the  effect  of  a  time-varying  average   refractive 
index  along  the  path  from  the  transmitter  to  the  volume,    a  factor  which  would  produce  phase   changes 
and  a  false   Doppler  shift.      A  potentially  more   serious  effect  is  the   bending  of  the   beam  due   to    spatial 
changes  of  refractive  index  along  the  beam  produced  by  a  temperature  or  wind  gradient.      If  horizon- 
tal homogeneity  is  assumed,    and  one  beam  is  pointing  vertically  and  the   second  tilted  at  some   angle, 
refraction  will  cause  the   second  beam  to  bend.      The   effect  of  this  bending  is  illustrated  in  Fig.    3 
where   the  active   sounder, A, is  transmitting  in  the  vertical  and  the  passive   sounder, B, is   receiving 
the   signal  scattered  from  point  0.      If  the   refractive  index  is  constant  along  the   sloping  beam  the 
ray  paths  -will  follow  the   straight  solid  line  from  A  to  0  and  back  to  B,    and  the   component  of  the 
wind  which  is  measured  will  be  the  vector  R  directed  along  the  bisector  of  the   angle  formed  by  the 
two  beams.      When  a  refractive  index  gradient,    produced  by  a  wind  profile    such  as  that  shown  in 
Figure   3  is  introduced,    the  ray  which  eventually  reaches  the  passive   sounder  will  follow  the   curved 
dashed  line  from  0     to  B.      This   ray  leaves  the   scattering  volume  at  an  angle  which    is   greater 
then  AOB,    and  the  measured  wind  component  is  at  an  angle  defined  by  the   bisector  of  the   tangent 
to  the  curved  path  at  0      and  the  line  A  0    .      Thus,    the  vector  which  is   calculated  from  the   observed 
Doppler  shift  will  have  the  direction  of  R      and  a  length  determined  by  the   real  wind  V    .      If  refrac- 
tion is  not  accounted  for  when  this   component  is  used  to  derive  the  horizontal  wind,    the  observed 
value  R     'will  be  erroneously  directed  along  R   and  the  derived  horizontal  •wind  -will  have  the  value 
V,     an     overestimate  of  the   real  value   V    .      If  either  the  direction  of  propagation  or  the  direction  of 
■wind  shear  is   reversed  the  opposite  effect  will  occur  and  the   real  wind  will  be  underestimated. 

To  test  the  feasibility  of  bistatic   Doppler  wind  measurements, the  following  experiment  was 
conducted.      Two  acoustic -echo  sounders  were  located  on  a  broad  flat  mesa  north  of  Boulder, 
Colorado.      The  two   sounders  were  electronically  independent  except  for  timing  functions  'which 
controlled  the  pulse   repetition  rates,    pulse  lengths  and  gate  times.      Table  1    lists  the   sounder 
parameters  used  during  the  experiment. 

The   general  layout  of  the  antennas  and  meteorological  tower  is   shown  in  Fig.    4.      The   two 
antennas  were  positioned  along  a  line   (azimuth  108    )  80  meters  apart  with  sounder  A  fixed  and 
pointing  vertically  and  sounder  B  gimbal  mounted  so  its   angle  of  tilt  could  be  varied  to   receive 
the  forward  scatter  at  different  elevations  along  the  beam  produced  by  A.      For  the  purposes  of  this 
experiment  three  tilt  angles   (measured  from  horizontal),    were   selected.      Table  2  lists  the   scatter 
angles,    angle  of  the  'wind  component  measured,    the  equation  for  the  magnitude  of  the  measured  wind 
component  and  the  altitude  of  the  measurement  for  the   three  tilt  angles   selected. 

A  form  of  ground  truth  for  the   Doppler  measured  winds  was  provided  by  a  Boundary  Layer 
Profiler  (BLP)  designed  and  operated  by  the  Field  Facilities   section  of  the  National  Center  for 
Atmospheric   Research  (NCAR).      The  BLP  system  consists   of  a  tethered  balloon  which  can  be 
positioned  at  any  height  up  to  about  700  m  where   the   attached  sensors  measure  wind  speed,    tempera- 
ture,   humidity  and  pressure.      Unfortunately  the  BLP  does  not  provide  wind  direction,    a  critical 
factor  as  only  one   component  of  the  horizontal  wind  (108    /288    )  could  be  determined  by  two  antennas. 
As  a  partial  solution  to  this  problem, the  wind  direction  measured  on  top  of  the   15  meter  meteoro- 
logical tower  (see  Fig.    4)  was  used  to  estimate  the  wind  direction  at  the   balloon  altitude,    a  less 


"Use  of  the  term   radial  vector  is  not  strictly  accurate  in  the  bistatic  context,    however,    since 
both  monostatic  (which  does  measure  a  true   radial  vector)  and  bistatic   systems  are  discussed 
the  term  is  applied  to  both,    and  always  means   the   component  of  the  wind  which  is  measured  by  the 
Doppler  shift. 
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than  satisfactory  arrangement  considering  the  possible  magnitude  of  directional  shear  between  15 
meters  and  the  three  heights  at  which  measurements  were  made  (see  Table  2). 

Experimental  procedures   consisted  of  fixing  the  angle  of  tilt  for  antenna  B  at  one  of  the 
predetermined  angles,  6    ,  and  pulsing  one  sounder  at  a  carrier  frequency  of  2750  Hz  while   receiving 
the  forward  scatter  at  the  other  antenna  for  periods   ranging  from  10  to  15  min.      During  this  time 
the  BLP  was  tethered  at  the  level  of  the  beam  intersection,    but  not  directly  in  the  beam  as  the 
acoustic  echoes  from  a  helium  filled  balloon  are   strong  enough  to  obliterate   all  other  information. 
Additional   runs  were  made  with  both  echo  sounders  operating  in  the  monostatic  mode   and  aimed 
at  a  common  volume  in  order  to  assess  the  difference  between  monostatic  and  bistatic  operation. 
When  both  systems  were  operated  in  the  monostatic  mode  it  was  necessary  to   separate  the   carrier 
frequencies  to  prevent  contamination  of  the  individual  records  by  forward  scatter  from  the  other 
beam. 

While   schemes  for  real-time  determination  of  the  acoustic   Dopple  r    shift   are  in  the 
development  stage, none  'were  operational  at    the  time  of  this  experiment  and  it  was  necessary  to 
record  the   signals  for  later  computer  analysis.      This  processing  resulted  in  frequency  spectrum 
plots  for  the  carrier  and  echo  at  gated  times  corresponding  to  the  distance  between  the  antennas 
and  the   scattering  volume.      The  peak  of  the  two  spectra,    each  determined  as  the  average  of  30 
spectra  for  30  successive  pulses  (one  minute),    was  then  compared  to  determine  the   Doppler  shift. 
For  a  more  detailed  account  of  the   analysis  procedure   see  Beran,    Little  and  Willmarth  (1971). 

Wind  speed  during  the  experiment  ranged  from  calm  to  10  m/s  and  the  direction  was  highly 
variable.      A  total  of  eight  runs  were   completed,    two   of  which  were  made  with  both  systems 
operating  monostatically  and  the   remainder  with  a  dual  bistatic -monostatic  configuration.      Table 
3  lists  the  time  of  each  run,    the  frequencies  used,    and  the  configuration  of  the  two  echo  sounders. 
The  column  headed  "tilt"  indicates  the  angle,    measured  from  horizontal,    at  which  the  antennas 
were   aimed  and  the  transmitter  and  receiver  columns  indicate  whether  the   system  was  transmitting 
or  receiving  the   signal.      Where  both  columns  are  checked, the   system  'was  operated  in  the  mono- 
static  mode. 

Two  radial  wind  components  in  the  plane  formed  by  the  antenna  beams  'were  measured 
in  each  of  the   configurations.      During  monostatic  operation  the  vertical  component  'was  derived 
from  sounder  Awhile   sounder  B  provided  a  component  directed  along  its  beam.      In  the  bistatic 
mode  where  one   sounder  was  active   and  receiving  its  own  backscatter,    and  the   second  was   receiving 
the  forward  scatter  from  the  first,    one  component  was  directed  along  the  beam  receiving  back- 
scatter  and  the  other  along  the  bisector  of  the  angle  formed  by  the  two  beams.      In  each  case  the 
two  components  were   resolved  into  the  total  wind  vector  in  the  plane  of  the   sounders  (108      Azimuth) 
and  then  the  horizontal  component  in  the   same  plane  was  derived  from  the  total  wind  vector  (see 
Fig.    5). 

As  anticipated,    the   results  of  the  experiment  support  using  the  bistatic   configuration  in 
favor  of  a  monostatic  sounder  with  a  tilted  antenna  for  continuous  monitoring  of  the  horizontal 
wind.      This  is  true  despite  the  advantage  of  smaller  angles  between  the   radial  component  and  the 
horizontal  for  a  monostatic  system  having  the  same  tilt  as   a  bistatic.      The  intermittency  of  strong 
echoes,    characteristic  of  monostatic  operation,    would  severely  limit  its  use  in  an  operational 
sense.      For  the  two  monostatic   runs  only  one  had  consistently  strong  enough   echoes  to  derive  the 
Doppler  winds.      The  thermal  structure  (weak  erratic  thermal  plumes)  during  Run  1  was   such  that 
little   confidence   could  be  placed  in  the  averaged  spectra  and  for  this   reason  it  was   eliminated  from 
the  final  analysis.      Run  4,    on  the  other  hand,    was  made  during  a  period  characterized  by  stronger 
and  more  persistent  thermal  echoes,    and  the  majority  of  the   spectra  on  this   run  were  easily 
interpreted. 

Before  further  discussion  of  the  individual  runs,    let  us  turn  our  attention  to  the  overall 
comparison  between  the  Doppler  measured  winds   and  those  measured  by  the  BLP  system.      This 
comparison  is   represented  in  Fig.    6  as  a  scatter  diagram  of  the  winds  measured  by  both  systems. 
The  derived  value  of  horizontal  wind  based  on  the  Doppler  shifts  (see  Fig.    5)  is  plotted  against  the 
108    /288      component  of  the  horizontal  wind  measured  by  the  BLP,    both  for  one  minute  averages. 
Positive  winds  are  from  288     and  negative  from  108     azimuth.      Data  points  for  individual  runs  are 
plotted  with  different  symbols  defined  in  the  figure.      The   correlation  coefficient  for  the   total  of  39 
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points  is  .  94  and  the  regression  coefficient  for  the  line  of  best  fit  is  .  67  with  95%    confidence    limits 
having  slopes  of  .  58  and  .  75.      Considering  the  possibilities  for  error  in  determining  the  direction 
of  the  wind  measured  by  the  BLP,  the  high  correlation  coefficient  is  encouraging. 

A  second  notable  feature  of  the   scatter  diagram  in  Fig.    6  is  the  tendency  for  the   Doppler 

measurements  to  be  overestimates  of  the  wind  (.  67  regression  coefficient  as  opposed  to  1  for  a 

perfect  fit).      As   suggested  earlier,  this  tendency  to  overestimate  might  be  partially  explained  by 

the  effect  of  refractive  index  gradient  along  the   tilted  beam.      Calibration  error  or  incorrect  angles 

between  the  wind  vane   and  the  antenna  axis   should    be   considered  as  possible   sources  of  the 

o 
consistent  displacement  of  the  data  from  a  45      slope. 

Separation  of  the  data  into  individual  runs   (see  Fig.    7)  helps  to  shed  light  on  possible 
sources  of  error.      The   scatter  diagram  for  Run  4,    the  only  monostatic   run  analyzed,    shows  a 
cluster  of  points  between  +1  and  +2  m/s,    all  lying  very  near  the  line  of  perfect  fit  (dashed  line) 
with  two  values  in  the  negative  quadrant  which   deviate     markedly  from  the  best  fit  line.      Examina- 
tion of  the   records  indicate  that  the  points  in  the  negative  quadrant  correspond  to  times  when  the 
echo  strength  may  have  been  too  weak  to  derive  a  good  frequency  spectrum.      This  in  addition 
to  the  fact  that  the  wind  was  changing  direction  at  this  time, might  explain  the  large  deviation  of 
the  two  negative  winds  on  Run  4.      The   good  fit  of  the  cluster  of  points  in  the  positive  quadrant  does 
suggest  that  when  strong  signals  are  assured, the  monostatic  mode  of  operation  can  provide   good 
results . 

During  Run  5  the  tilted  sounder  B  was  active   and  the  vertical  system   A  was  passive 

6  o  o 

(see  Table  3).     In  this   configuration, the  two   radial  components  were  directed  at  45      and  67.  5 

respectively.      For  the    remaining  bistatic  runs  (6,    7  and  8), the   role  of  the   sounders  was   reversed 

with  A  operating  in  the  active  mode  and  B  in  the  passive,    providing  radial  components  in  the  vertical 

and  at  an  angle  along  the  bisector  of  the  two  beams   (as   shown  in  Fig.    5). 

While  the   slope  of  the   linear   regression  line  through  the  data  points  from  Run  5  is  close 
to  1  the  scatter  of  the  points  is  quite  large.      A  possible   explanation  for  the   scatter  might  be   the 
light  and  highly  variable  wind  which   made     it  difficult  to  extract  the   BLP  component  along  the  axis 
of  the  antennas.      The  wind  velocity  increased  during  the  last  three  Runs  (6,    7,    8)  and  despite   a 
reversal  of  direction,    which  occurred  during  Run  7,    the   scatter  of  points  is  much  less  than  was 
observed  earlier. 

It  is  interesting  to  note  that  all  of  the  bistatic   runs   (5,     6,    7  and  8)  showed  a  tendency  for 
the   Doppler  winds  to  be  an  overestimate  of  the  wind  measured  by  the   BLP.      If  we  assume  that    the 
wind  speed  increased  with  height  for  each  of  these   runs,    in  such  a  way  as   to  produce   a  refractive 
index  gradient  along  the   sloping  beam,    it  is  possible  to  check  the   sense  of  the  error  that  might  be 
introduced  by  bending  of  the  beam  (see  Fig.    3).      This   simplified  approach  indicates  that   Run  5,    8 
and  the  negative  portion  of  7  would  all  have  been  overestimates  of  the   real  wind.      Hun   6  and  the 
positive  portion  of  Run  7  should  be  underestimates  of  the   real  wind.      Elimination  of  Run   5  from 
this  analysis  can  be  justified  by  the  observation  that  the  light  and  variable  winds  would  have  little 
if  any  shear.      Much  stronger    shear  was  present  during  the  last  three   runs  (as  indicated  by  the   BLP 
winds  and  those   recorded  at  2   and  15  meters).      If  we  now  compare  the   slopes  of  the   regression 
curves  for  the  last  3   runs  (slopes  for  Run  7  were   calculated  separately  for  the  positive  and  negative- 
sides  of  the  distribution)  we  find  .  80  for  Run  6  and  .  44  for  the  positive   side  of  7  opposed  to   .  41  for 
Run  8  and  .42  for  the  negative   side  of  7.      The   statistical  significance  of  the  difference  on   Run   7  is 
doubtful,    however,    Run  8   shows   a  much  greater  tendency  than  Run  6  for  the   Doppler  winds  to   be 
overestimated.      A  possible  explanation  for  this  pattern  might  be   that  the  effect  of  refractions  has 
been    superimposed   on  a  constant  error  arising  from  any  of  several   sources.      While  more  data 
is  clearly  needed  to  confirm  this   speculation  it  does   appear  that  refraction  could  be   responsible 
for  some  of  the  observed  error. 

This  experiment  was  only  part  of  a  continuing  program  to  develop  acoustic   Doppler  wind 
measuring  techniques  to  their  full  potential  and  as   such  its  aims  were  necessarily  limited.      To 
reiterate,    the  purpose  of  the  work  reported  on  here  was  to  demonstrate  the  feasibility  of  using  a 
bistatic  approach  to  measure   the  acoustic   Doppler  shift.      While  achieving  this   goal, the   authors 
have  also  speculated  on  the  possible   reasons  for  less  than  perfect   agreement  between  the   Doppler 
measured  winds  and  the  ground  truth,    keeping  in  mind  that  providing  verification  for  this  kind  of 

1703 

187 


measurement  is  extremely  difficult.      The   results  are  of  benefit  in  highlighting  areas  where  more 
study  and  careful  measurements   are   required  and  will  serve  as  a  basis  for  the   continued  develop- 
ment of  an  acoustic   Doppler  wind  measuring  system. 

To  summarize. the  following  conclusions  and  recommendations  can  be  made: 

1.  The  bistatic  approach  to  Doppler  wind  measurements  is  feasible. 

2.  For  an  operational  system, the  bistatic  approach  has  the  advantage  over  a  tilted  mono- 
static   system  in  that  continually  strong  echoes  are  more  likely  and  can  be   received  from 
greater  altitude.      For  special  applications  where  the  presence  of  strong  thermal  echoes 
can  be  assumed, and  for  shorter  ranges, a  monostatic  tilted  beam  might  be  used  to  advan- 
tage,   because  of  the  inherent   smaller  angle  between  the  radial  component  being  measured 
and  the  horizontal  component  of  the  wind. 

3.  Refraction  of  the  sloping  antenna  beam  may  produce  an  error  in  the  resolved  horizontal 
wind  component.  In  an  operational  system  employing  scanning  antennas  it  should  not  be 
difficult  to  use  iteration  techniques  to  calculate  the  wind  shear  for  use  in  correcting  this 
effect. 

4.  Because  of  the   relatively  low  number  of  data  points  used  in  this  analysis  and  the  wide 
variety  of  possible  errors, the   significance  of  the  apparent  constant  overestimate  on  the 
bistatic   Doppler  runs  is  questionable.      When  a  third  sounder  is  introduced  and  the  total 
horizontal  wind  can  be  measured  and  its  magnitude  compared  directly  'with  that  measured 
by  the   BLP,    the  need  for   resolving  the   total  ground  truth  wind  into  components  based  on 
rather  tenuous  direction  measurements  will  be  less  important. 

5.  The  close   spacing  of  the  antennas  (80  m)  during  this  exercise  made  it  impossible   to 
determine  the  maximum  altitude   at  -which  the  horizontal  wind  might  be  measured.      The 
60     tilt  angle  does;  however,    appear  to  be  approaching  the  maximum  usable  limit.      The 
trade  off  between  tilt  angle,    the  angle  of  the  measured  component  to  the  horizontal  and 
the  varying  intensity  of  returns   at  different  scatter  angles  in  order  to  achieve  best 
results  at  a  given  range  of  altitudes  must  be   based  on  the   requirements  for  each 
application  and  an  optimum  arrangement  for  all  cases  cannot  be  predicted.      The   signal 
strength  at  a  tilt  of  60     (an  altitude  of  139  meters)  during  this  experiment  was  more 
than  ample  for  determining  the  frequency  spectra, and, for  the   equipment  used, the  winds 
at  altitudes  of  at  least  500  meters   should  be  within  reach. 
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Acoustic  Echo  Sounder  Parameters  Used  for  Bistatic  Doppler  Experiment 


Peak  Power 
Pulse  Width 

Pulse  Repetition  Frequency 
Maximum  Range 
Carrier  Frequencies 
Antenna   Diameters 
Antenna  Beam  Width 
Beam   Directions 

Receiver  Bandwidth 


System  Noise  Level  in  100  Hz 
Bandwidth 

Scattering  Volume  at  100  Meter 
Altitude 


7.  5  watts  (acoustic) 

100  ms 

-1 
2   sec 

340  meters 

2750  and  3750  Hz 

122  cm 

±2     to  3  db  points 

o  o 

vertical,  30    ,    45 

and  60° 

100  Hz  (vertical  antenna) 
1000  Hz  (tilted  antenna) 

~10         watts 

intersection  of  two  cylinders 
~7  meters  diameter 


TABLE  II 


Parameters  needed  for  calculating  the  Doppler  wind  component  for  a  bistatic 
system  with  a  fixed  vertically  pointing  antenna  and  a  second  antenna  scanning 
at  angle  6 

Tilt  Angle  Scatter  Angle        Angle  of  Radial        Magnitude  Height  of 

Component  to  of  Observation 

Horizontal  Radial  Above  Sounder 

Component  B 


v     (m/s) 


30 


45 


60 


12  0 


135 


150 


60^ 


67°30' 


75 


"6M 

-[el 


46 


80 


139 
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TABLE  III 

LIST  OF  RUNS  AND  THE  ECHO  SOUNDER  CONFIGURATIONS 
USED  FOR  DOPPLER  EXPERIMENT  CONDUCTED  ON  MARCH  1971 

RUN         TIME  SOUNDER  FREQ  TILT(9r)  TRANS  REC 


(MST) 

(See  Fig. 

4) 

(Hz) 

(deg) 

1 

0923 

A 

2750 

90 

X 

X 

0933 

B 

3750 

30 

X 

X 

2* 

0943 

A 

2750 

90 

X 

0953 

B 

2750 

30 

X 

X 

3* 

1001 

A 

2750 

90 

X 

X 

1012 

B 

2750 

30 

X 

4 

1017 

A 

2750 

90 

X 

X 

1028 

B 

3750 

45 

X 

X 

5 

1031 

A 

2750 

90 

X 

1041 

B 

2750 

45 

X 

X 

6 

1044 

A 

2750 

90 

X 

X 

1059 

B 

2750 

45 

X 

7 

1100 

A 

2750 

90 

X 

X 

1111 

B 

2750 

30 

X 

8 

1113 

A 

2750 

90 

X      . 

X 

1123 

B 

2750 

60 

X 

•Equipment  malfunctions  on  Runs  2  and  3   rendered  the  data  at  these   times  of 
questionable  value  and  they  were  eliminated  from  the  final  analysis. 
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Scattering 
Volume 


FIGURE   2  -     Geometry  used  for  deriving  the  component  of  the  wind  sensed  by  a  bistatic 
acoustic   sounder. 
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RUN  4 
r  =  0.93 
Slope=3.36±l.58 
9T  =  4b° 


i ' iDOP 


RUN  6 
r  =  0.98 
Slope=0.80±0.2l 
0r=45° 


h 1 1  DOP 


i 1 1 ;/ — L^n 1  DOP 


i-6 


FIGURE   7  -       Individual  scatter  diagrams  for  the  winds   measured  on  each  of  the 
5  runs   shown  in  Fig  t>.    The   Boundary  Layer  Profile    Winds   are 
plotted  on  the   BLP  axis   and  the  Doppler  winds  on  the   DOP  axis. 
Correlation  coefficients r;  slope  of  linear  regression  curve    =  slope. 
Antenna  tilt   =  9    . 
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ACOUSTIC  ECHO  SOUNDING  OF  ATMOSPHERIC  THERMAL  AND  WIND  STRUCTURE 

F.    F.    Hall,    Jr.,    J.    W.    WescottandW.    R.    Simmons* 

Wave  Propagation  Laboratory 
NOAA  Environmental  Research  Laboratories 
Boulder,    Colorado 

ABSTRACT 

The   scatter  of  acoustic  waves  in  the   atmosphere  is  caused  by  variability  in  the  temperature 
and  wind  structure  and  to  a  lesser  extent  by  humidity  fluctuations.      Frequently  the  air  trapped 
under  nocturnal  radiation  inversions  exhibits  considerable  thermal  structure,    providing  strong 
acoustic  echoes  to  a  sounding  system  operating  in  the  monostatic  mode  .      The  breakup  dynamics 
of  temperature  inversions  can  be   studied  by  monitoring  the  interaction  of  thermal  plumes   rising 
from  the  earth'  s  surface.      The  potential  usefulness  of  acoustic   sounders  in  studying  air  pollution 
situations   suggests  that  the   ability  to  operate   a  sounder  in  urban  and  industrial  environments  be 
studied.      It  is  concluded  that  sounders  can  be  operated  in  most  environments  except  those  close  to 
airports  without  being  severely  affected  by  environmental  noise    and  without  contributing  to  noise 
pollution.      The  operation  of  the  present  NOAA  equipment  is  described  and  an  analysis  of  thermal 
plume   rise   as  a  function  of  local  meteorological  conditions  is   given. 

'Present  address:     Interactive   Technology,    Inc.,    Santa  Clara,    Calif. 
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INTRODUCTION 

This  paper  is  a  progress  report  on  the  Atmospherics  Acoustics  Program  at  the  Wave 
Propagation  Laboratory  of  NOAA/ERL.      The  program  has  been  operational  for  almost    two  years 
and  is  concerned  primarily  with  investigating  active  acoustic  echo  sounding  in  the  atmosphere.  ^ 

At  the   6th  International  Symposium  on  Remote  Sensing  of  the  Environment,    McAllister  and  Pollard 
described  the  fundamentals  of  acoustic  echo  sounding  and  showed  that  interesting  atmospheric 
structures  could  be  studied  through  facsimile  recordings  of  echoes  from  monostatic  or  bistatic 
scattering.      Based  on  the  earlier  tests  of  McAllister2   and  the  analysis  by  Little3  of  the  potential 
for  boundary  layer  studies  with  acoustics,    the  NOAA  program  was  initiated  in  the  middle  of  1969. 

We  are  interested  primarily  in  exploiting  the  acoustic  echo   sounder  to  better  understand 
atmospheric  boundary  layer  phenomena.      Because  of  the  capability  of  sounders  to  monitor  the 
structure  of  temperature  inversions  it  is  also   relevant  to  inquire  if  such  equipment  will  be  useful 
in  air  pollution  studies.     If  the  analysis  of  sounder  records  provides   a  better  understanding  of 
inversion  formation  and  breakup  dynamics,    it  may  be  possible  to  predict  more  accurately  the 
height  and  strength  of  inversions.     Operation  of  sounders  in  populated  areas  could  be  useful  for   a 

routine  determination  of  inversion  heights  to  permit  a  continuous  estimation  of  the  volume  of 

atmosphere   available  for  the  dispersion  of  pollutants. 

In  this  paper  we  will  consider  first  the  NOAA  progress  in  sounder  system  design.      We 
have  progressed  from  an   initial  Mark  I  System  to  a  more  flexible   Mark  II  design,    and  its  opera- 
tion is  explained.      Then  studies  of  the  feasibility  of  sounder  operation  in  urban  and  industrial 
environments  will  be  described.      Finally  some  new  data  on  the  characteristics  of  thermal  plumes 
as  determined  through  the  use  of  the   echo  sounder  will  be  presented. 

ECHO  SOUNDER  DESIGN 

The  NOAA  Mark  II  Echo  Sounder  is  a  second  generation  system  embodying  many  worth- 
while engineering  improvements  while  carrying  on  the  general  design    philosophy  of  the   Mark  I 
Sounder.        As  much  of  the   system  as  possible  was  built  with  the  laboratory  quality,    commercially 
available  electronic  instruments. 

The  operation  of  the  equipment  can  be  followed  from  the  block  diagram,    Figure  1.      All  timing 
functions   are   regulated  by  a  crystal  stabilized  clock  in  the  time  code   generator.      Timing  logic 
consists  of  a  configuration  of  diode   gates  which  pass  a  pulse  only  when  a  particular  combination 
of  zero  and  plus  binary  coded  decimal  levels  occur  that  correspond  to  a  desired  pulse   repetition 
frequency  (PRF).      Timing  logic  gates  are   currently  provided  for  PRF'  s  of  0.  5,    0.  2,    0.1  Hz 
corresponding  to  maximum  echo  ranges  of  approximately  330,    825,    and  1650  m. 

The  PRF  signal  is  used  to  trigger  a  digital  timing  generator  which  in  turn  passes  a  tone 
burst  of  carrier  frequency  from  the   receiver  BFO,    generates   a  gate  pulse   coincident  with  the  tone 
burst,    and  generates  two  additional  pulses  having  start  and  stop  times  that  may  be  delayed  inde- 
pendently by  desired  amounts  from  the   start  of  the  tone  burst.      Tone   burst  durations   ranging  from 
10  milliseconds  to  1  second  are  normally  used  with  the   Mark  II  sounder  depending  upon  whether 
maximum  resolution,    or  maximum  range  is  desired. 

As   Figure  1  shows,    the  tone  burst  from  the  timing  generator  is   gated  a  second  time   as  it 
passes  through  a  transmit  gate  on  the  way  to  the  transmitting  power  amplifier.      The   transmit  gate 
is  an  FET  solid-state   switch  with  ON  and  OFF  modes   controlled  by  the   gate  pulse  from  the  timing 
generator.      The  need  for  redundant  gating  of  the  tone  burst  is  necessary  because   the  digital  timing 
generator  provides  only  60  db  of  carrier  frequency  attenuation  between  gate  pulses.      The    resulting 
carrier  leakthrough  was  enough  to  create  a  very  low  level    "false    echo"  signal  during  the  echo 
sounder  receive  mode. 

The  tone  burst  from  the  transmit  gate  is  applied  to  the  input  of  the  power  amplifier  at  a 
level  of  1  volt  rms.      The  gain  of  the  power  amplifier  is  adjusted  to  deliver  40  watts   rms  of 
electrical  power  through  a  pair  of  back-to-back  diodes  to  a  16-ohm  acoustic  transducer  for  the 
duration  of  the  tone  burst.      The  transducer  is  coupled  acoustically  to  a   reflector-horn  antenna. 
The  overall  transmitting  efficiency  of  the  transducer-antenna  configuration  is   about  20% 

so  that  the  antenna  radiates  about  8  watts   rms  of  acoustic  energy  into  the   atmosphere  during  the 

tone  burst. 
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Between  tone  bursts  the  power  amplifier  produces  less  than  a  millivolt  of  hum  and 
instrument  noise.      This  noise  is  nonetheless  more  than  an  order  of  magnitude  larger  than  some 
of  the  voltages  produced  by  weak  atmospheric  echoes.     Back-to-back  silicon  diodes  were  there- 
fore placed  between  the  power  amplifier  and  the  acoustic  transducer.      These  diodes   readily  con- 
duct large -amplitude  transmit  tone  bursts,    but  are  virtual  open  circuits  to  signals  of  less  than 
300  millivolts   rms.      In  order  for  the  diode  isolation  circuit  to  work  reliably,    however,    it  is 
essential  that  the  power  amplifier  have   a  well  regulated  power  supply.     Otherwide  power  line 
surges  will  produce  voltage  fluctuations  at  the  amplifier  output  large  enough  to  pass  through  the 
diodes,    and  receiver  overload  will  occur. 

During  transmission  it  is  necessary  to  isolate   and  protect  the  extremely  sensitive   receiver 
circuits  of  the  echo  sounder  from  overload  and  possible  damage.      This  is  done  in  three  stages, 
and  the  circuit  elements  involved  (mostly  silicon  diodes  as   shown  in  Figure  1)  perform  a  task 
equivalent  to  that  of  a  radar  "T-R"  device.      The  first  stage  is  a  set  of  back-to-back  diodes  in 
series  with  resistor  Rl.      The   second  stage  is  a  diode  bridge   shorting  gate.      The  action  of  this  gate 
is  controlled  by  the  polarities  of  a  pair  of  equal  but  opposite  receiver  gate  pulses.      When  the 
polarities  of  these  pulses  are  as  shown  in  Figure  1,    all  diodes  of  the  bridge  conduct,    and  the  receiver 
preamplifier  input  terminal  is  thereby  clamped  to  ground.      When  the  polarities  of  the  pulses  are 
reversed,    as  they  are  throughout  the  receiver  ON  time,    all  diodes  of  the  bridge  are  biased  beyond 
cutoff,    and  the  gate  has  no  effect  on  the  receiver  circuit. 

The  pulses  that  control  the  action  of  the  diode  bridge   shorting  gate  are  obtained  from  the 
gate  pulse  amplifier.      The   start  time  of  these  pulses  is  chosen  to  delay  the  turn  on  of  receiver 
circuits  until  the  ringing  or  reverberation  in  the  acoustic  antenna  caused  by  the  powerful  transmit 
tone  burst  has  decayed  to  a  negligible  level.      This  is  about  100  msec  from  the  end  of  the  tone  burst 
for  the  fiberglass  horn-reflector  antenna  now  in  use,    and  is  equivalent  to  about  the  first  16  m  of 
echo  range.     It  should  be  possible  to  reduce  the  reverberation  time  and  subsequent  loss  of  close- 
range  echoes  by  future  improvements  in  acoustic  antenna  design.      The  stop  time  of  the  pulses  from 
the  gate  pulse  amplifier  is  set  to  turn  off  the   receiver  circuits  a  few  msec  before  the  start  of  the 
next  transmit  tone  burst.      This  is  done  as  a  precaution  to  insure  against  possible  damage  to  the 
receiver  circuits  by  the  initial  transient  of  the  transmit  signal. 

During  reception  of  echoes  the  gating  actions  described  earlier  enable  the  acoustic  trans- 
ducer to  act  as  a  microphone  which  is  transformer  coupled  to  a  variable -gain  preamplifier  as 
shown  in  Figure  1.      The  coupling  transformer  has  a  20  to  1  step-up  turns   rationwhich  serves  to 
increase  the  irreducible  Johnson  noise  voltage  of  the  microphone  to  a  level  that  substantially 
exceeds  the  input  self-noise  of  the  preamplifier. 

The  preamplifier  is  located   remotely  at  the  antenna-transducer  site  in  order  to  increase 
echo  signal  levels  to  about  1  volt  rms  before  transmission  through  over  100  m  of  cable  to  the  rest 
of  the   receiver  system.      For  this   reason  the  preamplifier  includes  a  calibrated,    remote   gain 
control  subsystem  and  a  balanced,    low-impedance,    differential  output  stage.     Preamplifier  gain 
may  be  varied  from   60  db  to  0  db  by  varying  a  dc  gain  control  signal  from  0  to  +5  volts.      The 
differential  output  signal  of  the  preamplifier  is  delivered  through  the  long,    multiconductor  cable 
to  the  differential  amplifier  of  the  receiver  system.      This  amplifier  converts  the  balanced  and 
therefore   relatively  hum-free   signal  from  the  preamplifier  to  a  single-ended  signal  for  subsequent 
passage  through  an  800  Hz  highpass  filter.      The  purpose  of  the  highpass  filter  is  to  eliminate 
strong,    low-frequency  wind  noise,    man-made  noise  and  other  low-frequency  components  of  back- 
ground noise  that  might  otherwise  overload  subsequent  stages  of  the   receiver  system. 

The  output  of  the  highpass  filter  is  applied  to  the  receiver  gate.      This  is  a  redundant  gate 
that  operates  in  unison  with  the  previously  described  diode  bridge   shorting  gate.      Both  gates  are 
controlled  by  the  output  pulse  from  the  receiver  gate  logic  section.      The  purpose  of  the  receiver 
gate  is  to  block  a  small  leakthrough  signal  that  develops  during  the  transmit  tone  burst.      The 
leakthrough  path  is  in  the  multi -conductor  cable   that  interconnects  the  remotely  located  antenna, 
transducer  and  preamplifier  sections  of  Figure  1  to  the  rest  of  the  sounder  system.      The  cable 
consists  of  separately  shielded  pairs  of  conductors  to  minimize  cross-coupling  effects  among 
transmit,    receiver  and  gate  control  signals.     Since  up  to  300  m  of  cable  maybe  used,    however, 
there  is  still  enough  cross -coupling  to  warrant  the  use  of  the  redundant  receiver  gate. 
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The  echo  signal  from  the   receiver   gate  is  applied  to  one  of  the  two  inputs  of  the  l/R  analog 
multiplier.      The  other  input  to  the  multiplier  is  a  linear  ramp  signal  generated  by  the   gain  ramp 
integrator.      The  output  of  the  l/R  analog  multiplier  at  any  time  is   simply  one  tenth  the  product  of 
the  applied  echo  signal  and  the  instantaneous   amplitude  of  the  linear    ramp.    The  linear  ramp  from 
the  integrator  always  starts  at  zero  volts  dc  and  grows  with  time  at  the  rate  of  1  volt/sec.      This 
causes  the  multiplier  to  act  as  an  echo  signal  amplifier  the  gain  of  which  periodically  starts  at 
zero  and  increases  linearly  with  time  at  the  rate  of    0.  l/sec.     By  the  end  of  a  10  second  echo 
receiving  period,    for  example,    the  gain  of  the  l/R  analog  multiplier  has  been  swept  from  zero  to 
unity.      This  type  of  gain  sweep  compensates  for  the  spherical  divergence  or  spreading  loss  of 
acoustic  echoes  as  they  are   received  from  progressively  longer  ranges.      The   gain  is  varied 
inversely  with  range   (l/R)  rather  than  as  the  inverse   square  of  range   (l/R^)  because  the  output 
signal  of  the   receiving  transducer  is  proportional  to  acoustic  pressure   rather  than  acoustic  power. 

The  range -compensated  echo  signal  from  the  l/R  analog  multiplier  is  applied  to  the  input 
of  the  tuned  receiver.      The   receiver  is  constructed  so  that  the   center  of  its  pass  band  automatically 
coincides  with  the  frequency  of  an  integral  BFO  that  is  the  source  of  carrier  frequency  for  the 
Mark  II  sounder.      The   receiver  tuning  is  thus  locked  to  the  mean  frequency  of  the  echo  signal. 
Receiver  bandwidth  is  adjustable,    and  normally  is  set  to  accommodate  just  the  major  sidebands 
of  the  transmitted  tone  burst  in  order  to  achieve  an  optimum  S/N  with  minimal  loss  of  resolution. 
For  example,    a  bandwidth  of  100  Hz  generally  has  been  used  for  tone  bursts  lasting  20  msec, 
whereas  a  bandwidth  of  10  Hz  has  been  used  for  tone  bursts  of  200  msec  and  longer. 

The  tuned  receiver  has  two  outputs.     One  of  these  is  an  amplified  replica  of  the  echo  signal 
as  bandwidth-limited  by  the   receiver  tuned  circuits.      This  is  the  type  of  signal  that  is  used  for 
determining     Doppler  shifts  of  frequency  between  a  transmitted  tone  burst  and  its   received  echo. 
It  is  planned  to  digitize  this   signal  (and  others)  before   recording  in  order  (1)  to  eliminate  frequency 
errors  associated  with  analog  tape  recorder  wow  and  flutter,    and  (2)  to  shorten  the  number  of 
steps   required  for  subsequent  digital  data  analysis.      The  digital  recording  scheme',    though  mot  yet 
completed,    is   shown  connected  to  the  echo  signal  output  of  the  tuned  receiver  on  Figure  1.      The 
other  output  of  the  tuned  receiver  is  the  detected  level  of  the  echo  signal.      This  is  a  fluctuating  dc 
signal  the   amplitude  of  which  is  proportional  to  the  acoustic  pressure  of  echoes   received  after 
correction  for  spherical  divergence.      This   signal  is  displayed  as  functions  of  range  and  time  of 
day  by  means  of  the  facsimile  recorder. 

The  acoustic  antenna  is  an  important  component  of  the   system  since  it  serves  to  collimate 
the  transmitted  power  into  a  narrow  beam  in  the  transmit  mode,    and  serve  as  a  highly  directional 
microphone  in  the   receive  mode.      The   NOAA  sounder  uses  a  cone  paraboloid  antenna  originally 
designed  for  microwave  use.      The  electro-dynamic  transducer  is  bolted  to  the  cone   section  in 
place  of  the  microwave  conical  wave  guide.      The  only  other  modification  of  the  antenna  found 
desirable  is  to  coat  it  with  an  acoustical  dampening  material  to  limit  reverberation  time  after 
the  transmitting  pulse  is  turned  off.      The  antenna  is  shown  in  Figure  2.      Other  types  of  antennas 
which  have  been  used  in  acoustic   sounders  include   arrays  of  electro-dynamic  speakers,    and 
transducers  mounted  at  the  focus  of  parabolic  dishes. 

A  desirable  feature  of  any  antenna  is  the  limitation  of  side  lobes  so  that  unwanted  acoustic 
power  is  not  directed  elsewhere  and  so  that  noise  in  the  environment  surrounding  the  sounder  does 
not  effect  sounder  performance.      The  measured  sidelobe  characteristics  of  the  NOAA  cone  para- 
boloid antenna  are   shown  in  Figure   3  for  different  acoustic  frequencies.      It  will  be   seen  that  at  a 
frequency  of  1  kHz,    the  half  power  beam  width  is  about  16°,   whereas  at  5  kHz  the  main  beam  is 
measured  to  be  only  3  or  4  degrees  wide  to  the  half  power  point.     Note  also  that  the  90°  sidelobe 
is  38  db  below  the  main  beam  at  1  kHz  and  nearly  50  db  below  the  main  beam  at  5  kHz. 

One  easy  way  to  improve  sidelobe  rejection  is  to  surround  the  antenna  with  an  absorbing 
cuff.     For  a  vertically  pointed  antenna  it  has  been  found  that  an  open  cylinder  of  hay  bales  is  an 
effective  absorber.      If  the  cylinder  aperture  is  several  times  that  of  the  antenna  and  the  height 
several  times  the  antenna  aperture,    20-30  db  additional  90°  sidelobe  attenuation  is  obtained.     An 
analysis  of  this  absorbing  cuff  has  been   performed  by  Strand5  and  the  theoretical  improvement 
closely  checks  with  that  experimentally  measured  in  the  field.     Further  improvements  should  be 
possible  with  internal  attenuators  in  the  horn  to  achieve  the  affect  of  a  tapered  feed  in  the  micro- 
wave  case.     The  present  antenna  acts  nearly  like  a  perfect  piston  source,    but   by  decreasing  the 
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amplitude  of  the  pressure  fluctuations  near  the  edge  of  the  aperture,    less  energy  will  be  diffracted 
at  the  edge,    further  improving  the   sidelobe  rejection. 

OPERATION  OF  SOUNDERS  IN  URBAN  OR  INDUSTRIAL  ENVIRONMENTS 

Our  interest  in  improving  the  antenna  characteristics  is   strongly  motivated  by  the  desire 
to  utilize  the  acoustic  echo  sounder  for  studying  boundary  layer  meteorology  of  interest  in  urban 
air  pollution  situations.      While  the  unshielded  antenna  will  be  entirely  adequate  to  achieve  per- 
formance limited  only  by  the  Johnson  noise  from  the  ohmic  resistance  in  the  transducer  in  a 
quiet  rural  environment,    the  background  noise  in  typical  urban  or  industrial  environments  will 
not  be   so  easy  to  live  with.      The  environmental  ambient  noise  data  used  to   study  this  problem 
were  obtained  from  noise   surveys  found  in  the  literature.      Table  1  lists  the  locations  and  condi- 
tions under  which  the  surveys  were  taken,    the  location  numbers  that  will  be   referenced  in  later 
figures,    and  a  reference  to  the  publications  from  which  the  data  were  taken. 

Although  the   surveys   considered  here  were  made  in  specific  locations,    they   represent 
a  rather  complete  cross -section  of  the  types  of  populated  areas  into  which  the    acoustic  echo 
sounder  might  be  placed.      Consequently,    the  noise  data  taken  from  these   surveys  provide   a 
representative  basis  for  predicting  the  interaction  of  the  echo  sounder  'with  its  potential  environ- 
ment.     The  analysis   results  will  be  indicative  of  what  can  be  expected  in  any  future  application. 

The  data  published  in  each  survey  were  in  the  form  of  sound  pressure   levels  in  db  (referred 
to  the  threshold  of  hearing  or  0.  0002  dynes/cm^)  for  octave  bands  of  the  audible   spectrum,    usually 
up  to  10,  000  Hz.      Many  of  the   surveys  gave  more  than  one   sound  pressure  level  in  db  for  each 
octave  band.      This   spread  of  data  is  the   result  of  statistical  analyses,    representing  values  above 
or  below  which  a  percentage  of  the  levels  in  the  octave  band  occurred.      For  the  purposes  of  this 
study  only  the  minimum  and  maximum  values   given  were  used.      The  former  were  used  in  the 
study  to  determine  the  effect  of  the   acoustic-echo  sounder  on-the  inhabitants  in  the   surrounding 
community  and  the  latter  were  used  for  the   study  on  the  amount  of  environmental  noise   received 
by  the   acoustic  echo  sounder  antenna.      This  purposefully  conservative  approach  was  used  in  order 
to  provide  a  margin  of  safety  against  falsely  optimistic  conclusions  on  the  feasibility  of  acoustic 
echo  sounding  in  urban  environments. 

The  acoustic  antenna  is  a  directional  device,    but  because  of  diffraction  it  has   sensitivity 
in  directions  other  than  the  main  lobe.      As  a  result,    the  amount  of  environmental  noise   received 
by  the  echo  sounder  will  depend  not  only  on  the  noise  levels  existing  at  the   antenna,    but  on  the 
antenna  sensitivity  in  the  direction  of  incidence.      The  evaluation  that  follows  will  present  a   rela- 
tion between  the  environmental  noise  and  the   antenna  sidelobe   suppression  necessary  for  operating 
the  acoustic  echo   sounder  in  the  various  environments. 

Johnson  noise  or  thermal  noise   generated  in  the  transducer  element  of  the  acoustic  antenna 
represents  the  absolute  minimum  of  background  noise  that  can  be   realized  by  the   acoustic 
sounder     .      This  limiting  level  of  noise  provides  the  basis  to  which  the  environmental  noise    is 
referred,    determining  the   signal-to-noise   ratios.      We  define  an  ambient  noise  figure  F  as  the 
ratio  of  environmental  to  Johnson  noise  powers, 


v_(u,e) 

J 


F  =  20  log .  (1) 


Here  V    (u,  9)  is  the   rms  voltage  developed  at  the  acoustic   sounder  transducer  terminals  by  the 
spectral  component  u  of  the  noise  incident  on  the  antenna  from  the  direction  8.      V.  is  the  thermal 
or  Johnson  noise  voltage  developed  at  the  same  terminals.      The   ambient  noise  figure  F  relates 
the  environmental  noise  spectrum  levels  incident  on  the  antenna  to  the  sidelobe   suppression 
required  for  satisfactory  performance.      Consequently  when  the   signal  to  Johnson  noise   ratio  is 
known,    the  amount  of  sidelobe  suppression  necessary  for  successful  operation  can  be  determined 
for  each  possible  environment. 
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When  the  explicit  expressions  for  V    (u,  9)  and  V.  are   substituted  into  (1),    the  noise  figure 
can  be  written  as 

F  -  20  log  e(u,  9)  =  137  +  SL     +20  log  a(v)  -  10  log  T     .  (2) 

We  define  the  quantity  on  the  left  of  (2)  as  the  noise  suppression  figure.      The   second  term  on  the 
left  is  the  antenna  sidelobe  attenuation  factor   relative  to  the  main  beam  in  decibels,    and  it  is 
determined  experimentally  as  discussed  earlier.      The  value  to  be  used  will  be  determined  by  the 
direction  of  incidence  of  the  noise  on  the  antenna.      SL     is  the   sound  pressure   spectrum  level 
(or  noise  level  per  hertz)  in  decibels  of  the  incident  environmental  noise,    T  is  the  absolute  temper- 
ature of  the  atmosphere,    and  Q'(u)  is  the  antenna-transducer  efficiency  expressed  in  millivolts 
per  dyne  per  square  centimeter. 

The  important  characteristic  of  the  echo  sounder  that  will  determine  acceptable  ambient 
noise  levels  when  operating  in  various  environments  will  be  the   suppression  of  the  environmental 
noise  by  the  antenna  sidelobes.      A  realistic  estimate  of  the  total  range  of  the   sidelobe   suppression 
factors  (20  log  e(u,  9))  required  can  be  obtained  by  using  a  measured  value  for  the  antenna-trans- 
ducer efficiency  (a)  in  (2)  and  determining  the   sidelobe  suppression  necessary  for  each  locality 
listed  in  Table  1.      The  value  of  a(v)  that  will  be  used  in  the  discussion  that  follows  is  25  millivolts 
per  dyne  per  square   centimeter;  this  value  was  measured  at  an  operational  frequency  of  2000  Hz 
on  the  Wave  Propagation  Laboratory'  s  Mark  I  acoustic  echo  sounder. 

When  the  measured  value  for  a  is  substituted  into  (1),    the   relation  reduces  to 

F  -  20  log  e(9)  =  80  +  SL     (Frequency  =  2000  Hz)  (3) 

Implicit  in  this  expression  is  an  atmospheric  temperature  of  20°C. 

Sound  pressure   spectrum  levels  (SL    )  for  2000  Hz  were  obtained  from  the  noise   surveys 
listed  in  Table  1.      The   surveys  published  their  data  in  sound  pressure   levels   (re.    0.  0002  dynes 
cm"^)  in  octave  band  widths.      In  order  to  determine  the  values  of  SL     at  2000  Hz,    it  was  necessary 
to  reduce   the  published  octave  band  sound  pressure  levels  (SPL)  to  sound  pressure   spectrum  levels 
(SL)  at  the  octave  band  center  frequency  by 

SL  =  SPL  -  10  log  Au       ,  (4) 

where   Au     is  the  octave  band  "width  in  hertz.      The  values  of  SL     existing  at  the  considered 
frequencies  of  operation  of  the   echo  sounder  'were  obtained  by  interpolation.      Since   the  possible 
frequencies  of  operation  being  considered  are  1,    2,    3,    4,    and  5  kHz,    the   reducing-interpolation 
procedure  was   carried  out  for  each  frequency  for  the  sake  of  future   reference  and  the   results  are 
shown  in  Figure  4. 

The  localities  listed  in  Table  1  have  been  arranged   in  Figure   4  by  ascending  order  of  SL 
at  1000  Hz.      Each  locality  is  identified  with  a  circled  location  number  along  with  a  brief  description 
of  the  conditions  under  which  the   survey  was  made   and  the  numbers  adjacent  to  the   SL     value   bars 
refer  to  the  frequency  in  kilohertz. 

It  must  be  emphasized  that  these  values  of  the   sound  pressure   spectrum  levels   (SL    )  were 
derived  from  the  maximum  levels  of  noise  published  in  the   surveys.      They  therefore   represent 
the  most  stringent  conditions  that  would  be  imposed  on  the  acoustic  echo  sounder  if  it  were   requir- 
ed to  operate   in  any  of  the  listed  or  similar  localities. 

When  the  values  for  the  environmental  noise  spectrum  levels  at  2000  Hz  are  substituted 
into  (3),    the   results   represent  the  difference  between  the  ambient  noise  figure  and  the   sidelobe 
suppression  factor.      These   results  are   shown  in  Figure   5.      The  values   shown  in  this  level   graph 
represent  the  noise  suppression  figure  F   -   20  log  e(9)  (the  difference   between  the  ambient  noise 
figure  F  and  the  sidelobe   suppression)  for  each  locality.      Thus   if  the   sidelobe   suppression  of  the 
antenna  is  known,    the  amount  of  noise  that  will  be   received  at  each  locality  can  be  determined. 
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Conversely  if  the  ambient  noise  figure  has  been  determined  from  the  expected  signal-to- Johnson 
noise  figure,    the  sidelobe  suppression  that  will  be  necessary  for  operation  in  the  various  locali- 
ties can  be  found.     Based  on  analysis  of  typical  noise  levels  of  built  up  areas,    Figure  5  shows 
that  a  desirable  sidelobe  attenuation  varies  from  70  db  for  the  urban  environment  to  100  db  for  a 
noisy  downtown  location,    if  transducer  Johnson  noise  is  to  be  the  fundamental  limitation  on  systems 
perfo  rmance . 

Another  consideration  when  operating  the  sounder  in  built  up  areas  is  the  avoidance  of 
noise  pollution  which  might  be  aggravating  to  nearby  inhabitants.     We  have  analyzed  the  masking 
effect  of  background  noise  in  typical  urban  and  industrial  environments.      Based  on  the   Fletcherl2 
masking  criterion,    wherein  sound  levels  comparable  to  the  background  noise  are  not  readily 
discernible,   we  find  that  with  50-60  db  sidelobe  rejection,   it  should  be  possible  to  operate  the 
present  NOAA  sounder,   with  an  output  of  8  acoustic  watts,   within  several  hundred  meters  of 
a  suburban  residence  without  being  annoying.      In  the  typical  downtown  noise  levels,    the   sounder 
would  be  undetectable  by  persons  within  just  a  few  meters,    because  of  the  masking  noise  from 
traffic,    industrial  activity,    or  building  airconditioning  noise.      With  proper  attention  to  design 
detail  then,    it  apperas  that  the   sounder  should  be  operable  within  most  environments  without 
being  troubled  by  nominal  environmental  noise  and  without  contributing  to  noise  pollution  from 
acoustic  pulses. 

ATMOSPHERIC  STUDIES  WITH  A  MONOSTATIC  ACOUSTIC  SOUNDER 

The  analytical  study  of  the  capabilities  of  acoustic    echo  sounding  by  Little-^  was  the 
first  step  on  which  the  NOAA  Atmospheric  Acoustics  Program  was  based.     In  Little'  s  paper 
it  is  shown  that  <r(9),    the  acoustic  power  of  wavelength  \   scattered,  per    unit  volume,    per  unit 
incident  power  is   given  b^ 


-l/3  2 

<r(6)  =  0.  03  X     '      cos    ( 


2  2 

C    v      cos2    |  +  0.13     S_ 

C2  T2 


sinf)  '  (5) 


2 

whe  re   6  is  the  scattering  angle  measured  from  the  original  incident  direction,    C        is  the  velocity 

structure  parameter,    C        is  the  thermal  structure  parameter,    C  is  the  velocity  of  sound,    T  is 
the  mean  absolute  temperature  of  the  atmosphere,    and  a  Kolmogorov  spectrum  of  turbulence 
is  assumed.      The  values  of  the  two  atmospheric  structure  parameters  are  defined  by 

r    2  -    fu(x)   -  u(x  +  r)l    2  2     _         [  T  (x)   -   T  (x  +  rfl  2  ,,. 

cv   -  L       ^7i        J      '    ct    "     I  ^7i       J  (6) 

where  u  is  the  wind  speed  at  x  in  the  positive  x  direction  and  r  is  measured  along  the  x  axis.      It 
is   seen  that  the   scattered  acoustic  power  is  only  a  weak  function  of  acoustic  wavelength  varying 
as  X     '     ,    that  direct  backscatter  for  8  =  TT  is  a  function  of  the  thermal  structure  only,    that  because 
sound  is  a  longitudinal  vibration  there  is  no  scattering  at  tt/2,    and  that  there  is  strong  scattering 
in  the  forward  direction  because  of  the  final  factor  in  equation  (1).      Obviously  the  equation  is  a 
simplification  and  cannot  be  applied  for  extremely  small  values  of  9.      More  details  and  discussion 
of  the   scattering  are   given  by  Little-^. 

With  a  co-located  transmitter  and  receiver,    the  backscatter  from  the  atmosphere  is 
caused  only  by  thermal  structure.     It  is  not  surprising  that  considerable  thermal  structure  is 
observed  when  the  atmosphere  is  convectively  unstable.      The  typical  pattern  observed  on  the 
facsimile   recording  showing  backscattered  intensity  with  height,    as  a  function  of  time,    is   shown 
in  Figure   6.      This  is  the  thermal  plume  structure,    indicating  the  nonuniform   rise  of  heated  and 
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thermally  nonuniform  parcels  from  the  ground  due  to  surface  heating  from  solar  radiation.      That 
the  upwelling  air  is  characterized  by  variation  in  temperature  is  well  known  from  investigations 
with  fast  response  temperature  sensors  on  aircraft,    such  as  the  study  by  Myrup1    .      Myrup  also 
shows  how  the  variation  of  C      with  height  may  be  used  to  differentiate  between  different  convective 
models.     With  a  well  calibrated  acoustic  sounder,    and  if  the  atmospheric  acoustic  attenuation  is 
known,    it  is  possible  to  measure  C      as  a  function  of  height  and  compare  results  with  the  Townsend 
convective  theory,   where  a  variation  as  the  -0.  6  power  with  height  is  predicted,    or  with  similarity 
theory  where  a  -0.33  power  law  is  found.      We  are  just  to  the  stage  where  it  should  be  possible  in 
the  near  future  to  perform  such  studies.     By  comparing  the  acoustic  sounder  measurements  of  CT 
with  temperature  differences  recorded  by  fast  response  thermometers,    spaced  one-half  of  the 
acoustic  wavelength  apart,    on  a  nearby  micro-meteorological  tower,    we  are  now  studying  the 
accuracy  of  the  acoustic  measurements.      Preliminary  results  indicate  rather  good  agreement 
between  the  sounder  and  tower  measurements  of  mean  C     ,    and  even  in  the  variance  of  this  para- 
meter.     The  great  advantage  in  using  the  sounder  over  tower  or  aircraft  measurements  is  that  the 
entire  spatial  structure  of  the  plume  is  visible,    instead  of  one  or  several  finite  horizontal  slices 
through  the  structure. 

The  sounder  facsimile  record  clearly  shows   the  vertical  organization  of  the  convective 
plumes,    seemingly  putting  to  rest  the  controversy  over  the  existence  of  plumes  as  opposed  to 
isolated  heated  bubbles  of  rising  air.     One  improvement  which  we  are  striving  to  add  to  our 
sounder  is  to  enable  the  detection  of  echoes  from  lower  levels  in  the  atmosphere  than  the  present 
minimum  of  30  m.      It  is  in  these  lower  levels  that  wind  shear  frequently  produces  a  marked  slope 
in  the  plume  structure  as  observed  by  Kaimal  and  Businger1**.      We  have  observed  such  plume 
slopes  occasionally  in  the  levels  above  30  m,    but  at  our  present  location  do  not  have  wind  instru- 
mentation above  15  m  to  verify  wind  shear  at  higher  levels.     Occasionally  the  plumes  seem  to 
slope  in  a  direction  opposite  to  that  to  be  expected  from  wind  shear  in  the  lower  levels,    or  back- 
ward into  the  wind.      Without  knowledge  of  the  wind  profile  with  height  it  is  not  possible  to  explain 
this  observation.      We  look  forward  in  the  future  to  tests  performed  in  cooperation  with  tethered 
balloon  sounding  systems  to  obtain  better  wind  profile  data. 

With  the  calibration  of  the  sounder  well  understood  to  an  estimated  accuracy  of  3  db,    the 
facsimile  recordings  of  plume  structure  can  be  used  to  study  the  diurnal  and  seasonal  variation 
of  plume  height.      We  define  a  plume  as  being  that  volume  of  the  atmosphere  where  the  thermal 
structure  parameter  C       >  4  x  10  K  cm"  '     .      In  Figure   6,    the  darkest  areas  in  the  plumes 

correspond  to  C      values  as  large  as  14  x  10"^     K  cm     '     .     By  overlaying  the  records  of  plumes 
with  a  transparent  grid,    it  is  possible  to  count  off  the  percentage  of  time  when  the  plume  is 
discernable  as  a  shade  of  light  grey  or  darker,    corresponding  to  the  discriminating  C      value 
defined  above.      The  results  of  such  an  analysis  are  shown  in  Figure  7  where  the  increase  in 
plume  height  from  early  morning  hours  to  a  maximum  shortly  after  noon  is  documented  by  the 
three  curves  drawn.      This  data  was  taken  at  Haswell,    Colorado,    a  flat  prairie  site  200  km  south- 
east of  Boulder,    on  a  sunny  day  with  light  and  variable  winds  below  2  ms"l 

After  the  plumes  reach  a  maximum  height  shortly  after  noon,    the  heights  begin  to  decrease 
but  on  a  slower  time  scale  than  the  rise  in  height  during  the  morning  hours.      The  1400-1500  plume 
height  characteristic  is  nearly  the  same  as  the  1000-1100,    and  the  1600-1700  late  afternoon  plumes 
have  nearly  the  same  characteristic  as  the  0900-1000. 

Turbulent  mixing  at  the  edges  of  the  plume,    and  turbulence  within  the  plume,    reduces 
the  C      with  height  as  shown  in  Figure   6.      The  lower  regions  of  the  plume  are  clearly  a  darker 
grey  on  the  facsimile  record  than  the  upper  regions.      It  must  be  emphasized,    however,    that  C 
is  a  class  of  atmospheric  variable  about  which  we  have  much  to  learn.      The  thermal  structure 
parameter  does  not  exactly  correspond  with  plume  vertical  velocity,    as  verified  by  acoustic 
Doppler  measurements  of  vertical  winds.      Therefore  low  values  of  C      do  not  necessarily  delimit 
the  convective  zone  in  the  boundary  layer,    but  there  is  a  clear  correlation  between  convection 
and  the  C     .     Further  theoretical  and  experimental  work  will  be  required  to  determine  how  the 
unstable  convective  region  interacts  with  thermal  inversions. 

A  second  way  to  study  the  characteristics  of  thermal  plumes  is  to  investigate  seasonal 
effects  on  plume  height.     In  Figure  8,    the  1200-1300  plume  height  characteristics  are  examined 
for  three  dates  in  the  summer,    fall,    and  winter  months.      All  data  were  taken  over  Colorado 
prairie  land  on    sunny  days  with  winds  0-2  ms      .     Figure  8  shows  surprising  little  variation  in 
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plume  characteristic  with  season.      This  somewhat  surprising  result  needs  further  study,    for  the 
angles  of  solar  radiation  incidence  differ  by  more  than  50°  between  the  extreme  seasonal  cases. 
Surface  temperature  gradients,    or  in  other  words  the  lapse  rate  in  the  lowest  few  tens  of  centi- 
meters does  not  change  greatly  with  season",    and  this  may  be  the  explanation. 

CONCLUSIONS 

Acoustic  echo  sounding  has  been  found  to  provide  a  new  and  valuable  tool  for  sensing 
temperature  and  velocity  structure  in  the  earth'  s  boundary  layer.      As  with  any  new  tool,    initial 
results  may  prove   surprising  and  even  contradictory,    and  this  is  certainly  true  with  the  initial 
studies  of  thermal  plume  structure.      The  ability  to  measure  quantitatively  plume   structure  and 
vertical  velocity  is  providing  new  insight  into  plume  dynamics,    especially  as  they  modify  the 
structure  of  inversions  and  influence  fluxes  of  heat  and  water  vapor  in  the  boundary  layer.      The 
simplicity  and  relatively  low  expense  of  fabricating  acoustic  echo  sounder  systems,    as  compared 
with  radar  or  lidar  devices,    make  it  probable  that  acoustic  techniques  will  find  even  wider  appli- 
cation in  boundary  layer  studies  in  the  future. 


ACKNOWLEDGMENT 

The  program  in  atmospheric  acoustic  echo  sounding  reported  here  is  a  group  effort  at 
the  NOAA  Wave   Propagation  Laboratories.      The   contributions  of  D.    W.    Beran,    B.    C.    Willmarth, 
W.    D.    Neff,    and  WPL  Director,    C.    G.    Little  are  gratefully  acknowledged.      The  data  gathered 
at  the  October,    1969  Haswell,    Colorado  experiment  was  part  of  a  joint  effort  with  the  Australian 
team  from  the  Weapons  Research  Establishment  and  the  discussions  with  L.    G.    McAllister  and 
his  group  were  extremely  useful.      This  work  was   supported  both  by  NOAA  research  funds  and  by 
the  Air  Pollution  Control  Office,    EPA. 


1723 


208 


REFERENCES 

(1)  L.    G.    McAllister  and  J.    R.    Pollard,     "Acoustic   sounding  of  the  lower  atmosphere",    Proc. 
6th  Int.    Symp.    Remote   Sens.    Env.  ,    U.    Mich  (19  69)  pp.    436-450. 

(2)  L.    G.    McAllister,        Acoustic   sounding  of  the  lower  troposphere",    J.    Atmos.    Terr.  Phys.    30, 
1439-1440  (1968). 

(3)  C.    G.    Little,    "Acoustic  methods  for  the   remote  probing  of  the  lower  atmosphere",    Proc. 
IEEE  57,    571-578  (1969). 

(4)  J.    W.    Wescott,    W.    R.    Simmons,    C.    G.    Little,    'Acoustic  echo-sounding  measurements  of 
temperature  and  wind  fluctuations ",    ESSA  Tech.    Mem.    ERLTM-WPL  5,    Boulder,    Colorado, 
Jan.  ,    1970,    24  pp. 

(5)  O.    N.    Strand,    "Numerical  study  of  the  gain  pattern  of  a  shielded  acoustic  antenna",    to  be 
publ.  ,    J.    Acoust.    Soc.    Amer.    (June,    1971). 

(6)  G.    L.    Bonvallet,  .  'Levels  and  spectra  of  traffic,    industrial,    and   residential  area  noise", 
J.    Acoust.    Soc.    Amer.    2_3,    435-439  (1951). 

(7)  W.    E.    Blazier,    Jr.    'Criteria  for  control  of  community  noise",    Sound  and  Vibration,    2 
(5),    11-18  (May  1968). 

(8)  P.    B.    Ostergaard  and  R.    Donley,    'Background-noise  levels  in  suburban  communities", 
J.    Acoust.    Soc.    Amer.    36,    409-413  (1964). 

(9)  W.    F.    Bateman  and  E.    Ackerman,    'Some  observations  on  small-town  noise",    Noise 
Control  1(6),    40  (Nov.  ,    1955). 

((0)     R.    D.    Berendt,    G.    E.    Winzer,    and  C.    B.    Burroughs,    "A  guide  to  airborne,    impact,    and 

structure  borne  noise -control  in  the  multi-family  dwellings",    U.    S.    Dept.    Housing  &Urban 
Dev.  ,    Wash.    D.    C.  ,    pp  C5-C12  (Sept.  ,    1967). 

(11)  H.    Nyquist,    'Thermal  agitation  of  electric  change  in  conductors",    Phys.    Rev.    32,    110-113 
(1928). 

(12)  H.    Fletcher,    "Auditory  patterns ",    Rev.    Mod.    Phys.    12,    47-65(1940). 

(13)  L.  D.    Myrup,    'Temperature   and  vertical  velocity  fluctuations  in  strong  convection",    Quart. 
J.    Roy.    Meteorol.    Soc.    93,    350-360  (1967). 

(14)  J.    C.    Kaimal  and  J.    A.    Businger,    'Case  studies  of  a  convective  plume  and  a  dust  devil", 
J.    Appl.    Meteorol.    9,    612-620  (1970). 

(15)  W.  C.  Whitman  and  G.  Wolters,  "Microclimatic  gradients  in  mixed  grass  prairie",  in 
Ground  Level  Climatology,  ed.  by  R.  H.  Shaw.  Amer.  Assn.  Adv.  Sci.  ,  Wash.  ,  D.  C. 
1967,    pp.    165-185. 


1724 


209 


TRANSDUCER 


-WW 


/WV •— gr 

RZ  SHORTING  GATE 


Ilil_ 


POWER 


AMPL 


FIER 


GATE  PULSE 
AMPLIFIER 


TRANSMIT 
GATE 


/\  A 


GATE 
PULSE 


TONE 
BURST 


DIGITAL  TIMING 
GENERATOR 


PRF 


*       7K 


GAIN  RAMP 
INTEGRATOR 


RECE 
GA 


^ 


RECEIVER  DELAY 
AND  ON  TIME 


TRANSIENT 
DELAY 


VER 

E 


HI  PASS 
FILTER 


DIFFERENTIAL 
AMPLIFIER 


l/R  ANALOG 


MULTIP 


RECEIVER 
GATE  LOGIC 


IER 


FACSIMILE 
RECORDER 


1 


OTHER  DATA 
CHANNELS 


LlNPUfj  L_DET  J 

TUNED    [echosig. 
FiF^  RECEIVER   r"vcT] 


CARRIER  FREQUENCY 


PER  OD  TIMING 
LOGIC 


BCD 


TIME  CODE 
GENERATOR 


^CARRIER  FREQ. 


GENERATOR 


^N^NkVV 


SCANNER  4 
A/0  CONVERTER 


PHASE  LOCK 
MULTIPLIER 


i 


DIGITAL 
RECORDER 


1000  HZ 
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Figure  2    -    Cone -paraboloid  antenna  adapted  for  acoustic  echo   sounding. 
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Figure   3    -    Measured  antenna  patterns  for  the  cone -paraboloid  antenna  for  the   range  of  acoustic 
frequencies  used  in  echo  sounding. 
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Figure   7    -    Diurnal  variation  of  thermal  plume  height  statistics,    Haswell,    Colorado,    8  October 
1969. 
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Seasonal  influence   on  thermal  plume   height,    1200-1300  hr,    sunny   days,    dry  Colorado 
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INTRODUCTION 

Control  measures  for  air  pollution  in  most  large  cities,  are  more  in  the  nature  of  an  effort 
to  lessen  the  pain,  rather  than  to  cure  the  patient.   In  this  unhappy  state,  the  role  of  monitoring 
devices,  which  make  possible  some  prediction  of  hazardous  conditions,  becomes  even  more  important. 

Effective  monitoring  requires  instruments  which  provide  information  on  the  concentration 
of  both  gaseous  and  particulate  matter,  and  instruments  for  monitoring  meteorological  conditions 
which  control  the  dissipation  of  the  noxious  elements.  This  paper  concentrates  on  a  relatively 
new  device,  the  Acoustic  Echo  Sounder,  which  is  particularly  well  suited  for  the  task  of  monitoring 
those  meteorological  parameters  required  for  making  intelligent  decisions  concerning  the  degree  of 
hazard  during  a  particular  event. 

It  is  common  knowledge  that  the  low  level  temperature  structure  is  a  prime  factor  in  the 
creation  of  air  pollution  events.   Severe  problems  are  associated  with  the  low  level  capping  inver- 
sion off  the  coast  of  California  and  the  Los  Angeles  basin,  an  area  where  quantities  of  polluted  air 
can  be  trapped  under  the  advected  inversion.  While  Los  Angeles  may  claim  pride  of  place  for  these 
conditions,  it  is  not,  unfortunately,  unique  and  many  other  cities  can  be  found  where  similar 
topography  -  temperature  structure  interaction  leads  to  severe  pollution  conditions. 

While  the  temperature  lapse  rate  is  of  prime  concern  in  air  pollution  meteorology,  secondary, 
and  at  times  equally  important,  effects  can  be  attributed  to  the  wind  pattern  over  a  city.  Clearly, 
wind  direction  plays  an  important  role  in  determining  the  path  pollutants  will  take  after  emission. 
In  addition,  the  strength  of  the  wind  is  important  in  determining  how  rapidly  effluents  will  be 
carried  away;  a  necessary  input  when  determining  if  a  given  emission  rate  will  produce  critical 
concentration  levels  over  a  region.  Other  meteorological  parameters,  such  as  the  presence  of  humi- 
dity and  solar  radiation,  (both  of  which  induce  chemical  reactions  of  certain  pollutants)  are 
important,  but  to  a  lesser  degree. 

A  monitoring  system  which  could  provide  a  continuous  detailed  picture  of  the  wind  and  tempera- 
ture structure  in  the  lowest  1  km  over  a  city  would 'be  of  much  more  value  than  the  in  situ  meteorolog- 
ical sensors  presently  used.   In  general,  most  forecasters  must  rely  on  instrumentation  designed  to 
sample  the  larger  synoptic  scale,  and  as  such,  provide  continual  data  only  on  surface  parameters, 
upper  air  soundings  being  made,  at  most,  four  times  daily.   In  addition,  aviation  requirements  have 
often  dictated  the  location  of  these  sensors,  a  situation  not  necessarily  in  the  best  interests  of 
the  urban  meteorologist. 

It  is  suggested  that  the  acoustic  sounder  is  a  device  which  could  collect  continuous  mesoscale 
measurements  in  critical  regions  at  a  cost  significantly  below  other  proposed  methods.  The  remainder 
of  this  paper  will  present  a  brief  discussion  of  the  theory  of  acoustic  sounding  followed  by  the 
results  from  recent  field  tests  which  demonstrate  the  potential  of  the  device  for  measuring  wind  and 
temperature  structure.   In  addition,  problems  relating  to  operating  in  the  urban  environment  under 
all  types  of  conditions  will  be  covered. 

THE  ACOUSTIC  ECHO  SOUNDER 

The  acoustic  echo  sounder  is,  in  principle,  not  unlike  Sonar.  A  sound  wave  is  transmitted  into  the 
medium  to  be  interrogated,  the  atmosphere.  Turbulent  wind  and  temperature  fluctuations  scatter 
some  of  this  wave  energy,  a  part  of  which  can  then  be  collected  at  a  receiver.   This  process  is 
described  by  the  radar  equation 

vv¥?  L  -  (1) 
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where  the  acoustic  power  returned  P  ,  is  a  function  of  the  power  transmitted,  P  ,  the  speed  of  sound, 
C;  the  length  of  pulse,  T;  the  area  of  the  receiving  antenna,  A;  the  range  to  the  area  where  the 
return  is  generated,  R;  the  losses,  L  due  to  absorption  and  equipment  efficiences,  and,  finally, 
the  scattering  cross  section,  a.  Theoretical  work  >d>->   has  established  the  relationship  of  the 
scattering  cross  section  per  unit  volume,  a,    to  the  turbulence  parameters, 
scattering  equation  is, 


The  final  form  of  the 
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where  a   (9)  is  the  scattered  power,  per  unit  volume,  per  unit  incident  flux,  per  unit  solid  angle 
at  an  angle,  8,  from  the  initial  direction  of  propagation.  The  wave  number  of  the  acoustic  wave  is 
represented  by  k  =  27r/A;  C  and  T  are  the  mean  speed  of  sound  and  temperature  in  the  scattering 
volume  and  C   and  C,2  are  the  structure  constants  for  velocity  fluctuation  and  temperature  fluctua- 
tions respectively. 

k 

The  potential  of  acoustic  echo  sounding,  first  analyzed  by  C.  G.  Little  ,  has-been  demonstrated 

by  the  work  of  several  investigators  '  '   concentrating  mainly  on  vertically  pointing  monostatic 
(colocated  transmitter  and  receiver)  systems.  This  early  work  clearly  showed  one  of  the  possible 
roles  that  the  acoustic  echo  sounder  might  play  in  air  pollution  monitoring".  One  of  these  records 
made  by  the  repeating  traces  of  a  facsimile  recorder,  synchronized  with  the  pulses  from  the  sounder 
is  shown  in  Figure  1.  This  type  of  record  gives  a  height  time  cross  section  of  the  low  level 
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Figure  1  -  Acoustic  sounder  record  taken 
under  stable  conditions. 


Figure  2 


Acoustic  sounder  record  taken 
under  unstable  conditions. 


boundary  layer  structure.  Absolute  temperature  and  gradients  cannot  be  directly  determined  from 
this  type  of  presentation,  but  the  known  interaction  of  C  with  various  stability  parameters  i.e., 
temperature  gradient  and  Richardson's  number  does  make  it  possible  to  derive  a  qualitative  assess- 
ment of  the  low  level  temperature  structure.   For  example,  regions  which  are  dark  (i.e.  showing 
strong  echoes)  can,  in  general,  be  associated  with  either  stable  or  unstable  lapse  rates  and  white 
areas  are  produced  where  conditions  are  neutral. 

It  is  then  logical  to  ask,  how  stable  regions  can  be  distinguished  from  those  which  are 
unstable'/  Here,  experience  has  shown  that  distinctive  patterns  are  associated  with  the  two 
stability  regimes.  When  acoustic  returns  are  generated  in  a  stable  region,  the  pattern  will  be 
horizontally  stratified,  usually  with  a  wave  structure  superimposed  on  the  layers.  Conversely, 
when  unstable  conditions  are  present,  the  record  will  contain  predominantly  vertically  oriented 
structure.   Figure  1  is  an  example  of  the  return  from  a  stable  atmosphere.   This  can  be  compared 
with  an  unstable  case  shown  in  Figure  2.  During  the  morning  transition  periods,  when  surface 
heating  after  sunrise  starts  to  lift  an  inversion  surface,  both  patterns  can  be  observed  during 
the  same  time  period.  An  example  of  this  is  shown  in  Figure  3  where  the  quasi-horizontal  dark 
region  is  associated  with  the  remains  of  the  surface  based  nocturnal  inversion.   This  layer  is 
progressively  lifted  as  the  low  level  lapse  rate  becomes  more  unstable.  Later  the  unstable  lapse 
rate  predominates,  and  all  remnants  of  the  inversion  layer  are  gone. 


67 


219 


Where  a  particular  application  requires  only  that  the  presence  and  depth  of  an  inversion  are 
known,  this  type  of  system,  consisting  of  a  single  monostatic  antanna  and  receiver,  would  suffice. 
As  indicated  earlier,  however,  the  wind  structure  under  the  inversion  is  also  a  major  concern.  The 
acoustic  echo  sounder  can  be  used  to  provide  this  type  of  information  through  a  slightly  more  complex 
configuration. 

A  component  of  the  total  wind  can  be  sensed  by  analyzing,  the  Doppler  shift  of  the  returned 
signal  at  a  single  receiver.  For  monostatic  configurations,  this  component  is  directed  along  the 
axis  of  the  beam  and  for  bistatic  systems,  the  component  is  along  the  bisector  of  the  angle  formed 
by  the  intersections  of  the  two  beams.  Recent  work^10*11  has  tested  many  different  configurations 
and  assessed  the  accuracy  with  which  the  wind  can  be  measured  with  the  Doppler  technique.  The  most 
recent  of  these  experiments  used  three  antennas,  one  pointing  vertically  and  the  other  two  positioned 
along  orthogonal  axes  through  the  first,  and  tilted  in  such  a  way  that  the  three  beams  intersected  at 
some  height  above  the  ground  (see  Figure  k) .      In  tests  with  this  configuration,  the  wind  measured  by 
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Figure  3  -  Acoustic  sounder  record  taken  during 

the  transition  from  stable  to  unstable 
conditions.  The  stable  layer  is  associa- 
ted with  the  upper  portion  of  the  dark 
areas:  Unstable  conditions  are  forming 
vertical  convective  elements  below  the 
stable  layer. 


Figure  k 


Antenna  configuration  used  to 
measure  total  wind  vector. 


the  Doppler  system  was  compared  with  that  measured  by  a  Boundary  Layer  Profiler  (BLP),  a  kytoon 
mounted  anemometer  supplied  by  the  field  facilities  group  of  NCAR.  Results  of  this  comparison  are 
given  in  the  scatter  diagram  shown  in  Figure  5.   For  comparable  30  minute  samples,  the  average 
value  for  the  Doppler  method  was  2.33  Ws   an<^  that  for  the  BLP  was  2.^3  m/s.   The  observed  very  close 
agreement  indicates  the  ability  of  the  acoustic  Doppler  to  measure  the  total  wind  vector  at  any  height 
within  range  of  the  system. 

By  using  the  same  configuration  as  that  shown  in  Figure  h,   but  with  all  three  systems  operating 
in  the  monostatic  mode,  it  is  possible  to  measure  a  vertical  profile  of  the  total  wind  vector.  This 
is  done  by  gating  the  signal  f»om  each  of  the  systems  at  distances  which  correspond  to  the  same 
height  above  the  terrain.   The  components  measured  at  each  of  the  three  gates  at  a  given  level  are 
then  averaged  for  periods  of  the  order  of  1  or  2  minutes.  The  resulting  components  are  then  resolved 
into  the  total  wind  vector  at  that  height.   (The  averaging  process,  assuming  Taylor's  Hypotheses  is 
valid,  minimizes  the  error  that  might  be  produced  because  of  the  spatial  separation  of  volumes  along 
the  beams  away  from  the  point  of  intersection.)  An  example  of  winds  measured  in  this  way  is  shown  in 
Figure  6,  a  height  time  section  of  the  horizontal  isotachs  derived  from  the  total  wind  vector  at  ten 
elevations. 

Where  absolute  temperature  information  is  required,  it  is  at  least  conceptually  feasible  to  use 
the  wind  information  and  boundary  layer  theory  to  calculate  the  temperature  gradient.   Greater  refine- 
ments might  also  be  possible  if  the  measured  intensity  of  C  ^  and  C  ,  the  structure  constant  for  wind 
and  temperature  fluctuations  are  incorporated.   These  parameters  and  the  measured  wind  profile  can  be 
combined  through  empirical  boundary  layer  expressions  of  stability  to  estimate  lapse  rates  between 
very  unstable  and  neutral,  and  very  stable  and  neutral.  These  concepts  show  promise,  but  have  not 
yet  been  field  tested. 
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Figure   5   -   Scatter  diagram  of  winds  measured  by 
Doppler   (DOP)  and  Boundary  Layer 
Profiler  Anemometer   (BLP). 
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Figure  6  -  Isotachs  of  horizontal  wind  derived 
from  acoustic  Doppler  measurements. 


A  second  approach,  also  untested,  would  use  the  dependence  of  sound  absorption  on  the  frequency 
of  the  carrier  wave  and  on  temperature  and  humidity.   If  it  can  be  assumed  that  all  absorption  is 
due  to  the  classical  and  molecular  portions  of  the  attenuation  coefficient,  this  method  should  work 
well,  and  would  require  only  that  2  or  3  separate  frequencies  be  generated;  the  difference  in  signal 
strength  at  each  frequency  is  used  to  derive  the  temperature  and  humidity  profiles.  The  assumption 
of  no  excess  absorption(  i.e.  that  due  to  processes  other  than  molecular  or  classical)  may  prove  to 
be  limiting  •'■^  and  more  information  on  the  nature  of  the  attenuation  is  needed  before  the  method 
can  be  demonstrated. 

MONITORING  DURING  AH  AIR  POLLUTION  EVENT 

Our  best  example,  to  date,  of  the  potential  of  an  acoustic  sounder  for  monitoring  meteorological 
structure  during  an  air  pollution  event  was  obtained  during  April  of  1971.  The  acoustic  sounder  was 
located  at  Table  Mountain,  a  field  site  some  50  km  northwest  of  downtown  Denver.   It  was  being 
operated  on  a  round-the-clock  basis  in  a  monostatic  mode  with  the  antenna  pointed  vertically. 

2 
Fortuitously,  the  sounder  recorded  the  low  level  pattern  of  C_  ,  indicative  of  the  temperature 

structure  on  the  13th  and  llf-th  of  April,  a  period  when  effluent  concentrations  in  Denver  reached 

the  "pollution  alert"  level.   The  2k   hour  long  acoustic  record  for  this  period  is  shown  in  Figure  7. 


Figure  7  -  Acoustic  sounder  record  showing  the  evolution  of  the  boundary  layer  structure 
before,  during  and  after  an  air  pollution  alert. 
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The  late  afternoon  portion,  1700  to  2000  (local  time)  on  the  13th,  shows  the  typical  pattern  which 
occurs  after  thermal  plume  activity  has  subsided  and  the  lapse  rate  is  near  neutral.  Following 
2000,  we  see  evidence  of  a  surface  based  radiation  inversion  starting  to  form  and  deepen.   This 
process  continues  throughout  the  nocturnal  hours.   Other  layered  structure,  probably  the  result 
of  advected  inversion  layers,  also  appear  throughout  the  night.   These  layers  all  show  the 
typically  horizontally  stratified  structure  with  a  variety  of  wave  modes  superimposed.  Of 
particular  interest  is  the  subsiding  layer  which  appears  at  about  800  meters  shortly  before  0300 
on  the  l4th.  This  layer  continues  to  descend  until  just  before  0800  where  it  merges  with  the 
other  lower  layers  and  a  very  strong  surface  based  inversion  results.   Shortly  after  this  time, 
surface  heating  begins  to  have  an  effect  and  the  lower  regions  start  to  take  on  the  vertically 
oriented  structure  indicative  of  convective  activity.  This  process  tends  to  lift  and  intensify 
the  capping  inversion  which  was  responsible  for  the  air  pollution  alert.  By  1200  on  the  l4th. 
the  convective  activity  has  destroyed  the  inversion  layer  and  deep  mixing  has  started.  Two  hours 
later  at  1400,  the  air  pollution  alert  was  cancelled  in  Denver. 

The  temperature  structure  during  this  period  was  recorded  by  conventional  radiosonde  soundings 
at  Denver's  Stapleton  Airport.   The  temperature,  T,  and  dew  point,  T  ,  profiles  for  1700  LT  on 
the  13th,  and  0500  LT  on  the  14th  are  shown  in  Figure  8. 
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Figure  8 


Denver  radiosonde  records  corresponding  to 
the  record  shown  in  Figure  7. 


The  temperature  and  dew  point  profiles  taken  at  1700  LT  on  13  April,  1971  show  the  typical  subsidence 
inversion  associated  with  a  large  high  pressure  region.  These  profiles,  shown  as  dashed  lines  in 
Figure  8,  were  taken  near  the  beginning  of  the  record  shown  in  Figure  7.  The  second  set  of  profiles 
(solid  lines)  were  taken  at  0500  on  the  l4th,  near  the  right  side  of  the  top  portion  of  the  2k   hour 
record.   Looking  at  the  radiosonde  records  alone,  one  can  only  speculate  that  the  elevated  inversion, 
near  3.3  km  above  sea  level  (1700  meters  above  the  ground)  at  1700  on  the  13th  had  lowered  and  help- 
ed to  intensify  the  inversion  at  2.4  km  on  the  l4th.  The  acoustic  sounder  record,  on  the  other  hand, 
clearly  shows  this  evolution  with  the  subsidence  inversion  entering  the  picture  just  before  0300  and 
lowering  to  about  600  meters  above  the  ground.   It  is  difficult  to  make  a  direct  comparison  of  the 
inversion  height  at  the  two  locations  in  question.  However,  the  difference  of  less  than  200  meters 
at  O5OO  LT  appears  very  good  despite  such  factors  as  the  variation  in  surface  elevations,  local  flow 
patterns  and  ground  cover. 

While  this  record  does  not  tell  the  entire  story,  i.e.,  the  concentration  level  of  pollutants 
and  the  low  level  winds  are  absent,  it  is  a  simple  matter  to  trace  the  events,  even  with  data  taken 
at  a  point  far  removed  from  downtown  Denver.  Using  only  this  basic  type  of  display,  the  air  pollu- 
tion meteorologist  would  have  far  more  information  than  the  present  four  per  day  temperature  sound- 
ings provide. 

Before  placing  an  acoustic  sounder  in  the  urban  environment,  it  is  important  to  address  certain 
practical  questions  relating  to  the  ambient  background  noise  in  a  city.   The  issue  is  really  two 
sided;   l)  can  the  sounder  be  successfully  operated  in  the  high  noise  environment  of  an  urban  area, 
and  2)  will  the  operation  of  the  sounder  in  this  environment  prove  to  be  an  annoyance  to  the  inhabi- 
tants? 
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The  first  problem  has  been  extensively  analyzed  with  the  conclusion  reached  that  proper  side- 
lobe  suppression  can  be  achieved  by  shielding  the  antennas1  .   It  is  also  interesting  to  note  that 
acoustic  systems  designed  for  other  purposes,  but  essentially  operating  on  the  same  basic  principle, 
are  now  being  successfully  used  in  the  extremely  high  noise  environment  of  major  airports. 

Solution  of  the  first  part  of  this  problem  also  eliminates  the  worst  aspect  of  the  second  part, 
the  annoyance  factor.  As  most  of  the  sound  which  might  bother  people  is  transmitted  in  the  side- 
lobe  of  the  antenna,  shielding  for  sidelobe  suppression  will  also  greatly  reduce  the  annoyance  factor. 

CONCLUSIONS 

While  full  scale  testing  in  an  urban  environment  remains  to  be  completed,  the  results  to  date 
clearly  indicate  the  potential  of  an  acoustic  sounder  as  a  monitor  of  important  meteorological 
parameters  that  contribute  to  undesirable  air  pollution  situations.  At  present  it  appears  that  the 
worst  effect  of  a  high  noise  environment  on  the  operation  of  a  sounder  will  be  periodic  losses  of 
of  record,  a  factor  which  can  be  significantly  reduced  by  improved  anechoic  shielding  and  proper 
selection  of  operating  frequencies.   In  the  unlikely  event  that  as  much  as  half  of  the  record  is 
lost,  the  amount  of  usable  information  would  still  be  orders  of  magnitude  greater  than  is  available 
from  conventional  measuring  techniques.   This  point  is  well  amplified  by  comparing  the  information 
in  Figures  6  and  7  of  the  previous  section. 

The  importance  of  knowing  the  low  level  winds  associated  with  an  inversion  also  suggests  that 
the  Doppler  capability  should  be  incorporated  into  any  operational  system.  The  alternative  would 
be  to  produce  a  backlog  of  acoustic  records  taken  under  various  types  of  boundary  layer  structure 
and  then  use  a  pattern  recognition  technique  to  relate  the  observed  records  to  conditions  which 
might  produce  hazardous  air  pollution  events.   The  Doppler  capability  would  require  slightly  more 
complex  equipment,  but  the  additional  information  would  seem  to  be  worth  the  extra  investment. 
Analog  techniques,  now  under  development,  will  allow  rapid  extraction  of  the  Doppler  shift  at  pre- 
determined intervals  above  the  ground.  This  information  can  then  be  converted  into  a  real  time 
display  of  the  wind  profile,  updated  every  two  or  three  minutes. 

The  number  and  location  of  monitoring  stations  in  an  urban  environment  must  be  a  function  of 
such  factors  as,  the  local  terrain,  the  pattern  of  residential  vs.  commercial  zoning,  and  the  meso- 
scale  climatology  of  the  city,  each  case  being  analyzed  individually.   If,  for  example,  convergence 
into  the  urban  heat  island  is  a  factor,  stations  could  be  placed  at  strategic  locations  around  the 
perimeter  of  a  city  and  the  rate  of  inflow  monitored  continuously.   In  the  final  analysis,  especially 
when  compared  with  other  types  of  remote  sensors,   the  inexpensive  acoustic  sounder,  combining  its 
wind  and  temperature  measuring  capability,  seems  well  suited  to  the  task  of  monitoring  the  mesoscale 
urban  environment. 
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Acoustic  echo  sounding  techniques  have 
been  used  to  determine  vertical  velocities 
in  the  atmosphere  during  thermal  plume 
activity  and  a  nocturnal  inversion.  The 
existence  of  breaking  wave  formations 
within  the  inversion  has  been  clearly 
established. 


Experiments  during  the  past  few  years1,2  have  clearly  demon- 
strated the  potential  of  acoustic  echo  sounding  as  a  means  of 
monitoring  atmospheric  structure  and  motions.  This  work, 
although  striking  in  detail,  does  not  provide  quantitative 
measurements  and  the  interpretation  of  the  patterns  has  been 
based  chiefly  on  speculation  about  the  associated  velocity  and 
temperature  fields.  In  this  article  we  describe  how  Doppler 
information  from  acoustic  echoes  was  used  to  derive  vertical 
velocities  both  during  daytime  thermal  plumes  and  during  the 
occurrence  of  breaking  waves  within  a  nocturnal  inversion. 

The  scattering  of  sound  waves  by  turbulent  temperature 
and  wind  fluctuations  has  been  described  by  Tatarski3, 
Kallistratova",  Monin5  and  others.  The  potential  of  this 
scattering  process  for  remote  sensing  of  atmospheric  structure 
and  motion  has  been  fully  documented  elsewhere4,6,7,  but 
we  wish  to  point  out  that  for  the  monostatic  case  (that  is, 
using  collocated  transmitting  and  receiving  antennas)  only 
temperature  fluctuations  contribute  to  the  received  acoustic 
echo  power. 

Doppler  Shifts 

The  radial  velocity,  y,  of  a  scattering  target  is  given  by 


(H 


(I) 


where  c  is  the  phase  velocity  of  the  acoustic  wave  in  the  radial 
direction,  J0  is  the  original  carrier  frequency,  and  /d  is  the  fre- 
quency of  the  returned  signal.  Second  order  velocity  terms 
are  neglected  in  the  derivation  of  equation  (1),  but  although 
this  simplification  can  readily  be  made  for  electromagnetic 
waves,  caution  must  be  exercised  when  making  the  same 
simplification  for  the  acoustic  case,  especially  if  very  high 
wind  speeds  are  to  be  measured.  We  were  measuring  vertical 
velocities  less  than  2  m  s_1  so  the  second  order  terms  are 
unimportant. 

The  much  slower  speed  of  acoustic  waves  compared  with 
electromagnetic   waves   can   introduce   some  errors   into   the 


Doppler  measurements.  If  the  medium  along  the  path  to 
the  target  is  varying  with  time,  which  is  usually  the  case  in  the 
atmosphere,  additional  frequency  shifts  may  be  added  to  the 
true  Doppler  shift  produced  by  the  radial  motion  of  the 
target.  Fluctuations  in  the  vertical  velocity  of  the  air  along 
the  path  do  not,  however,  produce  spurious  frequency  shifts, 
provided  that  the  vertical  velocity  field  does  not  change  between 
the  upward  and  the  downward  traverse  of  the  medium.  On 
the  other  hand,  temperature  fluctuations,  which  produce 
phase  changes  of  equal  magnitude  and  sign  in  both  propagation 
directions,  will  not  cancel  out.  This  spurious  propagation- 
induced  frequency  shift  should  not  produce  errors  in  derived 
vertical  velocities  of  more  than  about  0.1  m  s~'  for  the  heights 
which  concern  us. 


Table  1    Acoustic  Echo  Sounder  Parameters  used  during  the  Doppler 
Experiment 


Peak  power 

Pulse  width 

Pulse  repetition  frequency 

Maximum  range 

Carrier  frequency 

Antenna  diameter 

Antenna  beam  width 

Beam  direction 

Receiver  band  width 

System  noise  level  in  100  Hz  band  width 

Scattering  volume  at  100  m  altitude 


6.4  W  (acoustic) 

100  ms 

1  s-1 

170  m 

4,000  Hz 

122  cm 

+  2°  to  3  db  points 

Vertical 

100  Hz 

~10-'8  W 

Cylindrical,  »7m 
diameter  by 
17  m  deep 


The  frequency  spectrum  of  the  returned  signal  is  compared 
with  that  of  the  original  transmitted  pulse  to  obtain  the 
Doppler  frequency  shift.  The  method  of  obtaining  the  spectra 
differs  slightly  in  the  acoustic  and  electromagnetic  cases, 
primarily  because  of  the  characteristically  much  higher  pulse 
repetition  rate  used  with  electromagnetic  radar.  The  final 
spectrum  generated  from  a  radar  return  is  extracted  from 
information  contained  in  each  of  many  separate  pulses  and 
it  is  this  spectrum  which  is  used  to  reproduce  the  Doppler 
frequency;  in  the  acoustic  case,  a  spectrum  can  be  generated 
for  each  pulse.  The  higher  pulse  repetition  rate  of  the  radar 
does  not  increase  the  accuracy  if  the  signal-to-noise  ratios 
and  overall  duty  cycles  (fraction  of  time  that  the  transmitter 
is  on)  are  equal  in  the  two  cases.    A  further  improvement  can 
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be  made  by  averaging  the  acoustic  spectra  from  succeeding 
pulses,  although  this  reduces  the  horizontal  resolution  (by 
increasing  the  size  of  the  total  volume  being  considered) 
because  of  the  ambient  air  motion  during  the  time  required  to 
collect  the  sample. 

Resolution 

Vertical  resolution  is  much  higher  for  the  acoustic  Doppler 
method  because  of  the  difference  in  the  speed  of  the  acoustic 
and  electromagnetic  wave.  Standard  pulse  radars  have  range 
resolutions  of  about  100  m,  but  acoustic  sounders  readily 
attain  resolutions  of  the  order  of  10  m,  and  can  be  further 
improved  by  using  shorter  pulse  lengths.  The  vertical  resolu- 
tion is  then  only  limited  by  the  length  of  the  transmitted 
pulse,  suggesting  that  a  very  short  pulse  length  would  be 
optimum.  The  selection  of  optimum  pulse  length  must  be  a 
compromise,  however,  in  order  to  reduce  the  transmitted 
band  width  and  to  increase  the  signal-to-noise  ratio.  In  both 
cases,  FM-CW  or  other  broad  band  modulation  techniques 
can  be  used  to  obtain  better  range  resolution  if  necessary. 

The  relevant  parameters  of  our  equipment  are  shown  in 
Table  I.  The  pulse  repetition  rate  was  fixed  at  1  s_I  and  gives 
a  maximum  usable  range  of  170  m.  The  carrier  frequency 
was  increased  to  such  a  value  that  echoes  were  obtained  at 
approximately  the  maximum  range  with  a  minimum  of  return 
from  higher  levels;  this  ensured  that  echoes  from  preceding 
pulses  would  not  contaminate  the  returns — the  strong  depend- 
ence of  atmospheric  attenuation  on  frequency  makes  this  a 
suitable  method  for  limiting  the  range  of  an  acoustic  sounder. 
The  antenna  beam  width  becomes  narrower  at  higher  fre- 
quencies, and  so  the  spatial  (horizontal)  resolution  of  the 
system  also  improves  as  the  frequency  is  increased. 
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Example  of  spectra   used   to  determine   the   Doppler 
Amplitudes  of  spectra  are  not  plotted  on  the  same  scale. 


The  data  were  reduced  in  a  two  channel  digital  processor 
which  derived  the  frequency  spectra  of  the  returned  signal 
at  predetermined  range  gates  corresponding  to  selected 
heights.  The  stability  of  the  estimate  was  increased  by 
taking  spectra  from  each  of  ten  succeeding  pulses  and  then 
averaging  them  together.  The  power  spectra  for  transmitted 
pulses  and  the  return  echoes  were  then  plotted  on  a  linear 
scale   of  frequency   against    power;     the    Doppler   shift   was 


determined  by  visual  inspection  and  it  was  therefore  necessary 
to  limit  the  number  of  spectra  by  using  only  alternate  groups 
of  ten  pulses  at  a  given  height  and  alternating  the  groups  of 
ten  from  level  to  level,  thus  creating  a  checkerboard  pattern 
of  sampled  volumes  in  time  and  height.  The  best  fit  curve 
through  the  computed  spectrum  was  estimated  and  the  peak 
taken  as  its  first  moment.  The  mean  vertical  velocity  of  the 
volume  was  determined  from  equation  (1).  The  spectra  were 
fair  approximations  to  a  Gaussian  curve  (see  Fig.  la).  A  few 
of  the  spectra  had  bimodal  shapes  (see  Fig.  \b)  suggesting 
that  two  or  more  separate  velocity  regions  were  contained 
within  the  volume  sampled  by  the  sounder  during  the  10  s 
averaging  period. 


Fig.  2     Acoustic  echoes  (left)  and    Doppler  derived   vertical 

velocity  field  during  thermal  plume  activity.    Contour  interval 

is  0.4  m  s_l;  regions  of  vertical  velocity  <0.8  ms"'  are  shaded; 

arrows  indicate  direction  of  vertical  component. 


Plumes  and  Inversions 

Two  cases  were  analysed  which  represented  distinctly 
different  vertical  velocity  regimes.  The  first  set  of  data  was 
taken  during  the  afternoon  of  October  9,  1970,  when  convective 
thermal  plume  activity  was  present.  A  portion  of  the  facsimile 
record  for  this  time  (see  Fig.  la)  shows  the  characteristic 
strong  returns  from  the  ascending  air  and  weaker  or  non- 
existent returns  from  the  surrounding  region;  the  derived 
vertical  velocity  field  is  shown  in  Fig.  lb.  The  strongest 
acoustic  echoes  do  not  correspond  exactly  with  the  regions  of 
maximum  vertical  velocity,  but  are  displaced  slightly  in  a 
downwind  direction  and  arrive  first  at  the  sounder.  This 
implies  that  the  strongest  temperature  fluctuations  are  asso- 
ciated with  the  region  of  maximum  shear  between  the  rising 
warm  air  and  the  descending  cooler  air,  as  would  be  expected. 
The  vertical  or  even  slightly  upwind  slope  of  both  the  echoes 
and  the  vertical  velocity  field  seems  to  be  in  disagreement 
with  results  of  previous  thermal  plume  studies  in  which  it  has 
been  shown  that  the  slope  of  the  plume  is  a  function  of  the 
vertical  shear  of  the  horizontal  wind8.  Conventional  wind 
data  associated  with  the  two  cases  were  available  only  at  a 
height  of  5  m,  and  there  is  no  way  to  correlate  the  slope  of 
the  plume  with  actual  measured  wind  shear.  Also,  because 
of  equipment  limitations,  the  lowest  echoes  occur  at  about 
25  m  and  the  slope  of  the  plume  between  this  level  and  the 
ground — the  region  where  most  previous  tower  measurements 
have  been  made — is  not  available  for  comparison.  For  a  well 
mixed  atmosphere,  which  characteristically  accompanies 
thermal  plumes,  the  wind  profile  would  contain  strong  shear 
in  the  lowest  few  metres,  but  vertical  momentum  transfer 
would  tend  to  eliminate  shear  at  higher  levels.  This  leads  to 
the   conclusion   that   the   observed   slopes   are   realistic;     the 
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apparent  inconsistency  with  previous  studies  seems  principally 
due  to  the  different  height  ranges  investigated. 

Data  for  the  second  case  were  taken  from  acoustic  measure- 
ments made  between  0035  :  40  and  0042  :  00  h  on  October  12, 
1970,  just  before  passage  of  a  cold  front.  During  the  time 
before  and  including  this  example,  the  nocturnal  inversion 
exhibited  large  oscillations  with  amplitudes  of  about  100  m 
and  a  period  of  1 5  to  20  min.  Fig.  3a  shows  a  portion  of  the  last 
oscillation  before  the  complete breakdownofthestructure,  which 
is  accompanied  by  an  abrupt  increase  in  the  surface  wind 
velocity  from  3  m  s  l  to  12  m  s_1.  Smaller  oscillations  are 
clearly  visible  within  the  larger  one  and  are  interpreted  as  the 
return  from  a  breaking  gravity  wave.  The  Doppler  derived 
vertical  velocity  field  (see  Fig.  3b)  shows  the  alternating  up 
and  down  motion  as  these  smaller  waves  pass  the  acoustic 
sounder  with  the  region  of  downward  velocity  ahead  of  the 
breaking  wave  in  the  centre  and  top  half  of  the  picture.  The 
"spillover"  from  the  breaking  gravity  wave  is  seen  just  before 
0039  h  at  heights  between  90  and  100  m. 

A  slightly  different  presentation  of  the  breaking  wave  is 
shown  in  Fig.  4;  the  wind  speed  at  a  height  of  5  m  was  used 
to  estimate  the  horizontal  translation  of  the  air.  Assuming 
that  the  values  recorded  at  this  height  are  representative  for 
all  heights,  it  is  possible  to  interpret  a  streamline  pattern 
through  fhe  breaking  wave  by  using  the  measured  vertical 
velocity  components.  Although  the  assumption  of  constant 
wind  speed  through  the  layer  is  rather  extreme,  the  procedure 
does  reverse  the  order  of  events  from  right  to  left  and  produces 
a  pattern  which  is  more  easily  recognized  as  a  breaking  wave. 
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Fig.  3  Acoustic  echoes  (left)  and  Doppler  derived  vertical 
velocity  field  under  a  nocturnal  inversion  which  was  exhibiting 
wave  motions.  Contour  interval  is  0.4  m  s  ';  velocities  <0.8 
m  s~',  single  hatching;  <  1.6  m  s~',  double  hatching;  upward 
vertical  velocities,  solid  lines;  downward  vertical  velocities, 
dashed  lines.  Derived  streamlines  for  area  within  box  are  shown 
in  Fig.  4. 


It  is  difficult  to  assess  the  accuracy  of  the  Doppler  velocity 
measurements  because  of  the  method  of  determining  the  first 
moment  of  the  spectra;  the  remarkable  consistency  of  the 
velocity  field  suggests,  however,  that  the  accuracy  of  the 
velocities  is  about  ±0.2  m  s  '.  A  further  accuracy  estimate 
for  the  velocity  measurements  can  be  obtained  from  the 
vertical  displacement  of  identifiable  portions  of  the  acoustic 
echoes.    The  vertical  velocity  deduced  for  the  descending  layer 

near  0032  h  was  —  1.6  m  s~'.    This  compares  with 1.0  m 

s_1  measured  by  the  Doppler  method,  and  is  in  reasonable 
agreement  considering  that  the  Doppler  velocities  are  spatially 
averaged  over  10  s. 

Only  the  first  moment  of  the  frequency  spectrum  was 
required  for  determining  the  Doppler  shift  but  a  more  complete 


analysis  of  the  individual  spectra,  including  the  extraction  of 
higher  moments,  should  help  to  develop  a  clearer  picture  of 
the  turbulent  structure  within  a  given  scattering  volume. 

Refinements 

Other  refinements  in  the  technique  are,  of  course,  still  needed, 
for  example  digitization  of  the  acoustic  records  and  on-line 
data  processing.  It  would  also  be  desirable  to  have  a  better 
understanding  of  the  processes  producing  spectra  which  are  not 
normally  distributed  and  which  might  lead  to  improved 
methods  of  determining  the  true  Doppler  shift  caused  by  the 
vertical  motions.  A  component  of  the  horizontal  wind  could 
be  measured  with  improved  scanning  techniques,  including 
beam  tilting. 
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Fig.  4     Derived    streamline    pattern    for    region    outlined    in 
Fig.  3. 


The  potential  of  the  acoustic  Doppler  approach  as  a  method 
of  measuring  velocity  fields  in  the  Earth's  boundary  layer  is 
clearly  demonstrated.  With  the  help  of  relatively  inexpensive 
equipment  it  should  now  be  possible  for  the  meteorologist  to 
gain  new  insight  into  such  problems  as  low  level  heat  flux, 
air-sea  interaction  and  exchange  processes,  and  the  structure 
and  motion  of  wave  phenomena.  As  was  stressed  carlierh,  it 
should  also  be  possible  to  determine  the  variation  with  height 
and  time  of  the  temperature  structure  constant,  C7  (thai  is,  of 
the  r.m.s.  difference  in  atmospheric  temperature  at  two  points 
unit  distance  apart).  This  parameter  is  of  importance  in  the 
field  of  optical  communications,  because  it  is  linearly  related 
to' the  structure  constant  C„,  which  describes  the  intensity  of 
small  scale  fluctuations  of  optical  refractive  index. 
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ACOUSTIC   ECHO-SOUNDING  MEASUREMENTS  OF 
TEMPERATURE  AND  WIND  FLUCTUATIONS 

J.   W.   Wescott,  W.   R.    Simmons,  and  C.   G.    Little 


This   report  describes   the  Wave  Propagation  Laboratory 
Mark  I   acoustic  echo-sounding  system  and  illustrates   its 
performance  with  results   obtained  during  observations 
alongside   a  500 -ft  meteorological  tower  at  Haswell,   Colorado, 


228 


31 

Reprinted    from    NOAA    Technical    Report,    ERL    216-WPL    17,    1971. 


ACOUSTIC  ECHO  SOUNDING  AS  RELATED  TO  AIR  POLLUTION  IN  URBAN  ENVIRONMENTS 


W.  R.  Simmons,  J.  W.  Wescott,  and  F.  F.  Hall,  Jr. 


The  feasibility  of  operating  an  acoustic  echo 
sounder  in  an  urban  or  industrial  environment,  without 
serious  degradation  in  performance  and  -without  contribut- 
ing to  noise  pollution,  is  confirmed.  Anechoic  absorbers 
placed  about  the  acoustic  antenna  are  the  key  to  improving 
the  sounder  performance.   Optimum  operating  frequencies 
are  between  1  and  2  kHz.   The  design  and  operation  of 
the  all  solid  state  circuitry  is  described. 

Key  words:   Atmospheric  acoustics,  acoustic  echo 
sounder,  urban  noise 
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Electromagnetic  Phase  Variability  as  a  Measure 
of  Water  Vapor  and  Temperature  Variations 
over  Extended  Paths 

B.R.  BEAN,  RE.  McGAVIN 

Environmental  Science  Services  Administration  Research 

Laboratories,   Boulder,  Colorado,  U.S.A. 

Summary 

In  many  applications  the  value  of  the  water  vapor  density  and  of  temperature  would 
be  more  meaningful  if  the  measurement  is  integrated  over  an  area  or  along  a  path 
rather  than  being  made  at  a  fixed  point.     With  the  development  of  radio  and  optical 
distance  measuring  techniques,   integrated  measurements  are  becoming  practical 
over  paths  of  tens  of  km.      Accuracy  to  be  expected  from  commercially  available 
two-frequency  methods  indicates  that  the  absolute  value  of  the  integrated  water 
vapor  density  can  be  determined  to  within  approximately  2.  75%,  that  of  integrated 
temperature  to  within  approximately  0.6%.     The  resolution  to  be  expected  is  .02 
gm/m3  in  water  vapor  density,  0. 1*K  in  temperature.      With  the  expected  improve- 
ment of  available  equipment  the  uncertainties  in  the  absolute  values  are  expected  to 
be  reduced  to  considerably  less  than  1%.      Added  improvement  can  be  achieved  by 
avoiding  approximations.     The  ultimate  accuracy  depends  on  the  accuracies  in  the 
coefficients  in  the  equations  for  refractive  index. 

Introduction 

Until  recently  the  atmospheric  scientist  has  been  limited  to  point  measurements  of 
pertinent  meteorological  parameters.     It  is  known  that  the  probes  used  disturb  the 
environment  and  that  the  point  measurement  itself  is  not  necessarily  characteristic 
of  the  region  or  even  of  another  point  not  far  removed  from  the  observing  point. 
For  many  applications  values  of  such  parameters  integrated  over  an  area  or  along  a 
path  would  be  a  more  useful  quantity.     With  the  development  of  accurate  electrical 
distance  measuring  techniques,  a  promising  method  has  become  available  for  meas- 
uring water  vapor  and  temperature  over  paths  tens  of  kilometers  long.     The  devel- 
opment of  these  techniques  is  the  result  of  increased  interest  in  accurate  geodesy. 
The  literature  on  this  subject  has  been  growing  steadily  during  the  past  decade. 
Review  papers  are  now  available  where  state-of-the-art  techniques  and  expected 
accuracies  are  discussed.     The  reader  is  referred  to  these  papers  and  to  their 
bibliographies  for  detailed  discussion  (1)  (2)  (3). 

The  electromagnetic  path  length  can  be  shown  to  be  a  function  of  the  refractive  in- 
dex which  in  turn  is  a  function  of  temperature,  water  vapor  and  pressure.     In  this 
chapter  we  will  analyze  first  the  possibility  of  estimating  water  vapor  density  from 
radio  path  length  measurements  alone,  and  then  the  possibility  of  estimating  both 
water  vapor  density  and  temperature  using  a  radio-optical  system.     The  discussion 
here  has  been  confined  to  a  dual  frequency  system  (1  microwave  and  1  optical),  with 
the  realization  that  a  three-frequency  system  would  produce  a  significant  increase 
in  accuracy. 

Attention  will  be  concentrated  on  the  uncertainty  in  the  measurement  of  the  water 
vapor  density  and  temperature  integrated  over  the  path.     These  uncertainties  arise 
due  to  limitation  in  instrumental  capabilities,  experimental  evaluation  of  constants 
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and  from  what  is  considered  to  be  reasonable  approximations.      Uncertainty  here  is 
defined  as  the  range  of  values  which  should  contain  the  true  value  of  the  quantity 
desired.      Where  random  errors(in  absence  of  systematic  errors)are  encountered, 
the  uncertainty  is  defined  as  one  standard  deviation.      Bias  errors  due  to  approxi- 
mations are  combined  in  a  root  sum  square  (rss)  fashion  with  the  standard  deviat- 
ions of  random  errors  to  provide  an  estimate  of  the  possible  percent  departure  from 
the  true  value. 

Atmospheric  Effects  on  the  Radio  Path  Length 

Theory 

The  radio  path  length  (LR)  is  related  to  the  geometric  path  length  (S)  by: 

s 


o 


(Eq.   58-1) 


where  nR  is  the  refractive  index  at  radio  frequencies.     This  can  be  written: 


Lr  =<%>S, 


(Eq.  58-2) 


where  <n   >  is  the  space  average  of  the  refractive  index  over  the  path.    (Usually  nR 
is  expressed  in  terms  of  NR  where  NR  =  (n^  -1)106.    The  constants  in  equation  58-3 
yield  accuracies  in  NR  on  the  order  of  0. 1%.  )  In  radio  distance  measuring  this  re- 
lationship is  utilized  to  determine  the  geometric  distance  from  the  radio  path  length. 
The  measured  radio  path  is  corrected  for  the  average  value  of  the  refractive  index 
calculated  from  meteorological  measurements  at  each  terminal  to  provide  an  esti- 
mate of  the  geometric  path  length  (S  is  not  the  exact  straight  line  distance  since  the 
path  is  slightly  curved  due  to  refraction).     If  the  problem  is  inverted,  i.e.,  if  S  is 
known  from  other  sources,  then  the  mean  values  and  fluctuations  of  LB  will  yield 
the  mean  value  and  fluctuations  of  the  refractive  index  averaged  over  trie  path. 


Now  from  (4): 


Hr  -  1  +  K     ^ 


+   K, 


(Eq.   58-3) 


where: 


Kj 

P 
T 


=    7.  76  x  10-5°K/mb 

=    1.72  x  10-3°K/gm/m3 

=  total  pressure  in  mb 

=   temperature  in  °K 

=  water  vapor  density  in  gm/m3 


and  then  performing  the  space  averaging  and  assuming  <  "^T~> 

<f>w>l 
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~    S 


[l+K    <£>    +    K 

1    <TT  2 


<x> 

(Eq.   58-4) 
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or: 


If  some  estimates  of  <T>  and  <P>  are  available,  then  1^  will  provide  a  measure 
of  the  integrated  water  vapor  density  over  the  path.    Variations  in  the  average 
water  vapor  density  are  given  by: 

d<Pw>                          d<Pw>       /Lr        \      9<Pw> 
A<pw>= A«X>)  + A l)+ AP       (Eq.     58-6) 

a<r>  /Lg     \    \s       /     a<p> 

v-v 

Then  assume  that  for  average  conditions: 

<T>  =  300°  K 

LR  .4 

1  =  3  x  10      (equivalent  to  <n>  =  1.000300) 

S 

<P>  =  1000  mb 

(where  the  overbar  denotes  a  time  average);  equation  58-16  becomes: 

A<Pw>  -0.174  A(<T»  +  1.74  x  105  aQ*-iV  0.045  A  (<P>) 

(Eq.    58-7) 

which  indicates  the  sensitivity  of  the  measured  integrated  water  vapor  density  to 
changes  in  integrated  temperature  and  pressure  as  well  as  to  radio  path  length 
variations.    The  contribution  from  pressure  variations  is  very  small  since  P  is 
not  expected  to  change  by  more  than  a  tenth  of  a  millibar.    However,  the  contri- 
bution of  uncertainties  in  the  assumed  mean  temperature  is  significant.    If  one 
uses  a  time  average  of  the  temperature  at  a  point  as  an  estimate  of  the  integrated 
temperature,  an  error  will  be  introduced.    For  example,  from  a  recent  experi- 
ment on  a  1.  65  km  over-water  path,  the  rms  fluctuations  in  the  temperature  as 
measured  at  the  center  of  the  path  were  compared  to  those  measured  by  optical 
path  variations.    The  average  over  a  number  of  10-min  samples  indicated  an 
rms  variability  of  0.  2°  C  in  the  point  measurements  whereas  the  rms  variability 
in  the  optical  path  measurements  was  only  a  few  hundredths  of  a  degree  (5) . 
Hence  the  use  of  a  point  measurement  of  temperature  in  equation  58-5  over  this 
path  could  contribute  an  uncertainty  of  as  much  as  4%in  <PW>  due  only  to  temper- 
ature variability.     (The  contribution  from  the  pressure  was  less  than  0. 1% .    It  is 
evident  that  if  the  radio  path  length  alone  is  to  furnish  an  accurate  estimate  of  the 
integrated  water  vapor  over  a  path,  some  better  method  must  be  used  to  obtain  an 
estimate  of  the  integrated  temperature. 

Experimental  Estimates 

A  direct  test  of  how  well  the  radio  path  length  alone  can  yield  estimates  of  water 
vapor  density  was  made  using  data  from  six  paths  taken  from  the  literature  (6)  (7). 
These  paths  represented  two  diverse  climates  and  terrain  settings:    Boulder, 
Colorado  (  a  dry  climate  and  mountainous  region)  and  Cape  Kennedy,  Florida  (a 
moist  climate  and  flat  terrain) .    A  synopsis  of  the  path  characteristics  is  given  in 
Table  1. 
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Unfortunately,  these  data  yield  only  relative  values  of  (LR/S)-1    and  not  absolute 
values,  but  for  this  test  this  is  not  important.  ^We  assume  initial  values  of 
(Lp  /S)  -1     and  pw  and  measure  variations  of  J5W  using  equation  58-5.    Estimates  of 
the  average  temperature  and  pressure  were  obtained  from  measurements  at  both 
ends  of  the  path.    A  comparison  was  made  on  samples  of  10-sec  averages  taken 
every  half  hour.    Figures  58-1,  58-2,  and  58-3  illustrate  these  comparisons 
between  pw  determined  by  path  length  measurements,  and  pw  determined  by  psych- 
rometric  measurements.    The  bias  between  samples  is  due  to  the  initial  assumption 
in  LR .    But  there  is  surprisingly  good  agreement  between  pw  and  pw.    The  17. 1  km 
Cape  Kennedy  path  yielded  the  highest  correlation  coefficient  (r),  of  (0.983)  while 
the  7.  7  km  path  at  the  same  location  produced  the  lowest  correlation  (0.  622) .     (It  is 
interesting  to  note  that  even  for  point  measurements  most  of  the  short  term  variabil- 
ity in  the  refractive  index  is  caused  by  variations  in  water  vapor  (8). ) 

Measurement  of  Water  Vapor  Density  and  Temperature  by  Microwave-Optical 
Techniques 

Theory 

Microwave  phase  systems  have  been  under  continuous  development  since  1955  (9). 
Recently,  comparable  optical  systems  have  been  enjoying  similar  growth  (3)  (10). 
The  use  of  both  microwave  and  optical  techniques  should  provide  estimates  of  both 
integrated  water  vapor  density  and  integrated  temperature.      The  microwave  system 
is  sensitive  to  both  temperature  and  water  vapor,  whereas  the  optical  system  while 
sensitive  to  temperature  is  only  weakly  influenced  by  water  vapor. 

The  optical  path  length  can  be  expressed  as: 

L      *  S|l  +  K       <  P>     +  K    <p  >  1  (Eq.     58-8) 

where  if  the  optical  wavelength  is  6328  A: 
K3=    8.09  x  10-5oK/mb 

8  3 

K4  =  -5.  33  x  10"  /gm/m 
If  this  is  combined  with  equation  58-4: 

L_   -  L  <Pw  > 

— -=[KX  -  Kj  <Z>   +  K2  -  K4  <pw> 

S  <T  >  <T> 


For  convenience  define  a  new  parameter  K    by: 


(Eq.     58-9) 


K2 

K5 
K    = 

<T> 

4     <T> 

which  for  <T>   =293°: 

K    =  1.74  x  lO-^gm/m3  (Eq.    58-10) 

233 


(a) 


N 


g.m 


06           12            18        105oWMT 
6/7/59 ->j 


(b) 


Pw] 


15 


12 


g.m 


-3 


Fig.   58-1 


TABLE  MESA.  COLO. 
PATH    LENGTH   3.2  km 


£     =0.8U  £     -1.157 
Pw               Pw 
y 

[y 

7^ 

ry 

rM 

r(?w       fw)=a871 

•  > 

• 

12 


16 


20 


24 


N 


g.m 


Comparison  between  water  vapor  density  pw  as  measured 

by  the  radio  path  length  and  pw  as  measured  by  psychrometric 
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Comparison  between  water  vapor  density  /Tw  as  measured 

by  the  radio  path  length  and  pw  as  measured  by  psychrometric 

means  at  the  path  terminals 
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Using  this  constant  value  of  K5  will  result  in  a  maximum  possible  error  of  0.1  % 
compared  to  equation  58- 9  for  a  temperature  range  of  233°K  to  303°K.      Hence 

LR"L0                         -6  ^t>%            „.    ,o-3<Pw> 
_^ =-3.3x10      <p>   +  1.74x10      

S  <T>  <T>  (Eq.     58-11) 

and: 


<pw>   =    575 


<T>+  0.0019  <P> 


(Eq.     58-12) 


where  <pw>  is  now  a  linear  function  of  <  T  >  and  <  P  >. 
The  average  temperature  is  found  from  equation  58-8  to  be: 

_  5 


<T>  = 


8.09  x  10"     <P> 


£--) 


+  5.33  x  10 


<P   > 


(Eq.     58-13) 


A  further  approximation  can  be  made  in  equationJ>8-12  for  the  average  value  of  <pw> 
If  average  conditions  are  again  assumed  to  be  <  P  >    =  1000  mb,  <  T  >  =  293  K, 
and  <  RH  >    =  70%,  then: 


<T>    = 


8.09  x  10       <p> 


(Eq.     58-14) 


&•■) 


+  4.80  x  10' 


where  the  increase  in  the  maximum  possible  error  will  be  less  than  0.2  h  over  a 
reasonably  expected  range  of  humidity  and  temperature.      Using  equation  58-14, 
equation  58-12  now  becomes: 


^^  =  4.65  xlO 


_2 


W  -  L0 


Ln  _7 

—    -  1-4  4.80  x  10 


+  .041 


L    S 


<P>         (Eq.     58-15) 


If  <  P>  does  not  vary  by  more  than  a  few  tenths  of  a  millibar  and  if  there  are  no 
instrumental  errors,  the  total  uncertainty  in<pw  >   should  not  exceed  0.6  n  and  that 
in  A  T  should  not  exceed  0.  3%  except  when  there  are  extreme  changes  in  tempera- 
ture or  humidity.      These  coefficients  can  be  determined  for  the  particular  location 
and  season,  and  hence  an  accuracy  of  approximately  0.  5%  should  be  achievable. 

In  addition,  these  expressions,  can  be  simplified  to: 


and: 


<T>=  8.09  x  10- 


<pw>  =  4.65  x  10" 


(  —  ) 

\L0-S/ 


<P> 


(Eq.     58-16) 


Lr"Lo 
L0   "S 


+  0.041      <p> 


where  the  uncertainty  due  to  the  approximations  and  to  the  coefficients  in  the  equat- 
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ion  for  refractive  index  is  0.3%,  root  sum  square  (rss),  in  <  T>  and  0.65%  (rs11 
in<Pw>. 

Instrumental  Limitations 

Up  to  this  point  it  has  been  assumed  that  LR,  L0  and  S  are  known  exactly.     It  re- 
mains to  find  the  uncertainty  in  <pw>    due  to  inaccuracy  in  LR,  LQ    and  S.      Con- 
sider the  finite  differential,  of  equation  58-16  under  the  assumption  of  <  P>  =  100C 
mb,  S  =  1  km,  <  T>  =  293°<pw>     =  10  gm/m3. 

A(<T>)=0.29A(<P>)-10.6ALo  +  10.6AS  ^^ 

A(<pw>)  =  0.009A(<P>)  -  1.97AL0+  1.69ALR  -0.287AS 

If    L0  and  L^  can  be  measured  with  an  uncertainty  of  no  more  than  1  ppm  (k  e.  0. 1 
cm  in  1  km),  then  the  uncertainties  in  <  T>   and  <pw>  will  be  0.33%  and  2%, 
respectively.     It  is  also  evident  that  if  S  can  be  measured  with  an  equivalent  accur- 
acy (i.e.  1  ppm)  then  it  likewise  will  give  rise  to  an  uncertainty  of  0.33%  in  <  T  > 
and  approximately  0.3%  in  <pw>. 

An  indirect  method  of  determining  S  was  tested  in  the  aforementioned  overwater 
experiment.     Forty-two  determinations  of  LR  were  made  over  the  1.65  km  path 
during  a  5-|  -day  period.     The  refractive  index  was  measured  at  both  ends  of  the 
path  at  the  times  of  these  measurements.     Over  the  entire  period  L  varied  8  cm, 
but  when  corrected  for  the  refractive  index  as  measured  at  the  terminals,  the  rar^ 
was  reduced  to  2  cm.     The  mean  value  of  the  42  determinations  of  S  was  164, 
982.3  cm;    the  standard  deviation  was  0.  52  cm.     Hence,  the  standard  error  of  the 
mean  was  less  than  0. 1  cm  representing  an  uncertainty  of  about  1  ppm. 

Summary 

The  accuracy  in<p   >  and  <  T  >  expected  under  these  measurement  conditions 
yields  an  uncertainty  in  the  absolute  values  of  2.6%  (rms)  in<pw>    and  less  than 
0.5%  (rms)  in  <  T>  .     When  all  the  uncertainties  are  considered,  i.e.,  accurac- 
ies of  the  constants  in  the  equations  for  refractive  index,  approximations  used,  anc 
the  measurement  accuracies,  the  overall  uncertainty  in  <pw  >    is  approximately 
2.  75%  (rss),  that  in  <  T  >  approximately  0.  6%  (rss).     Most  of  this  uncertainty  in 
<pw>    is  due  to  measurement  capabilities  which  probably  can  be  improved.     The 
remainder  of  the  uncertainty  is  divided  between  the  accuracies  in  the  coefficients 
in  the  refractive  index  equations  and  the  approximations  used. 

If  A  LR  ,  and  A  L0  and  S  exhibited  uncertainties  of  1  part  in  10 7,  then  the  uncertain- 
ty in  <T>  would  be  .05%,  and  that  in    <pw>  would  be  0.3%  due  only  to  measure- 
ment capability.     There  are  experimental  systems  which  exhibit  these  capabilities 
today  but  it  may  be  some  time  before  such  devices  are  commercially  available. 
Further  improvement  in  the  residual  uncertainty  of  approximately  0.  5%  would  re- 
quire more  exactitude  in  the  coefficients  in  the  equations  for  the  refractive  index. 

Measurement  of  Fluctuations 

This  process  can  be  simplified  if  only  small  variations  about  an  arbitrary  mean  are 
of  interest.     The  total  differentials  in  finite  form  of  equations  58-4  and  58-7  yield  ex- 
pressions of  the  form: 

A«pw»=A[ALR-  BALo]-CA«P» 

A(<T»=  -|-[ALR-  EAL    ] -FA«P»  (Eq.    58-18) 
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where  the  coefficients  in  equation  58-18  involve  the  constants  KL  to  K4  and  the  aver 
ape  values  of  the  temperature,  pressure  and  water  vapor  density.     These  coeffic 
ients  are  sensitive  to  the  average  conditions  selected  and  can  change  appreciably. 
Graphs  can  be  constructed  so  that  appropriate  coefficients  can  be  chosen.      For 
assumed  values  of: 


<P>      =    1000  mb 
<T>      =    293°K 


<PW>     =      10  gm/m3  (RH    =    58%) 

A<pw>  =     1-69  x  10_  ^aLr  _  1<17AL    ]+  0.009A<P> 


1, 

,69 

X 

105 

S 

1. 

.05 

X 

106 

(Eq.     58-19) 


A<T>  =  - —  [  -  0.  0091ALR  -  AL0  ]  +  0.  292A<P> 


which  is  of  course  similar  to  equation  58-17.    It  is  seen  that    A<pw>    is  only  weakly 
dependent  upon  pressure  changes  whereas  A  <T>  is  significantly  influenced.     The 
sensitivity  of  the  coefficients  in  these  expressions  can  be  appreciated  when  it  is 
realized  that  a  change  in  the  mean  value  of  <pw  >    of  2  gm/m3  (a  change  of  12*  in 
relative  humidity  at  293°K)  produced  negligible  change  in  either  A<pw  >    or  A  <  T>; 
a  change  of  10  mb  in  the  pressure  reflected  a  change  of  less  than  1  %in  the  amplitude 
of  A<pw  >    or  A  <  T>;    a  change  of  5°C  in  the  mean  value  of  the  temperature  will 
cause  approximately  3.  5  9c  change  in  the  apparent  amplitude  of  both  A<pw  >    and 
A  <T>.     Hence  the  degree  of  accuracy  desired  in  the  estimation  of  fluctuations  of 
<pw  >   or  <  T>   about  an  arbitrary  mean  will  determine  the  range  over  which  these 
coefficients  can  be  assumed  constant.      This  is,  more  or  less,  under  the  control  of 
the  experimenter. 

Consider  how  these  perturbations  are  affected  by  the  precision  in  A  LR    and  A  L0 . 
A  LR  and  A  L0  should  have  a  precision  of  approximately  1  part  in  10 7.     Then  from 
equation  58-19  the  resolution  inA<T>   would  be  approximately  0.1°C  and  that  of 
A<pw  >    would  be  0.02  gm/m3. 

An  Initial  Experimental  Investigation  of  the  Use  of  a  Microwave-Optical  System  to 
Measure  Water  Vapor  Density  Variability 

An  initial    nvestigation  of  this  technique  was  made  for  a  5^  day  period  atLake Hefner 
Oklahoma,  in  August  of  1966.      A  microwave  phase  system  (11)  as  well  as  an  optical 
distance  measuring  system  (10)  were  installed  on  a  1.65  km  path  over  the  lake. 
Meteorological  measurements  were  made  at  both  terminals  and  on  a  tower  at  the 
center  of  the  path.      Since  evaporation  suppressing  films  were  spread  from  time  to 
time  on  the  surface  of  the  lake,  a  large  range  of  humidities  were  provided.     (107 
samples  of  10-sec  averages  taken  every  half  hour  were  used).     The  initial  results 
have  been  published  by  Bean  and  Emmanuel  (12).      Figure  58-4  illustrates  the  com- 
parison between  the  fluctuations  in  the  radio  path  length  and  the  variations  in  the 
water  vapor  density  measured  at  the  center  of  the  path:     Figure  58-5  shows  the 
relationship  between  variations  in  the  optical  path  length,  L0  and  temperature  var- 
iations at  the  center  of  the  path.     The  correlation  coefficients  between  these  var- 
iables are  shown  in  Table  2. 

It  can  be  seen  that  the  correlation  between  the  radio  path  length  (an  integrated  meas- 
urement) and  the  water  vapor  density  (a  point  measurement)  is  quite  good;    however, 
a  definite  improvement  results  when  the  radio  path  is  corrected  by  the  optical  path. 
The   correction  applied  here  was  a  first  approximation  since  it  was  assumed  that 
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the  effect  of  the  air  density  was  the  same  at  both  radio  and  optical  frequencies. 

It  is  noted  that,  on  the  average,  quite  good  agreement  is  found  between  water  vapor 
fluctuations  and  radio  and  optical  path  length  variations.    One  can  also  compare 
the  variance  of  water  vapor  density  as  measured  at  a  point  and  that  of  the  radio  path 
length.    Twenty-three  ten  minute  samples  (sampling  rate  =  1  sample/sec)  were 
selected  of  the  variance  of    the  radio  path  length,  and  of  the  variances  of  both  water 
vapor  density  and  the  radio  refractive  index  at  the  center  of  the  path. 

The  correlation  between  the  variance  of  the  refractive  index  and  the  variance  of 
water  vapor  density  both  measured  at  the  center  of  the  lake  is  as  expected,  quite 
high  (0.  920).    The  correlation  between  the  variance  of  the  point  measurement  of  the 
refractive  index  and  the  variance  of  the  radio  path  length  is  lower  (0.  732)  and  that 
between  the  variances  of  water  vapor  density  and  the  radio  path  even  lower  (0.  554). 
Again  one  may  wish  to  know  how  these  variances  are  distributed  and  hence  compare 
the  spectrum  of  the  water  vapor  density  at  the  center  of  the  path  to  the  spectrum  of 
the  radio  path  length.     Figure  58-6  shows  the  spectrum  of  the  water  vapor  density 
at  the  path  for  daytime  and  nighttime  conditions  in  the  presence  and  in  the  absence 
of  the  evaporation  suppressing  film.  Figure  58-7  is  the  spectrum  of  the  radio  path 
during  the  same  times. 

Conclusions 

The  use  of  the  measurement  of  both  the    radio  and  optical  path  lengths  to  determine 
integrated  water  vapor  density  and  temperature  over  a  path  appears  to  be  a  useful 
technique.    The  absolute  value  of  <pw  >  can  be  measured  with  an  uncertainty  of 
approximately  2.75%  while  that  of  <T>  reflects  an  uncertainty  of  approximately 

0.  6%.    Under  average  temperate  conditions  such  techniques  can  resolve  variations 
in  <pw>  of  approximately  0.  02  gm/m3,  and  can  resolve  variations  in  <T>  of 
approximately  0.1  °K. 

With  expected  improvements  in  these  techniques,   it  is  possible  that  the  uncertain- 
ties due  to  measurement  capabilities  can  be  reduced  to  several  tenths  of  a  percent. 
When  such  expected  improvements  are  available,  the  applicability  of  the  approxi- 
mations used  here  would  be  questionable.    Ultimately  the  precision  of  the  coeffi- 
cients in  the  equations  for  refractive  index  would  be  the  limiting  factor.    This  is 
particularly  true  in  the  case  of  the  coefficient  for  the  water  vapor  term. 
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Table  1       Radio  path  data  and  path  average  water  vapor  densities;  Carrier  frequency 
9. 4  GHz 


Site  elevation 
Path  Date  Location    and  radio  path 

morphology 


Path        ~  .3  ^     - 

length      pw,  g.  m"*       r(pw,  pw) 
(km) 


2/59 


6/59 


Boulder, 
Colo. 


1667  &1676  m 
Flat  terrain 


Boulder,     1667  &  1714  m 
Colo.  Flat  terrain, 

low  antenna 

heights. 


0.7 


3.2 


10/59         Cape 

7  &16  m                         *> 

Kennedy, 

Flat  terrain , 

Fla. 

path  at  approx- 

imately grazing 

incidence  to 

foliage. 

9/58           Boulder, 

1760  &  1715  m                ] 

Colo. 

Path  over  two 

valleys  sepa- 

rated by  a  flat 

mesa  containing 

a  small  lake. 

5/61            Boulder, 

2240  &  1554  m                1 

Colo. 

Mountain  top  to 

relatively  flat 

terrain  with  creek 

running  by  lower 

site. 

10,11/59  Cape 

3&9m.    Path               1 

Kennedy, 

crossed  the 

Fla. 

Banana  and  Indian 

rivers  with  approx- 

imately half  the 

path  length  over  water. 

7.7 


15.2 


2.38 
6.18 


0.803 
0.871 


21.60 


0.622 


6.10 


0.890 


15.5 


3.61 


0.909 


17.1 


17.30 


0.983 


2kk 


Table  2 

Variables  Correlation 

L   vs  T  -0.915 

o 

L    vs  p  0. 923 

o 

L   vs  p  0.  956 

R  w 

T(L    -L    )  vs  p  0.  978 

R        O w 

where  p  is  the  air  density. 
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List  of  Mathematical  Symbols 

c  speed  of  light 

d  transmission  grating  line  width 

n  numerical  constant 

prf  pulse  repetition  frequency 

R  aircraft  range  to  turbulence 

u  aircraft  range-rate 

v  transverse  gust  velocity 

vm  maximum  expected  transverse  gust  velocity 

w  average  lobe  width  in  diffraction  pattern 

y  ratio  of  average  lobe  width  to  grating  line  width 

6  effective  laser  beamwidth 

\  wavelength  of  laser  radiation 

V  Doppler -shifted  wavelength 

<t>  single  lobe  average  angular  beamwidth  of  backscattered  light 
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RADAR  OBSERVATIONS   OF  THE  TURBULENT  STRUCTURE   HI  SHEAR  ZONES 
IN  THE  CLEAR  ATMOSPHERE 


Hans  Otter sten* 

CIRES,  University  of  Colorado  &  ESSA  Research  Laboratories 
Boulder,  Colorado 


1.    INTRODUCTION 

I  want  to  disseminate  some  new  ideas  on  the 
detailed  spatial  and  temporal  structure  of  the  tur- 
bulent breakdown  of  shear  flows  in  a  stably  strat- 
ified atmosphere.   These  concepts  were  conceived  in 
an  effort  to  explain  the  evolution  of  clear-air 
structures  observed  with  sensitive  radars  in  the 
statically  stable  atmosphere.   Supporting  evidence 
has  been  secured  after  detailed  studies  of  radar 
images  of  vertical  cross-sections  of  the  clear 
atmosphere. 

After  specifying  the  atmospheric  region  of  in- 
terest and  describing  its  conditions  for  turbulence 
generation,  we  examine  how  radar  observations  of  the 
structure  in  the  clear  atmosphere  may  be  used  to 
infer  the  structure  of  the  streamlines  in  order  to 
follow  the  progression  of  a  turbulent  breakdown.  A 
new  concept  of  turbulence  generation  emerges  from 
such  observations.   The  overturning  is  observed  to 
occur  initially  at  small  scales  and  to  be  oriented 
in  rows  of  laterally  extended  roll-instabilities 
(billows).   In  increasing  turbulence  the  break- 
down reiterates  itself  at  discrete  scales  in  suc- 
cessively larger  vortex-rolls.   The  vortices  also 
appear  to  lose  their  energy  in  discrete  steps  by 
transfer  to  smaller,  secondary  instabilities.  Radar 
observations  are  discussed  with  evidence  from  stud- 
ies of  the  destabilization  and  turbulent  transition 
of  shear  flows  in  other  media.   Some  of  the  impli- 
cations of  the  new  turbulence  concept  are  pointed 
out. 


2. 


THE  STRUCTURE  OF  THE  STABLE  ATMOSPHERE 


In  the  major  pert  of  the  atmosphere,  horizontal 
stratification  and  hydrostatic  stability  prevail. 
Local  static  stability  is  primarily  determined  by 
the  vertical  structure  of  potential  temperature, 
tfhich  tends  to  suppress  turbulent  motion  and  pre- 
serve almost  horizontal  flow.   Local  vertical  motion 
and  turbulence  is  induced  by  mechanical  energy  ex- 
tracted from  the  mean  flow.  The  mean  vertical  grad- 
ient of  the  horizontal  vector  wind,  or  vertical 
wind  shear,  is  the  main  source  for  the  turbulent 
energy  production. 

These  conditions  apply  typically  in  the  free 
atmosphere,  removed  from  the  influence  of  topo- 
graphical features  or  clouds  and  convective  activ- 
ity.  They  also  closely  describe  situations  in 
stratified  clouds  when  radiative  cooling  or  release 
of  latent  heat  thermodynamically  are  of  secondary 
importance,  and  in  atmospheric  zones  under  weak 
topographical  influence,  implying  modification  of 
the  mean  flow  without  strong  interaction  with  the 
turbulent  scales.   Regions  of  strong  topographical 
influence  (boundary  layer  turbulence,  lee  wave 
rotors)  and  with  dominant  convective  instability 

♦Formerly  with  Air  Force  Cambridge  Research 
Laboratories,  Bedford,  Massachusetts 
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(plumes,  thermals,  convective  clouds,  Benard  cells) 
are  left  out.   Finally,  we  recognize  and  exclude 
an  interaction  zone  where  positive  buoyancy  and 
mechanical  forces  are  coupled,  resulting  in  com- 
plex three-dimensional  flow  configurations  (cloud 
and  convective  cell  streets,  sea-breeze  fronts, 
precursor  lines). 

The  fine-scale  multi-layered  character  of  the 
horizontally  stratified,  stable  atmosphere  has  been 
revealed  by  sensitive  radars  capable  of  detecting 
fluctuations  in  water  vapor  and  temperature  of 
clear  air.   The  layers  correspond  to  zones  of  en- 
hanced static  stability,  generally  with  evidence 
of  accentuated  vertical  wind  shear.   Conventional 
rawinsondes  are  unable  to  depict  this  fine-scale 
vertical  temperature  structure  and  are  even  more 
inadequate  for  delineation  of  the  wind  profile.  It 
is  only  after  laborious  experiments  with  high-res- 
olution direct  sensing  techniques  that  the  fine- 
scale  structure  has  become  evident.   Increased  var- 
iability in  the  parameters  due  to  turbulent  mixing 
in  the  layers  is  an  additional  complication  in  the 
determination  of  the  mean  profiles. 

The  detailed  picture  that  emerges  from  the 
combined  evidence  of  radar  and  direct  sensing  shows 
a  multitude  of  thin,  very  stable  layers  imbedded 
between  intervening  regions  of  much  less  static 
stability.   The  layers  are  horizontally  extensive 
and  often  accompanied  by  humidity  gradients.  Gen- 
eration of  such  thin,  very  stable  layers  has  been 
described  by  Scorer  (1969).  The  vertical  distribu- 
tion of  horizontal  velocity  appears  to  be  related 
to  the  stability,  resulting  in  accentuated  vertical 
wind  shears  in  very  stable  layers  and  weaker  shears 
in  less  stable  regions,  much  as  predicted  by  Woods 
(1969a)  on  the  basis  of  observations  in  the  ocean- 
ic thermocline.  Although  more  evidence  from  fine- 
scale  atmospheric  measurements  is  necessary  to 
confirm  this  conjecture,  we  may  intuitively  accept 
it  because  we  suspect  that  developing  shears  in 
regions  of  weak  static  stability  soon  would  lead 
to  hydrodynamic  instability  and  redistribution  of 
velocity,  resulting  in  accentuated  shears  over  the 
layers.  We  also  expect  the  turbulence  in  the  in- 
tervening regions  of  weak  gradients  to  be  weak, 
while  in  the  layers  we  may  expect  outbursts  of 
stronger  turbulence  when  the  energy  stored  in  con- 
centrated shear  is  released  through  dynamic  insta- 
bility. Further,  tilting  of  very  stable  layers  due 
to  internal  fronts,  gravity  waves  or  mountain  waves 
will  result  in  accentuated  vertical  shear  inducing 
additional  vorticity.  Actually,  such  tilting  due 
to  internal  waves  has  been  shown  to  modulate  tur- 
bulence generation  on  thin  stable  "sheets"  within 
the  thermocline  (Woods,  1969a).  The  tilting  process 
offers  an  explanation  to  strongly  dynamical  situ- 
ations when  shears  increase  rapidly  and  produce 
violent  outbursts  of  turbulence. 

,  November  17-20,  1970,  Tucson,  Arizona. 
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The  predominant  mechanism  producing  dynamic  in- 
stability in  stable  shear  layers  generates  wavelike 
disturbances  that  grow  and  overturn  into  roll-like 
vortices,  or  billows,  which  extend  horizontally  in 
parallel  rolls  across  the  shear  vector.  Scorer  (1969) 
has  deduced  some  of  their  properties  from  observa- 
tions of  cloud  billows.  Billows  are  believed  to  be 
manifestations  of  Kelvin-Helmholtz  instability  and 
are  probably  the  main  cause  of  Dumpiness  and  violent 
accelerations  experienced  in  aircraft  flight  and  re- 
ported as  CAT  (clear-air  turbulence).  Billows  also 
generate  eddies  of  smaller  scales  and  of  more  ran- 
dom nature  by  static  instability  in  their  interior 
and,  possibly,  by  secondary  dynamic  instabilities 
along  their  boundaries. 

3.    RADAR  IMAGES  OF  THE  CLEAR  STABLE  ATMOSPHERE 

During  the  last  few  years  studies  with  sensi- 
tive radars  have  revealed  structures  in  clear  air 
which  closely  resemble  the  patterns  generated  by 
billow-type  roll -instabilities.  Radar  echoes  from 
such  structures  have  been  found  to  be  associated 
With  CAT.   The  echoes  originate  from  regions  of  en- 
hanced static  stability  and  strong  vertical  wind 
Shear. 

3. 1.  Clear-Air  Backscattering 

The  clear-air  echoes  are  caused  by  backscatter- 
ing from  the  small-scale  refractive -index  fluctua- 
tions resulting  from  mixing  of  strong  mean  gradients 
in  water  vapor  and/or  temperature.  In  the  lower  at- 
mosphere, the  water  vapor  contributions  to  the  re- 
fractive-index variability  generally  dominate.  In 
the  highest  layers  temperature  variations  may  be  the 
main  cause.  (The  polar  molecules  of  water  vapor  in- 
teract strongly  with  high-frequency  radio  fields, 
and,  therefore,  the  influence  of  water  vapor  vari- 
ability on  radio  refractive-index  fluctuations  is 
amplified  several  orders  of  magnitude  compared  to 
its  fairly  weak  effect  on  density  variations. ) 

The  backscattering  process  is  selective  in  as 
much  as  only  refractive -index  inhomogeneities  with 
scale  sizes  of  half  the  radar  wavelength  and  oriented 
in  surfaces  orthogonal  to  the  radar  beam  contribute 
significantly  to  the  returning  signal.  This  implies 
that  clear-air  structures  showing  no  appreciable 
angular  dependence  in  radar  reflectivity  contain  a 
three-dimensional  distribution  of  refractive -index 
irregularities  without  strong  anisotropy.  Almost 
isotropic  radar  reflectivity,  although  selective  in 
scale  size,  indicates  the  degree  of  general  varia- 
bility in  the  refractive -index  field  because  the 
backscattering  small-scale  irregularities  result 
from  the  breakdown  of  inhomogeneities  of  larger 
scale.  It  may  then  be  inferred  that  these  irregu- 
larities, and  the  resulting  radar  returns,  evidence 
the  presence  of  velocity  perturbations,  small-scale 
turbulence  and  larger,  possibly  anisotropic,  whirls 
(Ottersten,  1969).  An  alternative,  but  unsubstanti- 
ated, interpretation  is  that  the  irregularities  are 
"fossil  turbulence,"  the  three-dimensional  micro- 
structure  of  temperature  and  humidity  produced  by  a 
turbulent  field  that  has  since  decayed  (Woods,  1969b). 

3. 2.  Flow  Visualization  by  Radar 

In  Figure  1  are  shown  photos  of  range-height 
indicator  (RHI)  displays  that  represent  vertical 
cross-sections  through  the  clear  atmosphere.   The 
tracing  on  the  right  brings  out  the  structural  de- 
tails that  are  observed  in  clear-air  layers.   The 
radar  reflectivity  from  such  layers  show  no  appre- 
ciable angular  dependence,  and  it  is  concluded  that 


the  enhanced  refractive-index  variability  in  the 
layers  is  almost  isotropic  at  the  cm-scales,  which 
are  responsible  for  the  backscattering. 

Small-scale  refractive-index  irregularities 
serve  as  tracers  for  radar  and  outline  the  general 
structure  of  the  clear  atmosphere  on  radar  displays. 
Moreover,  if  care  is  exercised,  motions  in  the  clear 
air  may  be  deduced  from  radar  images.  Identification 
of  structural  features  in  RHI  sequences  through 
clear-air  layers  reveal  that  turbulent  patches  and 
associated  refractive-index  structure  are  advected 
with  velocities  that  agree  well  with  rawinsonde  de- 
terminations of  the  mean  flow.   Similarly,  vertical 
motions  caused  by  traveling  waves  or  local  insta- 
bilities in  shearing  layers  are  revealed  by  dis- 
placements of  the  layers,  and  the  streamlines  may 
be  inferred  from  the  patterns  outlined  on  radar  im- 
ages. This  is  permissible  provided  that  the  inter- 
pretation of  the  patterns  accounts  for  the  fact 
that  the  velocity  perturbations  also  may  modify  the 
small-scale  refractive-index  variability  and  thus 
modulate  the  intensity  of  the  radar  return. 

The  three-dimensional  configuration  of  the 
streamlines  may  be  deduced  from  RHI's  in  various 
azimuths.   RHI  sequences  in  the  up-  or  downwind 
direction  allow  identification  of  evolutionary 
changes  in  the  structures  that  are  advected  with  the 
wind  toward  or  away  from  the  radar.  Such  radar  im- 
ages compiled  into  motion  pictures  with  a  speeded 
up  time  scale  give  a  vivid  display  of  the  motions 
in  the  clear  air  and  allow  the  eye  to  readily  fol- 
low the  advection  of  perturbations  in  the  flow. 

Hicks  (1968)  and  Hicks  and  Angell  (I968)  ex- 
amined radar  observations  of  large-scale  wavelike 
disturbances,  such  as  those  perturbing  the  clear- 
air  layers  in  Figure  1,  and  concluded  that  they  were 
caused  by  breaking  waves  in  stable  regions  charac- 
terized by  vertical  wind  shear.  They  noted  the  con- 
siderable lateral  extent  of  the  structures  and  the 


Fig.  1.   RHI  photos  in  120°  azimuth  taken  at  1515 
EST  (top  picture  U.5  minutes  earlier)  on  Jan.  9, 
I969  with  the  10.7-cm  radar  at  Wallops  Island, 
Va.   Azimuth  is  about  35"  off  downwind  direction; 
directional  shears  are  weak.   Tracings  on  the 
right  demonstrate  the  ubiquity  of  wave-like  per- 
turbations of  various  scales  in  clear-air  layers. 
Tracings  of  individual  perturbations  throughout 
a  time  period  identify  them  as  rolls  of  consid- 
erable lateral  extension  across  the  flow,  which 
are  advected  through  the  observation  plane  with 
the  mean  flow. 
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preference  for  the  wave  crests  to  be  aligned  nearly 
normal  to  the  vertical  shear  vector.  The  wavelike 
disturbances  grew  into  a  vortex-stage  resulting  in 
overturning  and  probable  turbulence.   The  descrip- 
tion is  consistent  with  the  characteristics  of  de- 
veloping billows  due  to  hydrodynamic  instability 
forming  rows  of  laterally  extended  vortex-rolls. 

A  dilemma  seems  to  present  itself  at  the  in- 
terpretation of  radar  observations  of  clear -air 
billows.   The  turbulent  breakdown  process  is  gener- 
ally visualized  as  a  generation  of  large,  anisotrop- 
ic whirls  at  an  outer  scale  followed  by  a  contin- 
uous cascade  of  kinetic  energy  through  successively 
smaller  and  more  isotropic  eddies,  to  the  eventual 
frictional  dissipation  at  the  smallest  scales.  The 
turbulence  draws  energy  from  the  vertical  wind  shear, 
which  is  diminished.  Refractive-index  inhomogenei- 
ties  are  produced  when  the  overturning  perturbs  the 
boundaries  between  air  streams  and  turbulence  breaks 
" up  the  vertical  contrasts  in  temperature  and  water 
vapor  between  adjacent  air  layers. — Obviously,  some 
of  the  wavelike  instabilities  in  Figure  1  are  too 
young  to  cascade  but  are  outlined  by  pre-existing 
small-scale  refractive -index  tracers. --The  concept 
of  a  turbulence  cascade  probably  triggered  the  idea 
of  "fossil  turbulence"  in  the  clear  atmosphere:  "If 
the  initial  stages  of  the  overturning  is  revealed 
by  the  radar,  the  small-scale  refractive-index 
tracers,  known  to  be  nearly  isotropic,  must  be 
remnants  of  some  earlier  turbulence  process,  which 
has  decayed,  leaving  three-dimensional  structure 
only  in  the  scalars  to  outline  a  new  breakdown,  if 
suitably  located." 

k.        A  NEW  CONCEPT  OF  TURBULENCE  GENERATION 

The  idea  of  "fossil  turbulence"  in  clear-air 
layers  does  not  conform  with  the  experience  from 
simultaneous  investigations  of  CAT  with  radar  and 
aircraft  (Glover  et  al. ,  I969).  Such  joint  soundings 
reveal  at  least  perceptible  turbulence  even  in  thin 
radar  layers,  apparently  destitute  of  perturbations. 
Consequently,  a  concept  emerged  of  initial  small- 
scale  turbulent  breakdown  in  substrata  within  atmos- 
phic  shear  zones.  In  strongly  dynamical  situations 
of  rapid  shear  enhancement,  successive  large-scale 
breakdown  was  conceivable  since  the  initial  turbu- 
lence could  be  unable  to  accomplish  completely  the 
shear  de stabilization  because  of  the  limited  momen- 
tum-distributing capability  of  the  small  eddies  in- 
duced by  the  initial  instability.  Subsequently,  de- 
tailed analysis  of  RHI  sequences  of  improved  spatial 
and  temporal  resolution  secured  evidence  of  small- 
scale  instabilities  in  all  clear-air  layers  and 
revealed  the  existence  of  consecutive  turbulent 
breakdown  at  successively  larger  scales. 

Although  the  cascading  process  may  be  a  basic 
element  in  all  turbulence  generation,  detailed  radar 
observations  of  the  turbulent  structure  in  shear 
zones  in  the  clear  atmosphere  reveal  a  more  com- 
plex breakdown  procedure  with  simultaneous  or  suc- 
cessive generation  of  vortices  at  several  discrete 
scales.  These  whirls  are  distinctly  separate  in 
size  and  are  not  connected  by  any  intermediate - 
size  eddies.   Moreover,  there  is  clear  evidence 
that  the  turbulence  is  initially  generated  at 
small  scale  sizes  and  that  additional  and  separate 
breakdown  occurs  at  successively  larger  scales  for 
turbulence  of  increasing  intensity.  It  is  not  nec- 
essary to  postulate  the  existence  of  "fossil  turbu- 
lence" to  explain  radar  observations  of  clear-air 
billows,  because  it  appears  that  large-scale 


instability  is  always  preceded  by  small-scale  tur- 
bulence and  associated  refractive-index  variability. 

The  initial  breakdown  occurs  in  thin  friction 
layers  and  is  organized  in  rows  of  laterally  ex- 
tended roll -instabilities  (Figure  2a).   In  increas- 
ing turbulence,  second  and  possibly  higher  genera- 
tions of  larger,  but  similar,  roll-instabilities 
develop  (Figure  2  b).  These  instabilities  have  a 
larger  vertical  extent  and  may  enroll  one  or  several 
friction  layers  (Figure  2  c).   Three -dimensional 
flow  configurations  may  result.   The  radar  returns 
from  the  layers  outline  the  higher  generation  in- 
stabilities, and  the  patterns  resemble  the  structures 
that  have  been  observed  in  clouds  (Ludlam  1967; 
Scorer,  1969)5  in  the  ocean  (Woods,  1969a),  and  in 
the  laboratory  (Thorpe ,  I969) ,  sn&   that  have  been 
interpreted  as  manifestations  of  Kelvin-Helmholtz 
instability. 

The  radar  reflectivity  of  the  friction 
layers  intensifies  when  the  layers  are  perturbed  by 
higher  generations  of  roll -instabilities.  This  im- 
plies that  the  small-scale,  three-dimensional  vari- 
ability in  refractive  index  is  enhanced  by  the  flow 
imposed  by  the  larger  rolls.   This  may  be  the  result 
of  the  initial  friction-layer  turbulence  mixing  the 
enhanced  local  gradients  at  the  boundaries  of  the 
larger  rolls.   There  is  also  some  evidence  that 
small,  secondary  instabilities  develop  locally  along 
the  boundaries  and  produce  the  enhanced  refractive- 
index  variability  (Figure  2  d).   Again,  the  secondary 
instabilities  are  clearly  separated  in  size  from 
their  parent  roll  and  are  essentially  confined  to 
its  boundaries.  It  is  not  clear  whether  the  second- 
ary instabilities  are  oriented. 

It  appears  that  the  parent  roll  sometimes 
never  overturns  before  it  loses  its  energy  to  these 
secondary  instabilities  or  to  the  preceding  friction- 
layer  turbulence.  Thus,  not  only  is  the  formation  of 
turbulence  initially  confined  to  several  discrete 


Fig.  2.   The  successive  generation  of  vortices  at 
several  discrete  scales,  (a)  The  initial  break- 
down forms  small  billows  in  thin  friction  layers, 
(b)  In  increasing  turbulence  higher  generations 
of  rolls  form,  (c)  Several  friction  layers  may 
join  in  large  instabilities.  Three-dimensional 
flow  configurations  may  result  (not  shown),  (d) 
Secondary  instabilities  perturb  the  boundaries 
of  the  parent  rolls. 
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sizes  of  vortices,  but  these  parent  vortices  also 
transfer  their  energy  in  discrete  steps  to  smaller 
instabilities.  A  continuous  cascading  process 
through  successively  smaller  eddies  does  not  occur, 
except  possibly  during  complete  overturning  within 
individual  billows,  when  convective  instability 
may  produce  motions  on  a  range  of  scales.  This  proc- 
ess does  not  lend  itself  to  radar  study  because  of 
the  weak  refractive-index  contrasts  in  the  interior 
of  rolls.   (Buoyancy-induced  mixing  strives  to  anni- 
hilate refractive-index  contrasts,  as  opposed  to 
mechanical  mixing,  which  creates  refractive -index 
variability  by  intensifying  local  contrasts  at  the 
expense  of  large  scale  inhomogeneity) . 

k. 1.  The  Initial  Turbulent  Breakdown 

The  size  of  the  roll-instabilities,  observed 
with  radar  in  clear  air,  varies  from  layer  to  layer. 
Evidence  of  quite  small  rolls  is  often  seen  in  the 
regular  RHI's  (Figure  l)  obtained  with  the  10.7-cm 
radar  (0.48°)  at  Wallops  Island,  Virginia.  When  the 
returns  are  sufficiently  strong,  the  3-2-cm  radar  at 
the  same  location  confirms  this  observation.  This 
radar  has  a  better  angular  resolution  (0.21°)  but  is 
not  sufficiently  sensitive  to  show  much  of  the  clear- 
air  backscattering.  The  angular  resolution  of  the 
71. 5 -cm  radar  at  Wallops  Island  is  poor  (2.9°).  Only 
very  large  roll-instabilities  are  indicated  on  this 
radar.   It  shows  thick  stratified  clear -air  returns 
from  shear  zones  that,  when  viewed  at  better  reso- 
lution, are  revealed  to  consist  of  multiple  layers 
with  interior  perturbations. 

For  detailed  analysis  of  clear-air  structures 
RHI's  were  obtained  every  30  seconds  in  extended 
sequences,  generally  in  the  up-  or  downwind  direc- 
tion.  The  pulse  of  the  10.7-cm  radar  was  shortened 
to  provide  a  spatial  resolution  better  than  75  m 
within  9  km  range,  compared  to  the  200-300  m  of  the 
regular  RHI's.  Temperature  and  wind  data  matching 
the  temporal  and  spatial  resolution  of  the  radar 
data  was  not  available.  Figure  3  shows  two  RHI's, 
2.5  minutes  apart,  excerpted  from  a  90-minute  se- 
quence in  the  upwind  direction.   On  the  right, 
tracings  every  30  seconds  follow  the  mean  flow  to- 
ward the  radar  (top  to  bottom)  to  show  the  evolution 
in  the  friction  layer  at  2. 3  km  altitude. 

With  improved  spatial  radar  resolution  multiple 
layers  become  increasingly  evident  within  shear  zones 
coarsely  outlined  on  radar  images  of  poor  resolution. 
Five  layers  or  more  may  be  distinguished  within  a 
1  km  altitude  interval.  The  thickness  of  these  fine 
layers  often  appears  to  be  less  than  75  m.  We  inter- 
pret this  as  evidence  for  a  vertical  substructure  in 
temperature  and  wind  with  locally  increased  vertical 
shears  at  substrata  of  enhanced  static  stability, 
often  accompanied  by  water  vapor  gradients,  the 
main  source  of  refractive-index  variability.  Fine- 
scale  meteorological  profiles  to  verify  this  con- 
jecture are  not  available  but  stratified  radar 
layers  in  general  correspond  to  zones  of  enhanced 
static  stability  with  vertical  wind  and  vapor  gra- 
dients (Ottersten,  I969).  The  overturning  observed 
in  individual  fine  layers  substantiates  presence 
of  vertical  shear. 

In  each  and  every  one  of  the  fine  layers  a 
granular  structure  is  obvious  from  time  to  time. 
We  interpret  this  as  evidence  of  overturning,  since 
in  the  more  clear  cases  horizontal  rows  of  separate 
elements  develop  in  previously  echo-free  space,  ad- 
vect  with  the  mean  flow,  and  merge  into  fine  layers 
or  disperse.   The  individual  elements  have  been 


shown  to  be  cylinders  with  lateral  extensions  up  to 
several  hundred  meters,  considerably  exceeding  their 
dimensions  in  vertical  section.   (Identification  for 
several  minutes  of  individual  elements  during  advec- 
tion  is  sufficient  evidence  when  the  plane  of  obser- 
vation not  quite  coincides  with  the  wind  direction). 
On  the  radar  the  vertical  dimension  of  these  rolls 
is  about  75  m.   The  actual  scale  of  the  overturning 
may  be  considerably  less.   The  horizontal  separation 
between  the  rolls  is  about  200-U00  ra  when  a  regular 
spacing  is  evident. 

Whether  these  rolls  are  manifestations  of  the 
initial  overturning  or  if  they  actually  are  pre- 
ceded by  even  smaller  instabilities  cannot  be  deter- 
mined conclusively.  It  is  conceivable  that  they  are 
structures  of  the  type  in  Figure  2a  which  do  not 
become  visible  to  the  radar  until  the  individual 
billows  burst  because  of  convective  instability.  Tne 
resulting  eddies  would  form  a  "friction  layer"  with 
a  marked  increase  in  momentum  distribution  and  fric- 
tional  dissipation  when  the  laminar  flow  breaks  down. 
The  radar  studies  indicate  that  this  process  often 
is  sufficient  to  diminish  the  shear.   The  roll-in- 
stabilities merge,  and  the  layers  disperse  or  are 
maintained  by  continued  or  new  instability  without 
any  visible  increase  in  the  size  of  the  generating 
eddies.  We  believe  that  this  is  the  ordinary  pro- 
gression of  turbulent  breakdown  in  shear  flows, 
which  goes  on  intermittently  in  various  thin  layers 
everywhere  in  the  stable  atmosphere,  apparently  at 
scales  of  a  few  tens  of  meters. 

h. 2.  Consecutive  Instability  at  Successively 
Larger  Scales 

At  times  friction  layers  are  perturbed  by 
larger  roll-instabilities.   These  have  horizontal 
separations  from  0. 5  km  up  to  a  few  km  and  vertical 
dimensions  from  about  200  m  up  to  1  km  in  rare  in- 
stances.  Hicks  and  Angell  (1958)  have  given  more 


Fig.  3.   RHI  photos  2. 5  minutes  apart  taken  at  about 
1105  EST  on  October  20,  I969,  with  the  10.7-cm 
radar  at  Wallops  Island,  Virginia,  in  ?U5°  azi- 
muth, no  more  than  15°  off  upwind  direction 
which  varies  little.   Tracings  every  3^  seconds 
of  fine  layer  at  2.  ^  km  altitude  follow  the  mean 
flow  toward  the  radar  and  show  initial  small- 
scale  roll-instabilities  merging  while  larger 
rolls  develop  (top  to  bottom).   Top  tracing  ir, 
from  top  picture,  sixth  from  top  traces  bottom 
picture.   Spatial  resolution  ir,  better  than 
75  m  within  9  km  range. 
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details  on  these  instabilities.   Figure  3  traces  an 
apparent  second  generation  instability  deforming  one 
single  friction  layer.   The  large  rolls  in  Figure  1 
at  an  altitude  of  5  tan  enroll  two  or  more  friction 
layers  and  may  be  of  third  generation,  since  they 
were  preceded  by  intermediate  instabilities  in  two 
different  layers,  which  presumably  were  outlined  by 
previous  friction  layers.   The  large  rolls  seemed 
to  overturn  completely  and  left  two  vertically  sep- 
arated layers  dissipating,  one  of  which  later  pro- 
duced new  intermediate  instabilities.  Occasionally, 
one  single  large  roll  has  been  observed  in  layers 
with  intermediate  instabilities.  Other  times  the 
structures  are  entangled,  and  the  situation  appears 
too  complex  to  resolve.   Common  denominators  of  the 
higher  generation  instabilities,  appear  to  be  pre- 
vious turbulent  activity  of  smaller  scale  and  local 
increase  in  radar  reflectivity  in  the  new  perturba- 
tions. 

Also  the  large  perturbations  appear  to  be  ad- 
vected  with  the  mean  flow  and  are  therefore  better 
characterized  as  roll -instabilities  than  as  travel- 
ing waves  that  break.  It  is  probable,  however,  that 
the  pre-existing  flow  configuration  in  the  friction 
layers  influences  the  higher  generation  breakdown 
and  that  the  analogy  with  Kelvin-Helmholtz  instabil- 
ity has  deficiencies.   Tilting  of  stable  zones,  re- 
ported by  Woods  (1969a)  to  trigger  roll-instabilities 
in  the  thermocline,  is  observed  in  the  clear  atmos- 
phere too  and  is  probably  the  mechanism  responsible 
for  the  rapid  shear  enhancement  required  for  con- 
secutive instability.   Sloping  layers  and  indica- 
tions of  true,  long  waves  have  been  observed  by 
radar  in  the  clear  atmosphere.  Boucher  (1970)  has 
described  a  well-documented  case  of  moderate  CAT 
in  a  sloping  subsidence  inversion  with  presence  of 
large  clear-air  billows  on  radar.   Internal  fronts 
with  steep  slopes  are  known  to  be  associated  with  CAT. 


h.  3.  Secondary  Instability 

The  increase  in  radar  reflectivity  evident  in 
the  upward  slopes  of  developing  roll-instabilities 
implies  an  intensifying  of  cm-scale  refractive -index 
variability.  As  explained  by  Scorer  (1969),  the 
vorticity  advection  in  developing  billows  results 
in  a  thickening  of  the  original  stable  layer  to- 
ward the  vortices,  while  the  gradients  are  enhanced 
in  the  thinned  tilted  layer  between  vortices.  This 
process  will  operate  also  in  consecutive  instabil- 
ities although  the  preceding  friction  layer  turbu- 
lence will  feed  on  enhanced  shear  in  the  tilted 
parts  of  the  layer  and  transfer  refractive -index 
contrasts  to  small-scale  inhomogeneity.  This  may 
not  diminish  the  shear  sufficiently  fast,  however, 
since  there  is  some  radar  evidence  that  small, 
secondary  instabilities  develop  in  the  slopes. 
Small  protuberances  are  often  evident  along  the 
boundaries  of  large  clear-air  billows.  These  could 
be  manifestations  of  secondary  instabilities  re- 
sponsible for  enhancement  of  refractive-index  varia- 
bility and  radar  reflectivity.  Secondary  instabi- 
lities may  also  operate  in  the  billows  formed  during 
the  initial  overturning  (Figure  2  a)  and  these  in- 
stabilities, rather  than  the  bursting  billows,  may 
be  responsible  for  the  first  radar  echo. 

The  possibility  of  secondary  instabilities  in 
the  tilted  layer  between  vortices  and  evidence  of 
such  instability  in  various  media  have  been  recog- 
nized by  many  investigators.   It  is  not  clear  if 
these  small  instabilities  are  oriented  or  if  they 
are  responsible  for  a  three-dimensional  flow  at 


small  scales.   The  radar  images  can  just  barely 
point  to  the  existence  of  secondary  instabilities, 
much  less  answer  the  question  of  their  flow  con- 
figuration.  It  appears  probable,  however,  that 
these  small  instabilities  produce  three -dimension- 
ality in  the  maximum  property-inhomogeneity  structure 
along  the  boundaries  of  the  parent  roll.   The  in- 
structive tilted  tube  experiments  by  Thorpe  (I968) 
with  fluids  of  different  densities  for  the  visuali- 
zation of  shear  flow  destabilization  support  this 
conclusion.   In  Figure  U,  from  one  of  Thorpe's  ex- 
periments, small  whirls  riding  upon  large  rolls 
evidence  secondary  instability  along  the  boundaries 
of  the  parent  rolls.   The  progression  of  this  partic- 
ular experiment  also  gives  evidence  of  consecutive 
instability  at  successively  larger  scales  (Thorpe, 
priv.  comm. ).   Initial  roll-instabilities  in  the 
accelerating  shear  flow  have  paired  and  amalgamated 
in  a  second  generation  of  instabilities  of  larger 
scale  the  large  parent  rolls  in  Figure  U.  Thorpe 
(1968)  also  notes  the  tendency  toward  three-dimen- 
sional flow  when  the  first  generation  rolls  start 
winding  around  each  other  during  the  amalgamation. 
With  the  development  of  secondary  instabilities  the 
boundaries  of  the  entire  flow  configuration  are  out- 
lined by  small-scale  inhomogeneity  in  a  pattern  that 
strongly  resembles  the  "rope-like"  structures  ob- 
served by  radar  in  completely  overturned  clear-air 
layers. 

Developing  roll -instabilities  in  the  clear  at- 
mosphere do  not  always  proceed  to  complete  overturning. 
Presumably,  the  supply  of  vertical  wind  shear  is  not 
sufficient  to  overturn  the  rolls  in  presence  of  fric- 
tion layer  turbulence  which  continuously  drains  en- 
ergy out  of  the  higher  generation  instabilities.  If 
secondary  instabilities  develop  at  an  early  stage, 
they  may  also  inhibit  the  overturning  of  their  parent 
roll.   In  these  instances  the  higher  generation  rolls 
extract  energy  from  the  mean  flow  but  transfer  this 
energy  in  discrete  steps  to  small  vortices  without  a 
cascade  through  intermediate  eddies. 

5.   CONCLUSIONS  AND  IMPLICATIONS 

Radar  observations  of  shear  zones  in  a  clear 
stable  atmosphere  reveal  substrata  of  enhanced  static 
stability,  where  vertical  wind  shears  are  accentuated 
and  produce  small-scale  overturning  and  turbulence 
in  friction  layers  separating  the  air  streams.  The 


Fig.  h.     Shear  flow  destabilization  in  a  tilted  tube 
experiment  with  a  colored  fluid  of  intermediate 
density  between  two  clear  fluids,  the  lower  heav- 
ier.  Initial  instabilities  in  the  accelerating 
shear  flow  have  paired  and  amalgamated  in  a  sec- 
ond generation  of  instabilities,  visible  here  as 
large  rolls.   Small  whirls  riding  upon  the  rolls 
evidence  secondary  instability  and  three-dimen- 
sionality in  the  maximum  property-inhomogeneity 
structure  along  the  interface.   (Courtesy  S.  A. 
Thorpe.   See  Thorpe,  1968). 
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initial  overturning  is  organized  in  rows  of  laterally- 
extended  roll-instabilities.   Resulting  eddies  dis- 
tribute momentum  and  diminish  the  shear,  and  the 
layers  disperse.   The  process  repeats  itself  inter- 
mittently.  This  is  probably  the  ordinary  progres- 
sion of  turbulent  breakdown  of  shear  flows  in  the 
stable  atmosphere.   The  largest  scales  involved  in 
the  overturning  motion  appear  to  be  a  few  tens  of 
meters.   In  the  dry  parts  of  the  atmosphere,  this 
process  will  be  difficult  to  detect  even  with  sen- 
sitive radars. 

When  vertical  wind  shears  are  accentuated 
rapidly,  the  initial  small  roll-instabilities  are 
unable  to  accomplish  completely  the  de stabilization 
and  turbulent  transition  of  the  shear  flow.   The 
turbulence  intensity  increases  by  consecutive  roll- 
instability  at  successively  larger  scales.   These 
instabilities  are  always  preceded  by  one  or  more 
friction  layers  which  participate  in  the  new  roll- 
up.   The  higher  generations  of  roll-instabilities 
produce  substantial  CAT  and  are  more  readily  de- 
tected by  radar  because  of  the  associated  increase 
in  cm-scale  refractive -index  variability.  Tilting 
of  very  stable  layers  by  internal  fronts,  gravity 
waves,  and  mountain  waves  is  believed  to  be  the 
dynamical  process  which  accentuates  the  vertical 
wind  shear  and  triggers  consecutive  instability. 
The  local  increase  in  cm-scale  refractive-index 
variability,  associated  with  development  of  higher 
generations  of  roll-instabilities,  is  the  result  of 
enhanced  gradients  in  the  thinned  tilted  layer  be- 
tween vortices,  probably  in  combination  with  second- 
ary instabilities  along  the  boundaries  of  the  large 
rolls.   The  turbulence  in  the  boundaries  feeds  on 
enhanced  shear  in  the  tilted  layer  and  transfers 
refractive -index  contrasts  to  small-scale  inhomo- 
geneity.   Friction  layer  turbulence  and  secondary 
instabilities  drain  energy  from  the  large  rolls 
and  may  prohibit  their  complete  overturning. 

Large-scale  overturning  and  formation  of  haz- 
ardous turbulence  is  unveiled  by  radar  because  re- 
fractive-index contrasts  generated  by  the  preceding 
smaller  roll -instabilities  are  accentuated  when  sub- 
sequent higher  generation  rolls  form.   The  success 
of  radar  detection  of  CAT  is,  therefore,  mainly  a 
question  of  the  sensitivity  and  resolution  of  the 
radars  employed.   In  the  lower  humid  atmosphere, 
strong  echoes  may  originate  from  weakly  turbulent 
regions  associated  with  strong  water  vapor  gradients. 
Identification  of  the  largest  scale  of  the  over- 
turning can  resolve  these  cases. 

Formation  of  wave  clouds  and  cloud  billows 
depends  on  the  condensation  levels  in  the  atmos- 
phere.  Flow  visualization  by  radar  is  not  as 
radically  dependent  on  the  water  vapor  distribution. 
Tilting  of  very  stable  layers  in  mountain  waves  will 
continually  generate  friction  layers,  and  sensitive 
radars  could  delineate  the  flow  even  prior  to  large- 
scale  overturning  and  formation  of  lee  wave  rotors. 
Incorporation  of  a  mountain-wave  radar  in  lee  wave 
investigations  will  be  the  most  prolific  effort 
for  furthering  the  understanding  of  motions  in  the 
clear  atmosphere.   In  addition,  radar  detection  of 
CAT  may  be  tested  in  the  environment  where  opera- 
tional applications  are  foreseen. 

The  spectral  distribution  of  kinetic  energy 
in  turbulent  components  is  of  considerable  interest 
in  aeronautical  design  and  in  studies  of  the  turbu- 
lent energy  budget.   The  new  concept  of  turbulence 
generation  points  to  the  existence  of  several  "spec- 
tral gaps,"  intermittency  and  "self -similarity"  in 


the  turbulent  structure,  and  an  interplay  at  var- 
ious scales  between  organized  overturning  and  more 
random  and  isotropic  motions.  Resolution  of  these 
issues  will  require  a  deterministic  approach,  which 
avoids  statistical  compiling  of  turbulence  data  and 
promotes  subtle  analysis  of  carefully  selected  time 
histories  of  overturning  in  order  to  explain  the 
structure  in  the  context  of  a  physical  process 
evolving  in  a  changing  environment.   It  is  incon- 
ceivable to""  me  how  hydrodynamic  experiments  in  the  at- 
mosphere can  be  conducted  intelligently  without  the 
aid  of  a  radar  capable  of  resolving  the  three-dimen- 
sional structure  in  clear  air  for  direction  of  in- 
terrogating aircraft.   "Wavelengths"  measured  by 
aircraft  during  traverses  of  anisotropic  structures 
cannot  be  attributed  any  significance  unless  they 
are  interpreted  in  relation  to  the  existing  three- 
dimensional  structure.   Identification  of  the  wind 
shear  vector  as  a  unique  direction  already  in  the 
data-taking-phase  may  conceivably  assist  the  analysis. 

6.  ACKNOWLEDGEMENT 

I  am  deeply  indebted  to  my  former  colleagues  of 
the  Weather  Radar  Branch,  Air  Force  Cambridge  Re- 
search Laboratories,  and  particularly  to  its  chief, 
Dr.  Kenneth  Hardy,  for  continuous  exchange  of  results 
and  ideas.  The  radar  data  were  obtained  through  the 
cooperative  efforts  by  Mr.  Jack  Howard  and  his  crew 
at  the  JAFNA  radar  facility.  The  research  conducted 
at  Wallops  Island  has  been  supported  in  part  by  the 
National  Aeronautics  and  Space  Administration, 
Wallops  Station. 

7.  REFERENCES 

Boucher,  R.  J.,  1970:  CAT  at  a  subsidence  inversion: 
A  case  study.  J.  Appl.  Meteor.,  £,  53l+-537. 

Glover,  K.  M. ,  R  J.  Boucher,  H.  Ottersten,  and 
K.  R.  Hardy,  I969:  Simultaneous  radar,  aircraft 
and  meteorological  investigations  of  clear  air 
turbulence.  J.  Appl.  Meteor.,  8,  63U-6U0. 

Hicks,  J.  J.,  I968:  Radar  observations  of  gravita- 
tional waves  in  a  clear  atmosphere.  Proc.  13th 
Radar  Meteor.  Conf . ,  Boston,  Amer.  Meteor.  Soc. 
258-261. 

Hicks,  J.  J.,  and  J.  K.  Angell,  I968:  Radar  obser- 
vations of  breaking  gravitational  waves  in  the 
visually  clear  atmosphere.  J.  Appl.  Meteor.,  Jj 
llU-121. 

Ludlam,  F.  H. ,  I967:  Characteristics  of  billow 

clouds  and  their  relation  to  clear -air  turbulence. 
Quart.  J.  Roy.  Meteor.  Soc,  £3,  U19-H35. 

Ottersten,  H. ,  1969:  Atmospheric  structure  and  radar 
backscattering  in  clear  air.   Radio  Sci.  ,  hj 
1179-1193. 

Scorer,  R.  S. ,  I969:  Billow  mechanics.  Radio  Sci. 

u,  1299-1307. 

Thorpe,     S.   A.,   1968:  A  method   of  producing  a 

shear  flow  in  a   stratified  fluid.    J.   Fluid  Mech. , 
32,   693-70U. 

Thorpe,   S.   A.,   1969:  Experiments  on  the   stability  of 
stratified  shear  flows.    Radio  Sci.,   ^,1327-1331. 

Woods,   J.   D.,   1969a:  On  Richardson's  number  as  a 
criterion  for  laminar-turbulent-laminar  transi- 
tion in  the  ocean  and  atmosphere.    Radio  Sci.,    k, 
1289-1298. 

Woods,   J.   D.  ,   1969b:  Fossil  turbulence.    Radio  Sci., 
h,   1365-1367. 


USCOMM  -  ERL 


251 


34 


Reprinted    from    Proceedings    of    the    1971    International    Symposium 
on    Antennas    and    Propagation ,    Japan,    Vol.     2-IV    B2  ,     2  37- 

238,    1971. 

2-IV   B2 

REMOTE  PROBES  FOR  THE  STUDY  OF  ATMOSPHERIC  SOURCES 
OF  FADING  ON  OPTICAL  AND  MICROWAVE  LINE-OF-SIGHT  PATHS 

B.   R.   Bean*,   H.   T.   Doughertyt,   and  R.   E.   McGavin* 

U.  S.  Department  of  Commerce 

♦National  Oceanic  and  Atmospheric  Administration 

tOffice  of  Telecommunications 

Boulder,   Colorado,   U.S.A. 


Fading  onmicrowave  or  optical  line- 
of-sight  paths  may  be  due  to  either 
ground-reflection multipath,  atmospher- 
ic multipath,  or  defocusing.    The  identi- 
fication of  the  particular  mechanism  in- 
volved has  been  hampered  by  the  lack  of 
rapid  fine-scale  meteorological  meas- 
urements in  the  immediate  vicinity  of 
the  propagation  path. 

As  early  as  1968,  acoustic  radars  had 
been  developed1  which  could  detect  fluctu- 
ations of  temperature  (effectively  fluctua- 
tions in  the  optical  refractivities)  in  the 
lower  atmosphere.   The  characteristics 
of  these  radars  are  amply  described  in 
the  literature2'   . 

Recently  a  new  tool,  the  FM-CW  Ra- 
dar •    was  developed  which  has  the  capa- 
bility of  detecting  small  fluctuations  of 
the  radio  refractivitv  in  the  atmosphere. 
This  is  particularly  appropriate  for  the 
microwave  region  where  both  tempera- 
ture and  water  vapor  fluctuations  can 
play  significant  roles.   Hereinis  de- 
scribed a  study  made  in  eastern  Colorado 
where  the  propagation  medium  was  moni- 
toredby  each  of  these  radars  particularly 
at  times  when  fading  occurred  over  a 
line -of- sight  path. 

This  experiment  was  conducted  at 
Haswell,  Colorado  where  a  large  bowl- 
like depression  produces  a  variety  of  ex- 
treme ref  ractivity  structures  by  noctur- 
nal radiative  cooling  with  the  attendant 
pooling  of  cool  air.   After  sunrise,  solar 
heating  results  in  vertical  motion.   A 
23  km  microwave-optical  path  was  estab- 
lished across  the  bowl  to  provide  near 
grazing  intersection  with  the  atmospher- 
ic layers  to  maximize  the  effects  of  for- 
ward scattering  during  turbulent 


conditions  and  "specular"  reflection  dur- 
ing inversion  conditions.   The  microwave 
antennas  were  tilted  upward  so  that 
ground  reflections  would  be  minimized 
under  well-mixed  conditions.   Standard 
surface  meteorological  measurements 
were  made  at  each  terminal.   At  midpath 
measurements  were  made  at  fixed  points 
and  on  an  instrumented  carriage  of  a  1  50- 
meter  meteorological  tower. 

At  midpoint  and  near  the  meteorologi- 
cal tower  £50  meters  away  in  the  direc- 
tion of  the  prevailing  wind)  the  radar  was 
located  to  monitor  the  propagation  medi- 
um.  In  the  fall  of  1969  the  acoustic  radar 
(9  50  Hz)  was  used,  in  the  fall  of  1 970  the 
FM-CW  Radar  (3  GHz)  was  used. 

In  1969,  the  phase  of  the  microwave 
signal  (9.  5  GHz)  and  the  modulation  of  the 
opticalsignal  (3.  2  GHz),  the  amplitudes 
and  the  angle  of  arrival  of  the  optical  sig- 
nal were  recorded.   In  1970,  the  modula- 
tion on  the  optical  signal  was  replaced  by 
the  relative  phase  between  microwave 
signals  rec  orded  from  two  vertically 
spaced  (4.  2  5m)  antennas.   At  the  tower 
the  radio  ref  ractivity  and  its  structure 
function,  and  the  three-dimensional  wind 
were  recorded  at  several  fixed  elevations 
as  well  as  on  the  movable  carriage.   The 
FM-CW  Radar  provided  a  continuous 
measurement  of  the  fluctuations  of  ra  iio 
ref  ractivity  as  a  function  of  height.   The 
acoustic  radar  provided  a  similar  meas  - 
urement  of  the  temperature  fluctuations . 
This  permitted  measurement  of  the  at- 
mospheric structure  for  vertical  motion 
too  rapid  to  be  observed  by  the  carriage 
on  the  meteorological  tower. 

Calibration  of  the  FM-CW  Radar  returns 
in  terms  of  meteorological  parameters 
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v.  as  conducted  at  a  time  when  the  atmos- 
pheric structure  appeared  to  be  station- 
ary and  when  the  line-of-sight  signals 
were  steady. 

Comparison  between  the  FM-CW  Radar 
returns  and  the  refractivity  structure  on 
the  tower  was  surprisingly  good.    Agree- 
ment was  obtained  to  within  a  factor  of  two 
between  the  reflectivities  calculated  from 
the  radar  and  those  calculated  from  the 
tower  even  though  both  varied  from  1 0"13 
to  10"3.    The  radar  sees  fluctuations  par- 
ticularly at  scales  of  approximately  one- 
half  the  transmitted  wavelength.   These 
fluctuations  occur  in  the  region  where 
there  are  sharp  breaks  in  the  vertical  pro- 
file, and  hence  the  radars  can  detect  layers. 

In  most  cases  the  layer  was  first  de- 
tected by  the  FM-CW  Radar  which  then 
permitted  the  operator  at  the  tower  to 
place  the  carriage  in  the  appropriate 
location. 

Both  radars  illustrated  the  difficulty  of 
applying  point  measurements  or  tower 
measurements  to  line-of-sight  paths.  The 
atmospheric  structure  changes  rapidly 
with  time;  layers  form  and  move  with  sar- 
p r is ingly  large  vertical  velocities.  Very 
thin  but  very  intense  layers  were  noted  by 
the  radars  and  confirmed  by  the  carriage 
on  the  tower;  such  layers  could  easily  be 
mis  sed  by  conventional  tower  measure- 
ments.  Such  layers  have  a  strong  influ- 
ence on  signal  characteristics  on  a  line-of 
sight  path.   Fades  as  deep  as  30  db  were 
noted  at  times  when  these  layers  were  mov- 
'ing  and  crossed  the  zero  angle  of  incidence 
region. 

At  times,  particularly  at  sunup,  con- 
siderable fluctuations  of  the  amplitude  and 
phase  were  observed  over  the  microwave- 
opticalpath.   On  one  occasion  three  dis- 
tinct images  of  the  laser  beam  were  noted 
at  the  receiving  terminal;  concurrent  ob- 
servation at  mid-path  indicated  that  the 
optical  path  was  incident  upon  the  temper- 
ature inversion  at  a  shallow  angle. 

On  the  occasions  when  rapid  microwave 
amplitude  and  phase  fluctuations  occurred, 
both  the  radar  and  the  tower  indicated  the 
presence  of  a  layer  intersecting  the  line- 
of-sight  path  at  a  shallow  angle.    When  the 


layer  rose  well  above  the  microwave  op- 
tical path,  the  fluctuations  on  the  line-of- 
sight  path  ceased. 

From  measurements  made  at  midpath 
andfromthe  surface  meteorological 
measurements  at  the  path  terminals,  var- 
ious atmospheric  models  were  constructed. 

Ray  tracing  techniques  were  then  ap- 
plied to  these  model  structures  to  obtain 
estimates  of  the  received  signal  behavior 
for  comparison  with  the  observed  fie  Ids. 

This  comparison  indicated  that  the  at- 
mospheric layers  were  often  tilted  along 
the  line-of-sight  path.    Although  this  was 
consistent  with  the  radar  observations, 
the  radar  does  not  definitively  distinguish, 
at  this  time,  between  wave  motion  on  the 
layers  and  a  vertical  motion  of  horizontal 
stratification. 

The  radio  and  optical  refractivity 
structures  introduced  multiple -imaging 
or  atmospheric  multipath  with  apprecia- 
ble variation  of  the  take-off  angles  and 
angles -of -arrival  and,  in  the  case  of  the 
microwave  path,  a  shifting  of  the  centers 
of  reflection  on  the  terrain.   These  mark- 
ed changes  in  the  angles -of -arrival  inter- 
fered with  beam-tracking  on  the  optical 
path  and  caused  signal  variation  on  the  mi- 
crowave path  attributable  to  the  effect  of 
the  antenna  patterns. 

These  effects  were  most  pronounced 
whenthe  refractivity  layers  observed  at 
midpath  were  positioned  between  the  ele- 
vations of  the  line-of-sight  path  terminals; 
the  effects  disappeared  when  the  layers 
dropped  below  the  elevation  of  the  lower 
terminal  or  rose  above  that  of  the  higher 
terminal. 
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Abstract.  Comparison  of  meteorological  tower  measurements  with  a  high  resolution  CW-FM  radar 
indicates  that  the  device  is  applicable  to  studies  of  structure  of  temperature  inversions,  stable  and 
unstable  waves  upon  such  inversions,  thermal  plumes  and  convective  processes  within  the  boundary 
layer.  The  radar  also  appears  to  follow  the  transport  of  insects  by  such  processes. 

1.  Introduction 

The  introduction  of  the  10-cm  CW-FM  radar  technique  by  Richter  (1969)  for  studies 
of  clear-air  fluctuations  of  refract ivity  has  rapidly  led  to  studies  of  elevated  inversions 
(Richter,  1969),  gravity  waves  on  these  inversions  (Gossard  and  Richter,  1970)  and  to 
a  detailed  discussion  by  Atlas  et  al.  (1970)  on  the  possibility  that  the  breaking  of  these 
waves  is  a  cause  of  clear-air  turbulence. 

We  will  report  here  on  the  adaption  of  Richter's  technique  to  probe  the  clear  air 
over  the  high  plains  of  eastern  Colorado.  The  vertically  pointing  radar  used  here 
differs  insignificantly,  for  the  present  study,  from  that  of  Richter.  The  experiment  was 
performed  at  our  150-m  micrometeorological  tower  at  Haswell,  Colorado.  The  site  is 
sparsely  covered  with  15-cm  high  clumps  of  buffalo  grass  for  a  minimum  of  3  km  in 
any  direction  from  the  tower.  The  site  is  at  an  elevation  of  1307  m  and  displays  a 
characteristic  high-plain  meteorological  regime  with  strong  solar  heating  during  the 
day  and  radiative  cooling  at  night.  The  radar  was  placed  240  m  from  the  base  of  the 
tower  in  the  direction  of  the  prevailing  wind.  The  150-m  tower  is  instrumented  to 
measure  fluctuations  in  wind,  temperature,  and  radio  refractive  index  utilizing  a 
microwave  refractometer  at  several  fixed  levels  as  well  as  a  similarly  equipped  carriage 
that  travels  the  height  of  the  tower  in  10  min.  The  carriage  was  also  equipped  to 
measure  the  difference  in  radio  refractive  index  over  a  20-cm  vertical  spacing.  Thus, 
the  carriage  allowed  the  placing  of  the  meteorological  probes  within  the  region  of 
radar  returns.  Further,  the  characteristic  radar  return  from  the  tower  at  225-295  m 
(see  Figure  1)  not  only  serves  as  a  reference  but  also  can  be  used  to  track  the  carriage 
motion  within  the  tower  echo  from  a  height  of  approximately  65  m  to  the  top  of  the 
tower.  A  reference  line  is  placed  at  150  m  to  indicate  tower  height. 
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Fig.  1.  Radar  record  of  clear  air  returns  of  October  2.  The  (range)-2  variation  of  radar  return  for 
volume  scattering  has  been  removed  electronically.  The  record  was  obtained  from  photographs  of  an 
intensity-modulated  oscilloscope  face.  The  radar  operates  on  10-cm  wavelength  with  a  power  of 

200  W.  The  beamwidth  is  4.5  deg. 


2.  Comparison  of  Tower  and  Radar  Returns 

The  data  from  the  morning  of  October  2,  1970  were  utilized  to  compare  radar  reflec- 
tivities obtained  from  the  tower  with  those  obtained  by  radar.  As  can  be  seen  in 
Figure  1,  the  region  of  strong  radar  returns  lifted  slowly  and  nearly  uniformly  from 
0800  through  approximately  0930  corresponding  to  the  growth  of  a  well-mixed  layer 
below  the  inversion.  The  dots  that  appear  throughout  the  record  are  attributed  to 
insects.  The  blanks  in  the  record  correspond  to  times  when  the  reflectivity  of  the 
atmospheric  returns  was  monitored.  The  tower  data  were  converted  to  radar  reflec- 
tivity by  assuming  that  the  scales  of  interest  corresponding  to  the  radar  wavelength  X 
(10  cm)  lie  within  the  '-§-'  region  of  the  spectrum.  In  our  case  we  measure  the  refractive 
index  difference  An  over  20  cm  so  that  when  the  structure  function  is  given  by  (Otter- 
sten,  1969) 


zl«20  =  C2(0.2) 


2/3 


(i) 


where  C„2  is  the  structure-function  constant,  one  may  obtain  the  radar  cross-section  in 
m2/m3  by  substitution  into 


>/  =  0.38 /T1/JC 


(2) 
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where  r\  is  the  radar  reflectivity,  to  obtain 


y\  =  2.4  An20- 

Examination  of  both  sets  of  data  for  the  height  of  the  meteorological  carriage  when 
stationary  within  the  layer  of  radar  returns  yields  the  results  as  given  in  Table  I. 


TABLE  I 

Time 

>7(m  x)  radar 

//(rrr1)  tower 

0844 

1  x  10"15 

1.1  x  10-15 

0907 

3  x  10-13 

0.7  x  10-" 

0930 

1  x  1013 

0.7  x  10"13 

0948 

1  x  10"14 

2.8  x  10"14 

The  agreement  of  the  reflectivities  measured  by  the  radar  and  computed  from  the 
tower  data  is  excellent  considering  the  several  unknowns  involved  in  this  kind  of 
comparison. 

The  major  unknown  in  the  numerical  comparison  is  the  effect  of  the  240-m  separa- 
tion of  the  radar  and  tower  sites.  This  separation  was  chosen  to  keep  the  tower  echo 
from  appearing  within  the  height  of  the  tower  as  seen  by  the  radar.  Therefore,  it  was 
impossible  to  obtain  collocated  measurements  of  radar  reflectivity,  refractivity, 
temperature,  and  wind.  This  initial  attempt  at  comparing  radar  and  tower  data  has 
been  hand  reduced.  Every  effort  was  made  to  obtain  either  time  or  height  coincidences 
between  the  two  sets  of  data,  depending  upon  whether  or  not  the  tower  carriage  was 
stationary. 

The  vertically-pointed  radar  antennas  were  set  into  separate  earth  excavations  two 
meters  deep  and  no  subsequent  measurements  were  made  of  the  resultant  antenna 
patterns.  This  type  of  antenna  configuration  is  required  to  keep  the  leakage  power  from 
the  transmitter  below  the  saturation  level  of  the  receiver.  A  recent  study  of  similarly 
configured  acoustic  antennas  (Strand,  1971)  has  shown  that  this  shielding  technique 
may  be  utilized  to  reduce  the  side  lobes  of  the  antennas  in  the  30°-90°  zenith  angle 
region  with  little  noticeable  effect  upon  the  main  lobe  pattern.  Hence,  it  was  assumed 
that  the  main  lobe  pattern  of  the  sunken  antennas  was  substantially  unchanged  from 
the  free-space  pattern. 

The  sytem  performance  of  the  radar  was  continuously  monitored  during  the  course 
of  reflectivity  measurements.  The  transmitted  power  was  measured  with  a  thermistor 
element  and  did  not  vary  by  more  than  +0.5  dB.  Frequent  calibration  of  the  power 
meter  indicated  that  most  of  this  variation  is  the  effect  of  ambient  temperature  changes 
upon  the  thermistor  element,  implying  that  the  transmitted  power  is  sensibly  constant. 
In  addition,  some  of  the  transmitted  power  was  continuously  leaked  into  the  receiver 
through  a  2.5-/isec  delay  line  providing  a  continuous  system  echo  at  375-m  range. 
Thus,  the  total  electronic  system  is  essentially  self-monitored  and  self-calibrated  with 
reference  to  a  single  power  meter. 
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Fig.  2.     Comparison  of  temperature  and   horizontal  wind  speed   profiles  taken  0900-0906,   the 
resulting  Richardson's  number  and  a  3.2-sec  average  of  radar  return  taken  at  0907. 


We  now  examine  in  more  detail  the  correspondence  between  the  profiles  of  the 
meteorological  parameters  and  the  radar  returns.  The  period  0900-0907  MDT  was 
analyzed  in  some  detail.  The  radar  return  shown  on  the  right  side  of  Figure  2  displays 
two  peaks  at  60  and  75  m  which  closely  correspond  to  the  occurrence  of  inversions  in 
the  temperature  profile.  The  return  at  60  m  is  not  reflected  in  the  wind  profile  while 
a  wind  maximum  is  observed  above  the  75-m  inversion.  Richardson's  number,  Ri,  was 
calculated  from 


Ri  =  </ 


d\n6 

~d7l 


dux2 
dz 


where  9  is  the  potential  temperature,  g  the  acceleration  of  gravity,  and  u  the  horizontal 
wind.  Infinite  values  of  Ri  would  correspond  to  regions  of  zero  wind  shear.  Although 
there  has  been  much  speculation  that  regions  of  large  AN  and  strong  radar  returns 
correspond  to  regions  where  Ri  =  \  (Atlas  et  al.,  1970),  our  data  do  not  show  this.  We 
do  note,  however,  that  the  radar  return  region  is  one  of  large  changes  of  Ri  with  no 
obvious  critical  value  of  Ri.  Figure  3  compares  the  profiles  of  N,  AN'l0  with  the  radar 
returns  (N  is  the  refractivity :  N=(n—  l)x  106).  One  notes  maxima  in  AN20  cor- 
responding to  those  in  the  radar  returns  as  well  as  in  the  edges  of  the  temperature  in- 
versions. The  difference  between  the  observed  maxima  is  11  dB  while  that  calculated 
from  the  A N  data  is  8  dB,  i.e.,  within  a  factor  of  two.  Again  this  agreement  is  taken  to 
be  good  considering  the  time  and  space  separations  of  the  measurements. 

The  N  profile  is  mostly  controlled  by  the  T  profile,  especially  across  the  main  in- 
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Fig.  3.  Comparison  of  refractivity  and  refractivity  fluctuation  profiles  taken  0900-0906  and  a 
3.2-sec  average  of  radar  return  (represented  by  the  crosshatched  curve)  taken  at  0907.  The  refractivity, 
N,  is  defined  by  N  =  (n  —  1)  x  106,  where  n  is  the  refractive  index.  N  is  measured  directly  with  a 
microwave  refractometer,  but  may  also  be  determined  from  jY  =  77.6  (P/T  +  48\0  ejT2)  where  P  is 
total  atmospheric  pressure  in  millibars,  T  is  in  degrees  Celsius  and  e  is  water  vapor  pressure  in 
millibars.  AN22o  is  determined  from  two  microwave  refractometer 
cavities  separated  20  cm  in  the  vertical. 

version  at  80  m.  If  we  write  (Bean  and  Dutton,  1968) 

AN=  -  IMAT  + 4.75  Ae 

where  AT,  Ae  are  the  differences  in  temperature  and  vapour  pressure,  respectively, 
then 

AN  +  1.08  AT 
4.75 


Ae 


If  we  take  zir=3.25°C  and  AN=  —4.75  from  Figures  2  and  3,  then 

-4.75  +  3.51 
Ae  =  ~  =-0.26mb. 

4.75 

This,  by  coincidence,  represents  26%  of  the  total  change  in  N  across  the  inversion, 
indicating  the  dominant  role  of  temperature  in  this  case.  Normally,  fluctuations  of 
humidity  will  dominate  those  of  N,  which  is  why  the  microwave  refractometer  is  often 
used  as  a  high-speed  humidity  probe. 

3.  Other  Examples 

INSECTS,  CONVECTIVE  ELEMENTS,  INVERSIONS  AND  WAVES 

A  large  number  of  insects  were  observed  in  the  radar  returns  during  this  experiment. 
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We  concluded  this  from  the  presence  of  gulls,  apparently  feeding  during  these  periods, 
and  from  the  reports  of  pilots  who  were  having  difficulty  in  keeping  their  wind- 
shields clear  of  insects  while  flying  past  the  tower.  We  (RBC  and  BDW)  also  observed 
that  when  standing  in  the  shadow  of  an  object  just  shielding  the  sun's  disk,  the  insects 
become  quite  visible.  At  10-cm  wavelength  a  radar  is  quite  sensitive  to  insects.  For 
example,  our  system  mdb  (minimum-discernable-bug)  is  2.0  mm  in  diam  at  a  range  of 
1  km.  We  see  on  Figure  4  that  insects  are  observed  to  a  1500-m  height  during  the 
entire  period  from  1227  to  1517  MDT  on  October  2,  1970.  By  this  time  the  morning 
inversion  is  completely  destroyed.  The  insects  appear  to  act  as  tracers  of  an  oscillatory 
flow.  One  presumes  that  the  'rising'  portions  of  the  record  are  convective  elements 
since  the  air  in  the  boundary  layer  is  slightly  unstable  at  this  time  due  to  solar  heating 
of  the  ground.  The  rising  portion  appears  darker,  indicating  a  filling  in  of  the  back- 
ground by  mixing  of  the  leading  edge  of  the  element  with  the  ambient  air  while  the 
descending  portion  displays  only  the  insects,  indicating  well-mixed  air.  This  is  in 
keeping  with  the  convective  plume  model  of  Kaimal  and  Businger  (1970)  determined 
from  the  data  in  the  first  30  m  of  the  atmosphere.  Note  well,  that  the  plumes  rise  with 
time,  indicating,  since  we  only  see  that  which  the  wind  carries  past  us,  that  the  plume 
is  bent  backwards  in  space  relative  to  the  air  flow.  This  is  just  the  opposite  of  Kaimal 
and  Businger's  observations.  This  discrepancy  could  be  explained  by  the  presence  of  a 
wind  maximum  above  tower  height.  Verification  of  this  conjecture  must  await  sub- 
sequent observations.  The  vertical  velocities  of  these  insects  are  also  quite  large.  For 
example,  at  1530  it  is  quite  easy  to  follow  a  single  insect  rising  over  450  m  in  3  min 
with  an  average  velocity  of  2.5  m  sec-1. 
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Fig.  4.     Radar  record  of  insect  returns  of  October  2. 


259 


472 


B.  R.  BEAN  ET  AL. 


Fig.  5.     Radar  record  of  clear  air  and  insect  returns  of  October  12. 

A  further  example,  shown  in  Figure  5,  illustrates  thermal  plume  modulation  of  an 
elevated  inversion  during  the  late  morning  of  October  12,  1970.  With  few  exceptions 
the  insects  are  confined  under  the  inversion  and  within  the  mixing  layer.  Again, 
where  a  convective  plume  is  clearly  delineated,  such  as  near  1320,  the  insect  returns 
indicate  that  the  plume  is  bent  backwards  in  space  relative  to  the  air  flow.  The  period 
before  1235  does  not  show  such  clear-cut  convective  activity  but  rather  undulations 
on  the  inversion  with  some  mixing  of  insects.  The  period  from  1200-1235  shows 
structures  reaching  to  the  ground  that  are  spatially  iihed  forward  with  the  wind.  These 
are  assumed  to  be  instability  waves  on  the  inversion  that  break  to  produce  trailing 
wakes.  Such  waves  are  the  object  of  much  research  within  our  laboratories.  Although 
they  are  not  Kelvin-Helmholtz  waves,  their  physical  cause  has  not  yet  been  explained. 

Waves  of  the  Kelvin-Helmholtz  (K-H)  variety  are  shown  in  Figure  6  for  the 
morning  of  October  22,  1970.  The  record  starts  at  0800  with  faint  echoes  of  high 
amplitude  internal  gravity  waves  of  the  characteristic  shape  that  Gossard  and  Richter 
(1970)  attribute  to  non-linear  third-order  Stokes  waves.  The  inversion  then  rises 
slowly  until  just  before  0900  when  a  large-amplitude  wave  appears.  The  characteristic 
braided  return  of  K-H  instability  appears  from  0901-0904;  mixing  presumably 
occurs,  thus  weakening  both  the  contrast  in  TV  across  the  layer  and  the  resultant  radar 
returns.  The  layer  remains  relatively  weak  until  about  0925  when  wave  action  again 
commences.  The  long  wave  at  0945  crests  with  a  roll  that  captures  clear  ambient  air 
in  its  center.  Some  instability  is  indicated  by  the  diffuse  returns  on  the  downward 
side  of  the  wave.  Note  that  the  returns  from  this  wave  are  as  strong  as  those  from  the 
tower. 
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Fig.  6.     Radar  record  of  clear  air  returns  of  October  22. 


4.  Conclusions 

This  first  field  expedition  with  the  CW-FM  radar  indicates  that  the  device  is  appli- 
cable to  studies  of  the  structure  of  temperature  inversions,  stable  and  unstable  waves 
upon  such  inversions,  thermal  plumes  and  convective  processes  within  the  boundary 
layer.  The  radar  also  appears  to  follow  the  transport  of  insects  by  such  processes. 

Perhaps  the  most  important  of  our  conclusions  is  that  many  boundary-layer  studies 
would  be  enhanced  by  the  use  of  a  clear-air  radar.  For  example,  the  present  authors 
are  concerned  with  the  budgets  of  heat,  momentum  and  water  vapor  as  determined 
from  the  150-m  tower.  In  such  budgets  one  must  determine  the  flux  quantities  as  well 
as  the  profile  characteristics,  i.e.,  averages  and  covariances  must  be  determined  over 
some  representative  averaging  time.  The  radar  indicates  that  many  intervals  are  not  as 
stationary  as  they  appear  to  the  eye  and  can  serve  to  delineate  those  periods  most 
suitable  for  the  analysis  of  particular  phenomena  such  as  instability  waves  and 
convective  processes. 
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Abstract — This  paper  is  a  survey  of  the  applicability  of  microwave  Doppler  radar  techniques 
to  the  observation  of  clear  air  motion.  Emphasis  is  placed  on  discussion  of  the  methods 
required  for  analyzing  wind  and  turbulent  motion  by  observing  the  velocity  of  man-made 
radar  targets  used  as  tracers  for  the  air  motion. 

1.   INTRODUCTION 

Microwave  Doppler  radar  techniques  have  been  widely  applied  to  the  study  of  wind 
field  in  precipitation  conditions  by  using  precipitation  particles  as  tracers  for  the  air 
motion.  Similar  methods  can  be  applied  to  observing  cloud-free  air  motion  if  suitable 
targets,  acting  as  tracers  for  air  motion,  are  in  the  region  probed  by  radar.  Such 
targets  might  occur  in  a  dense  smoke  plume  or  in  the  clear  atmosphere  ("angels"), 
but  the  presence  and  reliability  of  natural  targets  detectable  by  microwave  radars  in 
clear  air  will  often  be  questionable;  thus,  release  of  man-made  targets  will  be  needed 
at  times  to  provide  required  air  motion  tracers.  Such  targets  designed  for  this  purpose 
have  low  inertia,  small  terminal  speed,  and  can  be  dispersed  in  large  quantities 
("chaff").  They  are  thin  aluminum-coated  fiberglass  needles  which  are  cut  to  one-half 
the  radar  wavelength  for  maximum  radar  cross  section. 

This  paper  reviews  and  discusses  microwave  Doppler  radar  methods  and  techniques 
applicable  to  studying  clear  air  motion — and  its  time  variability — in  three  dimensions 
by  release  of  chaff  targets.  The  method,  using  two  Doppler  radars  that  probe  the 
same  region  in  space,  should  lead  to  three-dimensional  observation  of  well-organized 
features  of  the  wind  field,  such  as  local  convergence  or  vorticity,  as  well  as  their 
relation  to  the  smaller-scale  wind  variability. 

2.  THE  DOPPLER  RADAR  SPECTRUM 

Numerous  discussions  of  the  Doppler  radar  method  applied  to  the  study  of  atmos- 
pheric phenomena  have  been  presented  (Lhermitte,  1964,  1966;  Atlas,  1964).  It 
appears  necessary  here  only  to  mention  briefly  the  basic  principles  of  the  method. 
Only  pulse  Doppler  radar  techniques  having  the  same  ranging  capabilities  as 
conventional  radars  are  discussed. 

In  addition  to  the  same  capability  of  a  conventional  radar,  e.g.,  observing  back- 
scattered  signal  amplitude,  pulse  Doppler  radar  provides  information  on  rate  of 
change  of  the  phase,  </>,  of  the  backscattered  signal  returned  by  the  radar-detected 
target.  With  appropriate  design  of  Doppler  circuits,  the  phase  difference  between 
transmitted  and  received  signals,  which  is  observed  by  the  coherent  radar,  is  a  function 
only  of  the  distance  between  the  target  and  the  radar.  The  rate  of  phase  change, 

*  Presented  at  the  Symposium  on  Advances  in  Instrumentation  for  Air  Pollution  Control,  sponsored 
by  National  Air  Pollution  Control  Administration,  U.S.  Department  of  Health,  Education  and 
Welfare,  Cincinnati,  Ohio,  26-28  May  1969. 
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d<f>/dt,  will  therefore  provide  knowledge  of  the  radial  velocity,  dR/dt,  of  the  target. 
We  can  then  write 

d(f>  _  4t7  dR 
d7  =7  d? 

where  A  is  the  wavelength  of  the  transmitted  signal.  This  expression  shows  that  there 
is  a  complete  cycle  of  phase  change  every  time  the  target  moves  by  A/2.  The  pulse 
Doppler  radar  is  thus  an  accurate  ranging  device  that  measures  the  rate  of  change  of 
target  range,  i.e.,  the  radial  velocity.  If  the  target  is  approaching  the  radar,  the  phase 
of  the  signal  is  increasing  as  a  function  of  time,  which  makes  d</>/df  a  positive  quantity 
equivalent  to  an  effective  increase  of  the  transmitted  frequency.  On  the  other  hand,  if 
the  target  is  receding,  d<j>/dt  becomes  negative,  which  is  equivalent  to  an  effective 
decrease  of  the  transmitter  frequency.  The  sign  of  d<^/d/  is  opposite  to  the  sign  of 
motion  derived  from  the  convention  that  kinematic  divergence  is  a  positive  quantity. 
It  therefore  appears  that  it  is  more  appropriate  in  meteorological  work  to  consider 
that  receding  targets  have  positive  velocity.  If  the  target  moves  in  a  direction  different 
from  the  radar  beam  axis,  only  the  radial  velocity,  i.e.,  the  component  of  the  target's 
vectorial  velocity  along  the  axis  of  the  radar  beam,  is  measured.  This  statement 
reveals  the  ambiguities  of  dealing  with  radial  velocities,  which  can  partially  or 
completely  be  overcome  in  certain  ways  described  in  this  paper. 

Since  we  are  discussing  the  application  of  Doppler  techniques  to  studying  atmos- 
pheric phenomena,  we  are  dealing  with  volume  scattering  from  an  extended  or 
"distributed"  target  composed  of  large  numbers  of  scatterers. 

The  classical  analysis  of  the  backscattered  signal  received  by  conventional  pulse 
radars  from  distributed  targets,  such  as  a  cloud  of  chaff  dipoles  used  as  tracers  for  air 
motion,  shows  that  signal  amplitude  at  any  selected  point  in  the  radar  range  is  due 
to  the  contribution  of  signals  re-radiated  by  scatterers  inside  a  scattering  volume, 
defined  by  the  cross  section  of  the  radar  beam  and  the  pulse  length  of  the  radar.  In 
addition  to  observing  signal  amplitude,  pulse  Doppler  radar  techniques  also  provide 
information  on  signal  phase. 

If  we  assume  that  the  signal  backscattered  from  scatterer,  j,  has  constant  amplitude, 
a,-,  and  phase,  </>,•,  the  total  backscatter  signal,  A(t),  is  given  by 

N 

A(t)  =  V  aj  e-'^o' +*j\  (1) 

J=l 

o>0  =  2tt  f0;f0  is  the  transmitted  signal  frequency.  The  signal  phase,  </>,  can  be  split 
into  a  component,  </>0,  corresponding  to  some  conditions  at  the  origin  and  a  variable 
term  u>dt,  where  a>d  =  d<j)/dt  (Doppler  shift);  therefore,  we  can  write 

N 

A(t)  =  q-"°o'  y  a j  e-««V+*oj>.  (2) 

The  above  relationship  implies  statistical  independence  of  motion  between  scatterers 
and  no  collision  process  between  scatterers.  It  also  relies  on  scatterers  moving  freely 
for  several  radar  wavelengths,  therefore  leading  to  a  clear  definition  of  the  Doppler 
shift.  If  the  scatterers  are  submitted  to  a  random  displacement  limited  to  a  small 
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fraction  of  the  radar  wavelength,  a  different  and  more  complicated  expression  of 
A(t)  is  needed. 

For  pulse  radars,  the  time  function  A{t)  is  sampled  at  the  radar  pulse  repetition 
rate.  Selecting  the  signal  at  any  radar  range  can  be  done  with  conventional  range- 
sampling  units  assisted  by  signal-holding  circuits,  which  restore  the  time  continuity  of 
the  signal  between  pulses  and,  therefore,  provide  a  time  function  of  the  form  of 
equation  (1).  However,  sampling  and  propagating  the  A(t)  signal  in  the  radar  circuits 
slightly  modifies  its  spectral  characteristic,  especially  for  frequencies  approaching 
half  of  the  pulse  repetition  rate.  These  effects  are  well  known  and  usually  corrected  by 
appropriate  means. 

Equation  (1)  shows  that  the  power  density  spectrum  of  A{t)  is  the  probability 
density  function  for  the  backscattered  power  expressed  as  a  function  of  the  Doppler 
shift,  and  is  called  the  Doppler  spectrum.  If  the  radar  cross  section  of  the  individual 
scatterers  exhibits  time  variations,  the  spectrum  of  A(t)  includes  the  Fourier  compo- 
nents generated  by  amplitude  modulation  due  to  this  effect  (Brook  and  Latham, 
1968). 

3.  COHERENT  RADAR  DESIGN 

Radar  equipment  capable  of  observing  the  phase  difference  between  backscattered 
and  transmitted  signals  is  called  phase-coherent,  or  simply  "coherent". 

The  simplest  method  for  comparing  phases  is  based  on  mixing  the  signal  returned 
from  a  moving  target  with  the  signal  reflected  by  a  fixed  target  at  the  same  range. 
This  "external-coherence"  method,  which  is  often  used  in  airborne  navigational 
Doppler  radars,  has  been  applied  to  the  study  of  motion  of  precipitating  particles 
(Lhermitte,  1960).  However,  the  usefulness  of  this  method  is  seriously  limited  by  the 
need  for  a  fixed  target  to  be  at  exactly  the  same  range  as  the  moving  target  under 
study.  The  transmitter  pulse  signal  can  also  be  stored  in  microwave  cavities,  but  this 
technique  is  limited  to  short  ranges  by  the  fast  time  decay  of  the  stored  signal. 

The  most  effective  and  accurate  way  to  generate  microwave  phase  coherent  signals 
relies  on  the  use  of  a  primary  stable  microwave  source  called  a  STALO  (Stable  Local 
Oscillator).  The  microwave  signal  generated  by  the  STALO  is  amplified,  pulsed  by  a 
phase-coherent  amplifier,  and  radiated  by  the  antenna.  The  scattered  signal  coming 
from  a  moving  target  is  compared  to  the  STALO  signal,  and  the  signal  phase  is 
analyzed  by  systems  sensitive  to  the  phase  difference,  A<f>,  between  successive  pulses. 
The  quality  of  this  system  depends  upon  frequency  stability  of  the  microwave  oscil- 
lator during  the  time  interval  between  radiation  of  a  pulse  and  return  of  the  scattered 
signal.  Therefore,  it  involves  only  "short-term"  frequency  instabilities  of  the  STALO. 
Relative  frequency  stabilities  of  10~ 10  can  be  easily  achieved  for  longer  than  1  ms 
and  with  Doppler  phase  jitter  smaller  than  5  x  10~3rad. 

System  performance  can  be  analyzed  in  terms  of  these  estimated  random  phase 
instabilities  occurring  from  pulse  to  pulse.  If  these  phase  instabilities  are  uncorrelated 
and  limited  to  a  small  fraction  of  2n,  they  produce  a  radar-sampled  white  spectrum 
superimposed  on  the  signal  Doppler  spectrum.  The  Doppler  signal-to-noise  ratio  is 
given  by  the  ratio  between  the  signal  phase  variance  (Doppler)  and  the  contribution 
of  the  variance  caused  by  random  phase  instabilities  (Lhermitte  and  Kessler,  1964). 
If  this  is  due  to  STALO  phase  instabilities,  this  ratio  is  typically  better  than  50  dB. 
We  must  emphasize  that  small  STALO  frequency  instabilities  do  not  limit  the  ability 
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of  the  radar  to  observe  very  slow  target  motion,  which  is  only  limited  by  the  signal 
dwell  time  and  the  stability  of  the  mean  index  of  refraction  along  the  path.  The 
instabilities  only  generate  a  phase  noise  that  limits  the  dynamic  range  of  the  Doppler 
spectrum  and  thereby  inhibits  the  clear  definition  of  the  spectrum  boundaries.  The 
STALO  contribution  to  phase  instability  increases  systematically  with  target  distance. 
In  a  well  designed,  fully  coherent  system,  the  STALO  contribution  to  phase  instabilities 
largely  exceeds  other  contributions. 

The  need  for  a  coherent  microwave  amplifier  can  be  overcome  by  using  a  conven- 
tional (but  stable)  magnetron  microwave  oscillator  assisted  by  a  transmitter  phase- 
locked  system  (COHO)  that  stores  the  phase  of  the  transmitter  signal.  This  is  the 
classical  MTI  radar,  which  has  been  known  and  used  for  years.  Phase  locking  is 
usually  done  at  intermediate  radar  frequency  and  basic  requirements  for  the  STALO 
remain  the  same  as  they  are  for  fully  coherent  systems.  High  quality,  commercially 
available  magnetron  oscillators  have  acceptable  frequency  stability.  However,  there 
is  more  phase  noise  generated  by  the  magnetron  and  phase-locking  instabilities  in  the 
COHO  circuits  than  in  a  system  using  a  STALO  and  a  microwave  coherent  amplifier. 
The  ratio  of  signal  phase  to  phase  noise,  which  reaches  more  than  50  dB  for  fully 
coherent  systems,  is  reduced  to  30-35  dB  for  the  MTI  system.  This  phase  noise 
contribution  is  independent  of  the  radar  range. 

4.  DOPPLER  RADAR  SIGNAL  PROCESSING 

The  backscattered  time  signals  returned  by  the  moving  targets  must  be  frequency 
analyzed  before  any  other  manipulation  of  the  Doppler  data.  The  following  methods 
have  been  used  in  the  past: 

(a)  Range-gating  associated  with  either  a  signal-crossing  technique  that  provides 
the  spectrum's  second  moment  (Lhermitte,  1962)  or  a  velocity  tracking  system  that 
essentially  processes  the  spectrum  median  frequency  (Tripp,  1964).  This  technique 
has  the  advantage  of  simplicity  but  does  not  provide  information  on  the  spectrum 
width  and  shape  and  is  only  applicable  for  narrow  or,  at  least,  symmetric  spectra  for 
which  only  the  knowledge  of  the  average  frequency  is  required. 

(b)  Range  gating  associated  with  the  use  of  a  multifilter  frequency  analyzer  which 
leads  to  acceptable  knowledge  of  spectrum  shape,  especially  if  integration  means  are 
provided  for  the  signal  at  the  output  of  every  filter.  It  is,  however,  a  slow  process  that 
does  not  match  the  requirements  of  studying  atmospheric  phenomena. 

(c)  Coherent  memory  filter  of  velocity-indicator  coherent  integrator  (VICI)  applied 
to  meteorological  work,  which  was  first  proposed  by  Chimera  (1960)  and  allows 
quick  display  of  the  distribution  of  the  Doppler  velocity  as  a  function  of  radar  range 
(range  velocity  indicator,  RVI).  The  device  is  extremely  fast  but  suffers  from  restricted 
range  and  velocity  resolutions  due  to  practical  limitations  of  the  system.  The  VICI  is 
also  unable  to  provide  or  display  the  signal  power  spectral  density  quantitatively  and, 
therefore,  fails  to  indicate  the  Doppler  spectrum  shape.  In  its  present  form,  the 
coherent  memory  filter  also  fails  to  produce  data  in  a  digital  format,  which  seems  to 
be  the  only  way  to  cope  with  the  information  provided  by  this  system.  Extending  its 
use  for  PPI  display  has  recently  been  proposed  by  Donaldson  et  ah  (1969). 

(d)  Digital  time  compression  of  the  Doppler  signal  which  essentially  allows  quick 
analysis  of  the  spectra  by  fast  scanning  filters.  The  system  can  be  associated  with  range 
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Fig.  1.  Doppler  spectrum  observed  with  a  vertically  pointing  radar  beam  on  falling  snow. 
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Fig.  3.  Velocity-azimuth  display  showing  the  difference  between  VAD  patterns  obtained  for 

smooth  and  turbulent  flow. 
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multiplexing  and  is  capable  of  analyzing  the  Doppler  information  at  10  range  gates 
in  a  time  on  the  order  of  a  few  seconds. 

(e)  If  real-time  operation  is  unnecessary,  recording  the  Doppler  signal  by  aid  of  a 
multitrack  magnetic  tape  recorder  offers  a  high  rate  of  data  acquisition,  which  matches 
most  of  the  requirements.  Complementary  information  can  also  be  recorded  on  a 
separate  track.  Processing  the  recorded  signals  can  be  done  with  the  aid  of  specialized 
digital  devices  that  provide  a  digital  output. 

Recently,  signal  and  data  processing  methods  have  drastically  improved  through 
the  use  of  advanced  general  purpose  digital  computers  and  special  purpose  processing 
systems  based  on  the  use  of  modern  digital  hardware,  such  as  integrated  circuits. 
The  meteorological  Doppler  radar  system,  with  its  high  rate  of  information  flow,  can 
benefit  drastically  from  modern  digital  circuitry  and  methods  for  processing  and 
storing  of  Doppler  information.  The  following  is  devoted  to  analyzing  problems  and 
predicting  solutions,  which  are  expected  to  take  place  in  the  next  few  years,  for  the 
treatment  of  Doppler  radar  information  so  that  the  potential  of  the  method  will  be 
fully  realized. 

As  mentioned  above,  the  transformation  to  be  performed  on  the  Doppler  signal  is 
that  of  a  conventional  Fourier  transform  or  its  equivalent,  such  as  processing  the 
signal  with  an  analog  type  frequency  analyzer. 

Although  digital  computations  of  the  Doppler  signal  power  density  spectrum  had 
been  involved  in  some  early  experiments  (Battan,  1964),  they  have  not  been  widely 
used  because  of  the  time  consuming  nature  of  the  operation.  However,  substantial 
progress  has  now  been  achieved  for  computing  power  density  spectrum  by  digital 
computers,  and  efficient  algorithms  are  available  that  provide  fast  Fourier  transforms 
of  sampled  time  series  (Cooley  and  Tukey,  1965).  This  fast  Fourier  method  sub- 
stantially reduces  the  time  required  for  the  digital  computations  of  Fourier  transforms. 

The  digital  Fourier  transform  is  based  on  the  availability  of  digitized  time  samples  of 
the  signal  to  be  analyzed.  The  spectral  power  density  estimates,  SJt  are  computed 
from  the  following  equations: 


Cj 


Sj  =  C/ 

where  Ck  =  ak  +  ibk,  with  ak  the  real  and  bk  the  imaginary  part  of  the  backscattered 
signal. 

The  method  provides  N  non-redundant  frequency  samples  from  N  time  samples, 
thus  requiring  that  JV2  multiplications  be  done  per  complete  spectrum.  Five  hundred 
time  samples  are  fairly  representative  of  the  spectral  information  in  a  time  signal, 
requiring  that  250,000  complex  multiplications  be  done  for  each  conventional  Fourier 
transform.  With  modern,  fast  digital  computers,  computing  time  will  be  on  the  order 
of,  or  less  than,  1  s,  which  does  not  much  exceed  the  signal  dwell  time  required  to 
build  an  acceptable  knowledge  of  the  spectrum.  Therefore,  real-time  digital  computa- 
tions by  conventional  Fourier  algorithms  are,  at  least,  as  effective  as  the  filter  bank 
method.  Also,  the  digital  computer  offers  complete  flexibility  in  the  choice  of  appro- 
priate frequency  coverage  that  is  controlled  by  the  signal  sampling  rate,  see  Blackman 

A.E.   5/8—1 
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and  Tukey  (1958).  Since  it  is  based  on  the  unambiguous  Fourier  transform  mathe- 
matical expression,  the  digital  frequency  analyzer  provides  a  well  defined  answer  for 
the  spectral  density  estimate,  which  is  easier  to  use  in  the  analysis  of  the  data. 

Fast  Fourier  transform  algorithms  decrease  the  required  number  of  multiplications 
to  N  log2  N  instead  of  N2.  This  considerably  reduces  computation  time  to  much  less 
than  signal  dwell  time  and  thereby  makes  it  feasible  to  process  several  radar  ranges 
in  less  than  a  few  seconds.  The  method  involves  using  a  high  speed,  elaborate  system 
for  multiplexing  and  an  analog-to-digital  conversion  of  the  Doppler  signal.  It  also 


Doppler  power  spectral  density  vs  velocity  and 
azimuth   angle 


574 


Doppler  velocity 


Fig.  2.  Three-dimensional  display  showing  Doppler  spectra  at  the  same  distance  for  selected 

azimuths  inside  a  convective  storm.  Doppler  velocity  range  is  from  -10ms"1  (approaching) 

to  15  m  s"1  (receding).  Spectrum  width  ranges  from  2  to  12  m  s_1.  Azimuth  steps  are 

separated  by  2  degrees.  Range  gating  is  at  25  km. 

requires  core  memories  that  are  organized  in  sequence  so  the  Fourier  transforms  can 
be  easily  computed,  range  after  range,  from  the  stored  digital  data.  Such  systems  can 
be  built  at  an  acceptable  cost  by  use  of  modern  integrated  circuit  digital  hardware. 
The  expected  rate  of  data  that  can  be  processed  is  about  10,000  (200  ranges, 
50  velocities)  samples  every  second.  By  using  a  logarithmic  scale,  only  one  7-bit 
character  is  necessary  to  represent  the  spectral  density  with  sufficient  accuracy  at  a 
given  range-velocity  address.  Storing  Doppler  data  with  range-velocity  addresses  can 
be  done  on  magnetic  tape  with  a  format  compatible  with  requirements  of  general 
purpose  digital  computers  (used  for  assembling  the  radar  data. in  space).  Figure  2 
illustrates  the  capabilities  of  the  digital  method  for  reducing  and  even  presenting  a 
three-dimensional  display  of  Doppler  radar  information.  Such  displays  can  be  quickly 


268 


Measurement  of  Wind  and  Wind  Field  by  Microwave  Doppler  Radar  Techniques         697 

obtained  by  using  output  devices  usually  associated  with  large  computers.  Of  course, 
the  effectiveness  of  such  a  fast  data  acquisition  rate  relies  on  our  ability  to  cover  large 
regions  of  the  atmosphere  with  chaff  dipoles. 

Note  that  if  better  time  or  space  resolution  is  needed,  the  Doppler  data  acquisition 
speed  can  be  increased  well  beyond  the  limits  expressed  above.  The  expected  avail- 
ability of  large  scale  integration  (LSI)  digital  hardware  and  the  increasing  speed  of 
integrated  circuits  can  increase  the  data  acquisition  rate  expressed  above  by  one  order 
of  magnitude.  The  capability  of  the  system  will  still  be  limited  by  the  scanning  speed 
capabilities  of  radar  antennas,  although  this,  too,  may  ultimately  be  overcome  by  the 
development  of  electronic  beam  scanning  techniques;  but,  isn't  it  dreaming?? 

5.  THE  RADIAL  VELOCITY  SPECTRUM  AND  ITS  METEOROLOGICAL 

SIGNIFICANCE 

The  nature  of  Doppler  information  obtained  from  the  backscattering  of  pulse 
radar  signals  has  been  widely  discussed  in  various  articles  (i.e.,  see  Atlas,  1964; 
Lhermitte,  1964,  1966).  Information  on  the  radial  velocity  of  the  targets,  which  is 
contained  in  the  phase  of  the  backscattering  signal,  is  observed  not  at  a  point  in 
space  but  more  precisely  inside  a  range-selectable  scattering  region  defined  by  the 
radar  beam  cross  section  and  half  the  radar  pulse  length  in  space.  Frequency  analysis 
of  the  backscatter  signal  provides  a  spectrum  of  velocity  representing  radial  velocities 
of  the  detected  targets  weighted  by  a  possible  relationship  between  their  radar  cross 
section  and  their  velocity.  This  "Doppler  spectrum"  can  be  reduced  to  an  expression 
of  average  velocity  (first  moment  of  the  spectrum)  and  spectrum  variance  (second 
central  moment). 

If  the  targets  exhibit  a  large  range  of  sizes  and  shapes,  which  in  turn  influences 
their  motion  relative  to  the  air,  the  interpretation  of  the  Doppler  spectrum  requires 
an  assumption  of  the  relationship  between  the  target  radar  cross  section  and  the 
velocity.  However,  if  the  targets  have  a  uniform  size  (chaff  dipoles)  or  if  they  respond 
to  air  motion  similarly,  regardless  of  their  size,  the  Doppler  spectrum  can  be  inter- 
preted in  terms  of  the  statistics  of  the  air  radial  velocity  inside  the  scattering  region. 
For  targets  moving  under  the  influence  of  air  speed  only,  average  Doppler  velocity 
is  the  mean  air  velocity,  and  Doppler  spectrum  variance  is  caused  by  the  three- 
dimensional  spectrum  of  turbulent  air  motion  integrated  from  wave  numbers  that 
correspond  to  the  smallest  scale  of  the  scattering  region,  which  can  be  reproduced  by 
spacing  the  targets. 

The  Doppler  radar  measures  only  the  targets'  radial  velocity,  VR,  which  can  be 
expressed  as 

VR  =  v  cos/J  cos#  +  u  sinjS  cos#  +  w  sin#,  (3) 

where  jS  and  6,  respectively,  are  the  azimuth  angle  (relative  to  north)  and  the  elevation 
angle  of  the  radar  beam;  v,  u,  respectively,  are  the  N-S  and  E-W  components  of  the 
target's  horizontal  motion,  and  w  is  the  target's  vertical  velocity;  VR  is  positive  for 
motion  away  from  the  radar,  v  is  positive  from  S  to  N,  u  is  positive  from  W  to  E,  and 
wis  positive  upwards.  The  expression  of  the  Doppler  spectrum  variance,  a2R,  indicated 
by  the  spectrum  width,  is  given  from  equation  (3)  by: 

a2R  =  a2v  cos2j9  cos20  +  a2„  sin2/S  cos20  +  a2w  sin20 
+  cos20  sin2j8  cov(wy)  +  cos/J  sin20  co\(vw) 
+  sin/8  sin2#  cov(ww),  (4) 
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where  a2v,  a2u,  a2w,  respectively,  are  the  variances  for  v,  u,  and  w;  co\(uv)  etc. ...  the 
covariance  between  v  and  u  etc 

Note  that  the  relative  contribution  of  the  v ,  u,  w  variances  (and  their  covariances) 
to  the  radial  velocity  variance  as  expressed  in  equation  (4)  is  modified  significantly  by 
varying  azimuth  and  elevation  angles  of  the  radar  beam. 

For  instance,  if  the  Doppler  data  are  acquired  by  directing  the  radar  beam  along  the 
mean  wind  at  the  selected  altitude  (upwind  and  downwind  regions)  the  method  is 
sensitive  only  to  V,,  the  longitudinal  component  of  the  wind,  and  the  vertical  motion, 
vv.  We  then  express  the  upwind,  Vv,  and  the  downwind,  VD,  Doppler  velocities  by  the 
following  equations: 

Upwind  Vv  =  Vt  cos9  +  w  sin9  (5) 

Downwind  VD  =  —Vt  cos9  +  w  sin9,  (6) 

where  Vv  and  VD  are  positive  for  motion  away  from  the  radar,  and  w  is  positive 
upwards,  with  the  variances 

Upwind  a2v  =  <x2,  cos2  9  +  a2w  sin2  9  +  cov(F,h>)  sin2#  (7) 

Downwind     a2 D  =  a2l  cos2 0  +  a2w  sin2 9  —  cov(F,w)  sin20.  (8) 

Since  only  the  sign  of  the  covariance  changes  from  downwind  to  upwind,  the 
difference  between  the  Doppler  spectrum  upwind  and  downwind  variances  is  a 
measure  of  the  covariance  between  Vt  and  w.  The  covariance  has  a  great  importance 
in  the  boundary  layer  since  it  is  related  to  the  shearing  stresses  due  to  friction.  To  re- 
move the  contribution  due  to  time  or  space  variability  of  the  above  quantities, 
equations  (7)  and  (8)  should  involve  time  averages  of  a2v  and  a2D.  The  upwind-down- 
wind method  has  been  discussed  for  Doppler  data  obtained  during  a  snowstorm 
(Lhermitte,  1968),  where  it  was  shown  that  the  calculated  cov(F,w)  is  on  the  same 
order  of  magnitude  as  the  Doppler  spectrum  variance. 

6.  VAD  METHODOLOGY 

If  chaff  dipoles  are  uniformly  released  in  a  large  region  surrounding  the  radar  site, 
and  if  we  assume  statistical  homogeneity  of  the  wind  field  in  the  area,  it  is  appropriate 
to  observe  several  radial  components  of  the  motion  of  the  tracers,  obtained  in  different 
directions  by  means  of  azimuth  scanning  of  the  radar  beam  and  display  of  the  velocity 
azimuth  function  (Velocity-Azimuth-Display).  With  appropriate  programming  of 
the  radar  beam  elevation  angles  and  the  selected  ranges,  the  data  can  represent  a 
range  of  altitudes  in  the  storm,  thereby  leading  to  a  definition  of  the  vertical  distri- 
bution of  the  properties  of  the  motion  field. 

The  method  was  first  proposed  (Lhermitte  and  Atlas,  1961)  for  measuring  the 
wind  vertical  profiles  within  a  snowstorm  but  can  be  extended  to  measuring  clear  air 
motion  by  use  of  suitable  targets  released  over  large  areas.  An  example  of  the  method's 
capability  is  shown  in  Fig.  3.  The  tracers'  radial  velocity,  VR,  at  a  certain  altitude  is 
continuously  recorded  as  a  function  of  radar  beam  azimuth,  /}.  VR  is  expressed  as  a 
function  of  the  horizontal  motion  speed,  Vh;  and  direction,  /J0;  the  radar  beam  eleva- 
tion angle,  9;  and  the  particle  vertical  velocity,  Vs\  by  the  following  equation: 

VR  =  Vh  cos0  cos(i8  -  £0)  +  Vf  sin^.  (9) 


270 


Measurement  of  Wind  and  Wind  Field  by  Microwave  Doppler  Radar  Techniques         699 

VR  is,  in  fact,  a  spectrum  whose  variance  is  due  to  the  contribution  of  Vh  variance, 
a2h;  Ff  variance,  a2f  (due  mainly  to  the  distribution  of  dipole  terminal  speed) ;  and  the 
covariance  between  Vf  and  Vh.  The  estimate  of  the  mean  velocity,  VR  (spectrum  first 
moment),  collected  as  a  function  of  radar  beam  azimuth,  offers  means  to  determine 
a  least  square  fit  of  equation  (9),  which  permits  a  prediction  of  the  average  quantities : 
Vh,  Vf,  and  j80. 

There  is,  however,  an  ambiguity  in  the  prediction  of  Vf  that  is  due  to  the  possible 
presence  of  wind  convergence  in  the  wind  field.  This  is  easily  shown  by  integrating 
VR  as  a  function  of  /S.  We  have 

2n  2-n  2-n 

J   VR(fi)  dyS  =  cos  9  J   Vh  cos(/S  -  j80)  dyS  +  sin  6  f  V,  dp.  (10) 

00  0 

The  term  /„"  Vh  cos(/?  —  /?0)  d/S  is  null  only  if  there  is  no  wind  convergence.  We 
then  can  write 

2-n  2tt 

j  VR(P)dp  =  sind  j  V,dfl  (11) 

0  0 

and  therefore  estimate  Vf.  However,  if  there  is  wind  convergence  the  term  \yvh 
cos(j8— j80)  d/J  is  not  zero  and  contributes  to  the  term  on  the  right  of  equation  (10). 
By  further  manipulating  the  equations,  we  can  estimate  the  wind  divergence,  div2V 
by  the  following  expression: 

d^T-lTlM®*     (2>SL»).  (12) 

irr  J      cos  6  \       r       / 


0 


In  this  equation,  r  is  the  radius  of  the  circle  scanned  by  the  radar  beam  at  the  selected 
range  or  altitude.  The  method  is  capable  of  an  accurate  estimate  of  the  wind  diver- 
gence if  6  is  small  and  if  the  fall  speed  of  chaff  dipoles  can  be  estimated  accurately. 
For  instance,  if  6  =  10°,  a  change  of  the  estimate  of  Vf  by  0.25  m  s_1  modifies  the 
convergence  estimate  by  10-5  s_1  atr  =  15  km. 

This  method  of  measuring  wind  convergence  was  first  proposed  and  applied  by 
Caton  (1963)  for  precipitation  particles  observed  by  a  Doppler  radar.  It  reliably 
applies  only  to  air  motion  tracers  whose  fall  velocity  either  is  small  or  is  accurately 
estimated.  Deformation  of  the  wind  field  can  also  be  derived  from  the  data,  but 
vorticity  cannot  be  observed  with  a  single  Doppler  radar  since  it  requires  that  the 
tangential  component  of  the  motion  be  known. 

Wind  fluctuations  of  smaller  scale  can  also  be  estimated  by  classical  Fourier 
analysis  of  the  VR(P)  function  and  the  Fourier  components  expressed  in  the  following 
equation: 


I 


2-n 

VM  e-""  dj8.  (13) 


C„  is  indeed  a  complex  quantity  containing  information  of  phase  and  amplitude  of 
the  Fourier  components. 
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Mesoscale  wind  properties  as  well  as  eddy  dissipation  rate  can  be  observed  and 
analyzed  by  this  method  if  the  data  are  simultaneously  acquired  at  a  high  rate  and  at 
different  altitudes.  However,  the  method  is  used  to  its  full  capabilities  only  if  the  data 
are  produced  in  digital  form  for  efficient  reduction  by  digital  computers. 


7.  THE  TWO  DOPPLER  RADAR  METHOD 

Using  two  Doppler  radars,  installed  at  different  locations  and  simultaneously 
observing  the  same  region  where  air  motion  tracers  have  been  released,  drastically 
improves  the  capability  of  the  Doppler  method.  Figure  4  illustrates  this  concept. 


Fig.  4.  The  dual  radar  system  from  which  velocities  of  the  targets  are  obtained  from  two 
different  directions.  Ri  and  R2  are  the  positions  of  the  two  radars. 


The  same  region  is  observed  by  two  radars,  Rx  and  R2,  installed  at  different  locations, 
thereby  providing  two  radial  components  of  the  targets'  motion,  Vx  and  V2.  The  two 
components,  Vx  and  V2,  can  be  expressed  by  the  following  equations: 


V\  —  Vh  cosa  cosflj  +  (Vt  +  w)  sinflj 
V2  =  —  Vh  cosOSj  +  £2  +  a)  cos02  +  (V,  +  w)  sin92. 


(14) 
(15) 


In  these  equations  6X  and  62  are  elevation  angles  for  Rx  and  R2 ;  &  and  j82  are  the 
inside  angles  shown  in  Fig.  4;  Vh  is  horizontal  motion  speed;  a  is  the  angle  between 
the  direction  of  horizontal  motion  and  /Jx ;  Vt  +  w  is  the  targets'  vertical  velocity 
(Vt  is  the  targets'  terminal  speed  and  w  is  the  air  vertical  motion).  If  the  contribution 
to  the  Doppler  caused  by  vertical  motion  can  be  neglected,  i.e.,  {Vt  +  w)  sin#  ~  0, 
equations  (14)  and  (15)  can  be  solved  for  V„  and  a  according  to  the  following 
expressions: 


Vh  = 


1 


sin2^  +  j82) 


tana  = 


fV 


+ 


cos2  8 \       cos2  6 


+ 


2F1F2cos(i61  +/?J 
COS  9i  cos  02 


1 


sinOSi  +  p2) 


V2  cos  0i  ,„         .  .1 

~ j  +COS0?!  +j82)  . 

V,  cos92  J 


(16) 


(17) 
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This  method  offers  excellent  potential  for  easy  mapping  of  the  horizontal  air  motion 
field  for  nearly  horizontal  radar  beams.  However,  radar  beam  elevation  angles 
smaller  than  5°-10°  can  be  accepted,  allowing  the  observation  of  the  horizontal 
motion  field  up  to  10,000-15,000  ft.  For  targets  outside  the  line  of  sight  between  the 
two  radars,  the  method  offers  accurate  and  unambiguous  results  that  should  clearly 
reveal  convergence  and  vorticity  patterns  of  the  wind  field. 

If  we  add  the  equation  of  continuity  of  mass  applying  to  noncompressible  fluid, 

8u       3v       dw 
8x       8y       dz 

to  equations  (14)  and  (15),  we  can  solve  the  system  of  three  equations  for  u,  v,  and  w, 
provided  that  Vt  is  a  known  quantity.  For  chaff,  V,  is  easily  estimated,  therefore 
making  the  method  capable  of  probing  three-dimensional  wind  fields  at  any  altitude 
where  air  motion  tracers  have  been  released.  The  method  will  therefore  offer  the 
unique  opportunity,  for  instance,  to  observe  the  three-dimensional  motion  field  in  the 
boundary  layer.  Since  the  smaller-scale  air  motion  variability  can  be  derived  from 
the  variance  of  the  Doppler  spectra  that  are  obtained  at  numerous  points  in  space, 
the  interaction  between  small-scale  variability  and  organized  features  of  the  wind  field 
can  be  derived  from  the  data. 

CONCLUSION 

This  note  emphasizes  the  potential  of  microwave  Doppler  radar  techniques  for  the 
study  of  wind  fields  and  smaller-scale  turbulent  air  motion.  We  believe  that  the 
present  state  of  the  technique  presented  in  this  discussion  can  and  will  provide  a 
significant  contribution  to  the  study  of  boundary  layer  and  turbulent  diffusion 
processes. 
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1. 


INTRODUCTION 


Pulse  Doppler  radars  provide  informa- 
tion on  the  radial  velocity  of  precipita- 
tion particles.   This  information  has  the 
form  of  a  spectrum  of  radial  velocities 
related  to  the  distribution  of  particle 
motion  in  the  radar  pulse  volume. 
The  first  moment,  V  ,  of  the  spectrum 
(mean  Doppler)  can  Be  expressed  by: 


+  v  cos  B  cos  e  +  (w  +  Vjsin  9  , 


(1) 


where  B  and  9,  respectively,  are  the  azi- 
muth and  elevation  ang_les  of  the  radar 
beam,  and  u,  v,  and   w  are  the  three  or- 
thogonal components  of  the  mean  air  mo- 
tion,  v   is  the  mean  Doppler  related  to 
particle  terminal  velocity  alone  for  a 
vertically  pointing  beam.   Equation  (1) 
is  based  on  the  assumption  that  precipi- 
tation particles  are  good  tracers  of 
mean  air  motion  (Wilson,  1970)  regardless 
of  their  size . 

Equation  (1)  also  shows  that  the  u,  v, 
and  w  +  V   terms  can  be  separated  only  if 
several  observations  of  V   at  a  qiven 
point  in  space  are  obtained  by  three 
radars  installed  at  different  locations. 
The  resolution  of  the  u  and  v  components 
of  two-dimensional  horizontal  motion  can 
be  realized  by  use  of  only  two  radars, 
if  the  contribution  from  the  w  +  V   term 
can  be  assessed.   This  paper  discusses 
results  obtained  by  such  a  method  applied 
to  the  observation  of  convective  storm 
circulation . 

2.    DUAL  RADAR  CONCEPT 

The  dual-Doppler  radar  method  is 
based  on  simultaneous  observations  of  two 
mean  radial  velocities,  Vi  and  V2  as  pro- 
vided by  Radars  1  and  2,  leading  to  two 
expressions  analagous  to  (1)  at  a  given 
point  in  a  storm. 

Solving  these  equations  for  u  and  v 
gives : 
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sin(Bi  -  62) 


Vi  cos  62   V2  cos  Bi 


cos  9 1 


cos  9  2 


(2) 


-  (w  +  Vt) 


cos  B2  tan  9j  -  cos  Bi  tan  92 


sin(Bi  -  B2) 


1 


sin(Bi  -  B2) 


V2  sin  Bi   Vj  sin  B2 


cos  82 


COS  8  j 


(3) 


-  (w  +  Vt) 


sin  Bi  tan  92  -  sin  B2  tan  9, 


sin(B,  -  B2) 


If  9j  and  62  are  small,  the  last  term  in 
equations  (2)  and  (3)  can  be  neglected. 

For  precipitation  in  a  liquid  form, 
V   can  be  estimated  from  radar  reflectivity, 

ith  reasonable  accuracy  J^Rogers,  19  64; 

mitte,  1970)  .   The  term  w  can  then  be 

mated  through  the  equation  of  contin- 
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where  —  -r^-   can  be  neglected  through 
p  d  t 


the 


assumption  of  an  incompressible  fluid. 
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(3)  , 
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If  V   is  estimated  from  a  V  /Z  me 
relationship,  u,  v,  and  w  are  evaluat 


from  an  interation  process  using  (2) 
and  (4) ,  leading  to  a  solution  satis 
these  three  equations. 

Acceptable  estimates  of  u  and  v,  as 
derived  from  (2)  and  (3),  are  only  obtained 
in  a  limited  region  determined  by  the 
separation  of  the  radars  (Lhermitte  and 
Miller,  1970)  . 

Although  coordinated  scanning  of  the 
radar  beams  provides  a  much  better  solu- 
tion to  the  problem  (Lhermitte  and  Miller, 
1970) ,  this  paper  presents  and  discusses 
data  which  were  obtained  by  two  independ- 
ent, simultaneous  three-dimensional  scan- 
nings of  the  radar  beams  with  a  preprogram- 
med sequence  of  elevation  angles.   One 
radar  only  was  fully  equipped  with  a  digi- 
tal recording  system,  allowing  easy,  ac- 
curate processing  of  the  Doppler  informa- 
tion by  digital  computer.   The  other  radar 
was  operated  in  a  coordinated  mode,  record- 
ing additional  radial  velocity  data  in 
analog  form. 

The  two-dimensional  velocity  data  ac- 
quired in  this  manner  at  small  elevation 
angles,  with  the  contributions  from 
w  +  V   lead  to  the  presentation  of  well- 
organized  and  consistent  horizontal  motion 
fields  resolved  at  a  scale  never  attained 
before,  therefore  justifying  the  presenta- 
tion and  discussion  of  the  material  in  this 
paper . 
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3.    RADAR  METHOD  AND  CHARACTERISTICS 

Dual-Doppler  observations  of  a  con- 
vective  storm  were  obtained  by  two  Doppler 
radars  installed  in  the  area  of  Boulder, 
Colorado.   Figure  1  illustrates  the  geom- 
etry of  the  radar  system.   The  separation 
between  the  two  radars  is  15  km;  the  mean 
distance  of  the  storm  for  this  selected 
case  is  on  the  order  of  20  km.   The  two 
pulse  Doppler  radars  have  identical  charac- 
teristics : 

Operating  Frequency  9.31   GHz 


Peak  Power 
Antenna  Beam  Width 
Pulse  Width 
Pulse  Repetition 
Period 


20     kw 

0 . 9    degrees 

0.3    psec 


512 


psec 


The  radar  receiver  provides  complex  phase- 
coherent  signals  (in-phase  and  quadrature) 
which  are  both  necessary  to  provide  the 
sign  of  the  Doppler  frequency  shift. 

One  radar  was  designed  for  recording 
Doppler  signals  by  analog  means.   The 
other  radar  was  operated  with  an  improved 
system  digitally  recording  receiver  sig- 
nals in  a  format  compatible  with  direct 
processing  of  the  tape  by  a  digital  com- 
puter.  The  data  were  recorded  at  a  rate 
of  16,000  12-bit  samples  sec  ',  as  imposed 
by  the  maximum  capabilities  of  the  digital 
tape  recorder.   Each  record  leading  to  the 
expression  of  one  Doppler  spectrum  is  com- 
posed of  512  complex  samples  (in-phase  and 
quadrature) ,  sufficient  to  allow  an  accu- 
rate evaluation  of  a  Doppler  spectrum  at 
a  given  point  in  space.   The  signals  are 
recorded  at  24  selected  ranges  in  1.7  sec. 
After  their  digital  recording  on  magnetic 
tape,  the  Doppler  signals  are  processed 
by  the  digital  computer  programmed  with 


Figure  1.   Plan  view  of  the  radar  locations 
showing  the  scanning  regions  covered  by 
the  two  radars  related  to  the  storm's 
boundaries . 


fast  Fourier  transform  algorithms  for  the 
calculation  of  the  Doppler  spectra.   Addi- 
tional computations  are  included,  such  as 
the  evaluation  of  the  first  and  second 
central  moments  of  the  Doppler  spectrum 
and  the  signal  power  from  which  radar  re- 
flectivity of  the  medium  is  derived. 

The  sample  size  mentioned  above  pro- 
vides a  standard  deviation  of  the  mean 
Doppler  estimate,  V,  of  about  0.2  m  sec"1 
for  a  Doppler  spectrum  standard  deviation 
of  1  m  sec  '  (total  width  5  m  sec"1),  which 
is  typical  for  the  data  discussed  here 
(Lhermitte  and  Miller,  1970).   Since  the 
largest  spectrum  width  observed  in  the 
data  discussed  in  this  paper  was  15  m  sec  l« 
the  maximum  standard  deviation  of  the  V 
estimate  is  about  0.35  m  sec  '. 

The  processing  system  also  includes 
frequency  smoothing  of  the  spectra  and  a 
printout  of  smoothed  spectral  density  esti- 
mates at  64  points  equally  spaced  in  the 
velocity  range.   An  example  of  results  ob- 
tained By  use  of  such  a  computer  method 
Has  been  shown  elsewhere  CLhermitte 
and  Miller,  1970J.   Since  sign  discrimination 
is  allowed  By  the  complex  expression  of  the 
Backscattered  signal,  frequency  folding 
at  half  the  radar  pulse  repetition  rate 
is  avoided.   Therefore,  if  a  positive 
Doppler  frequency  shift  exceeds  half  of  the 
pulse  repetition  rate,  it  will  appear  in 
the  negative  channel.   The  unambiquous 
velocity  range  is  ±  16  m  sec  a  as  de- 
termined By  the  sampling  of  the  Doppler 
signal  at  the  radar  pulse  repetition 
rate  . 

The  scanning  of  tfie  antenna  involves 
a  radar  Beam  stepping  mode,  synchronized 
with  the  operation  of  a  tape  recorder  which 
records  the  data  digitally.   For  each  fixed 
position  of  the  antenna,  which  lasts  1.7  sec, 
the  Doppler  signals  are  recorded  at  24 
different  points  in  the  radar  range .   The 
antenna  is  then  stepped  to  a  new  position. 
The  process  is  repeated  every  2  sec  with  a 
stepping  time  of  0.3  sec,  during  which 
the  signal  recording  operation  is  inhiBited. 

The  azimuth  stepping  allows  observation 
and  presentation  of  radial  velocity  fields 
in  a  two-dimensional  range-azimuth  coordinate 
system.   After  each  complete  azimuth  scan, 
the  antenna  moves  to  a  new  elevation  angle 
position,  so  a  three-dimensional  scanning  of 
the  region  of  interest  is  acheived. 

The  stepping  action  for  antenna  scan- 
ning is  required  by  the  relatively  low 
speed  at  which  data  are  acquired.   The 
antenna  remains  at  a  fixed  position  during 
the  recording  of  the  signals  so  that  the 
Doppler  data  are  assigned  to  clearly  de- 
termined points  in  space.   The  stepping 
action,  combined  with  the  fixed  position 
of  the  24  range  gates,  provides  fixed  grid 
points  in  space  and  allows  systematic 
treatment  of  the  data  by  computer  means. 

The  second  radar  utilized  in  this  work 
was  operated  in  the  same  manner,  establish- 
ing grid  points  in  space  by  digital  step- 
ping of  the  radar  beam  at  selected  range 
gates.   However,  the  radar  signals  were 
recorded  in  analog  form  and  processed  by 
analog  means . 
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4.    ANALYSIS  OF  THE  DATA 

The  observations  of  a  convective 
storm's  circulation  reported  in  this 
paper  were  acquired  on  August  29,  1969  in 
the  area  of  Boulder,  Colorado,  while  the 
storm  was  consistently  moving  from  230° 
at  a  speed  of  9  m  sec  : . 

Considerable  effort  has  been  devoted 
in  the  past  to  study  translation  and 
rotation  of  convective  storms.   These 
studies  were  mostly  concerned  with  the 
observation  of  trajectories  and  evolution 
of  radar  cells  with  occasional  splitting 
and  rotation.   The  investigations  were 
severely  limited  by  the  lack,  of  detailed 
information  about  the  wind  field  structure 
inside  the  storm  and  in  the  storm  environ- 
ment.  This  paper  is  concerned  with 
observations  of  both  the  wind  field  and 
the  precipitation-echo  patterns  at  a  time 
during  which  translation  of  the  storm  was 
a  significant  feature  of  its  behavior. 

Inspection  of  the  radar  data  obtained 
for  altitudes  ranging  from  15Q  to  2500  m 
above  ground  level,  in  the  subcloud 
region,  shows  that  the  moving  storm  is 
effectively  composed  of  two  cells,  the 
more  intense  one  being  in  the  southwestern 
part  of  the  storm  system.   Although 
significant  changes  in  the  reflectivity 
pattern  were  evident  during  the  time  the 
storm  was  observed,  the  basic  structure 
characterized  by  the  presence  of  two  cells 
remained  unchanged.   Detailed  studies  of 
the  motion  of  the  patterns  reveal  a 
systematic  translation  of  the  echoes  toward 
the  northeast  with  slight  acceleration 
of  the  storm  movement  (from  8  m  sec 
to  9  m  sec  :  in  20  mini  while  the  data 
were  obtained.   A  slight  cyclonic  rotation 
of  the  echo  pattern,  a  few  degrees  in 
20  min,  was  also  observed.   The  motion  of 
the  echo  cells  (230°,  9  m  sec   )  remains 
constant  at  all  altitudes  at  which  the 
data  were  acquired  (150  to  2500  m)  and  is 
in  agreement  with  the  environmental  wind 
at  an  altitude  higher  than  10,000  ft 
above  terrain. 

The  radial  velocity  field  pattern, 
derived  from  Doppler  data,  also  advects 
consistently,  although  in  a  different 
direction  (245°J  which  is  in  agreement 
with  the  environmental  wind  at  lower  levels. 
The  deviation  of  the  direction  toward  the 
west  is  increasing  with,  lower  altitudes, 
which  strongly  suggests  that  wind  pattern 
advection  is  more  sensitive  to  environ- 
mental wind  than  precipitation  echo 
translation.   This  is  consistent  with  the 
expectation  that  precipitation  echo  motion 
is  only  controlled  by  the  air  movement  at  the 
altitude  where  precipitation  particles  are 
formed . 

It  remains  that  both  the  radial  velo- 
city and  the  reflectivity  patterns  exhibit 
systematic  translation  and  also  a  negli- 
gible evolution  of  their  structure  for  sev- 
eral minutes.   The  overall  stationarity  of 
these  features  justifies  evaluation  of  a       F 
field  at  a  given  time  on  the  basis  of 
data  acquired  at  slightly  different  times. 

Examples  of  the  wind  fields  derived 
from  the  application  of  this  method  are 
presented  in  figures  2a,  2b,  and  2c,  which 
show  the  two-dimensional  wind  presented  in 
planes  with  inclination  angles  of  1°,  2°, 
and  6°  as  related  to  the  Radar  #1  coordinate^ 


Fig.  2c 
6° 
mean  altitude  1500  m 


.gure  2a-c.   Two-dimensional  wind  field 
observed  inside   a  convective  storm  on 
August  29,  1969  at  1414  MST  as  derived 
from  dual-Doppler  radar  data.   Data  are 
presented  at  different  mean  altitudes, 
thereby  showing  the  three-dimensional 
structure  of  the  storm  in  the  subcloud 
layer.   Storm  reflectivity  is  also 
shown  . 
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ional  horizontal  motion  field  is 
termined  in  the  major  portion 


of  the  radar  cells  from  the  dual-Doppler 
radar  observations,  acceptable  estimates  of 
velocities  can  be  obtained  in  a  region 
where  only  Doppler  measurements  from 
Radar  #1  are  available,  by  matching  an 
extrapolation  of  the  two-dimensional  wind 
field  to  actual  radial  velocity  observa- 
tions . 

Such  treatment  of  the  wind  fields  is 
presented  in  figures  3a  through  3d  where  es- 
timated streamlines,  as  well  as  the  main 
features  of  the  radar  cells,  are  shown  for 
tilt  angles  of  1°,  2°,  4°,  and  6°. 
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mean  altitude  1500  m 


Figures  3a-d.   Streamline  analysis  from  dual-Doppler  radar  data  obtained  on 
August  29,  1969, at  1414  MST.   The  data  are  shown  for  several  mean  altitudes, 
Figure  3a  includes  computation  of  convergence  from  the  wind  field,  and 
Figure  3b  includes  an  estimate  of  vertical  air  motion  from  the  wind  field 
shown  in  Figures  2a  ana  2b.   Note  the  vorticity  and  confluence  regions  and 
their  displacement  towards  the  northwest  with  increasing  altitudes.   Echo 
advection  (230° ,  9  m  sec"'l  is  also  indicated. 
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The  wind  field  and  streamline  analy- 
ses presented  in  figures  2a  through  3d  clear- 
ly show  the  importance  of  the  dual-Doppler 
method  in  revealing  the  three-dimensional 
structure  of  storm  circulation.   Although 
the  Doppler  observations  only  cover  a 
limited  altitude  in  the  subcloud  layer  of 
the  storm  (maximum  altitude  2500  m),  the 
well-defined  and  organized  structure  of 
the  wind  field  reveals  significant  features 
of  storm  circulation  and  justifies  a 
discussion  of  their  importance  as  related 
to  storm   processes. 

The  most  striking  feature  of  the  wind 
field  is  the  presence  of  a  strong  vortex  at 
all  altitudes.   The  vorticity  is  strongest 
at  the  lower  levels  (10  2  sec  '  average  in 
4  km  )  and  decreases  as  a  function  of  al- 
titude.  There  is  also  a  zone  of  conver- 
gence ahead  of  the  vorticity  region  and  a 
region  of  divergence  behind  it.   Although 
the  radar  echoes  have  vertical  boundaries, 
the  structure  of  the  velocity  pattern  in 
a  vertical  plane  exhibits  a  strong  tilt 
with  height  in  the  general  direction  of 
motion.  This  characteristic  is  presented 
in  figure  4  which  shows  a  significant 
displacement  of  wind  field  features, 
such  as  the  vorticity  region,  toward  the 
northwestern  part  of  the  storm  for  obser- 
vations made  at  increasing  altitudes  (3  km 
Cor  a  mean  altitude  change  of  1250  m) . 
The  region  of  convergence  ahead  of  the 
vortex  region  is  also  displaced  in 
a  consistent  manner,  as  well  as  the  diver- 
gence region,  which  only  appears  for  2° 
tilt  and  not  below.   It  appears  that  the 
divergence  region  is  not  observed  at  lower 
altitudes,  which  can  be  explained  by  assuming 
that  at  lowest  altitude  levels  this  region 
extends  outside  the  precipitation  and  is 
not  "seen"  by  the  radar. 

Divergence  of  the  wind  field  has  been 
computed  in  the  region  covered  by  the  two 
radars;   The  results  are  shown  in   figure 
3a  for  data  acquired  with  1°  tilt.   One  sees 
that  convergence  reaches  a  maximum  of 
10  2  sec  '  .   There  is  no  dual-Doppler  radar 
data  obtained  in  the  southeastern  part  of 
the  storm,  but  streamline  analysis,  as 
derived  from  Radar  #1  data  and  also  shown 
in  figure  3a,  suggests  that  the  convergence 
region  extends  well  beyond  the  limits  shown 
to  the  southeastern  part  of  the  storm. 

The  same  evaluation  has  been  done  for 
data  obtained  for  different  tilts  of  the 
radar  beam.   The  results  show  that,  for  a 
4°  tilt  (figure  3c),  the  convergence  region 
is  still  ahead  of  the  stronger  cell  but 
extends  in  the  gap  region  which  is  always 
noticeable  between  the  two  cells. 

The  maximum  convergence  at  this  level 
decreases  to  less  than  5  x  10  3  sec   .   The 
divergence  region  appearing  for  tilts  lar- 
ger than  2°  reaches  10  2  sec  '  at  an  alti- 
tude on  the  order  of  1000  m.   The  presence 
of  such  a  divergence  region  and  its  in- 
clination suggests  the  existence  of  a 
strongly  tilted  downdraft  in  the  backside 
of  the  moving  storm  extending  outside  of 
the  radar  cell  at  the  low  levels. 
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(200m) 


(•)     Estimated    Vortex    Center 
"^-    Convergence    Line 
Radar    Cells 


?     r 
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Figure  4.  Displacement  of  the  vortex 
center  and  the  confluence  line  with 
increasing  altitudes. 
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5.    CONCLUSIONS 

The  data  presented  in  this  paper  clean- 
ly show  that  the  dual-Doppler  radar  methot. 
has  enormous  capabilities  for  observing 
convective  storm  circulation  in  precipi- 
tation regions.   The  tilt  of  the  circulation 
patterns  in  the  low  layer  of  the  storm 
presented  in  this  paper  is  consistent  with 
observations  of  the  strongly  tilted  distri- 
bution of  electric  charges  in  a  moving 
thunderstorm  reported  by  Ogawa  and  Brook 
(1969).   The  data"  presented  here  show 
striking  details  of  the  low-level  storm 
circulation   and  seem  to  indicate  strong 
interaction  between  storm  dynamics  and 
boundary  layer  processes.   This  suggests 
that  storm  development  might  be  very 
sensitive  to  slight  changes  in  the  boundai-/ 
layer,  such  as  the  presence  of  small 
terrain  features.   For  instance,  waterspojts 
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DOPPLER  RADAR  STUDIES  OF  BOUNDARY  LAYER  WIND 
PROFILE  AND  TURBULENCE  IN  SNOW  CONDITIONS 
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1. 


INTRODUCTION 


The  budget  of  turbulent  kinetic  energy 
(TKE)  applying  to  boundary  layer  processes 
can  be  expressed  schematically  (after 
Badgley,  1969)  as  follows: 


TO  OR 
L  ENERGY 
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There  is  substantial  evidence  that, 
under  steady-state  conditions  when  the  term 
A  is  zero,  the  energy  produced  locally  by 
B  and/or  C  tends  also  to  be  dissipated 
locally  through  D,  creating  a  balance  be- 
tween these  terms.   Under  unstable  or 
strongly  stable  thermal   conditions,  the 
term  E  can  be  significant,  and  this  term 
may  even  approach  the  magnitude  of  the 
production   terms  (i.e.  ,  see  Lumley  and 
Panofsky,  1964,  p.  128).   Terrain  effects 
in  the  boundary  layer  may  produce  local 
gradients  of  eddy  energy,  which  implies 
that  the  term  F  and,  consequently,  A  may  be 
of  some  importance.   The  terms  involved  in 
G  are  generally  thought  to  be  of  minor  im- 
portance; although,  to  the  author's  knowl- 
edge, this  hypothesis  has  not  been  substan- 
tiated by  experimental  measurements. 

Until  recently,  estimates  of  the  terms 
in  (1)  were  derived  almost  entirely  from 
wind  measurements  on  towers  and  a  few  air- 
plane measurements.  Doppler  radar  now  pro- 
vides additional  methods  for  observing 
the  mean  and  variance  of  turbulent  air 
motion  over  large  regions  of  space  in  a 
short  period  of  time,  if  targets  capable  of 
tracing  air  motion  are  present  in  the  re- 
gion of  interest.   This  paper  proposes  such 
a  method  of  measuring  the  rate  at  which  the 
TKE  grows  at  the  expense  of  wind  shear 


given  by  term  B  in  (1)  by  observing  the 
space  variability  of  snowflake  motion. 
The  common  assumption  of  a  horizontally 
homogeneous  boundary  layer  results  in  the 
following  expression  for  B: 
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TKE  from'Wind  shear  given 
ty  C/B  derived  from  (1) .   With 
e  system  defined  above,  C  con- 
one  term  and  the  ratio  C/B 
lux  form  of  the  Richardson 


w'0' 


R1F  ■>  - 


(^■s + ^i) 


(3) 


where  0  and  0   are  the  mean  and  fluctuating 
potential  temperature,  respectively,  and  g 
is  gravity.   Expression  (3)  reduces  to  the 
familiar  gradient  form  of  the  Richardson 
number : 


Ri  =  ~  Ric  =  - 
KH   F   0 
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where  K   and  K   are  exchange  coefficients 
for  momentum  and  heat,  respectively. 
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2. 


METHOD 


Doppler  radar  information  is  typically 
provided  as  a  spectrum  of  radial  velocities 
observed  in  a  backscatter ing  region  defined 
by  the  pulse  length  and  radar  beam  cross 
section.   Such  a  spectrum  is  represented  by 
a  mean,  V  ,  and  a  variance,  02,  related  to 
spectrum  width.   This  paper,   however,  is 
only  concerned  with  the  mean  Doppler,  V  , 
which  effectively  removes  contributions  to 
motion  variance  due  to  scales  smaller  than 
the  radar  pulse  volume. 

For  a  radar  operated  in  a  VAD  (Velocity 
Azimuth  Display)  mode  (Lhermitte  and  Atlas, 
1961) ,  the  variation  of  V   as  a  function 
of  azimuth  angle,  6,  measured  from  north, 
is  given  by : 
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VD(8)   =  u  cos   6  sin  8  +  v  cos   8  cos 
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+   (w  +  VT)sin 


(5) 


where  6  is  the  radar  beam  elevation  angle; 
u,  v,  and  w  are  orthogonal  components  of 
the  mean  air  motion  in  the  scattering  vol- 
ume, and  V   is  the  mean  Doppler  vertical 
speed  for  target  terminal  velocity.   Assum- 
ing that  V   is  constant  and_that  u_^_  v,  and 
w  have  stationary  means  u,  v,  and  w  in  the 
region  scanned  by_the  radar  defines  a  mean 
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Assuming  space  and  time  stability  of  the 
variance  and  covariance  terms  contained  in 
(7)  leads  to: 
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ferent  B's  effectively  leads  to  an  expres- 
sion of  the  form  T*V '  Ag,  which  is  an  ac- 

*-*    R 
ceptable  approximation  of  the  integral 

terms  in  (8) .   Therefore  the  exact  expres- 
sions (9  through  12)  can  be  approximated 
by  replacing  the  variance  and  covariance 
terms  with  means  of  the  quantities  u1  , 
v'  ,  w*  ,  u'v'f  u'w',  and  v'w'  evaluated 
from  samples  acquired  during  the  VAD  scan. 

The  TKE  and  momentum  fluxes,  as  de- 
rived from  (9  through  12),  apply  to  air 
motion  variability  in  a  wavenumber  range 
bounded  by  Ki  and  Kj.   These  bounds  vary 
with  the  slant  range  at  which  data  are  ac- 
quired. Ki  is  inversely  proportional  to 
the  dimension  of  the  area  scanned  by  the 
radar,  and  K2  is  limited  by  the  size  of 
the  backscattering  region  as  discussed 
above.   The  V   samples  (mean  Doppler)  are 
effectively  related  to  mean  motion  taken 
over  the  pulse  volume.   Therefore,  air  mo- 
tion variance  caused  by  spectral  contri- 
butions_of  wavenumbers  greater  than 
K2  =  10    cpm,  corresponding  to  a  typical 
dimension  of  the  pulse  volume,  is  effect- 
ively suppressed.   At  altitudes  above 
100  m,  considered  in  this  paper,  this 
value  of  K  is  expected  to  be  within  the 
turbulent  spectrum  inertial  subrange  so 
that  no  energy  input  through  the  term  B  in 
(1)  is  expected  to  take  place  at  wavenum- 
bers greater  than  K2.   Since  the  diameter 
of  the  region  scanned  by  the  radar  is 
typically  2  km  or  larger,  the  evaluation 
of  the  TKE  and  momentum  fluxes  by  the 
above  method  applies  to  that  part  of  the 
energy  spectrum  where  significant  input 
through  the  term  B  is  expected. 

Ki  is  inversely  proportional  to  the 
size  of  the  scanning  circle,  which  is  in 
turn  controlled  by  the  range  at  which  ob- 
servations are  made.   Therefore  the  var- 
iances and  covariances  evaluated  at  dif- 
ferent altitudes  should  be  normalized  to 
the  same  wavenumber,  K.   This  requires 
knowledge  of  the  spectrum  shape  in  the  K 
range  considered  above. 

The  method  requires  that  Ki  be  outside 
the  inertial  subrange  to  justify  the  exis- 
tence of  significant  covariance  terms. 
However,  there  is  experimental  evidence 
that  the  K~  '    spectrum  form,  initially 
deprived  from  the  inertial  subrange  concept, 
extends  to  low  wavenumbers  well  beyond  that 
range.   For  instance,  Vinnichenko  (1969) 
found  that  such  spectrum  shape  exists  for 
wavelengths  extending  to  10  km.   Accepting 
the  K  5'3  form  and  noting  that  K2  >  20Ki, 
provides  the  following  expression  for  the 
normalized  variance,  a2*: 


A*  ~~   °R(Ln/L) 
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where  L=2H/tan8  is  the  wavelength  corres- 


ponding to  the  height, 
measured  and  L 
a  reference  . 


H  , 
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wavelength  taken  as 


3.    EXPERIMENTAL  RESULTS 

The  method  described  in  section  2  is 
applied  to  data  acquired  with  a  radar  op- 
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Figure  1 


-14  -13  -12  -II  -10  -9   -8   0   50  100 
Temperature,  °C  RH,  Percent 

Vertical  structure  of  tem- 
perature and  humidity  ob- 
tained from  a  "slow-ascent" 
radiosonde  released  at 
1140  MST,  March  10,  1970. 
The  lapse  rate  is  near 
neutral  below  700  m  and 
isothermal  above  that  level. 
Data  are  plotted  as  a  func- 
tion of  altitude  above  the 
radar . 


The  snow  conditions  were  associated 
with  typical  eastern  Colorado  upslope  con- 
ditions with  a  large-surface  high-pressure 
system  centered  over  the  northern  plains 
and  southern  Canada,  producing  an  easterly 
flow  of  moist  air  over  Colorado.   At  the 
upper  levels,  there  was  a  trough  located 
west  of  the  continental  divide  in  Utah 
and  western  Colorado  with  associated 
southwesterly  flow  over  the  Boulder  area 
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above  10,000  ft  MSL  or  4600  ft  above  the 
radar.   Continuous  light  snow  fell  in  the 
area  from  about  1800  MST  on  March  9  until 
1200  MST  on  March  11,  1970. 

The  temperature  profile  shown  in 
figure  1  indicates  that  the  lapse  rate 
varies  from  a  slightly  stable  to  a  slightly 
unstable  condition  from  the  surface  to 
670  m  and  there  was  a  very  stable  condi- 
tion above  that  level.   Since  the  relative 
humidity  measurements  indicate  that  satura- 
tion is  never  reached,  it  is  expected  tha-t 
small-scale  turbulence  exchanges,  at  least 
below  the  inversion  level,  would  only 
involve  dry  adiabatic  processes. 

The  mean  u  and  v  components  of  the 
wind  for  elevation  angles  of  10°,  15",  and 
20°  were  computed  fr6m  the  Doppler  radial 
velocity  through  evaluation  of  (6) ,  assum- 
ing the  mean  velocity  field  was  horizon- 
tally uniform  in  the  region  where  obser- 
vations were  made  and  time  stationary  over 
the  1  min  period  required  to  complete  a_ 
single  VAD  scan.   Vertical  profiles  of  u 
and  v,  derived  from  these  results,  are  pre- 
sented in  figure  2.   Note  that  the  mean 
wind  is  indeed  very  stable  during  the  en- 
tire 6-min  period  of  observation. 


No  sharp  gradients  of  turbulent  kinetic 
energy  are  evident  at  the  inversion  level. 

Notice  that  the  profiles  for  15°  and 
for  20°  are  nearly  identical  in  shape  and 
very  similar  in  magnitude,  except  at  the 
lowest  altitudes.   This  suggests  that  the 
turbulence  is  essentially  time  stationary 
during  the  period  for  which  these  data 
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Figure  3 . 


Turbulent  energy  profiles 
2H 


normalized  to 


=  10  km. 


tan 

as  derived  from  the  variance 
of  the  Doppler  velocity. 
Notice  the  decrease  of  tur- 
bulent energy  with  height 
in  the  neutral  boundary 
layer  and  the  subsequent  in- 
crease in  the  stable  air 
above  700  m. 


Figure  2 . 


Vertical  wind  profiles  for 
the  period  1151-1157  MST, 
March  10,  1970,  as  deter- 
mined from  the  Doppler  mea- 
surements.  The  hodograph 
is  derived  from  a  mean  of 
the  three  profiles.   Note 
the  excellent  time  sta- 
bility of  the  wind  at  600  m 
associated  with  a  region  of 
very  weak  shear. 


The  turbulent  kinetic  energy  was  cal- 
culated from  (9)  for  the  three  elevation 
angles  with  the  results,  shown  in  figure 
3,  normalized  to  a  circle  of  10-km  diam- 
eter by  use  of  (13) .   In  general,  the  tur- 
bulent energy  decreases  with  height  up  to 
an  altitude  where  the  vertical  wind  shear 
is  minimal,  and  then  it  increases  again. 
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layer.   Such  negative  values  of  B  (counter- 
gradient  of  momentum  flux)  have  recently 
been  predicted  by  Deardorff  (1970)  in  a 
numerical  model  of  the  boundary  layer. 

From  600  to  800  m,  where  the  turbulent 
energy  is  minimal,  B  becomes  very  small. 
Such  a  result  could  be  predicted  by  the 
presence  of  weak  shear  in  this  layer,  re- 
gardless of  the  magnitude  of  momentum 


In  order  to  estimate  the  importance  of 
buoyant  energy  production  qualitatively, 
the  gradient  Richardson  number  is  calcu- 
lated according  to  (4) .   Ri  is  determined 
using  50-m  averages  of  temperature  and 
mean  wind  gradients  shown  in  figures  1  and 
2.   The  results  are  plotted  as  a  function 
of  height  in  figure  5.   Ri  generally  in- 
creases with  height  from  negative  values 
in  the  lowest  layers  to  about  +3  near  600  m 
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Figure  6.   Dependence  of  the  turbulent 
energy  on  Richardson  number. 
Turbulence  increases  with 
decreasing  Richardson  number, 
but  there  appears  to  be  a  de- 
pendency on  the  thermal  sta- 
bility also. 

number.   These  data  suggest  that  the  re- 
lationship between  Ri  and  the  turbulent 
energy  depends  on  stability.   Such  de- 
pendence can  be  qualitatively  explained 
by  the  smaller  ratio  of  K„/K   expected  in 
stable  air.   However,  more  accurate  knowl- 
edge of  the  actual  spectrum  shape  is  re- 
quired before  any  meaningful  calculation 
of  K  K   can  be  made.   Even  if  the  limited 
number  of  points  shown  in  figure  6  fails 
to  indicate  the  existence  of  a  critical 
Richardson  number,  it  still  reveals  a 
definite  dependence  between  Ri  and  TKE . 
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radar  observations  of  long-term  time  var- 
iations of  VR  at  given  points  in  space  can 
provide  estimates  of  the  terms  A  and  F. 
The  term  D  can  be  estimated  from  the  width 
of  the  Doppler  spectrum  as  proposed  by 
Melnichuk  et  al.  (1968).   Finally,  recall- 
ing that  the  momentum  fluxes  were  derived 
in  this  paper  through  consideration  of  the 
variance  of  the  Doppler  mean,  it  can  be 
shown  that  the  flux  divergence,  given  by  E 
in  (1),  can  be  estimated  by  similar  con- 
siderations applied  to  space  variability 
of  the  third  central  moment  of  V  . 
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ABSTRACT 

The  paper  discusses  the  use  of  airborne  pulse-Doppler  techniques  for  the  sensing  of  particle  motion  inside 
convective  storms.  A  downward-looking  beam  method  providing  observations  of  particle  vertical  velocity 
distributed  in  a  vertical  plane  generated  by  the  aircraft's  motion  is  presented  in  detail.  The  possible  use  of  a 
horizontal  beam,  which  is  perpendicular  to  the  aircraft's  trajectory  and  senses  horizontal  motion,  is  briefly 
mentioned.  Included  is  a  discussion  of  the  application  of  the  method  to  the  probing  of  vertical  air  motion  in 
convective  storms  and  the  observation  of  drop-size  distributions  in  widespread  rain.  The  real-time  processing 
and  recording  of  the  Doppler  signals  by  an  on-line  digital  computer  installed  aboard  the  airplane  is  also 
described.  The  paper  discusses  the  accuracy  of  the  velocity  measurements  as  related  to  radar  system  param- 
eters and  the  aircraft  ground  speed. 


1.  Introduction 

Observations  of  precipitation  particle  motion  by 
ground-based,  microwave,  pulse-Doppler  radars  has 
been  demonstrated  to  be  an  efficient  means  for  the  study 
of  the  physical  and  dynamical  processes  inside  con- 
vective storms  (Atlas,  1964;  Lhermitte,  1966).  This 
method  relies  on  the  assumption  that  precipitation 
particles  effectively  trace  horizontal  motion.  The 
Doppler  information  is  available  in  the  form  of  a 
spectrum  of  radial  velocities  of  the  targets  distributed 
in  a  small  scattering  volume  which  can  be  selected  at 
practically  any  location  in  the  atmospheric  region 
effectively  covered  by  the  radar  equipment. 

Multi-Doppler  radar  systems,  which  have  been 
re  :ently  proposed,  are  capable  of  observing  and  map- 
ping the  three-dimensional  field  of  particle  motion  inside 
storms,  leading  to  a  much  better  understanding  of 
their  dynamics  (Lhermitte,  1968).  The  use  of  a  vertically 
pointing  radar  beam,  providing  observations  of  the 
vertical  velocity  of  the  precipitation  particles  above  the 
radar  equipment,  has  often  been  utilized  and  has  con- 
tributed significantly  to  the  knowledge  of  vertical  air- 
motion  structure  within  convective  storms. 

The  ground-based  Doppler  radar  method  is  expected 
to  provide  an  effective  means  for  probing  motion  inside 
storms;  thus,  it  is  anticipated  that  the  method  will 
generate  a  renewal  of  interest  in  the  modeling  of  the 
three-dimensional  circulation  of  convective  storms 
based  on  observational  data.  The  method,  however, 
only  applies  to  the  observation  of  storms  in  the  area 
covered  by  the  radars.  Although  the  radars  can  be 
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installed  in  mobile  vans  and  readily  moved  to  locations 
where  convective  storms  are  likely  to  occur,  the 
method  still  lacks  the  flexibility  of  observing  storms 
found  in  remote  regions,  over  water,  etc.,  where  there  is 
also  considerable  interest  in  observing  convective 
phenomena.  A  typical  example  is  the  tropical  belt, 
where  the  stud)'  of  convective  storms  over  the  ocean 
would  definitely  improve  the  design  of  general  circula- 
tion models  by  better  assessment  of  the  vertical  trans- 
port processes  due  to  widespread  convective  activity. 

If  the  radars  are  installed  on  mobile  platforms  such  as 
ships  or  airplanes,  they  become  very  flexible  tools 
capable  of  being  moved  to  practically  any  region  of 
interest.  Airplanes  are  certainly  the  most  flexible 
platforms,  providing  a  means  of  access  to  any  geo- 
graphical area.  There  is,  therefore,  a  definite  interest  in 
exploring  the  capability  of  airborne  Doppler  radars  as 
a  means  of  probing  air  motion  within  storms.  The  pur- 
pose of  this  paper  is  to  investigate  the  concept  of  air- 
borne Doppler,  to  discuss  the  efficiency  of  the  method, 
and  to  estimate  the  design  parameters  required  in  such 
a  system. 

In  ground-based  radar  systems,  beam-scanning  tech- 
niques are  tised  for  acquiring  and  mapping  the  Doppler 
radar  information  in  three-dimensional  space.  Radar 
beam-scanning  techniques  can  be  duplicated  in  airborne 
systems;  however,  beam  scanning  in  the  direction  of 
flight  is  not  appropriate  since  in  this  case  a  Doppler 
frequency  shift  is  produced  by  the  airplane  motion 
itself.  This  additional  Doppler  shift,  which  is  produced 
by  a  radar  beam  that  is  not  precisely  perpendicular  to 
the  airplane  motion,  is  discussed  in  the  following  section. 
It  is  therefore  imperative  to  keep  the  radar  beam  per- 
pendicular to  the  airplane  trajectory  and  use  the  air- 
plane movement   to  translate  the  beam   through   the 
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storm.  It  must  be  noted,  when  combined  with  the  air- 
craft movement,  that  additional  scanning  of  the  radar 
beam  in  the  plane  perpendicular  to  the  aircraft's 
direction  of  flight  can  supply  effective  three-dimensional 
scanning  of  the  region  centered  on  the  aircraft's 
trajectory. 

The  most  convenient  scheme  is  based  on  the  design 
of  a  vertically  pointing  beam,  carried  by  an  airplane 
flying  above  the  storm  to  be  observed.  This  method, 
which  provides  observation  of  the  fall  motion  of  pre- 
cipitation particles  in  the  vertical  plane  generated  by 
the  trajectory  of  an  aircraft,  will  be  discussed  in  detail 
in  this  paper. 

Although  it  is  more  appropriate  to  conduct  pre- 
liminary experiments  with  a  vertically  pointing  radar 
beam,  which  has  fewer  logistical  problems,  it  is  proposed 
for  later  experiments  that  the  radar  beam  be  also  used 
in  a  side-looking  mode,  thereby  providing  a  means  for 
observing  the  radial  component  of  the  horizontal 
motion  of  storm  particles.  Information  concerning  two- 
dimensional,  horizontal  wind  fields  must  then  be  derived 
from  two  airborne  Doppler  radars  being  flown  at  the 
same  altitude  and  scanning  the  same  region  of  a  storm 
from  two  different  flight  trajectories  (see  Fig.  8). 

This  paper  includes  a  discussion  of  the  radar  design 
and  the  Doppler  signal  processing  techniques  suggested 
for  optimizing  the  usefulness  of  the  tool.  Real-time 
processing  of  the  Doppler  radar  signals,  which  offers 
the  capability  of  displaying  the  radial  velocity  in  real 
time  aboard  an  airplane,  will  also  be  discussed. 

2.  Radar  design  and  signal  processing 

The  Doppler  radar  transmitter  is  a  phase-coherent 
system  composed  of  a  very  stable  microwave  source 
(STALO)  and  a  phase-coherent  microwave  pulse 
amplifier  which  delivers  a  high-power  signal  which  is 
then  applied  to  the  radiating  antenna.  It  must  be  noted 
that  since  the  airplane  can  be  positioned  close  to  the 
storm,  the  radar  transmitted  power  can  be  maintained 
at  a  relatively  low  power  level  (1  —  20  kW)  and  still 
provide  adequate  sensitivity.  The  antenna  beam  axis 
must  always  be  perpendicular  to  the  direction  of  flight 
to  minimize  the  contribution  to  the  Doppler  signal  due 
to  airplane  motion.  The  joint  contribution  of  the  finite 
size  of  the  antenna  and  the  airplane's  motion  produces  a 
smearing  of  the  Doppler  spectra  which  is  discussed  later 
in  the  paper.  Investigation  of  this  effect  indicates  that 
the  beam  size  must  be  limited  to  less  than  1°  in  the 
direction  of  the  airplane's  flight. 

Since  a  narrow  beam  is  needed,  it  will  only  be  practical 
to  consider  short  wavelengths,  i.e.,  X  band  (X  =  3.2  cm) 
or  Ku  band  (X=  1.7  cm).  Such  a  decision  allows  antenna 
sizes  which  are  not  prohibitive  for  airborne  equipment. 
It  must  also  be  noted  that  the  use  of  shorter  wavelengths 
is  associated  with  a  significant  increase  of  signal  absorp- 
tion by  precipitation  particles  as  well  as  an  increase  of 
the  Doppler  frequency  shift  for  the  same  particle  radial 


velocity.  Therefore,  even  if  Ku  band  optimizes  the 
antenna  size,  it  may  be  preferable  to  decide  on  X  band 
equipment  for  easier  interpretation  of  the  data;  in 
addition,  radar  components  for  that  wavelength  are 
more  readily  available.  At  X  band,  an  antenna  size  of 
8  ft  by  5  ft,  providing  a  l°-2°  beam,  is  an  acceptable 
solution. 

The  pulse  repetition  frequency  (PRF),  which  controls 
the  rate  of  sampling  of  the  radar  signal,  is  dictated  by 
the  Doppler  frequency  coverage  required  by  the  antici- 
pated maximum  radial  velocity  and  the  radar  wave- 
length. For  instance,  at  3.2  cm  wavelength  a  PRF  of  2 
and  4  kHz  provides  a  velocity  coverage  of  ±16  and 
±32  m  sec~',  respectively.  It  must  be  noted  that  full 
velocity  coverage  for  a  given  FRF  will  be  obtained  only 
if  Doppler  sign  discrimination  is  allowed  by  the  signal 
processing  scheme.  This  feature  of  the  system  is  dis- 
cussed later.  Radar  pulse  duration  should  be  maintained 
at  less  than  0.5  ^sec  to  limit  the  duty  cycle,  and  thereby 
the  average  transmitted  signal  power,  and  also  to 
provide  adequate  range  resolution. 

The  signal  backscattered  by  the  precipitation  particles 
is  detected  by  a  phase-coherent  receiver  sensitive  to 
pulse-to-pulse  changes  of  the  Doppler  signal  phase  and 
amplitude.  The  receiver  signal  is  phase-compared  with  a 
reference  signal  to  show  only  the  Doppler  frequency 
shift.  In  order  to  obtain  discrimination  of  the  Doppler 
frequency  sign,  the  phase-coherent  receiver  delivers 
two  orthogonal  signals,  in-phasc  and  quadrature,  which 
are  both  necessary  for  a  complete  description  of  the  radar 
signal.  Those  components  are  the  real  and  imaginary 
parts  of  a  complex  receiver  signal,  thus  containing 
information  on  the  sign  of  the  frequency  shift,  which 
thereby  allows  discrimination  between  approaching 
(positive  Doppler  shift)  or  receding  (negative  Doppler 
shift)  targets.  It  must  also  be  noted  that  the  availability 
of  complex  receiver  signals  also  permits  the  effective 
removal  of  folding  processes  at  zero  frequency  in  the 
Fourier  transform  operation,  leading  to  the  estimate  of 
Doppler  frequency  spectra  in  a  manner  discussed  below. 

Such  coherent  radar  systems  have  been  used  ex- 
tensively for  ground-based  equipment  and  have  demon- 
strated a  capability  of  resolving  radial  velocity  l<> 
within  less  than  0.1  m  sec1,  depending  on  the  signal 
dwell  time.  If  the  radar  transmitter  operates  at  a  low- 
peak  power  level  (~5  k\V),  the  transmitter-receiver 
system  can  be  kept  very  simple  and  compact.  Solid 
state  electronic  components  are  used  throughout  the 
design  with  the  exception  of  the  power  transmitter  tube. 
An  X  band  radar  system  based  on  this  concept  should 
not  weigh  more  than  100  lb. 

It  is  necessary  that  the  radar  signal  available  at  the 
output  of  the  radar  receiver  be  processed  in  real  time 
aboard  the  aircraft  to  provide  readily  available  informa- 
tion on  the  radial  velocity  of  the  particles  which  arc 
observed  by  the  radar.  The  radial  velocity  information 
can  then  be  presented  in  real  time  on  displays  which  are 
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Fig.  1.  Doppler  radar  signal  real-time  processing  system.  The 
radial  velocity  is  continuously  displayed  on  a  cathode  ray  tube 
at  the  same  time  as  the  first  and  second  moments  of  the  Doppler 
spectra  are  recorded  on  magnetic  tape.  Note  the  ground  return 
spectrum  which  indicates  the  zero  Doppler. 

installed  aboard  the  aircraft,  therefore  providing  means 
for  better  monitoring  and  control  of  the  experiments. 
Since  the  expression  of  radial  velocity  spectra  requires  a 
Fourier  transform  operation  on  the  radar  signal  selected 
at  a  given  range,  a  specialized  digital  computer  must  be 
designed  and  built  for  this  purpose.  Fig.  1  illustrates 
this  concept.  The  two  radar  signals  (in  phase  R  and 
quadrature  I)  selected  at  a  given  range  are  applied  to  an 
analog-digital  converter  capable  of  digitizing  the 
amplitude  of  the  coherent  signals  in  a  time  less  than 
1  /usee,  or  preferably  0.5  ^sec. 

The  digitized  radar  signals  are  then  sorted  in  a 
digital  memory  array  arranged  in  the  form  of  an  x,  y 
matrix.  The  samples  are  stored  along  the  x  dimension 
for  range-gate-to-range-gate  information  and  along  the 
y  dimension  for  puke-to-pulse  data.  It  must  be  noted 
that  each  transmitter  pulse  is  associated  with  a  maxi- 
mum number  of  range  bins  equal  to  the  possible  number 
of  pulse  widths  in  the  range  interval  where  targets  occur. 
With  a  pulse  width  of  0.5  /^sec  (75  m  resolution)  and  a 
maximum  range  of  15  km  (altitude  of  the  airplane,  for 
example),  the  maximum  number  of  non-redundant 
range  gates  is  200.  In  order  to  cover  such  a  large  number 
of  range  gates,  a.  sequential  operation  for  the  storing 
and  processing  of  the  signals  might  be  needed.  This  is 
discussed  below. 

The  time  signals  available  at  each  range  gate  must  be 
recorded  for  a  time  long  enough  so  that  the  spectral 
information  obtained  from  the  Fourier  transform  of  the 
signal  is  meteorologically  acceptable.  The  processing 
of  N  time  samples  provides  N  separate  spectral  density 
estimates  with  two  degrees  of  freedom.  Discussion  of  the 
effectiveness  of  the  method,  however,  relies  on  discussion 
of  the  stability  of  the  estimate  of  the  spectral  moments 
and  is  beyond  the  scope  of  this  paper.  The  reader  is 
referred  to  specialized  treatment  of  the  subject  (e.g., 
see  Blackmail  and  Tukey,  1958). 


For  instance,  the  variance  a2/V  of  the  estimate  of  the 
first  moment  V  of  the  Doppler  spectrum  can  be  derived 
from  the  calculation  proposed  by  Miller  and  Rochwarger 
.(1970)  and  expressed  by 

<72       C7yA 

V     Anf 

where  cry  is  the  standard  deviation  of  the  Doppler 
spectrum  itself,  T  the  signal  dwell  time,  A  the  radar 
wavelength,  and  n  the  number  of  independent  estimates 
of  the  first  moment  which  are  used  to  calculate  V.  If 
X  =  3.2  cm,  T=0.2  sec,  then  <ry  =  0.12  m  sec-1  for  ay  =  1 
m  sec-1,  and  av  =  0.37  m  sec-1  for  <tf=10  m  sec-1. 
Therefore,  at  aPRF  of  2  kHz,  a  few  hundred  time 
samples  provide  a  satisfactory  estimate  of  the  mean 
Doppler  signal. 

The  real-time  signal  processing  system  proposed  in 
this  paper  involves  the  use  of  hardware-implemented 
fast  Fourier  transform  algorithms,  requiring  that  the 
number  of  samples  for  each  time  series,  N,  be  of  the 
form  N=2m,  where  m  is  an  integer. 

Although  it  is  recognized  that  increasing  the  number 
of  time  samples  always  increases  the  quality  of  the 
spectrum,  it  also  increases  the  signal  dwell  time,  thereby 
slowing  the  data  acquisition  rate  and  requiring  better 
assumptions  about  the  time  stationarity  of  the  scatter- 
ing processes  which  might  be  critical  for  a  fast-moving 
airplane.  Also,  the  cost  of  the  memory  will  drastically 
increase  with  its  size.  It  is  therefore  suggested  that  the 
memory  size  be  limited  to  64  gates  by  128  time  samples, 
i.e.,  capable  of  storing  8192,  18-bit,  complex  samples 
(9-bil  for  in-phase  and  9-bit  for  quadrature  samples). 
The  time  required  to  fill  the  memory  at  a  2-kHz  pulse 
repetition  rate  is  64  msec.  The  processing  of  the  samples 
by  the  Fourier  transform  system  will  only  start  when 
the  writing  cycle  has  been  completed  and  will  then  be 
done  by  reading  the  data  stored  in  the  memory  for  each 
range  gate.  A  detailed  description  of  the  Fourier  trans- 
form system  is  beyond  the  scope  of  this  paper.  It  must 
be  noted,  however,  that  the  system  design  is  based  on 
hardware  implementation  of  a  slightly  modified  fast 
Fourier  transform  (FFT)  algorithm  (Cooley  and 
Tukey,  1965).  The  FFT  requires  that  7X128  complex 
multiplications  be  performed  for  the  evaluation  of  each 
spectrum.  The  complex  multiplication  is  effectively  a 
rotation  of  coupled  samples,  which  is  obtained  from 
four  elementary  multiplications  between  a  complex- 
signal  (in-phase  and  quadrature  components)  and  the 
sine  and  cosine  terms  which  determine  the  rotation  of 
the  sample.  Four  parallel  multipliers  are  required  to 
bring  the  complex  multiplication  time  down  to  approxi- 
mately 0.5  jusec,  which  can  be  easily  met  with  modern 
MSI  (medium  scale  integration)  integrated  circuits.  It 
will  then  take  ~0.4  jisec  for  a  Fourier  transform  of  128 
points  to  be  obtained. 
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Subsequent  operation  must  be  done  after  the  Fourier 
transform  process  to  evaluate  spectral  density.  This 
will  bring  the  whole  spectrum  processing  time  to  ~1 
msec,  including  the  evaluation  of  the  first  moment  and 
the  variance  of  the  spectra  and  the  transfer  of  the  data 
to  a  tape  recording  system  and  a  cathode  ray  tube 
(CRT)  display.  The  total  time  for  processing  64  gates 
will  be  equal  to  the  time  required  for  the  loading  of  the 
128  samples  (64  msec),  at  the  rate  mentioned  earlier. 
If  the  system  includes  two  separate  memory  units  with 
alternate  write  and  read  functions,  the  system  will  be 
used  100%  of  the  time. 

The  spectral  information  delivered  by  the  system  can 
then  be  displayed  on  a  cathode  ray  tube  to  show  range- 
velocity  functions,  thereby  providing  real-time  monitor- 
ing of  the  experiment.  The  concept  is  illustrated  in 
Fig.  1.  If  only  one  memory  unit  is  available,  the  64-gate 
Doppler  information  will  be  upgraded  every  128  msec. 
During  this  time  an  airplane  flying  at  100  m  sec-1  will 
move  12.8  m,  which  is  a  dimension  comparable  to  the 
size  of  the  radar  beam  at  a  mean  range.  If  two  memory 
units  are  used,  the  acquisition  rate  of  the  system  will  be 
increased  to  1  msec  per  gate.  The  64  gates  can  also  be 
scanned  and  the  Fourier  operation  done  by  steps  to 
increase  the  number  of  range  gates  processed  by  the 
system  at  the  sacrifice  of  the  total  time  needed  to 
display  and  record  the  range-velocity  information. 

The  availability  of  a  real-time  monitoring  capability 
constitutes  a  definite  advantage  of  the  system,  since  it 
provides  effective  means  for  optimizing  the  experiment 
through  the  monitoring  of  particle  velocity  conditions 
during  the  flight.  The  information  which  is  displayed  on 
the  CRT  can  be  recorded  photographically,  thereby 
showing  the  continuity  of  the  velocity  information  from 
gate  to  gate.  This  capability  is  assisted  by  the  simul- 
taneous processing  and  digital  recording  of  the  moments 
of  the  spectra.  The  first  moment,  the  second  central 
moment  (variance),  and  perhaps  the  third  and  fourth 
moments  are  sufficient  to  characterize  the  Doppler 
information  in  a  quantitative  manner,  since  the  detailed 
information  on  the  spectrum  will  still  be  recorded 
photographically  on  the  CRT. 

3.  Vertical  beam  method 

The  method,  which  is  illustrated  in  Fig.  2,  relies  on 
the  use  of  a  vertically  pointing  beam  produced  by  a 
Doppler  radar  installed  aboard  an  airplane.  Since  it 
deals  with  particle  vertical  velocity,  this  concept  is 
very  similar  to  the  vertically  pointing  mode  which  has 
been  used  for  years  in  ground-based  equipment  (Battan, 
1963,  1964;  Donaldson  and  Chmela,  1968;  Donaldson 
and  Wexler,  1969;  Probert- Tones  and  Harper,  1961). 
The  Doppler  spectrum  observed  with  such  a  method 
[a  joint  probability  function  p(V/,a)  for  the  vertical 
velocity  V f\  and  the  radar  cross  section  of  the  detected 
targets  a  can  be  considered  as  the  distribution,  S(V) 
=  dp/dV/,  of  the  target  backscattered  signal  intensity 


Fig.  2.  Vertical  beam  method.  The  presence  of  an  updraft  can 
be  seen  from  the  organized  distribution  of  the  vertical  velocity  in 
the  two-dimensional  plane  generated  by  the  beam  motion.  The 
same  scheme  can  apply  to  an  upward-looking  beam. 


with  radial — in  this  case  vertical —velocity.  The 
spectrum  S(V)  is  evaluated  from  a  Fourier  transform 
operation  on  the  backscattered  signal  selected  at  a 
given  range.  Thus,  we  have 


S(V)  =  CdV/dl 


■'  /t 


o: 


where  r\  is  the  reflectivity  of  the  medium  and  the  con- 
stant C  is  conventionally  determined  from  the  radar 
signal  mean  intensity,  the  characteristics  of  the  radar, 
and  the  range  of  the  target. 

The  spectrum  S(V)  can  be  described  by  its  moments 
as  follows : 


w  = 


S(V)V,»dV 


.s'O'V/r, 


(2) 


where  the  first  moment  V/  is  the  mean  Doppler  velocity 
and  the  second  central  moment,  (V/—V/)2,  is  the  spec- 
trum variance.  Although  the  mean  Doppler  velocity  and 
spectrum  variance  provide  most  of  the  needed  meteoro- 
logical information  which  is  discussed  in  this  paper, 
the  third  moment  (skewness)  and  the  fourth  moment 
(kurtosis)  can  be  useful  in  more  detailed  meteorological 
interpretation  of  the  Doppler  radar  data. 

It  must  be  noted  that  in  the  application  discussed  here 
of  a  vertical  beam  which  is  moving  at  the  high  speed  of 
the  airplane,  an  additional  variance,  a2rn  to  the  Doppler 
spectrum  will  be  generated  by  the  airplane's  ground 
speed,  Vg,  combined  with  the  finite  size  of  the  radar 
beam,  A/3.  For  a  beam  with  Gaussian  shape,  we  have 


ff6.2=(7X10-3A£F(/)2, 


(3) 


where  Afi  is  the  total  3-d B  beamwidth  in  degrees,  <r,;2  is 
in  m2  sec-2  and  Va  in  m  sec  '. 

This  effect  is  illustrated  by  Fig.  3  which  also  shows 
that  a  departure  0O  of  beam  axis  from  a  position  per- 
pendicular to  the  airplane's  trajectory  produces  a  shift, 
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Fig.  3.  Contribution  to  shift  and  variance  of  the  Doppler  spec- 
trum due  to  the  tilt  of  the  beam  in  the  direction  of  motion  and 
its  finite  size. 


AV=  1.7X10^2/3oV"g,  of  the  mean  Doppler  speed,  where- 
to is  in  degrees.  This  effect  can  be  overcome  practically 
by  recording  and  processing  the  signal  returned  by  the 
ground  so  that  the  mean  Doppler  evaluated  from  the 
ground  return  can  be  used  for  estimating  the  zero  ver- 
tical velocity  position  in  the  Doppler  velocity  scale 
(see  Fig.  1).  This  procedure  will  also  provide  means  for 
correcting  Doppler  shifts  caused  by  the  possible 
occurrence  of  airplane  vertical  motion. 

In  the  case  of  a  vertically  pointing  radar  beam,  both 
vertical  air  velocity  w  and  particle  terminal  speed  Vt 
contribute  to  the  Doppler  velocity  V/  of  the  targets. 
Assuming  that  all  particles  have  reached  their  terminal 
speeds  and  further  assuming  that  the  air  velocity  can  be 
neglected  leads  to  V/  =  Vt.  If,  in  addition,  there  is  a 
known  relationship  between  particle  size  and  terminal 
velocity,  as  well  as  between  particle  size  and  radar  cross 
section,  the  Doppler  spectrum  S(V)  can  be  derived  from 
a  given  particle-size  distribution,  n(D),  from 


dn/dV,=[n(D)ff(D)] 


/m 


(4) 


where  <r(D)  is  the  radar  cross  section  of  the  targets  as  a 
function  of  their  diameter  and  d  V//JD  the  derivative  of 
the  relationship  between  the  target  diameter  D  and 
terminal  velocity. 

The  assumption  of  spherical  raindrops  falling  at  their 
terminal  speed  provides  the  required  condition,  since  the 
particle  radar  cross  section  can  be  evaluated  as  a  func- 
tion of  its  diameter,  and  the  relationship  between  Vt 
and  D  can  be  derived  from  experimental  data.  The 
experimental  data  on  the  terminal  speed  of  raindrops 
are  derived  from  ground-level  measurements  and 
must  be  adjusted  to  account  for  the  change  of  air  densil  v 
at  the  altitude  at  which  the  observations  are  made. 
For  water  spheres  smaller  than  the  radar  wavelength, 
the  radar  cross  section  o(D)  is  closely  approximated  by 
<?(L)  =  iriLe/\i.  Evaluating  a{L)  for  larger  particles 


requires  the  application  of  the  more  complex  Mie 
scattering  theory,  still  leading  to  an  accurate  solution 
except  in  the  case  of  significant  departures  of  drop  shape 
from  sphericity. 

The  possible  contribution  of  significant  vertical  air 
motions,  discussed  below  in  more  detail,  also  affects  the 
accuracy  of  the  estimate  of  drop-size  distributions 
derived  from  this  method.  An  uncertainty  of  vertical 
velocity  of  ±0.5  m  sec-1,  for  instance,  modifies  the 
estimated  diameter  by  ±0.1  mm  for  a  mean  diameter 
of  1  mm  and  ±0.25  mm  for  a  mean  diameter  of  2  mm. 
Thus,  the  method  is  most  attractive  for  probing  mean 
drop-size  distributions  in  large  meteorological  systems 
in  which  the  contribution  of  vertical  air  motion  can  be 
assessed  from  synoptic  conditions.  Widespread  pre- 
cipitation systems,  such  as  are  associated  with  large 
tropical  cyclones,  can  be  probed  efficiently  by  the 
method  with  enhanced  potential,  due  to  the  excellent 
mobility  of  the  airplane. 

In  the  case  of  convective  storms,  the  applicability  of 
the  method  for  the  probing  of  precipitation  particle- 
size  distributions  becomes  more  questionable  because  of 
the  probable  occurrence  of  significant,  unknown  vertical 
air  motions.  Since  knowledge  of  the  updraft/downdraft 
structure  of  a  convective  storm  is  of  paramount  import- 
ance for  assessing  storm  processes,  it  is  more  appropriate 
in  this  case  to  use  the  vertical  Doppler  beam  method 
as  a  means  of  deriving  vertical  air  velocity  from  observa- 
tions of  the  Doppler  spectra.  The  presence  of  significant 
vertical  air  motions  modifies  both  the  Doppler  mean 
velocity  V j  and  the  spectrum  variance  a/- 

The  mean  Doppler  velocity  is  expressed  by 


V}=  Vt+w, 


(5) 


where  F,  is  the  mean  Doppler  velocity  due  solely  to 
particles  falling  at  their  terminal  velocity  and  w  is  the 
mean  vertical  motion  of  the  air.  If  the  random  processes 
Vt  and  w  are  independent,  the  variance  of  the  Doppler 
spectrum  is  given  by 


<Jf2  =  Gt2+ow, 


(6) 


where  a?  is  the  variance  for  terminal  velocity  alone  and 
<rw2  is  the  air  motion  variance. 

Let  us  assume  a  known  exponential  drop-size  dis- 
tribution of  the  form 


n(L)tW  =  Nar*DdD, 


(7) 


where  n(D)dD  is  the  number  of  drops  per  unit  volume 
in  the  diameter  interval  dD,  and  No  and  A  are  param- 
eters of  the  distribution  adjusted  for  best  fit  to  actual 
data. 

The  mean  velocity  V t,  the  rain  intensity  R,  and  the 
reflectivity  factor  Z  can  all  be  expressed  within  the 
above  drop-size  distribution  assumption  by  the  follow- 


291 


April  1971 


ROGER     M.     LHERMITTE 


239 


mg  expressions : 

.-He 


Vt=  J      n(D)a(D)V(D)dD /  j      n(D)a(D)dD,     (8) 

-+00 

R=(r/6)l      n(D)D3V(D)dD,  (9) 

J  o 

-+oo 

Z  =  /      it 

Jo 


(D)D6dD. 


The  parameter  Aro  disappears  in  the  expression  for  Vt 
but  is  still  contained  in  R  and  Z  equations;  therefore, 
the  value  of  N0  contributes  significantly  to  the  V  t-Z 
relationship  derived  from  (8)  and  (10)  as  discussed 
below. 

By  assuming  an  exponential  distribution  of  the  form 
(7)  and  also  assuming  that  A^  is  a.  constant,  we  obtain 
the  familiar  Marshall-Palmer  distribution.  By  further 
assuming  a  Rayleigh  radar  cross  section  for  the  rain- 
drops of  the  form  a  «  D'  and  the  approximation  proposed 
by  Spilhaus  (1948)  for  the  function  V(D),  we  have 


V{D)  =  KD\ 


(ID 


Substituting  (11)  in  expressions  (8)-(10),  we  obtain  the 
solutions: 

259 
Vt  = KR119,  (12) 


(42)"2 
A  =  42#-2/9, 
Z  =  213i?u/9, 


(13) 
(14) 


where  A  is  in  cm-1,  R  in  mm  hr_I  and  K  is  the  constant 
proposed  by  Spilhaus  to  fit  the  Laws  (1941)  and  Laws 
and  Parsons  (1943)  raindrop  terminal  velocity  data. 
Expression  (12)  was  first  proposed  by  Chimera  (1960), 
and  a  different  form,  involving  the  relationship  between 
V,  and  Z,  was  discussed  by  Rogers  (1964).  The  relation- 
ship proposed  by  Rogers,  which  can  be  derived  from 
(12)  and  (14),  is 

F,=3.8Z1"4.  (15) 

A  different  expression  for  V(D)  can  be  derived  which 
provides  a  more  realistic  fit  for  the  experimental  data  on 
the  terminal  velocity  of  raindrops  published  by  Gunn 
and  Kinzer  (1949).  This  expression,  which  has  the  same 
form  as  that  proposed  by  Best  (1950)  to  fit  the  Davies 
(1942)  raindrop  terminal  velocity  data,  is 


V{D)  =  Vm^[\-e-^D^bD^, 


(16) 


where  Vrmai=920cmsec_1,  a=  11  cm-2,  and  b  =  3.3  cm-1 
were  determined  for  best  fit  to  the  Gunn  and  Kinzer 
data. 

The  functions  V,  vs  Z,  derived  from  (8)  and  (16), 
and  the  Chimera-Rogers  relationship  are  shown  in  Fig. 
4,  where  they  can  be  compared  with  estimates  of  V t 


obtained  from  numerical  computations  based  on  actual 
drop-size  distributions  reported  by  Cataneo  and  Stout 
(1968).  One  sees,  at  least  in  the  domain  of  Z  shown 
in  Fig.  4,  that  the  curve  labeled  Frank/Best  [the  more 
realistic  expression  of  terminal  velocity  proposed  in 
(16)]  is  a  better  fit  to  the  computations  of  Vt  evaluated 
from  actual  drop-size  distributions.  It  must  be  noted, 
however,  that  the  evaluation  of  V,  based  on  experimental 
drop-size  distributions  still  assumes  a  Rayleigh  radar 
cross  section.  The  use  of  a  different  <r{D)  function  will 
modify  the  relationship  between  Vt  and  Z.  It  is  interest- 
ing to  note  also  that  the  departure  from  an  exponential 
shape,  which  is  noticeable  in  all  drop-size  distributions, 
does  not  affect  the  results  significantly.  However,  on 
the  basis  of  this  limited  selection  of  actual  drop-size 
distributions,  which  underestimates  V",  for  small  values 
of  Z  and  overestimates  V,  for  large  values  of  Z,  the 
empirical  relationship 


F,=  2.0Z"U-5 


(17) 


is  a  better  fit  for  the  experimental  data,  and  provides  a 
means  of  estimating  the  mean  vertical  air  motion  to 
within  ±0.3  m  sec-1  when  rain  is  present.  It  is  therefore 
suggested  that  vertical  air  motion  can  be  observed  from 
(5)  with  reasonable  accuracy  by  use  of  an  assumed  V t-Z 
relationship,  if  the  scattering  medium  is  composed  of 
raindrops  at  all  levels  such  as  in  the  case  of  precipitation 
from  "warm"  clouds  or  below  the  melting  level  in 
widespread  precipitation  conditions. 

The  Doppler  velocity  variance  for  terminal  velocity 
alone,  a,2,  the  second  central  moment  of  the  Doppler 
spectrum  mentioned  earlier,  can  be  evaluated  within  the 
same  assumptions  involved  in  the  computations  of  V, 
above.  Chimera  (1960)  calculated  <r,2  from  the  expression 

n(D)D«[V(D)-V  ,JdD 

(18) 
i(D)DHD 


J  0 


By  assuming  the  Spilhaus  relationship  (11)  for  V{D) 
and  the  Marshall-Palmer  drop-size  distribution  for 
n(D),  we  have 

c  (2  =  0.036V,2.  (19) 

Expression  (19),  proposed  by  Chimera,3  is  shown  in 
Fig.  4  as  a  function  of  Z  [making  use  of  (14)],  as  are 
calculations  of  a,2  made  by  assuming  the  more  realistic 
expression  (16)  for  V(D).  The  numerical  evaluations  of 
a,2,  derived  from  the  same  selected  experimental  drop- 
size  distributions  used  in  the  computations  of  Vt 
discussed  above,  are  also  shown  in  Fig.  4  for  assessment 
of  the  significance  of  the  theoretical  estimates  of  a,2. 
One  sees  that  the  theoretical  expression  proposed  by 


•  Chimera  originally  proposed  a?  =  0.04(P i)2  which  is  slightly 
incorrect. 
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Fig.  4.  The  functions  V ',  and  av  shown  as  a  function  of  radar  leflectivity  Z  for  a  medium  exclusively  composed  of  raindrops.  Theo- 
retical estimates  shown  by  the  curves  are  based  on  the  Marshall-Palmer  drop-size  distribution.  The  Spilhaus  relationship  for  terminal 
velocity  is  used  for  the  curve  labeled  Chimera/Rogers;  a  more  refined  velocity  assumption  applies  to  the  curve  labeled  Frank/Best. 
Open  triangles  and  solid  circles  are  experimental  values  calculated  from  actually  observed  drop-size  distributions. 


Chimera  overestimates  a2  and  does  not  reveal  its 
actual  variation  with  Z.  The  same  evaluation  using  the 
assumption  (16)  for  V(D)  also  overestimates  a,2  but 
still  shows  its  variation  with  Z,  i.e.,  the  presence  of  a 
weak  maximum  in  the  vicinity  of  Z=  103  and  its  syste- 
matic decrease  for  large  Z's.  It  is  obvious,  from  inspec- 
tion of  experimental  drop-size  distributions,  that  the 
exponential  function  overestimates  the  number  of  drops 
for  both  very  small  and  very  large  sizes,  thus  causing  an 
increase  of  the  variance  of  the  distribution  and  resulting 
in  an  increase  of  the  theoretical  estimate  of  the  Doppler 
spectrum  variance.  For  both  large  and  small  values  of 
Z,  the  spectrum  variance  computed  from  experimental 
data  is  always  in  the  vicinity  of  1  m2  sec-2.  This  result 
was  shown  in  an  earlier  paper  (Lhermitte,  1963).  There 
is  only  a  slight  maximum  of  o-,2  for  103<Z<104.  Since 
any  experimental  drop-size  distribution  known  to  the 
author  always  exhibits  the  same  shape  characterized  by 
a  maximum  of  the  distribution  for  a  drop  diameter  in 


the  vicinity  of  1-2  mm,  it  is  practically  correct  from  the 
results  discussed  above  to  expect  that  the  variance  of 
the  vertical  Doppler  spectrum  obtained  in  rain  condi- 
tions will  always  be  near  1  m2sec~2.  Note  that  a,2  varies 
more  with  slight  changes  of  the  shape  of  the  drop-size 
distribution  than  with  the  radar  reflectivity  Z.  Also, 
if  the  particles  are  falling  in  a  wind  shear  environment, 
there  is  a  sorting  of  drop  sizes  which  can  cause  a  drastic 
reduction  of  the  drop-size  distribution,  thereby  upset- 
ting the  VrZ  relationship.  In  this  case,  however,  at 2  is 
also  reduced,  which  offers  the  possibility  of  recognizing 
the  presence  of  such  an  unusual  drop-size  distribution. 
The  particle  vertical  velocities  which  have  been  used 
above  for  the  evaluation  of  V ,,  for  example,  are  derived 
from  actual  measurements  of  the  terminal  velocities 
of  raindrops,  such  as  those  published  by  Gunn  and 
Kinzer  (1949).  However,  terminal  velocity  can  be 
expressed  theoretically,  since  it  results  from  a  balance 
condition  between  gravitational  drag  forces  represented 
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by 


(m  —  ma)g  =  - 


SCdPaV2 


(20) 


where  m  is  the  particle  mass,  5  its  cross  section  normal 
to  the  direction  of  movement,  g  the  acceleration  of 
gravity,  pa  the  surrounding  air  density,  tna  the  displaced 
air  mass  and  Cd  the  drag  coefficient.  For  a  water  particle, 
we  have  that  m—ma~m. 

If  we  are  concerned  with  spherical  particles 

ttD3  ■kD2 

m= p„    5  = , 

6  4 

where  ps  is  the  sphere  density.  In  this  case  V2  is  then 
expressed  by 

±DgPs 
V2{D)= ,  (21) 

3   CdPa 

where  Cd  can  be  derived  from  experimental  data  showing 
the  relationship  between  Cd  and  the  Reynolds  number 
Re  for  spherical  bodies.  We  express  the  Reynolds 
number  in  the  form 


Re  =  - 


LVPa 


(22) 


where  L  is  the  characteristic  length  (diameter  in  the  case 
of  spheres),  and  p.  the  air  dynamic  viscosity. 

In  the  case  of  nonspherical  particles,  if  the  particle 
mass  m,  its  cross  section  S,  and  drag  coefficient  Cd  are 
specified,  Fcan  still  be  evaluated  theoretically  from  (20). 
It  must  be  noted,  however,  that  any  departure  from  the 
spherical  shape  modifies  the  relationship  between  m 
and  S  with  respect  to  that  applying  to  a  sphere  and  that 
there  will  also  be  a  modification  of  the  CVRe  relation- 
ship. If  we  write  (20)  in  the  form  proposed  by  Geneve 
(1959),  we  have 

2g  p3  v 

Cd= ,  (23) 

V2PaS 

where  v  is  the  volume  of  the  particle. 

In  the  case  of  a  spherical  particle,  i>/5  =  §  D,  and  Cd 
is  evaluated  correctly  from  (21). 

In  the  case  of  a  nonspherical  particle  of  mass  m,  we 
define  an  equivalent  diameter  D0  determined  from 


ttZV 


and  a  particle  cross  section  defined  by 


S  =  -D0W, 
4 


(24) 


(25) 


parameter  a  which  characterizes  the  particle's  non- 
sphericity.  If  we  evaluate  v/S  for  a  nonspherical  par- 
ticle, we  have 

v  1 

\Da-,  (26) 

ar 


:=fi 


and  by  substituting  in  (23),  we  obtain 

Cda2  = (§A,)=Cd. 

V2Pa 


(27) 


Therefore,  the  estimate  of  Cd  (implicitly  assuming  a 
spherical  condition),  shown  in  Fig.  5  as  derived  from 
data  published  by  Gunn  and  Kinzer  (1949)  and  Foote 
and  Du  Toit  (1969)  for  actually  nonspherical  particles, 
effectively  leads  to  the  estimate  of  the  quantity  Cdct2, 
involving  both  the  drag  coefficient  and  the  departure 
of  the  drop  from  sphericity. 

The  quantity  a2  can  be  evaluated  from  the  particle 
shape:  for  a  hemispherical  particle,  a2=3V4,  while  a 
prolate  ellipsoid  gives  a2=3VJ82,  where  0  is  the  ratio 
between  major  and  minor  axes. 

For  the  nonspherical  particles  discussed  above,  Re 
must  be  expressed  by 


Re    D0VPa 
a  u 


(28) 


For  a  small  deviation  from  spherical  shape,  it  is  prob- 
able that  the  CVRe  relationship  does  not  appreciably 
differ  from  that  applying  to  a  sphere,  offering  the  means 
to  estimate  a2  and  therefore  to  assess  raindrop  flatness 
from  terminal  velocity  observations.  Indeed,  Piat 
(1960)  has  show  that  even  for  very  flat  spheroids,  Ca 
does  not  exceed  0.6  for  103<Re<  10'' ,  compared  to 
C<j  =  0.45  for  rigid  spheres  at  the  same  Reynolds  number. 
Such  a  procedure  applied  to  the  Gunn  and  Kinzer  data 
provides  an  estimate  of  a2  ranging  from  1  for  small 
spheres  to  1.6  for  large  drops  (5  mm  diameter).  Since 
the  drag  coefficient  is  expected  to  increase  with  depar- 
ture of  a  particle  from  sphericity,  the  above  estimates 
constitute  an  upperlimit  for  a2.  This  procedure  must  be 
supported  by  actual  observations  of  the  shape  of  the 
raindrops.  A  very  complex  structure  of  the  drop,  the 
occurrence  of  internal  circulations  in  the  drop,  i.e.,  the 
presence  of  small-scale  motion  variability  in  the 
boundary  layer  around  the  drop,  will  render  the  above 
discussion  only  marginally  acceptable. 

The  change  of  air  density  with  altitude  modifies  the 
expression  of  the  terminal  velocity  given  by  (20).  For 
the  terminal  velocities  at  two  selected  levels,  we  thus 
have 

Vi2     CdoSoPo 

,  (29) 

V02    CdiSiPi 


where  the  adjusted  diameter,  Doa,  is  derived  from  a     where  subscripts  0  and  1  refer  to  two  different  levels. 
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Fig.  5.  Estimate  of  Cja1  as  a  function  of  Re/a  for  raindrops  as  derived  from  experimental  data  on  terminal  velocity  from  the 
Gunn  and  Kinzer  experiments.  The  CVRe  relationship  for  solid  spheres  is  also  shown,  as  well  as  the  experimental  data  from  Da  vies 
obtained  in  a  medium  of  lower  air  density  p. 


By  substituting  the  expression  (25)  for  5  in  (29)  and 
assuming  particles  of  the  same  mass,  we  have 


Vi2     Cdoao2Po 


C, 


(30) 


d\a\P\ 


If  Cd«2  does  not  vary  from  level  0  to  level  1,  implying 
no  change  of  either  Cd  or  the  particle  shape,  we  have 


V,    \pj 


(31) 


If  the  drop  retains  its  shape  at  the  two  levels,  only  an 
adjustment  of  Cd  is  necessary  to  reach  the  correct 
solution ;  this  is  required  by  the  variation  of  Re  due  to 
the  change  of  terminal  velocity.  The  evaluation  of  V 
therefore  requires  an  iteration  process  converging  to  a 
solution  which  fits  both  (20)  and  the  Cd  value  derived 
from  the  Cd-Re  relationship.  This  procedure  is  easier 
for  spheres  for  which  the  CVRe  relationship  is  known. 
It  must  be  noted  that  Re  will  effectively  decrease  with 
smaller  values  of  p,  since  the  change  of  velocity  cannot 
exceed  the  Vp  function.  Therefore,  for  smaller  particles 


for  which  Cd  is  expected  to  decrease  with  an  increase 
of  Re,  (31)  overestimates  the  variation  of  terminal 
velocity  with  the  decrease  of  p.  The  behavior  of  the 
relationship  for  particle  diameters  >3  mm  cannot  be 
predicted  without  knowledge  of  the  particle  shape. 

The  only  actual  observations  of  the  terminal  velocities 
of  raindrops  in  a  low  density  medium  were  made  by 
Davies  (1942)  and  reported  and  discussed  by  Best 
(1950).  The  evaluation  of  the  quantity  Cd<x2  obtained 
from  these  data  by  use  of  (27)  is  presented  in  Fig.  5  and 
shows  that  the  (C(;a2)-(Re/a)  relationship  varies  with 
with  change  of  p.  This  variation  can  be  attributed  to  a 
change  of  the  drop  shape  or  to  internal  circulations  and 
also  to  a  change  of  Cd-  No  physical  explanation  is 
offered  for  this  effect  at  this  time. 

Since  the  Davies'  observations  were  effectively  made 
in  low  air  density  conditions  corresponding  to  altitudes 
extending  to  6000  m,  they  can  be  used  almost  directly 
to  access  or  estimate  the  terminal  velocity  of  liquid 
raindrops  in  actual  atmospheric  conditions.  The  proce- 
dure still  requires  taking  into  account  the  actual  change 
of  temperature  which  influences  p.  in  (28)  and  therefore 
Cd-  Therefore,  an  empirical  fit  of  these  data  may  repre- 
sent an  appropriate  solution  to  the  problem. 
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Although  the  Davies'  data  exhibit  slight  dependence 
of  the  V\/Vn  ratio  with  particle  size,  Best  proposed  a 
mean  relationship  applying  to  particles  0.3-6  mm  in 
diameter.  Best  also  proposed  an  exponential  fit  for  the 
dependence  of  V  with  altitude  of  the  form 


Vl=Volexp(-bz)l 


(32) 


which  can  be  derived  from  a  standard  atmosphere 
assumption.  However,  because  of  the  limited  applica- 
bility of  the  standard  atmosphere  concept  for  a  given 
convective  storm  situation,  it  is  preferable  to  resort  to 
the  fit  for  the  Davies'  data  proposed  by  Foote  and  Du 
Toit  (1969),  i.e., 

Vp(D)=Vp0(D)lOvil+2.3X\(rs(l.l-p/p0)(T-To)l 

(33) 
with 

y=  0.43  log10(Po/p)  -  0.4  log10(po/p)2-5,         (34) 

and  where  p0  and  T0,  respectively,  refer  to  density  and 
temperature  at  20C  and  1013  mb. 

It  must  be  noted  that  this  solution  applies  only  to  a 
domain  of  po/p  limited  to  less  than  2  and  leads  to  an 
incorrect  answer  above  this  value  of  po/p.  A  somewhat 
simpler  expression, 


V,(D)=V,0(D)(po/pr\ 


(35) 


has  also  been  proposed  by  Foote  and  Du  Toit  and  has 
been  found  an  acceptable  fit  to  the  Davies'  data. 
Expression  (35)  also  applies  to  a  much  larger  domain  of 
po/p  than  (33).  It  must  be  noted  that  any  solution  of 
the  form  (35),  where  the  corrective  term  does  not 
contain  the  particle  size,  allows  an  easy  adjustment  of 
such  Doppler  spectrum  moments  as  mean  velocity  and 
variance. 

Salving  (8),  we  can  thus  write 


Vp(D)=Vp0(D)f(Po/p,T). 
Similarly,  for  the  variance,  we  have 
^2  =  VC/(Po/p,r)]2. 


(36) 


(37) 


Best  proposed  a  slightly  different  fit  for  particles  with 
diameters  <0.3  mm,  but  still  outside  of  the  Stokes' 
regime,  and  particles  of  larger  sizes  extending  to  6  mm. 
It  is  interesting  to  note,  however,  that  small  diameters 
do  not  contribute  significantly  to  the  estirhate  of  mean 
Doppler  velocity  or  variance  because  of  the  presence 
of  the  D6  term  in  the  spectrum  resulting  from  the  radar 
cross  section/diameter  relationship.  Indeed,  the  evalua- 
tion of  Vt  and  Z  from  actual  drop-size  distributions 
discussed  in  this  section  shows  that  there  is  no  signifi- 
cant contribution  from  particles  <0.5  mm. 

The  method  discussed  above  offers  the  best  means  for 
estimating  the  vertical  air  velocity  in  the  case  of  a  known 
relationship  between  Vt  and  Z.  It  can  be  replaced  by  a 
different  method  proposed  by  Probert-Jones  and  Harper 
(1961)  and  Battan  (1964),  where  the  lower  boundary  of 


the  spectrum  is  related  to  a  known  particle  size  and 
shape  and,  therefore,  to  a  known  terminal  velocity. 
The  Battan/Harper  method  is  certainly  appropriate  in 
the  absence  of  a  known  relationship  between  Vt  and  Z. 
It  must  be  noted,  however,  that  the  lower  boundary 
of  the  spectrum  cannot  be  assigned  to  a  specific  particle 
diameter  until  the  spectrum  dynamic  range  is  specified 
(Lhermitte,  1964).  Furthermore,  the  method  is  very 
sensitive  to  slight  changes  of  the  drop-size  distribution 
in  the  small  diameter  region.  However,  this  is  contrary 
to  the  effect  discussed  above,  i.e.,  that  there  is  no  signifi- 
cant contribution  to  V,  due  to  small  particles. 

The  presence  of  frozen  particles  does  not  allow  a 
similar  theoretical  determination  of  the  relationship 
between  Vt  and  Z.  The  mean  vertical  Doppler  ranges 
from  0.25  m  sec-1  for  ice  crystals  to  1.5  m  sec-1  in  the 
case  of  large  snowflakes,  and  Z  ranges  from  approxi- 
mately 10~2  to  10+3,  depending  on  the  snow  density. 
The  spectrum  variance  expected  in  this  case  is  con- 
siderably smaller  than  that  for  rain,  ranging  from  0.04 
to  0.2  m2  sec-2  depending  on  the  shape  and  size  of  the 
particle.  Thus,  the  presence  of  snowflakes  and  ice 
crystals  can  be  identified  on  the  basis  of  the  observation 
of  very  narrow  spectra  if,  however,  there  is  no  air 
velocity  variance.  The  presence  of  small-scale  air  motion 
variability,  which  controls  spectrum  width,  will  always 
be  associated  with  a  larger  scale  variability  of  the 
spectrum  mean;  it  can  therefore  be  identified  on  this 
basis  in  the  velocity-time  pattern. 

Since  the  relationship  between  V,  and  Z  will  be 
drastically  different  for  snowflakes  and  ice  crystal'  we 
have  an  additional  means  of  recognizing  the  pi  \:e 
of  snow  and  of  accessing  the  contribution  due  .  .  air 
motion  variance.  However,  the  occurrence  of  graupti  or 
melting  snowflakes  will  cause  larger  terminal  velocities 
and,  therefore,  complicate  the  interpretation  of  the  data. 

The  presence  of  hailstones  w'  greatly  increase  both 
V,  and  the  Doppler  variance  sinu  ihe  terminal  velocities 
will  substantially  exceed  those  of  other  particles.  The 
terminal  velocity  V  of  hailstones  can  be  derived  from 
(23)  in  the  form 

2gp.  v 
V*  = ,  (38) 

CdPa  S 

where  p,  is  now  the  hailstone  density,  v  the  hailstone 
volume,  and  5  its  cross  section  normal  to  the  direction 
of  fall.  The  ratio  v/S  characterizes  the  hailstone  non- 
sphericity  and  is  equal  to  § D  for  spheres  of  diameter 
D. 

The  assumption  of  spherical  hailstones  leads  to  an 
easy  evaluation  of  their  terminal  speed  based  on  (38) 
[or  in  a  simplified  form  on  (21)]  and  the  CVRe  relation- 
ship applying  to  spheres.  The  computation  can  be  made 
for  any  value  of  pa  provided  that  the  air  dynamic 
viscosity  n  is  also  specified  so  that  the  Reynolds  number 
can  be  evaluated.  The  Reynolds  numbers  for  hailstones 
are  large,   falling  in  a  region  of  the  relationship  of 
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Fig.  6.  Estimated  terminal  velocity  of  hailstones  of  different 
sizes  and  shapes  falling  in  different  air  densities  p„.  The  hailstone 
density  is  p,  while  a  is  a  nonsphericity  index  derived  from  V/S 
(V  and  5  being  the  hailstone  volume  and  cross-sectional  area, 
respectively). 

Cd  =  /(Re)  where  there  is  only  a  small  variation  of 
Cd  as  a  function  of  Re.  In  such  a  case,  the  extrapolation 
of  the  terminal  velocity  of  hailstones,  falling  in  a  fluid 
of  density  p01  can  be  derived  from  the  terminal  velocity 
of  hailstones  falling  in  the  fluid  of  density  p„0  from  (31). 
This  procedure  is  justified  only  if  Cd  does  not  vary 
appreciably  with  Re.  This  is  not  so  for  very  large 
hailstones,  since  the  Reynolds  number  in  this  case  can 
reach  its  critical  value. 

Terminal  velocity  can  also  be  evaluated  for  non- 
spherical  hailstones,  since,  as  shown  by  Piat  (I960),  we 
have  Cd=0.45  for  conical  hailstones ;  for  flattened  bodies 
Cd«0.6  for  Re  in  the  vicinity  of  10M04,  increasing  to 
Cd=0.75  for  Re>3Xl04.  Fig.  6  shows  terminal 
velocities  for  hailstones  of  different  densities  and  shapes 
as  well  as  for  different  air  densities  evaluated  according 
to  the  above  discussion. 

Assuming  the  V(D)  relationship  and  an  exponential 
distribution  of  hailstone  sizes  permits  the  computation 
of  Vt  in  essentially  the  same  manner  as  described  in  (8). 

Computations  of  Vt  and  the  variance  a?  for  a  scatter- 
ing medium  composed  exclusively  of  hailstones  have 
been  reported  by  Donaldson  and  Wexler  (1969)  and 


Boston  and  Rogers  (1969).  These  authors  used  an 
exponential  distribution  for  hailstone  sizes  of  the  form 
n  (D)=Noe~PD  where  /3  varies  from  2.93  (Donaldson  and 
Wexler)  to  3.9  (Boston  and  Rogers).  The  moments  Vt 
and  a,2  were  then  evaluated  from  (8)  and  (18)  as  a 
function  of  maximum  hail  size  adopted  in  the  ex- 
ponential distribution  for  observations  made  at  an 
altitude  of  4  km. 

The  complete  Mie  scattering  coefficients  were 
evaluated  by  Boston  and  Rogers  at  different  wave- 
lengths for  both  dry  and  wet  hailstones.  The  results 
show  that  at  the  short  wavelength  (A  =  3.2  cm)  dis- 
cussed in  this  paper,  Vt  increases  to  ~20  m  sec-1  in  the 
case  of  dry  hail  and  to  ~  15  m  sec-1  in  the  case  of  wet 
hail.  The  variance  a?  increases  to  ~  18  m2  sec-2  for  dry 
hail  and  to  ~8  m2  sec-2  for  wet  hail.  There  is  almost  no 
change  of  these  quantities  for  hailstone  sizes  >2  cm.  A 
Doppler  spectrum  due  to  hail  was  also  presented  by 
Lhermitte  (1964)  showing  a  spectrum  width  reaching 
20  m  sec-1. 

Since  radar  reflectivity  increases  with  the  presence  of 
hailstones  even  at  the  radar  wavelength  proposed  here, 
we  must  use  a  V ,-Z  relationship  other  than  that  used  for 
raindrops. 

The  presence  of  a  significant  vertical  air  motion 
complicates  the  interpretation  of  the  data  as  shown  by 
the  ground-based  application  of  the  method.  However, 
in  the  airborne  application  of  the  technique,  spectra  can 
be  displayed  with  excellent  continuity  as  a  function  of 
space  coordinates.  This  capability  provides  better 
observation  of  the  details  of  the  Doppler-space  coordi- 
nate pattern,  leading  to  an  easier  detection  of  striking 
features.  Fig.  7  is  an  attempt  to  show  the  differences 
between  a  sharp  discontinuity  of  vertical  air  motion,  the 
presence  of  turbulence  characterized  by  random  devia- 
tions of  the  motion  with  respect  to  a  mean,  and  the 
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Fig.  7.  Estimated  velocity-time  pattern  obtained  at  a  given 
altitude  where  an  updraft,  turbulence  and  hail  are  present.  Several 
contributions  to  the  Doppler  spectrum  variance  are  indicated : 
(ro1,  airplane  motion;  o-s',  wind  shear;  or',  particle  terminal  ve- 
locities; and  OA1,  air  turbulence. 
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Fig.  8.  Observing  two-dimensional  horizontal  velocities  in  a  plane  defined  by  the  tra- 
jectories of  two  aircraft  simultaneously  probing  the  same  storm.  Only  one  aircraft  is  needed 
if  the  storm  processes  are  stationary  for  several  minutes. 


presence  of  hail.  All  these  effects  contribute  to  an 
increase  of  the  variance  of  the  Doppler  spectrum  as 
shown  in  the  equations  presented  in  the  figure.  However, 
the  presence  of  an  updraft  leads  to  an  easily  detected 
velocity  pattern,  turbulence  increases  the  width  but 
does  not  change  the  mean  of  the  spectrum,  and  the 
presence  of  hail  will  drastically  change  the  spectrum 
width  as  well  as  the  spectrum  mean. 

For  an  airplane  flying  above  a  convective  storm,  the 
hail  region  can  be  reasonably  close  to  the  radar,  leading 
to  a  small  cross  section  of  the  radar  beam  and  excellent 
space  resolution;  this  is  allowed  by  the  fast  real-time 
signal  processing  system  capable  of  upgrading  the 
Doppler  information  every  1/10  of  a  second  correspond- 
ing to  the  average  displacement  of  the  airplane  of  only 
15-20  m.  This  feature  should  enhance  the  details  in  the 
Doppler-space  relationship  and  provide  better  means 
for  their  interpretation. 

4.  Conclusion 

The  description  of  the  airborne  pulse-Doppler  radar 
method  presented  in  this  paper  clearly  shows  that  the 
technique  is  capable  of  providing  observational  data  on 
particle  velocities  inside  convective  and  tropical  storms, 
thereby  offering  drastic  improvement  in  the  knowledge 
of  the  processes  which  take  place  in  those  storms. 

The  excellent  mobility  of  the  airplane  permits  the 
experiments  to  be  conducted  according  to  free  choice  of 
the  best  region  of  interest.  This  constitutes  a  definite 
advantage  over  the  use  of  ground-based  facilities  for  the 
same  purpose,  since  observations  which  are  made  by 
equipment  installed  at  fixed  locations  are  possible  only 
in  the  limited  region  determined  by  the  location  of  the 
radar  system. 

The  airborne  vertical  beam  method  allows  rapid 
scanning  of  a  vertical  plane  generated  by  the  aircraft's 


trajectory.  Vertical  particle  motions  and  their  spectra 
can  be  observed  and  mapped  in  such  planes  with 
excellent  continuity.  Since  the  airplane  is  moving  at 
high  speed,  it  is  appropriate  to  assume  that  the  processes 
in  the  storm  are  stationary  during  the  time  required 
to  make  the  scans.  This  leads  to  a  continuous  mapping 
of  the  wind  in  space  coordinates  determined  by  the  scan- 
ning of  a  vertical  beam  by  the  airplane  motion.  It  must 
be  noted  that  this  is  not  the  case  with  ground-based 
equipment,  which  always  deals  with  time-altitude 
relationships  leading  to  a  space  coordinates  expression 
only  if  an  assumption  can  be  formulated  involving 
advection  of  a  non-evolving  storm. 

The  method  is  particularly  attractive  for  the  mapping 
of  vertical  motion  inside  convective  storms.  Vertical 
planes  can  be  scanned  at  the  rate  of  one  plane  every  2 
min,  for  instance,  thereby  leading  to  the  observation  of 
vertical  velocity  in  three-dimensional  space.  The  updraft 
and  downdraft  structure  of  a  storm  can  then  be  effec- 
tively observed  in  the  precipitating  region  of  the  storm. 

The  lateral  beam  method  shown  in  Fig.  8  is  also 
attractive.  Two  airplanes  flying  at  the  same  altitude  arc 
needed  to  map  horizontal  particle  motions  from  two 
radial  velocity  components  as  proposed  in  the  dual- 
Doppler  radar  method  (Lhermitte,  1968).  If  the  wind 
field  is  stationary  for  a  period  of  several  minutes,  only 
one  airplane  is  needed.  Since  the  velocity  is  evaluated 
from  two  independent  Doppler  observations,  the  logisti- 
cal and  navigational  problems  will  be  more  serious 
than  in  the  case  of  a  vertically  pointing  beam. 

It  is  therefore  suggested  that  a  feasibility  study  of  the 
vertical  beam  method  be  conducted  to  assess  its 
potential  and  allow  development  of  the  techniques 
involved,  including  a  real-time  signal  processing  system. 
It  is  the  opinion  of  this  author  that  such  a  feasibility 
test  would  supply  definite  assurance  that  the  method 
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offers  one  of  the  best  opportunities  to  study  convective 
and  tropical  storm  processes. 
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1.     INTRODUCTION 

Meteorological  Doppler  radars  have 
been  used  for  years  for  the  observation  of 
precipitation  particle  motion  inside  storms 
and  have  demonstrated  their  usefulness  for 
the  study  of  storm  processes.   Although  a 
substantial  amount  of  early  work  deals  with 
vertically  pointing  radar  beam  methods, 
that  lead  to  the  observation  of  particle 
vertical  velocities,  emphasis  is  now  placed 
on  methods  capable  of  scanning  a  storm  and 
providing  the  Doppler  information  in  three- 
dimensional  space  coordinates.   However, 
the  unambiguous  observation  of  three- 
dimensional  particle  motion  from  radial 
velocity  data  requires  simultaneous  use  of 
three  radars,  installed  at  different  loca- 
tions, providing  three  separate  radial 
velocity  estimates  at  the  same  point  in 
space . 

The  less  complex  dual-Doppler  radar 
method  is  a  reasonable  step  towards  this 
goal  and  still  represents  a  drastic  im- 
provement of  the  meteorological  applica- 
tion of  Doppler  techniques,  since  the 
method  provides  two-dimensional  wind  field 
information  capable  of  showing  details  of 
storm  circulation  in  a  manner  never  at- 
tained before  (Lhermitte,  1970)  . 

When  applied  to  the  probing  of  con- 
vective  storms,  the  method  requires  that 
data  provided  by  the  two  radars  be  sepa- 
rately evaluated  and  presented  in  the  form 
of  scalar  fields  of  radial  velocity  ex- 
pressed in  a  plane  common  to  the  two  ra- 
dars.  The  dual-Doppler  concept,  therefore, 
requires  complex  solutions  for  the  coor- 
dinated scanning  of  the  radar  beams  and 
the  acquisition  and  processing  of  the  data. 
The  ultimate  development  of  the  method 
will  include  signal  and  data  processing 
systems  operating  in  real  time  for  better 
monitoring  of  storm  processes  and  the  as- 
sessment of  storm  modification  attempts. 

This  paper  outlines  the  concepts  in- 
volved and  the  design  parameters  required 
for  optimizing  the  effectiveness  of  the 
dual-Doppler  method.   The  accuracy  of  two- 
dimensional  velocity  estimates,  as  con- 
trolled by  radar  signal  dwell  time  and 
data  processing,  and  the  method  required 
to  optimize  this  accuracy  are  also  dis- 
cus sed  . 


2.    SIGNAL  PROCESSING  AND  SPECTRAL  ACCURACY 

It  is  well  known  that  processing  of  the 
Doppler  radar  signal  requires  frequency 
analysis  of  time  functions  recorded  at 
selected  ranges  that  must  be  accomplished 
prior  to  any  further  treatment  of  the  data. 
A  substantial  number  of  Doppler  signal 
processing  systems  have  used  analog  treat- 
ment of  the  signals.   However,  it  is  the 
opinion  of  the  authors  that  the  only  accep- 
table solution  for  an  optimum  processing 
of  Doppler  radar  data  should  be  based  on 
the  use  of  digital  techniques,  with  the 
radar  signals  digitized  in  real  time  by  an 
analog-to-digital  converter  (ADC)  and  then 
processed  by  arithmetic  manipulations  of 
the  digital  samples.   The  availability  of 
fast  analog-digital  converters  and  new  LSI 
(large-scale  integration)  components,  as 
well  as  the  availability  of  fast  Fourier 
transform  (FFT)  algorithms  well-suited 
for  binary  calculations,  make  the  digital 
technique  optimum  for  the  processing  of 
radar  signals.   The  common  requirement 
for  the  simultaneous  recording  of  radar 
signals  at  a  multitude  of  selected  ranges, 
which  apply  to  distributed  targets,  can  be 
met  by  storing  the  digital  samples  in  digi- 
tal memory  units. 

For  reasons  of  convenience,  Doppler 
radar  signals  are  usually  frequency- 
shifted  in  heterodyne  circuits  so  that  a 
zero  Doppler  frequency  shift  will  indeed 
be  a  zero  frequency.   This  manipulation  of 
the  signal  generates  a  frequency  sign  and 
requires  that  the  receiver  signal  be  thus 
represented  by  a  complex  expression,  C  , 
involving  two  orthogonal  components 
(real,  and  imaginary).   The  numerical  eval- 
uation of  the  spectrum  is  derived  from  a 
time  series  of  complex  time  samples  from 
the  following  expression: 


k=N 


'rl 


(1) 


k=l 


The  total  number  of  samples  is  N;  W 
is  a  weighting  function,  and  j  is  an 
index  which  characterizes  the  frequency 
points.   The  numerical  expression  produces 
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the  total  unambiguous  frequency  coverage  coor 

of  1/T .  can 

In  practice,  expression  (1)  is  re-  dime 

placed  by  the  more  systematic  FFT ,  suitable  is  w 

for  binary  computation  as  originally  pro-  of  d 
posed  by  Cooley  and  Tukey  (1965) .   Fast 

Fourier  transforms  can  easily  be  implemen-  trea 

ted  in  hardware  design  by  sequential  treat-  magn 

ment  of  the  samples  and  their  rotation  by  disp 

a  complex  multiplier.   With  standard  TTL  the 

( trans  is  tor- trans istor  logic)  integrated  sign 

circuits,  each  complex  multiplication,  firs 

which  is  indeed  four  multiplications  done  the 

in  parallel,  can  be  performed  in  less  than  out 

0.5  ysec.   Since  the  required  number  of  syst 

complex  multiplications  (rotations)  is  equal  dual 

to  Nlog2N,  the  evaluation  of  a  Fourier  tra 

spectrum  based  on  256  time  samples,  for  cura 
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Figure  1 .   Computer  printout  of  the  Doppler  data.   Twenty -four  spectra 

quantized  in  3-dB  levels  indicated  by  the  alpha-numeric  scale 
are  displayed  for  signals  recorded  at  24  selected  ranges  when 
the  radar  beam  is  in  a  fixed  position.   The  spectrum  moments 
are  also  evaluated.   Flatness  is  kurtosis  normalized  to 
Gaussian  spectrum  shape. 
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3.    ERROR  DUE  TO  SIGNAL  QUANTIZATION 

Quantization  of  the  radar  signal  pro- 
duces a  certain  amount  of  noise  caused  by 
random  adjustments  of  the  true  signal  to 
the  nearest  quantization  level.   Following 
Larson  and  Singleton  (1967) ,  let  us  assume 
a  probability  density  for  this  noise,  uni- 
form between  -Ax/2  and  Ax/2,  where  Ax  is 
the  interval  between  two  adjacent  quanti- 
zation levels.   The  power,  P  ,  of  this 
quantization  noise  is: 


p    =  IM12 

N    12 


(2) 


Note  that  when  a  random  Gaussian  signal  is 
digitized,  quantization  noise  is  white. 
The  total  amplitude  X»  ,  covered  by  the 
digitizing  process  is :   Xo  =  Ax  •  2  ,  where 
N  is  the  number  of  binary  bits.   Let  us 
assume  now  that  the  radar  signal,  which 
has  a  Gaussian  probability  distribution 
with  standard  deviation  0  ,  is  adjusted  so 
that  Xo  =  aa  .    We  have:5 


g  =  6N  +  10.79  -  20  logl0  a 


(3) 


where  6  is  the  ratio  of  signal-to-noise 
expressed  in  decibels.   One  sees  that  each 
additional  bit  increases  6  by  6  dB .   For 
a  Gaussian  radar  signal  covering  the  full 
range  of  the  ADC  with  a  =  5,  7  bits  (6 
bits  +  sign  for  bipolar  signals)  provide 
a  signal-to-noise  ratio  of  approximately 
40  dB. 

If  we  want  to  maintain  the  same  con- 
dition for  weaker  signals,  one  more  bit 
will  be  required  for  each  6-dB  decrease 
of  the  signal  power,  if  no  adjustment  of 
the  signal  amplitude  takes  place.   For  in- 
stance. 12  bits  still  provide  g  =  40  dB 
for  signal  amplitudes  30  dB  below  the 
maximum  allowed  by  the  ADC  coverage.   Such 
dynamic  range  capabilities  should  be 
matched  by  the  radar  circuits  themselves. 

The  dynamic  range  of  the  spectrum  is 
enhanced  by  F  /B ,  where  B  is  the  signal 
equivalent  bandwidth,  and  F   is  the  total 
frequency  coverage,  1/T ,  defined  above. 

Figure  2  illustrates  this  reduction  in 
spectral  dynamic  range  caused  by  signal 
quantization.   These  results  were  produced 
by  a  computer-generated  narrow-band 


Gaussian  signal  with  a  Gaussian  spectrum 
designed  so  that  a   =  F  /8,  with  a   being 
the  frequency  standard  deviation  and  F 
the  total  frequency  coverage.   The  signal 
was  then  quantized  and  signal  spectrum 
evaluated  with  the  number  of  bits  ranging 
from  2  to  12.   It  was  found,  as  shown  in 
figure  2,  that  each  additional  bit  de- 
creased the  quantized  noise  by  6  dB ,  as 
predicted  by  (3) .   Note  also  that,  for 
8  bits  and  a=6,  the  observed  spectral  dy- 
namic range  is  50.5  dB,  which  compares 
reasonably  well  with  the  theoretical  esti- 
mate of  43-dB  signal-to-noise,  to  which 
8  dB  due  to  F  /B  must  be  added. 


Figure  2. 


F/Fm 


Effect  of  quantization  noise 
on  the  dynamic  range  of  a 
narrow-band  Gaussian  spec- 
trum.  N  is  the  number  of 
bits  used  in  the  quantiza- 
tion process,  a=6  (see 
text) .   Note  that  each  ad- 
ditional bit  increases  the 
dynamic  range  by  6  dB.   The 
solid  line  indicates  spec- 
trum before  signal  quanti- 
zation. 
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4.    ACCURACY  OF  SPECTRAL  MOMENTS 

Except  in  the  case  where  spectral 
shape  or  spectral  boundaries  must  be  spe- 
cified, the  quality  of  the  meteorological 
information  provided  by  the  Doppler  radar 
is  effectively  discussed  in  terms  of  the 
stability  of  spectral  moment  estimates. 
These  quantities  can  be  expressed  in  two- 
dimensional  fields  and  used  in  the  proces- 
sing of  dual-Doppler  radar  information. 
The  stability  of  the  spectral  zero  moment, 
which  is  the  signal  mean  intensity,  has 
often  been  discussed  in  the  literature; 
i.e.,  Marshall  and  Hitschfeld  (1953), 
Lhermitte  (1963) . 

The  first  moment,  which  can  be  identi- 
fied within  assumptions  with  the  mean  par- 
ticle radial  velocity  or  even  the  mean 
radial  air  flow,  if  particle  terminal 
speed  is  neglected,  is  of  greatest  impor- 
tance in  the  treatment  of  the  dual-Doppler 
radar  information.   Indeed,  this  informa- 
tion can  lead  to  the  mapping  of  two- 
dimensional  mean  velocities,  indicating 
the  mean  flow  in  a  convective  storm 
(Lhermitte ,  1970) .  _ 

The  estimate  of  the  first  moment,  V, 
of  the  Doppler  spectrum  has  a  Gaussian 
probability  distribution  evaluated  from  a 
large  number  of  spectral  density  estimates. 
The  variance,  0— ,  of  the  V  estimate  is 
controlled  by     the  signal  sampling  rate, 
the  signal  dwell  time,  T,  and  the  variance, 
o   ,  of  the  spectrum  itself.   Assuming 
that  the  sampling  rate  is  much  higher  than 
1/0   leads  to  the  following  expression  de- 
rived from  Miller  and  Rochwarger  (1970)  : 


Xoy 

w 


0****) 


(4) 


In  this  equation,  A  is  the  radar  wavelength 
and  p  is  the  signal-to-noise  power  ratio. 
Note  that  the  expression  applies  only  to 
colored  noise  with  a  bandwidth  equal  to 
three  times  the  signal  bandwidth.   Expres- 
sion (4)  is  shown  in  figure  3  for  p  =  °° 
(no  noise)  . 

5.    COPLAN  SCANNING 

If  conventional  radar  methods  are  used 
in  the  dual-Doppler  radar  system,  a  three- 
dimensional  scanning  sequence  based  on  both 
azimuth  and  elevation  angle  stepping  must 
be  completed  before  the  data  can  be  ex- 
pressed in  a  coordinate  system  common  to 
the  two  radars.   The  velocity  fields  must 
be  stationary  during  the  total  time  re- 
quired for  the  acquisition  of  the  three- 
dimensional  Doppler  data  so  that  two  radial 
velocities  estimated  from  this  process  at 
the  same  point  in  space  can  be  combined 
for  calculation  of  two-dimensional  velo- 
city estimates.   It  is  therefore  more  ap- 
propriate to  replace  the  conventional  in- 
dependent scanning  of  two  radar  beams  by 
a  coordinated  operation  designed  so 
that  the  two  radar  beams  stay  in  the  same 
plane  during  a  given  time  interval  (COPLAN 
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Figure  3.   Standard  deviation,  0 


of  the  estimate  of 
Doppler  spectrum  first 
moment  versus  spectrum 
standard  deviation,  a 
for  various  radar  wave 
lengths,  A,  and  signal 
dwell  times,  T. 
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cos  6i       cos  62 


Subscript  1  and  2,  respectively,  refer  to 
radar  #1  and  radar  #2;  8  is  taken  from  a 
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perpendicular  to  the  baseline  joining  the 
two  radars;  a  is  the  tilt  of  the  common 
plane.   The  solution  leading  to  6's  <  0  is 
eliminated  by  taking  the  absolute  value  of 
tan  8  in  (5) .   Note  that  for  small  angles 
a,  (5)  reduces  to:   a^Si/cos  6i»:  82/cos  82- 

Figure  4  illustrates  this  concept. 
The  radar  beams  are  effectively  scanned  in- 
dependently, with  the  constraint  that  for 
both  radars,  8  and  8  are  related  by  (5) 
for  a  given  a.   Then  the  radial  velocities 
from  the  dual-Doppler  data  can  be  readily 
combined  in  the  two-dimensional  plane  with 
tilt  a.   This  reduces  the  problem  of  pro- 
cessing radial  velocity  information  to 
that  of  two-dimensional  interpolation  of 
two  scalar  fields,  which  are  assumed  to  be 
stationary  during  the  time  needed  to  scan 
the  plane. 

The  two  radial  velocities,  Vi  and  V2  , 
provided  by  the  two  radars,  are  expressed 
as  a  function  of  the  u  and  v  components  of 
the  horizontal  air  motion  and  with  u  para- 
llel to  the  radars'  baseline,  the  vertical 
air  motion  component,  w,  to  which  the  par- 
ticle terminal  velocity,  V  ,  must  be  added, 
by  the  following  equations: 


Figure  4.   COPLAN  scanning.   The 
azimuth  and  elevation 
angles  of  the  two  radar 
beams  are  controlled  so 
that  coplanar  scanning 
is  realized  in  a  plane 
with  tilt  a . 


Vi  *  u  sin  6!  cos  6i  +  v  cos  61  cos  8j  + 


[w  +  Vjsin  8! 


(6) 


u  sin  82  cos 


v  cos  62  cos  82  +  (w  +  V  Jsin 


(7) 


Solving    for    u    and    v    leads    to: 
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sinlfc.1  -  62) 


Vi  cos  82       V2  cos  Bi 


cos    82     . 


(w  +  Vt) 
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(9) 


For  data  acquired  by  COPLAN  scanning,  we 
can  substitute  (5)  in  the  term  involving 
w  +  V   in  (8)  and  (9),  obtaining: 

1        f*Vi  COS  82    V2  COS  81  "I 

sin(6i  -  B2)  L  cos  81     cos  82  J 


[V2  sin  Bi   V,  sin  62  "1 
cos  82     cos  e»  J 


sin(Bi  -  62) 


-  (w  +V  )  tan  a  . 


(10) 


(11) 


significant  w  +  V   term  does 
'   but  still 


Equations  (10)  and  (11)  show  that  the  pre- 
sence of 

not  modify  the  expression  of' 
produces  a  shift  of  v  proportional  to 
tan  o.   This  constitutes  an  additional  ad- 
vantage of  COPLAN  scanning  compared  to 


conventional  radar  methods,  since,  for  a 
given  common  plane,  the  shift  of  the  es- 
timate will  only  vary  with  w  +  V   and  will 
not  be  a  function  of  the  location,  in  the 
common  plane,  at  which  the  estimates  of  u 
and  v  are  made. 


ACCURACY  OF  TWO-DIMENSIONAL 
VELOCITY  ESTIMATES 
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The  region  of  the  plane  with  boundaries 
imposed  by  this  condition  (locus  of  two 
circles)  is  also  shown  in  figure  5  for 
b  =  4.   The  above  discussion  is  useful 
for  specifying  the  region  covered  by  the 
dual-Doppler  system  in  which  reasonable 
estimates  for  u  and  v  are  obtained. 
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ABSTRACT 

An  estimate  of  the  integrated  liquid  water  content  along  radio  rays  passing  through  a  thunderstorm 
has  been  made  by  using  the  thermal  emission  from  the  storm  at  10.7  GHz.  The  radiometric  data,  together 
with  supplementary  radar,  radiosonde,  and  surface  meteorological  data  are  used  to  determine  absorption 
in  the  storm,  which  in  turn  is  used  to  determine  the  liquid  water  content.  The  results  of  the  technique  are 
illustrated  by  contour  diagrams  showing  liquid  water  content  of  a  small  storm  system  and  its  changes 
over  a  period  of  2  hr. 


1.  Introduction 

Microwave  thermal  emission  from  condensed  water  in 
the  atmosphere  is  a  potential  source  of  significant 
information  about  that  water.  In  the  case  of  thunder- 
storm cells  the  emission  is  easily  observed  with  simple 
radiometer  systems.  This  remote  sensing  technique  can 
be  used  to  deduce  various  properties  of  the  radiating 
cell  of  interest  both  to  communication  system  designers 
and  to  cloud  physicists.  Quantities  that  can  be  measured 
or  estimated  include  noise  degradation  of  sensitive 
communication  systems,  total  attenuation  of  an  electro- 
magnetic wave  passing  through  the  cell,  and  the 
integrated  liquid  water  content.  The  last  is  emphasized 
in  this  paper  and  is  illustrated  by  observations  made 
of  thunderstorm  cells  during  the  summer  of  1967. 
Briefly,  the  procedure  consists  of  the  following  steps: 
1)  measuring  the  emission  from  the  thunderstorm  and 
the  clear  sky  in  terms  of  brightness  temperatures,  2) 
separating  the  absorption  of  the  storm  from  the  com- 
bined absorption  of  atmospheric  gases  and  the  storm, 
and  3)  estimating  the  integrated  water  content  from 
this  absorption  and  certain  properties  of  water  drop 
absorption  cross  sections. 

2.  Observations 

During  the  summer  of  1967,  frequent  observations  of 
thunderstorms  were  made  from  the  ESSA  Table 
Mountain  site  near  Boulder,  Colo.  These  storms  were 
generally  small  and  isolated,  typical  of  the  high-plains 
thunderstorms  that  build  immediately  east  of  the  Rocky 
Mountains  during  summer  afternoons.  The  isolated 
nature  of  the  storms  is  particularly  advantageous  since 
it  allows  a  reference  observation  of  essentially  clear  sky 
near  the  storm. 

Typical  data  obtained  18  July  1967  were  chosen  for 
examination  in  this  paper.  A  compact  storm  system  was 
observed  for  about  2  hr  at  distances  ranging  from 
50-75  km  from  the  radiometer.  Storm  cells  were  located 
with  a  radar  operating  at  9-cm  wavelength. 


A  conventional  Dicke-switching  radiometer  (Dicke, 
1946)  operating  at  10.7  GHz  (2.8  cm)  was  used  for 
brightness  temperature  measurement.  The  principal 
equipment  parameters  for  the  conditions  of  this  experi- 
ment are  given  in  Table  1.  The  reference  arm  of  the 
radiometer  used  an  ambient  temperature  termination. 
The  system  was  operated  near  the  balanced  condition 
by  the  addition  of  noise  from  a  gas  discharge  tube  to  the 
signal  arm.  The  antenna  was  a  parabolic  reflector  18.3 
m  in  diameter  with  the  horn  feed  (and  the  radio  fre- 
quency portion  of  the  radiometer)  mounted  at  the  prime 
focus.  In  the  usual  mode  of  operation  the  antenna  beam 
was  scanned  across  the  storm  at  a  fixed  initial  elevation 
angle  from  the  clear  sky  on  the  one  side  of  the  storm  to 
the  clear  sky  on  the  other.  The  basic  measurement  then 
was  the  difference  in  noise  temperature  at  the  antenna 
terminals  for  the  two  conditions  of  measurement,  i.e., 
the  beam  directed  toward  the  clear  sky  background  and 
then  directed  toward  the  storm.  A  separate  gas  discharge 
tube  was  used  to  calibrate  this  change.  The  scan  was 
repeated  in  0.5°  increments  of  elevation  angle  until  all 
of  the  storm  that  could  be  observed  from  the  radiometer 
site  had  been  covered.  This  technique  allowed  us  to 
draw  contour  diagrams  of  the  storm;  thus,  repetitive 
observations  showed  changes  in  storm  characteristics 
with  time. 

The  antenna  directivity  pattern  and  main  beam  gain 
were  measured  with  the  aid  of  a  target  transmitter  at  a 
distance  of  29  km  from  the  18.3  m  antenna.  Consider- 
able effort  was  expended  in  arranging  the  target  trans- 

Table  1.  Radiometer  equipment  parameters. 

Frequency  10.7  GHz 

Wavelength  2.8  cm 

Antenna  diameter  18.3  m 

Antenna  half-power  beamwidth  0.15° 

Azjmuthal  scan  rate  ~27  deg  min-1 

Bandwidth  (double  side-band)  10  MHz 

Integration  time  (RC)  1  sec 

Radiometer  noise  temperature  ~3000K 
Minimum  detectable  temperature  change        2K 
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mitter  to  produce  a  field  over  the  radiometer  antenna 
aperture  that  was  uniform  to  about  ±  1  db.  The  pattern 
and  gain  data  were  used  to  derive  the  beam  efficiency 
(Kraus,  1966),  computed  here  as  a  function  of  conical, 
angle  measured  from  the  axis  of  the  main  beam.  This 
efficiency  is  denned  as  the  percent  of  the  total  energy 
radiated  by  the  antenna  that  would  be  directed  into  the 
solid  angle  described  by  a  cone  whose  axis  coincides  with 
the  main  beam  axis.  As  the  half-angle  of  the  cone 
increases  from  0  to  v,  this  efficiency  increases  from  0 
to  100%. 

Meteorological  data  included  surface  observations  of 
temperature  and  relative  humidity  at  the  radiometer 
site  and  radiosonde  data  from  Denver,  the  Denver 
station  being  ~50  km  southeast  of  the  radiometer  site. 
Two  radiosonde  flights  were  made  for  most  of  the  days 
on  which  storm  measurements  were  made. 

In  summary,  we  now  have  available  for  analysis  1) 
the  change  in  antenna  noise  temperature  as  the  antenna 
beam  is  moved  from  clear  sky  to  storm,  2)  the  antenna 
beam  efficiency,  3)  the  location  of  the  storm  cell,  and 
4)  radiosonde  and  other  meteorological  data. 

3.  Analysis 

The  brightness  temperature  Tbcs  observed  in  the 
direction  of  the  storm  is  the  sum  of  emission  contribu- 
tions from  the  atmosphere  between  the  observer  and  the 
storm,  from  the  storm  itself,  from  sources  beyond  the 
storm,  and  from  energy  scattered  by  particles  within  the 
cloud.  Using  the  microwave  equation  of  radiative 
transfer  (Shklovsky,  1960),  these  four  terms  are  written 

Tbcs=  J     T(r)0.(r)e-^dr 

Jo 

+  {    r(r)|]8.(r)+(l-W^.(f)>-'Wrff  • 

+  I    T(r)0.(r)e-'Vdr+  [    Tbg(f)^c(r)^™dr,  (1) 

where  the  symbols  are  defined  as  follows : 

T  kinetic  temperature  of  the  absorbing  medium 
along  the  observed  ray  path 

/3,  extinction  (or  absorption)  coefficient  of  atmo- 
spheric gases 

0e         extinction  coefficient  of  liquid  particles 

t  total  attenuation 

to  single-scattering  albedo  defined  as  the  ratio  of 
scattering  coefficient  to  extinction  coefficient 

Tbg  mean  brightness  temperature  of  the  sphere  sur- 
rounding the  scattering  elements  which  are 
assumed  to  scatter  isotropically 

r\,  r%  distances  from  the  observer  to  the  near  and  far 
boundaries  of  the  storm 


If  we  assume  that  "mean  radiating  temperatures"  are 
known1  for  the  first  three  terms  of  (1)  and  are  designated 
Ti,  T2  and  T3,  respectively,  and  that  u>  and  Tbg  are 
constant  through  the  storm,  then  (1)  may  be  solved  for 
the  absorption  of  the  liquid  particles,  rc.  The  result  is 


T.«-(l-«) 

T,(l  -<r  ")+r2(l  -<*)e-*>—Thet+Tbawe-** 


Xln< 


[r,(i-«)-r,(i-«-»»)+7V>-i 

-(1-coK    (2) 

where  t\,  t2  and  t3  are  the  gaseous  attenuations  from  0 
to  r%,  T\  to  r-i  and  r2  to  °o ,  respectively. 

In  some  observational  situations  it  is  possible  to 
simplify  (2),  and  two  cases  will  be  considered.  First,  if 
the  wavelength  of  observation  is  long  enough  with 
respect  to  the  drop  sizes,  scattering  may  be  neglected, 
and  w  =  0.  At  our  measurement  frequency  w~0.05,  i.e., 
the  scattering  is  only  ~5%  of  the  total  attenuation  in 
precipitating  clouds  (Crane,  1966) ;  thus,  we  have 
neglected  u>  in  the  results  shown  here.  Second,  for  cloud 
heights  and  ranges  great  enough  so  that  the  total 
gaseous  absorption  may  be  approximated  by  the 
absorption  between  the  observer  and  the  storm,  t3  is 
set  equal  to  zero.  With  these  two  simplifications  (2) 
becomes 


rc=-ln   1 L 

L        7V7\-7\.)  J 


Ttfi-Tu) 


(3) 


where  Tb,  is  the  sky  brightness  temperature  in  the 
absence  of  cloud.  This  clear-sky  brightness  temperature 
was  determined  from  five  years  (248  soundings)  of 
Denver  radiosonde  data  for  a  summer  month,  using  the 
Van  Vleck  formulas  for  atmospheric  gaseous  absorption 
(Van  Vleck,  1951).  The  arithmetic  mean  of  data  at  a 
given  elevation  angle  is  used  to  represent  Tb,  at  that 
elevation  angle.  The  possibility  of  improving  this 
estimate  by  a  regression  of  the  calculated  Tb,  vs  surface 
temperature  was  considered,  but  the  standard  deviation 
of  Tb,  was  not  large  (<5%  of  Tbt)  and  the  regression 
analysis  did  not  improve  the  estimate  appreciably.  A 
plot  of  the  resulting  Tb,  vs  elevation  angle  is  shown  in 
Fig.  1. 

The  five  years  of  radiosonde  data  used  determine  Tb, 
were  also  used  to  estimate  Z\.  A  regression  of  the  248 
resulting  values  of  T\  with  their  corresponding  surface 
temperatures  and  the  surface  temperature  observed  at 
the  radiometer  site  was  then  used  to  obtain  an  estimate 
of  T\  for  the  time  of  observation.  Values  of  T\  are  shown 
in  Fig.  2. 


1  That  is  to  say,  for  example, 

/'r,r(r)/3.(r)e-'<'><fr=r1/'n/9.(r)e-'<'>rfr=rI(l-<r'0. 
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Fig.   1.  Clear  sky  brightness  temperature  at  10.7  GHz  as  a  Fig.  2.  Linear  regressions  of  clear  air  mean  radiating  tempera- 

function   of   radiometer  elevation   angle   as   obtained   from   five       ture  vs  surface  temperature  using  248  summer  radiosonde  profiles 
summers  of  Denver,  Colo.,  radiosonde  data.  from  Denver,  Colo. 


The  value  of  T2  is  assumed  to  be  equal  to  the  kinetic 
temperature  at  the  height  at  which  the  ray  passes 
through  the  storm.  This  temperature  is  estimated  from 
the  surface  temperature  at  the  radiometer  site  and  the 
average  of  the  two  temperature  lapse  rates  taken  from 
that  day's  1200  and  1800  MDT  Denver  radiosondes. 

The  brightness  temperature  Tbcs  in  the  direction  of 
the  storm  is  derived  from  the  radiometer  measurements 
from 

ATa 
Tbcs= \-Tbs, 

t 

where  ATa  is  the  difference  in  antenna  temperature 
measured  by  the  radiometer  as  it  moves  from 
clear  sky  to  storm.  An  example  of  a  chart  recording  of 
this  temperature  difference  is  shown  in  Fig.  3.  The 
antenna  beam  efficiency  t  is  computed  for  a  conical 
angle  of  0.5°  with  a  value  of  0.62  resulting  for  «.  This 


choice  of  beam  angle  is  a  compromise ;  it  is  chosen  to  be 
large  enough  so  that  the  contribution  of  noise  sources 
outside  the  beam  does  not  change  much  as  the  antenna 
is  moved  horizontally,  and  small  enough  so  that  the 
brightness  temperature  as  weighted  by  the  beam  pattern 
and  integrated  over  the  beam  will  represent  the  bright- 
ness temperature  in  the  direction  of  the  main  beam. 

Having  obtained  values  for  integrated  liquid  absorp- 
tion, we  proceed  to  estimate  the  corresponding  line 
integral  of  liquid  water  L,  given  by 


J  r\ 


M{r)dr, 


where  M  is  liquid  water  content  (gm  m"3).  For  very 
small  drop-size-to-wavelength  ratios,  i.e.,  non-precipi- 
tating clouds  in  the  microwave  region,  the  absorption  co- 
efficient at  a  given  temperature  is  proportional  to  liquid 


Azimuth  (degrees  from  north) 


Fig.  3.  Example  of  chart  recording  of  radiometer  sweeps  across  a  thunderstorm. 
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Fig.  4.  Ratio  of  Lexp  to  L  vs  the  shaping  factor  K  of  the  ex- 
ponential liquid  water  distributions  used  to  determine  Lexp. 


water  content,  so  that 


0e(r)dr=  /     aM{r)dr, 


or 

a 

However,  precipitating  storms  contain  drop  sizes  large 
enough  so  that  we  cannot  use  this  simple  relation,  and 
we  modify  it  as  follows.  Crane  (1966)  has  computed 
attenuation  coefficients  @e  for  a  large  sample  of  drop  size 
distributions  and  at  a  number  of  frequencies.  At  each 
frequency  he  has  plotted  attenuation  coefficient  vs 
liquid  water  content  M  and  computed  a  fit  to  the  data 
of  the  form 

0e  =  cAf».  (4) 

Letting  (1—  u>)/3c~/Jc  as  before,  we  have 


f 
,-a  \ 


[M(r)ydr. 


(5) 


Eq.  (5)  implies  that  we  must  have  a  knowledge  of  the 
spatial  distribution  of  M  in  order  to  solve  for  the  total 
liquid  water  content.  However,  Holder's  inequality 
(Munroe,  1953)  can  be  used  to  show  that 


J  ri 


MM^fo-fi)'6-1"4]  /     [M(r)Ydr 


(1/6) 


or 


L<( 


f2_fl)(»-i)//lfj 


(1/6) 


(6) 


with  the  restrictions  that  b>  1  and  that  M (r)>0,  both 
of  which  are  true  in  our  case.  The  equality  in  (6)  occurs 
when  M(r)  is  a  constant,  i.e.,  the  liquid  water  is  uni- 
formly distributed  between  ri  and  r2.  Since  M(r)  is 
undoubtedly  not  a  constant,  L  will  be  somewhat  less 
than  the  maximum,  depending  on  the  value  of  b.  For 
our  frequency  of  10.7  GHz,  a  simple  linear  interpolation 
between  Crane's  computations  at  9.35  and  15.5  GHz 
results  in  constants  a  =  0.12  and  6=1.28  for  (4),  where 
j3c  is  in  nepers  per  kilometer  and  M  in  grams  per  cubic 
meter.  Since  b  is  not  very  much  greater  than  1,  L  is 


rather  close  to  the  right-hand  side  of  (6),  as  can  be  seen 
by  taking  some  simple  distributions  of  M{r)  for  com- 
parison. For  a  "triangular"  distribution  that  is  sym- 
metrical about  the  center  of  the  ray  path  between  rx 
.and  r2,  the  L  resulting  here  is  95%  of  the  maximum  given 
by  (6).  A  second  example  is  a  symmetrical  exponential 
distribution  of  the  form 


xd—  In  A 

\  la  / 


M(/)=M0exp 

where  MQ  is  the  liquid  water  density  at  the  "center"  of 
the  storm,  /  the  distance  from  this  point,  le  the  distance 
to  the  edge  of  the  storm,  and  K  the  ratio  of  M0  to  the 
density  at  the  edge  of  the  storm.  Fig.  4  shows  the  ratio 
of  integrated  liquid  water,  Lexp,  from  this  model  to  the 
maximum  L  of  (6)  as  a  function  of  K.  The  figure  shows 
that  for  a  very  large  value  of  K,  indicating  almost 
a  spiked  distribution,  L  is  reduced  by  only  ~25%  from 
the  maximum. 

Eq.  (6)  also  requires  an  estimate  of  ri— r\.  This 
estimate  of  storm  size  is  made  from  the  location  of 
relative  "hot  spots"  (maximum  L  value,  estimated) 
and  the  outer  edge  (zero  contour)  of  the  storm.  The 
outer  boundary  of  the  storm  is  taken  to  be  a  semicircle 
in  a  plane  perpendicular  to  the  contour  diagram  and 
containing  the  line  from  the  hot  spot  through  the  mea- 
surement point  to  the  zero  contour.  The  radius  r0  of  this 
semicircle  is  the  distance  from  the  hot  spot  to  the  zero 
contour.  If  the  distance  from  the  hot  spot  to  the  data 
point  (in  the  contour  plane)  is  d,  then 


ri 


-ri  =  2VrV- 


Since  b  in  (6)  is  near  1,  the  solution  for  L  is  not  very 
sensitive  to  errors  in  this  quantity,  again  indicating  that 
the  measurement  is  not  strongly  dependent  on  the 
spatial  distribution  of  M. 

4.  Results 

The  relationship  (6)  is  used  to  plot  the  contours  of  L 
shown  in  Pig.  5.  The  contours  are  plotted  on  an  azimuth 
angle-elevation  angle  grid  as  seen  from  the  radiometer 
site.  The  horizontal  scans  necessary  to  produce  the 
contour  diagrams  were  made  during  the  time  interval 
indicated.  The  units  of  (6)  are  grams  of  liquid  water  per 
cubic  meter  times  kilometers,  which  is  equivalent  to  the 
number  of  kilograms  of  liquid  in  a  column  1  m2  in  cross 
section  along  the  entire  path  through  the  storm.  Alter- 
natively, one  can  estimate  the  average  liquid  water 
density  (gm  m~3)  over  the  path  length  by  dividing  the 
contour  values  by  an  estimated  length  (km)  through 
the  storm. 

Eq.  (6)  is  used  with  the  implicit  assumption  that  (4) 
is  applicable  at  all  cloud  temperatures  encountered  in 
addition  to  the  0C  for  which  it  was  determined.  It  can 
be  shown  that  this  is  a  rather  good  assumption  at  our 
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Fig.  5.  Liquid  water  content  (kg  m-1  column)  of  an  18  July  1967  thunderstorm 
near  Boulder,  Colo.,  from  1503-1602  MDT,  a.,  and  from  1602-1714  MDT,  b. 

frequency  for  typical  drop  size  distributions  encountered  tion  is  essentially  independent  of  temperature,  and  for 

in  rainfall.  This  results  from  the  fact  that  for  small  drops  larger  drops  the  temperature  dependence  is  reversed, 
the  absorption  coefficient  decreases  with  increasing         The  analysis  presented  here  contains  another  implicit 

temperature ;  for  drops  of  ~  1  mm  in  radius  the  absorp-  assumption.  In  using  the  absorption  cross  section,  we 
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assume  that  the  emission  does  indeed  originate  from 
liquid  rather  than  ice.  Since  thunderstorms  are  generally 
mixtures  of  ice  and  water  particles  it  is  difficult  to  say 
which  is  dominant.  To  aid  in  judging  in  which  regions  of 
the  storm  the  assumption  may  be  valid,  we  have 
indicated  the  0C  isotherm  (freezing  level)  on  the  con- 
tour diagrams  and  note  that  no  hail  reports  from  the  18 
July  storm  were  known  to  us.  It  seems  likely  that 
quantitative  radar  reflectivity  data  would  be  very  useful 
in  determining  the  validity  of  this  assumption. 

5.  Conclusions 

The  technique  described  here  shows  promise  as  a  tool 
for  studying  liquid  water  in  clouds,  although  some 
further  experimental  work  is  needed  to  delineate  its 
limitations.  In  addition  to  an  estimate  of  integrated 
liquid  water  per  unit  area  encountered  by  a  radio  ray, 
it  provides  a  partial  picture  of  how  the  liquid  is  dis- 
tributed and  some  idea  of  the  flux  of  liquid  water  in  a 
particular  volume.  This  information  could  be  useful  in 
predicting  the  amount  of  water  available  for  precipita- 
tion and  in  observing  the  changes  produced  by  storm 
modification  experiments.  In  such  a  study,  the  method 


would,  of  course,  be  used  with  other  techniques, 
especially  radar.  Measurement  of  attenuation  in  the 
storm  is  also  an  important  use  of  the  technique  for  the 
communication  engineer,  although  this  has  not  been 
elucidated  here  in  detail. 
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MICROWAVE  DETERMINATION  OF  LOW 
ALTITUDE  TEMPERATURE  PROFILES1 
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ABSTRACT 

Passive  ground-based  radiometric  measurements 
of  thermal  emission  by  oxygen  can  provide   significant 
information  about  low  altitude  temperature   structure. 
Theoretical  results  indicate  that   rms  accuracies   of   1   K 
can  be   obtained  up  to  2  km  by  inversion  of  fixed- 
frequency,    angular -scan  radiometer  data  with  noise 
levels  of  1   K.      Statistical  inversion  techniques  are 
applied  to  angular  scan  data  to  recover  various  types  of 
temperature  profiles. 


1.     INTRODUCTION 


The  remote  sensing  of  low  altitude  vertical  temperature  profiles  is  of  great  interest  to 
studies  of  air  pollution  which  require  methods   of  determining  atmospheric   stability.     Primary 
quantities   of  interest  during  stable  conditions  are  the  mixing  depth  associated  with  elevated 
thermal  inversions,    the  height  of  ground-based  "radiation"  inversions,    and  the  intensities  of 
both  of  these  types  of  inversions.     During  unstable  and  neutral  conditions,    the  lapse  rate  is  of 
primary  interest.      To  monitor  these  quantities  with  accuracies  desired  by  air  pollution  fore- 
casters  requires  determination  of  mixing  depths  to  within  10  percent  and  intensities  with  an 
accuracy  comparable  to  that  obtained  by  conventional  radiosondes  [Hosier,    l]  .     Ground-based 
passive   remote   sensing  of  temperature  profiles  by  microwave   radiometry  can  satisfy  many  of 
the  above   requirements. 

2.     THEORY 

The  clear  air  atmospheric  contribution  to  the  frequency  and  the  angular  variation  of  micro- 
wave radiometric  intensities  is  a  function  of  the  spatial  distribution  of  pressure,   water  vapor, 
and  temperature  [Staelin,    2]  .     Ground-based  passive  measurements  of  downward  thermal 
emission  at  well  chosen  frequencies  in  the  5 -mm  band  of  oxygen,    coupled  with  easily  obtainable 
surface  pressure  observations,    result  in  a  measured  brightness  temperature  that  depends 
mainly  on  the   spatial  temperature  distribution.      The  contribution  of  an  isothermal  layer  to  the 
brightness  is  a  function  of  its  kinetic  teinperature,    its  emissivity,    and  the  transmittance 
between  the  layer  and  the  receiver.     The  contribution  from  various  layers  to  the  total  observed 
emission  is  a  function  of  both  elevation  angle  and  frequency.     The  resulting  information  that  can 
be  generated  about  the  temperature   structure  by  angular  and  frequency  variation  is  described  by 
the   so-called   "weighting  functions,  "  which  are  numerically  equal  to  the  negative   of  the   spatial 
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derivative  of  the  transmittance  function  [Meeks  and   Lilley,    3]  .     A  typical  set  of  ground  -based 
temperature  weighting  functions  for  a  fixed-frequency  variable  angle  technique  is  given  in  Fig.    1. 
As  shown,    information  about  temperature  layers  of  100  to  200  m  thick  is  obtained  at  low  elevation 
angles;  higher  elevation  angles  result  in  averages  over  increasingly  thicker  layers.     Corresponding 
zenithal  weighting  functions  for  different  frequencies  are  given  by  Gaut  and  Reifenstein  [4]  .      In 
section  3  we  discuss  the   important  problem  of  recovering  the  vertical  temperature  profiles  from 
observations  of  their  weighted   spatial  averages. 

Ground-based  remote   sensing  of  vertical  temperature  profiles  can  use  either  multi-spectral  or 
multi-angle  measurements.     An  angular  system,    such  as  used  by  Sperry  Rand  Research  Center 
[Mount;    5]     requires  the  assumption  of  horizontal  stratification  over  distances  of  the  order  of 
1  km.      With  present  radiometer  sensitivities  and  with  a  single  antenna,    used  in  either  a  continuous 
scan  or  a  discrete  angle  mode,    time   resolution  of  about  Z0  to  30  minutes   is  achieved  with  a 
receiver  integration  time  of  60  sec.     To  achieve  the  spatial  resolution  shown  in  Fig.    1,    antennas 
with  good  angular  resolution  are  required.      In  addition  to  the   stratification  assumption,    the  princi- 
pal disadvantage  of  angular  measurements   is  the  difficulty  of  eliminating  ground  effects  at  low 
elevation  angles.     Multi-frequency  observations  at  a  fixed  elevation  angle  can  give  a  line  profile  in 
a  given  direction,    and  the  technique  does  not  require  a  stratification  assumption.      With  a  multi- 
channel radiometer,    the  time   resolution  is  limited  only  by  the   receiver  integration  time.     Spatial 
resolution  along  the  line   of  sight  is  determined  principally  by  the  possible   range  of  absorption 
coefficient  --  roughly  from   0.  1   to  3  km"'    in  the  50-60  GHz  region. 

3.     INVERSION  OF  RADIOMETRIC  OBSERVATIONS 

The  difficult  problem  of  recovering  atmospheric  profiles  from  indirect  observations  has   re- 
ceived much  attention  in  the  past.     Application  of  statistical  estimation  techniques  to  the  inversion 
problem  [Rodgers,    6;    Westwater  and  Strand,    7]    has  led  to   successful  retrieval  of  temperature 
profiles  from   satellite  observations  [Wark,    8]  ,    and  from  ground-based  measurements  [Westwater, 
9]  .     Below,   we  discuss  the  application  of  this  technique  to  ground-based  microwave  inference  of 
temperature  profiles. 

Statistical  inversion  techniques  require  knowledge  of  the  statistical  characteristics  of  tem- 
perature profiles  to  construct  a  physically  significant  and  stable   solution  to  the   inverse  problem   of 
radiative  transfer.     The  estimation  of  the  required  statistical  matrices  can  be  formed  from  a  past 
history  of  directly  measured  profiles,    such  as  a  backlog  of  radiosonde  observations.      The  a  priori 
knowledge  is  then  combined  with  weighting  functions  and  radiometer  noise  levels  to  yield  a 
minimum-variance  data  processing  scheme.     In  Fig.    2,    an  example  is  given  of  the  predicted 
achievability  in  temperature  sensing  by  applying  statistical  techniques  to  microwave  radiometer 
data.     The  curve  labeled  0"t  represents  the  a  priori    standard  deviation  in  temperature  which  could 
be  achieved  by  using  only  the  measured  surface  temperature  as  a  statistical  predictor.     The  three 
dashed  curves  represent  the  residual  standard  deviation  when  the  indicated  angular  scan  measure- 
ments are  used.     Thus,    for  this  climatology,    angular  measurements  of  the  given  noise  levels  and 
frequencies,    can  infer  temperature  profiles  with  a  rms  error  of  less  than  1  K  up  to  about  3  km. 

Applying  statistical  inversion  techniques  to  profile  inference  assumes  that  the  a  priori  mean 
profile  and  covariance  matrix  are  representative  of  the  local  environment  of  the  radiometer. 
Since  it  is  frequently  desired  to  place  radiometers  in  locations  where  a  priori  data  have  not  been 
gathered,    it  is  quite  important  to  determine  the  sensitivity  of  inversion  results  to  errors  in 
estimating  the  representative  statistics.     Examples  are  given  in  the  next  section  of  reasonable 
profile  recoveries  using  statistical  information  gathered  50  to  60  miles  from  the  radiometer 
location. 

4.     RESULTS 

Below  we  present  examples  of  temperature  profiles  inferred  from  microwave  radiometric 
data. 

For  two  2-week  periods  in  April  and  July-August  1968,    the  Environmental  Radiometry  Program 
Area  of  the  Wave  Propagation  Laboratory,    N.O.  A.A.,    conducted  microwave  radiometer  experi- 
ments at   Upolu  Point,    Hawaii,    Hawaii.     Discrete  angular  measurements  of  sky  brightness  at 
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52.5  GHz  were  taken  every  3  hours  during  the  2-week  intervals.     The  radiometer  measurements 
were  supplemented  by  simultaneous  radiosonde  soundings.     Twenty-five  radiometer-radiosonde 
pairs  were  selected  at  random  from  the  entire  ensemble  of  data  for  later  use  in  inversion;  the 
remainder  of  the  data  were  used  to  compute  the  relevant  statistical  quantities  needed  for  inversion. 
Inversion  of  the  25  piece  data  sample  resulted  in  a  1.27  K  average  rms  departure  of  the  inferred 
profile  from  the  radiosonde  measured  temperature  profile  up  to  10  km.     The  total  vertical  water 
content  was  simultaneously  estimated  with  a  relative  accuracy  of  about  10  percent.     Fig.    3  shows 
an  example  of  these  inversion  results  and  illustrates  the  improvement  obtained  when  using 
measured  surface  parameters  as  constraints.     The  inferred  profile  is  typically  a  smoothed  version 
of  the  true  profile  with  a  loss  of  detail  that  is  determined  by  the  radiometer  noise  level,  by  the 
weighting  functions,    and,    to  an  extent,    by  the  a  priori  statistics. 

The  application  of  microwave  radiometry  to  remote  probing  of  low  altitude  temperature 
profiles  is  being  investigated  by  Sperry  Rand  Research  Center  [Mount,    5]  .     To  further  test 
statistical  inversion  techniques  on  microwave  data,    data  from  several  of  their  field  tests  were 
procured. 

The  first  data  analyzed  were  taken  at  Salt  Lake  City,    Utah,    on  August  15  and   16,    1968, 
during  clear  daytime  conditions.     Null  balance  radiometer  measurements  of  thermal  emission  at 
discrete  elevation  angles  ranging  from  horizontal  to  zenith  were  taken  at  54.0,    54.5,    and 
55.0  GHz.     The  field  site  was  at  the  Salt  Lake  City  airport,    a  location  for  which  a  history  of 
radiosonde  observations  were  readily  available.     Mean  profiles  and  covariance  matrices  were 
calculated  from  5  years  of  August  soundings.     The  complete  set  of  inversion  results  for  these 
2  days  is  shown  in  Fig.   4.     An  average  rms  error  of  less  than  1  K  was  achieved  below  3  km  with 
a  resulting  reduction  in  variance  of  25  to  1   over  a  priori  constrained  statistics.      The  above  results 
from  the  Hawaiian  and  Salt  Lake  City  field  tests  are  described  in  much  greater  detail  by 
Westwater  [  10]  . 

Emission  data  from  a  field  test  in  Cincinnati,    Ohio,   were  also  inverted.     The  data  collection 
and  subsequent  analysis  differed  in  two  respects  from  the  procedure  described  above:    (a)  the 
emission  data  were  obtained  from  a  54.5  GHz  angular  scan  rather  than  from  data  at  discrete 
angles.     An  attempt  to  estimate  the  brightness  corresponding  to  a  discrete  angle  was  made  by 
using  knowledge  of  the  radiometer  time  constant  and  two-point  numerical  derivatives  of  the  data; 
(b)  the  a.  priori  statistics  were  obtained  from  Dayton,    Ohio,    which  was   roughly  50  miles  away. 
In  addition,    every  sounding  during  a  5-year  period  was  used  to  compute  the  means  and  covariances, 
and  no  attempt  was  made  to  compute  monthly  or  seasonal  statistics.     An  example  of  a  Cincinnati 
profile  recovery  during  a  fairly  intense  ground-based  inversion  is   shown  in  Fig.    5.     Note  that  both 
the  height  and  the  intensity  of  the  ground-based  inversion  are  well  determined,    but  that  the  details 
of  the  elevated  inversion  at  2.5  km  are  lost. 

The  final  example  of  a  profile  retrieval  that  we  present  here  was  inferred  from  54.5  GHz 
angular  scan  data  taken  at  the  Raleigh-Durham  airport  in  North  Carolina.     Statistical  quantities 
were  estimated  from  5  years  of  October  radiosonde  soundings  taken  at  Greensborough,    North 
Carolina,    roughly  60  miles  away.     The  station  elevations  differed  by  135  m.     An  example  of  a 
retrieval  of  an  elevated  inversion  is   shown  in  Fig.    6.     Note  that  the  inferred  profile  clearly 
indicates  the  existence  of  an  elevated  inversion,    and  that  the  depth  of  the  mixing  layer  can  be 
estimated  by  the  lowest  vertical  tangent  of  the  inferred  curve.     It  is  also  clear  that  very  little 
information  is  obtained  about  either  the  intensity  or  the  thickness  of  the  elevated  layer.     This 
illustrates  the  inherent  difficulty  of  recovering  profiles  that  oscillate  at  a  higher  spatial  frequency 
than  that  of  the  weighting  functions. 

In  addition  to  the  above  inversions  of  data,   we  performed  inversions  of  several  sets  of 
simulated  angular  brightness  containing  rms  gaussian  noise  of  1  K.     This  test  was  to  determine  the 
improvement  in  recovering  elevated  inversions  that  could  be  achieved  by  a  more  judicious   selection 
of  a  priori  statistics.     The  profiles   selected  for  brightness  calculation  and  subsequent  inversion 
were  mainly  of  the  elevated  inversion  type  from  Greensborough,    North  Carolina,    during  August. 
Average  profiles  and  covariance  matrices  were  based  on  selected  statistical  samples  containing 
(a)  both  ground-based  and  elevated  inversions,    and  (b)  only  elevated  inversions.     Although  the 
retrievals  using  selected  statistics  differed  slightly  from  those  based  on  heterogenous   statistics, 
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there  was  no  marked  improvement  in  the  quality  of  the  results.     This  rather  surprising  result 
seems  to  reflect  that  although  the  selected  statistics  contained  only  thermal  inversions,    there  was 
a  large  dispersion  of  the  heights  at  which  the  inversions  occurred. 

5.     CONCLUSIONS 

Analysis  of  several  sets  of  fixed-frequency  variable  angle  radiometer  data  has  indicated  the 
potential  use  of  ground-based  microwave  measurements  in  air  pollution  forecasting.     Statistical 
inversion  of  radiometer  data  has  yielded  successful  retrievals  of  lapse  and  ground -based  inversion 
temperature  profiles.     The  existence  of  elevated  inversions  has  been  inferred  from  the  data,    but 
with  poor  height  resolution.     The  mixing  depth  associated  with  an  elevated  inversion  can  be 
estimated  to  within  about  10  percent,    but  retrieval  of  more  detailed  information  is  difficult. 

Further  experiments  are  being  conducted  to  compare  the  variable  angle  vs.   the  variable 
frequency  technique.     A  four-channel  radiometer,    operating  between  52.5  and  55.5  GHz,    i 
being  tested  by  N  .  O.  A.  A.   Environmental  Research  Laboratories,    Boulder,    Colorado. 


s  now 
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measurements  at  Salt  Lake  City,    Utah. 
T_   =    radiosonde  profile 

T    =    mean  profile  constrained  to  surface  conditions 
T    =    inferred  profile 
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FIGURE  5.        TEMPERATURE  PROFILE  derived  from 
radiometer  measurements  at  Cincinnati, 
Ohio.     _A  priori  statistics  from  Dayton,    Ohio. 
T    =    radiosonde  profile 

T    =    mean  profile  constrained  to  surface  conditions 
T    =    inferred  profile. 
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FIGURE  6.       TEMPERATURE  PROFILE  derived  from   radiometer 
measurements  at  Raleigh,    Durham,    North  Carolina. 
A  priori  statistics  from  Greensborough,    North 
Carolina. 
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Reprinted  from  Proceedings  of  Symposium  on  Air  Pollution,   Turbulence, 
and  Diffusion,  December  7,  1971,   56-65,   1971. 

RECENT  RESULTS   IN  GROUND -BASED   SENSING 
OF  ATMOSPHERIC   TEMPERATURE   PROFILES 

J.   B.    Snider 

Wave  Propagation  Laboratory 

Environmental  Research  Laboratories 

National  Oceanic  and  Atmospheric  Administration 

Boulder,  Colorado  80302 

INTRODUCTION 

The  application  of  ground-based  radiometric  measurements  of  emission  from  atmospheric  oxygen 
to  the  problem  of  estimating  the  variation  of  temperature  with  height  has  been  discussed  in  recent 
literature.    "'      In  the  majority  of  measurements  reported,  temperature  profiles  have  been  deter- 
mined by  inverting  single  frequency  measurements  of  brightness  temperature  as  a  function  of  eleva- 
tion angle.   An  alternate  technique  consists  of  inverting  observations  of  brightness  temperature 
as  a  function  of  frequency  at  either  a  fixed  or  variable  elevation  angle.   The  second  technique 
has  received  relatively  little  attention. 

An  obvious  advantage  in  favor  of  the  first,  or  angular  scan  method,  is  that  the  instrumenta- 
tion is  fairly  simple,  consisting  of  a  single  frequency  radiometer  with  an  antenna  that  is  steer- 
able  in  elevation;  however,  conversion  of  antenna  to  brightness  temperature  may  be  complicated  and 
subject  to  error  since  the  stray  radiation  into  antenna  back  and  side  lobes  changes  with  elevation 
angle.   In  the  second,  or  multi- spectral  method,  the  antenna  is  not  moved  with  the  result  that 
stray  radiation  is  relatively  constant  thus  simplifying  the  determination  of  brightness  temperature. 

In  principle,  the  multi -spectral  system  offers  the  advantage  that  a  profile  can  be  measured 
in  a  time  period  set  mainly  by  the  radiometer  time  constant.   With  present  radiometer  sensitiv- 
ities, the  angular  scan  method  requires  15  to  30  minutes  to  complete  a  temperature  profile  measure- 
ment.  The  major  disadvantage  of  the  multi-spectral  system  is  that  the  instrumentation  is  compli- 
cated and  relatively  expensive. 

This  paper  describes  instrumentation  developed  to  permit  experimental  evaluation  of  both 
techniques  and  presents  the  results  of  an  experiment  performed  to  compare  quantitatively  the  rel- 
ative merits  of  the  two  techniques. 

THEORY 

In  this  section  we  briefly  consider  the  theory  of  the  estimation  of  temperature  profiles  from 
measurements  of  microwave  emission  by  oxygen.   Emission  by  oxygen  is  utilized  because  this  gas  is 
well-mixed  in  the  atmosphere  and  its  absorptive  properties  in  the  microwave  region  are  reasonably 
well  understood.   Absorption  of  electromagnetic  energy  by  0„  occurs  in  a  series  of  resonant  lines 
centered  at  60  GHz  and  in  a  single  line  near  118  GHz;  here  we  consider  only  the  60  GHz  absorption 
complex.   At  the  earth's  surface  the  individual  absorption  lines  merge  into  an  absorption  contin- 
uum due  to  pressure  broadening  and  a  ground-based  radiometer  observes  a  smooth  variation  of  bright- 
ness with  frequency.   The  brightness  temperature,  T,  ,  measured  at  frequency,  v,  and  elevation  angle, 
9,  is  given  by 
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Tb(v,6)  =  Tbext(v,e)exp(-JT  avcsc  6  dh)  +  Jf  T(h)av[exp(-^  c^csc  6  dh')]csc  9  dh       (1) 

where  T.     =  brightness  temperature  caused  by  a  source  external  to  the  earth's  atmosphere, 

T(h)   =  absolute  temperature  as  a  function  of  height,  h,  above  the  earth's  surface,  and 
a     =  absorption  coefficient  at  frequency  v. 

Here  we  assume  that  the  absorption  is  a  function  of  oxygen,  water  vapor,  temperature,  and  pressure 
only  and  that  scattering  is  negligible;  these  assumptions  are  valid  except  when  clouds  or  precip- 
itation is  present.   The  problem  at  hand  is  to  estimate  the  quantity,  T(h),  from  measurements  of 
the  quantity,  T  (v,8). 

Study  of  (1)  shows  that  input  data  may  be  generated  in  three  ways: 

1.  Angular  scan,  i.e.,  measurements  of  T,  at  a  given  frequency  versus  elevation  angle, 

2.  Multi-spectral,  i.e.,  measurements  of  T,  versus  frequency  at  a  fixed  elevation  angle, 
and     3-  A  combination  of  angular-scan  and  multi-spectral  techniques. 

The  method  employed  to  invert  the  radiative  transfer  equation  (l)  has  been  described  in  detail 
by  Westwater    and  will  only  be  briefly  described  here.   The  method  involves  replacing  (1)  with  a 
Fredholm  integral  equation  of  the  first  kind.   The  Fredholm  equation  is  then  solved  by  means  of  a 
statistical  estimation  technique  that  yields  estimates  of  the  atmospheric  temperature  structure 
based  upon  a_  priori  knowledge  of  the  temperature,  pressure,  and  humidity  statistics  for  the  partic- 
ular measurement  location  and  the  given  set  of  brightness  temperature  measurements.   The  solution 
is  the  set  of  atmospheric  temperature  versus  height  values  that  results  in  the  minimum  departure 
(in  a  least-squares  sense)  from  the  expected  value. 

MULTI -FREQUENCY  RADIOMETER 

We  now  describe  the  instrument  developed  to  compare  the  relative  usefulness  of  the  methods 
described  above  in  making  accurate  estimates  of  atmospheric  temperature  profiles.   Major  objectives 
in  the  design  of  the  radiometer  were  capability  of  operation  in  both  angular-scan  and  multi-spec- 
tral modes,  simultaneous  operation  on  3  or  U   frequencies  from  a  common  antenna,  high  angular  reso- 
lution in  the  antenna  system,  good  spectral  resolution,  and  the  greatest  possible  sensitivity 
consistent  with  the  other  design  goals. 

A  block  diagram  of  the  final  radiometer  design  is  given  in  Figure  1.   The  basic  system  is  the 
well  known  Dicke  radiometer  in  which  the  receiver  is  switched  between  the  antenna  and  a  tempera- 
ture-controlled reference  termination.   In  the  present  system,  the  Dicke  switch  (modulator)  is  a 
rotating  vane  attenuator  that  alternately  transmits  and  absorbs  the  energy  from  the  antenna.   The 
components  located  between  the  antenna  and  rotary  modulator  serve  the  following  functions:  during 
calibration  the  radiometer  is  connected  to  one  of  the  temperature  controlled  terminations  through 
the  waveguide  switch  to  establish  a  known  temperature  reference.   (At  0  elevation  angle  and  in 
the  60  GHz  spectral  region  the  atmosphere  is  essentially  a  blackbody  having  an  effective  tempera- 
ture very  nearly  equal  to  the  surface  temperature;  hence,  atmospheric  emission  may  also  be  used 
as  a  calibration  reference  point.)   Incremental  calibration  of  the  radiometer  output  is  accom- 
plished by  injecting  noise  from  the  gas  discharge  noise  source  into  the  signal  channel  via  the 
precision  attenuator  and  auxiliary  arm  of  the  directional  coupler.  During  measurements,  the 
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antenna  is  connected  to  the  radiometer  and  noise  is  injected  into  the  signal  channel  to  allow 
operation  in  a  "semi -balanced"  condition.   Since  a  true  balance  cannot  be  obtained  at  more  than  a 
single  frequency,  an  appropriate  amount  of  noise  is  injected  to  obtain  an  approximate  balance  at 
all  frequencies. 

The  first  mixer  translates  a  k   GHz  band  of  frequencies  in  the  50  GHz  region  to  a  U-8  GHz  first 
intermediate  frequency.   After  a  stage  of  amplification,  separation  into  four  individual  channels 
takes  place  in  a  strip-line  multiplexer;  center  frequencies  are  U.5,  5.5,  6.5,  and  7-5  GHz.  A 
second  conversion  to  a  60  MHz  center  frequency  follows  the  multiplexer;  the  noise  bandwidth  of  the 
60  MHz  IF  amplifiers  is  approximately  30  MHz  to  achieve  a  fair  degree  of  spectral  resolution. 
Following  the  second  IF  amplifiers  are  four  identical  stages  of  video  detection,  synchronous  detec- 
tion using  a  lock-in  amplifier,  and  analog  output  recording. 

All  components  before  the  lock-in  amplifiers  are  located  in  an  equipment  enclosure  mounted  at 
the  antenna.   The  waveguide  compartment  is  heated  to  maintain  the  ambient  temperature  reasonably 
constant.   Since  ohmic  losses  in  the  waveguides  generate  noise,  waveguide  temperatures  are  meas- 
ured by  thermistor  probes  located  at  several  points  and  remotely  recorded  for  subsequent  use  in 
computing  the  antenna  temperature. 

The  radiometer  enclosure  and  its  1.2  m  diameter  conical  horn  antenna  are  installed  on  an 
elevation  over  azimuth  antenna  mount  which  provides  the  capability  of  angular  scan  operation.   The 
antenna  position  is  read  out  remotely  at  the  data  recording  position.   A  relatively  large  antenna 
aperture  was  employed  to  obtain  the  high  angular  resolution  mentioned  earlier,  while  the  conical 
horn  configuration  was  selected  to  minimize  stray  radiation  into  the  back  and  side  lobes  and 
thereby  simplify  the  conversion  of  antenna  temperature  to  brightness  temperature. 

A  summary  of  the  essential  radiometer  characteristics  is  presented  in  Table  1. 

Table  1.   Multi -frequency  radiometer  characteristics 

Operating  frequency     -  52.5,  53.5,  5^.5,  55-5  GHz 

Antenna  characteristics  -  1.2  meter  diameter  conical  horn,  3  dB  beamwidth  0.3 

Receiver  type  -  Dicke  switching  radiometer,  dual-conversion  superheterodyne 

1st  IF:  It  to  8  GHz 

2nd  IF:  60  MHz  center  frequency,  noise  bandwidth  approx.  30  MHz 
Sensitivity  -  Approx.  IK  for  60  s  integration  time 

TABLF  MOUNTAIN  EXPERIMENT 

During  April  1971,  an  experiment  was  conducted  at  Table  Mountain  near  Boulder,  Colorado, 
primarily  to  evaluate  the  performance  of  several  radiometric  systems  in  yielding  atmospheric 
temperature  profiles;  however,  as  the  planning  for  the  experiment  evolved,  it  became  clear  that 
additional  sensors  could  not  only  benefit  from  but  supplement  the  basic  objectives  of  the  main 
experiment.  As  a  result,  the  final  scope  of  the  program  greatly  exceeded  the  original  plan.   The 
list  of  participants  along  with  their  respective  measurements  follows: 
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Participant  Equipment 

Air  Pollution  Control  Office        5^.5  GHz  radiometer,  angle-scan  mode 
Sperry  Rand  Corporation  5^.5  GHz  radiometer,  angle-scan  mode 

Wave  Propagation  Laboratory,  NOAA   ^-frequency  radiometer,  angle-scan  and  multi-spectral  modes 

Acoustic  sounder 

Infra -sound  array 

Lidar 

Infrared  radiometer 

Radiosonde  data 

Aircraft  temperature  measurements 

Surface  T,  RH,  P,  Sky  photographs 

National  Center  for  Atmospheric     Boundary  layer  profiler  (tethered  balloon  with  radiosonde) 
Research 

In  the  remainder  of  this  paper,  we  shall  limit  our  discussion  to  the  WPL  radiometric  obser- 
vations to  provide  temperature  profiles  and  a  comparison  of  the  inversion  results  with  the  temper- 
ature profiles  measured  by  the  radiosondes. 

Data  were  recorded  three  times  daily  beginning  at  0^00,  0900,  and  1500  during  a  one-week 
period  in  April  1971.   These  observation  times  were  selected  in  order  to  acquire  data  for  a  variety 
of  profiles.   The  radiometric  observations  were  made  at  a  series  of  10  discrete  antenna  elevation 
angles  ranging  from  0  to  90  ;  a  complete  run  required  about  one  hour.  During  the  radiometer 
measurements,  a  radiosonde  was  released  and  data  were  recorded  to  an  altitude  of  about  10  km;  the 
aircraft  also  recorded  temperature -height  variations  to  an  altitude  of  3  km.   Before  and  after 
recording  of  the  radiosonde  data,  the  boundary  layer  profiler  made  a  sounding  from  the  surface  to 
about  500  meters  and  back  to  the  surface.   In  addition  to  these  supporting  data,  sky  photographs 
were  made  at  each  antenna  elevation  angle  so  that  possible  contamination  of  data  by  clouds  could 
be  detected. 

The  majority  of  measurements  recorded  showed  lapse  temperature  profiles;  however,  3  tempera- 
ture inversions  were  present.   We  shall  now  examine  a  few  sets  of  data  from  two  viewpoints: 

1.  What  is  the  optimum  set  of  input  data?,  and 

2.  What  are  the  relative  effects  of  different  statistics  upon  the  final  inversion  result? 

INVERSION  RESULTS 


The  theoretical  accumulated  standard  deviation  of  the  estimated  difference  in  inferred  and 
actual  (measured)  temperature  profiles  is  shown  in  Figures  2  and  3;  the  two  figures  illustrate 
the  effects  of  using  different  statistics  as  well  as  different  sets  of  input  data.   Figure  2  is 
based  upon  the  5  year  mean  all  month  radiosonde  data  for  Denver,  Colorado,  while  Figure  3  is 
calculated  using  the  5  year  mean  April  radiosonde  data.   The  various  curves  are  plotted  for  dif- 
ferent sets  of  input  data;  the  symbol  for  sr  particular  set  is  shown  in  the  legend.   Combinations 
1A,  1,  and  2  refer  to  the  mult i- spectral  input  data  combinations  listed  in  Table  2.      Combinations 
1A  and  1  are  equivalent  except  that  1A  is  computed  for  a  simulated  measurement  accuracy  of  O.IK 
while  combination  1  is  based  upon  the  actual  observed  differences  between  radiometric  measurements 
and  the  brightness  temperature  calculated  from  radiosonde  information.  Angle  scan  designations 
are  simply  measurements  of  brightness  temperature  versus  elevation  angle  at  the  frequency  indicated. 
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The  curve   labeled  a  priori  is  the  theoretical  inversion  accuracy  that  would  be  obtained*  if  only 
the  long-term  statistics  and  the  surface  temperature  were  known.   In  all  the  results  presented 
here,  the  measured  surface  temperature  is  used  as  a  constraint.   The  theoretical  curves  for  spectral 
combinations  1  and  h   are  nearly  identical;  the  curves  for  combination  k   have  been  omitted  from 
Figures. 2  and  3  for  clarity. 

Table  2.   Explanation  of  spectral  combinations  employed 
to  estimate  temperature  profiles 

Combination  No.  Input  Data 

Elevation  Angle  (deg)     Frequency  (GHz) 

1  5  *5U.  5,  55.5 
10  5^.5,  55.5 
15  5*».5,  55.5 

30  53.5,  5^.5,  55.5 

60  52.5,  53.5,  5^.5 

90  52.5,  53.5,  5^.5 

2  90  52.5,  53.5,  5^.5,  55.5 

3  60  52.5,  53-5,  5^-5,  55-5 

k  5  53.5,  5^.5 

10  at  all  angles 

15 

20 

30 
6o 
90 

Several  important  points  are  brought  out  in  Figures  2  and  3-   First,  it  is  clear  that  spectral 
combination  1  results  in  the  smallest  standard  deviation  over  the  full  10  km  height  interval. 
Second,  the  accumulated  error  in  the  angular  scan  mode  is  about  the  same  at  both  53-5  and  5^.5  GHz 
and  is  smaller  than  for  multi -spectral  measurements  at  a  fixed  elevation  angle,  i.e.,  combination  2. 
Thus  we  reach  the  not  surprising  conclusion  that  a  combination  of  angular  scan  and  multi -spectral 
input  data  yields  a  better  inversion  result  than  either  set  of  input  data  alone.   It  is  somewhat 
surprising  that  a  fairly  large  reduction  in  measurement  error  (from  epprox.  2.  5K  to  O.IK)  does  not 
result  in  a  substantial  decrease  in  accumulated  error  for  combination  1.   This  result  may  indicate 
that  multi -spectral  angular  scan  measurements  need  not  be  extremely  accurate  to  give  good  inversion 
results  except  during  serious  departures  from  horizontal  stratification. 

The  rather  poor  performance  of  the  multi -spectral  inversion  method  may  be  partly  caused  by 
measurement  error;  however,  the  main  reason  is  believed  to  be  the  smaller  number  of  input  measure- 
ments in  the  multi-spectral  case.   It  is  also  possible  that  a  more  optimum  selection  of  frequencies 
would  result  in  a  smaller  difference  between  inferred  and  actual  profiles. 

As  for  the  comparative  merits  of  the  statistics  used  to  invert  the  data,  it  appears  that  all- 
month  and  April  statistics  produce  comparable  results  over  the  first  3  or  U   km  for  all  input 
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combinations.  Above  h   km,  use  of  April  statistics  results  in  a  slightly  smeller  error  when 
angular  scanning  or  spectral  combination  is  used.   Thus,  for  this  rather  limited  sample  at  least, 
the  inversion  result  is  rather  insensitive  to  the  statistics  employed. 

We  shall  now  examine  some  of  the  actual  inversion  results  and  compare  the  measured  and  in- 
ferred profiles  for  a  few  samples.  Figure  U   is  an  example  of  a  profile  containing  a  surface  based 
temperature  inversion.   The  curves  are  the  profile  measured  by  the  radiosonde  and  the  profile 
inferred  from  the  radiometric  data;  inversion  results  are  shown  for  four  different  combinations 
of  input  data.   All  sets  of  data,  except  for  spectral  combination  2,  show  the  presence  of  the 
temperature  inversion.  Although  the  magnitude  of  the  inversion  is  slightly  underestimated  in 
this  example,  the  height  of  inflection  is  fairly  well  defined.  As  predicted  by  theory,  spectral 
combination  1  gives  the  best  overall  agreement  with  the  radiosonde  profile.   Note  that  combination 
number  h,    for  which  a  theoretical  curve  is  not  shown,  results  in  agreement  comparable  to  that 
obtained  with  combination  1  and  the  angular  scans  at  both  frequencies.   This  trend  was  observed 
consistently  in  all  the  samples  considered  in  this  study  which  suggests  that  a  two-frequency 
radiometer  operated  in  the  angular  scan  mode  yields  results  comparable  in  accuracy  with  those 
obtainable  with  a  ^-frequency  device;  however,  it  does  not  necessarily  follow  that  this  behavior 
would  be  true  for  all  geographic  areas. 

Figures  5  through  7  show  inversion  results  for  three  other  samples  using  spectral  combination 
1  and  April  statistics  to  illustrate  recovery  of  several  different  types  of  profiles.   The  radio- 
sonde data  in  Figure  5  show  an  elevated  temperature  inversion  at  about  500  m  altitude: 
the  inversion  is  also  seen  in  the  aircraft  and  boundary  layer  profile  recordings.   The  inferred 
profile  does  not  detect  the  intensity  of  the  elevated  inversion  although  there  is  a  change  in  the 

estimated  profile  lapse  rate  in  the  vicinity  of  the  temperature  inversion.   This  inability  to 

(3) 
detect  elevated  temperature  inversions  has  also  been  observed  in  angular  scan  measurements. 

In  both  instances,  it  is  believed  that  the  temperature  structure  is  smoothed  out  because  of  inte- 
gration effects  and/or  overlapping  of  weighting  functions.   In  principle,  the  multi -spectral 
approach  should  be  more  successful  in  recovering  elevated  inversions  if  the  frequencies  of  opera- 
tion are  chosen  so  as  to  cause  the  weighting  function  to  give  more  information  in  the  vicinity 
of  the  elevated  inversion.   It  is  clear  that  the  optimum  frequency  problem  should  receive  addi- 
tional study. 

CONCLUSIONS 


Based  upon  the  very  limited  sample  available  for  this  study,  it  is  concluded  that  a  combina- 
tion of  angular  scan  and  multi- spectral  input  data  produces  more  accurate  inferred  profiles  than 
do  other  input  data  combinations.   It  further  appears  that  the  angular  scan  method  is  superior 
to  multi -spectral  techniques  especially  when  detecting  surface  based  temperature  inversions. 
However,  the  possibility  exists  that  a  more  optimum  selection  of  frequencies  would  result  in 
improved  accuracy  for  the  multi-spectral  method.   For  the  measurements  reported  here,  a  2   fre- 
quency-angular scan  combination  yields  results  nearly  as  good  as  those  obtained  with  the  k   fre- 
quency angular  scan  combination.   The  implication  regarding  simplification  of  equipment  is  obvious; 
thus,  the  extent  to  which  this  result  applies  to  other  geographic  areas  should  be  carefully 
evaluated. 
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Figure  1.     Block  diagram  of  rrmlti -frequency  radiometer. 
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Figure  2.   Theoretical  accumulated  standard 
deviation  of  estimated  profile 
using  all-month  statistics. 


Figure  3.   Theoretical  accumulated  standard 
deviation  of  estimated  profile 
using  April  statistics. 
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Reprinted    from    NOAA    Technical    Report,    ERL    202-WPL    14,    1971. 


OPTIMIZATION  OF  FREQUENCIES 
USED  IN  INDIRECT  SENSING  BY  INVERSION 

Otto  Neall  Strand 


An  expression  for  the  expected  mean-square 
error  in  the  statistical  estimation  of  tropospheric 
temperature  profiles  by  the  inversion  of  microwave 
thermal  emission  measurements  has  been  derived  in 
the  literature.     A  semi-probabilistic  computer  search 
technique  has    now  been  devised  to  determine  the  frequencies 
that      minimize  this  expected  mean-square  error  for 
a  given  (small)  number  of  microwave  frequencies. 
Although  a  specific  problem  is  solved  here,    the  methods 
are  general,    and  can  be  applied  to  any  situation  involving 
optimum  linear  estimation  of  the  solution  of  a  Fredholm 
integral  equation  of  the  first  kind  with  specified _a  priori 
mean  and  covariance  data  on  the  unknown  function. 

Key  words:      Optimization,    inversion,    Fredholm 
integral  equation. 


333 


45 


Reprinted  from  NOAA  Technical  Memorandum,  ERL  WPL-6 ,  1971. 


REVIEW  OF  ELECTROMAGNETIC  RADIATION  DATA  FROM 
SEVERE  STORMS  IN  OKLAHOMA  DURING  APRIL  1970 

William  L.    Taylor 


The  rate  of  occurrence  of  atmospherics  in  the 
10  kHz  to  10  MHz  frequency  range  was  examined  for 
6  severe  storms  and  8  non-severe  thunderstorms 
during  April  1970.     Rates  often  exceeded  500/s  in 
the  VLF  channels  and  100,  000/s  in  the  HF  channels 
for  short  time  periods.     The  general  characteristic 
of  the  rate  data  during  non-severe  conditions  was  that 
of  a  low  background  of  atmospherics  with  occasional 
individual  bursts  of  high  rates  produced  by  discrete 
discharges.     Atmospheric  activity  greatly  increased 
during  severe  conditions  producing  many  more  bursts 
per  unit  of  time  and  resulting  in  an  enhanced  back- 
ground of  almost  continuous  high  rate  with  little  or  no 
large  individual  bursts. 
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A  Raman  Scattering  Method  for 
Precise  Measurement  of  Atmospheric  Oxygen  Balance 

R.  L.  Schwiesow  AND  V.  E.  Debe 
ESSA  Research  Laboratories,  Boulder,  Colorado  80302 

Quantitative  measurements  of  Raman  scattering  intensities  from  N2,  02,  and  CO2  under 
ambient  atmospheric  conditions  are  given.  The  atmosphere  was  illuminated  with  20,489  cm"1 
Ar+  laser  radiation.  These  scattering  intensities  are  sufficiently  strong  to  allow  measurement 
of  O2/N2  and  CO2/N2  concentration  ratios  in  the  atmosphere  to  a  precision  of  0.3  and  0.006 
ppm  total  atmosphere,  respectively,  by  means  of  scattered  photon  counting  over  a  174-hour 
integration  period.  The  Raman  technique  represents  an  improvement  in  precision  over  exist- 
ing techniques  by  almost  two  orders  of  magnitude,  and  a  substantial  but  less  easily  deter- 
mined improvement  in  accuracy  by  using  the  transition  probabilities  of  a  monomolecular 
reference  gas  as  a  standard,  rather  than  the  properties  of  a  mixed  gas  standard  as  is  done 
in  current  measurements. 


Because  the  potential  reduction  of  atmos- 
pheric oxygen  and  the  increase  of  atmospheric 
carbon  dioxide  could  have  important  nonlinear 
effects,  especially  if  abetted  by  a  decrease  of 
marine  life  responsible  for  oxygen  production, 
the  worldwide  precision  measurement  of  oxy- 
gen-carbon-dioxide-nitrogen ratios  is  important 
[Berkner  and  Marshall,  1965].  Precision  of  the 
order  of  1  part  in  10°  for  these  ratios  is  essen- 
tial. 

Existing  measurements  do  not  provide  this 
precision;  they  are  limited  to  ratio  precision 
of  about  2  parts  in  10*  for  Oa  [Hughes  et  al., 
1968]  and  1  part  in  103  for  C02  [Pales  and 
Keeling,  1965],  corresponding  to  40  and  0.3 
ppm  atmospheric  concentration  uncertainty, 
respectively.  These  measurements  compare  the 
mole  percentage  of  02  and  C02  in  the  atmos- 
phere with  primary  standards  of  02  in  N,  and 
C02  in  N2  mixed  on  the  basis  of  volume  ratios. 
New  mixed  standards  based  on  weight  ratios  are 
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being  prepared.  Comparison  with  the  atmos- 
phere and  interpolation  between  standards  are 
performed  by  means  of  a  magnetic  susceptibility 
measurement  for  02  and  a  nondispersive 
infrared  absorption  measurement  for  C02.  Al- 
though these  measurements  are  highly  devel- 
oped and  carefully  applied,  some  inherent  limi- 
tations exist.  The  use  of  a  standard  mixture  is 
based  on  the  assumption  that  the  composition 
will  remain  fixed  over  a  period  of  years;  how- 
ever, informal  reports  indicate  that  C02  stan- 
dards at  Scripps  Institute  and  Stockholm  have 
drifted  3.5  ppm  apart  in  recent  years.  To  com- 
pare atmospheric  and  standard  samples  accur- 
ately, pressure  ratios  between  the  two  mixtures 
must  be  measured  to  at  least  the  accuracy  de- 
sired in  the  02/N2  ratio. 

Results  from  the  commercial  Beckman  E2 
magnetic  susceptibility  oxygen  analyzer  are  re- 
producible to  30  ppm  under  ideal  conditions 
[Beckman  Instruments,  1969] ;  the  analyzer  sets 
the  limit  of  precision  on  determination  of  O, 
atmospheric     concentration     by     the     present 
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method.  The  pollutant  NO,  which  is  almost 
one-half  as  paramagnetic  as  Oa,  must  be  recog- 
nized as  an  interferer  in  high-precision  work. 
Results  from  the  nondispersive  infrared  carbon 
dioxide  analyzer  [Smith,  1953]  are  practically 
reproducible  to  about  0.5  ppm  [Keeling  et  al., 
1965]  if  the  atmospheric  sample  is  carefully 
dried.  Nonresonant  N2-N2  collision-induced  ab- 
sorption, peaking  at  about  4.3  [x  [Shapiro  and 
Gush,  1966],  is  a  previously  unrecognized  and 
perhaps  important  interferer  in  this  measure- 
ment and  must  be  considered. 

Other  methods  of  analysis  such  as  mass  spec- 
trometry for  C02  [Hughes  and  Dorko,  1968] 
and  gravimetric  determination  after  alkali  metal 
reaction  for  02  [Hughes,  1968]  are  good  to  at 
best  0.1  mole  %  and  are  not  suitable  for  highly 
precise  atmospheric  measurements. 

A  method  of  precise  analysis  that  is  highly 
applicable  to  the  oxygen  balance  problem  in- 
volves the  study  of  Raman  scattering.  Raman 
spectroscopy  has  become  a  practical  method  for 
gaseous  analysis  both  in  the  field  and  in  the 
laboratory,  following  the  increased  flexibility 
and  sensitivity  provided  by  laser  sources  [Porto 
et  al.,  1966;  Leonard,  1967;  Cooney,  1968]. 

The  purpose  of  this  paper  is  to  report  recent 
quantitative  results  on  Raman  spectra  of  N2, 
02,  and  C02  taken  under  experimental  condi- 
tions similar  to  those  suited  to  a  precise  meas- 
urement of  02/C02/N2  ratios  in  the  atmosphere. 
Figure  1  shows  the  strongest  lines  of  the  vibra- 
tional spectra  of  N.,  02,  and  C02  obtained  from 
an  air  sample  in  the  laboratory  under  ambient 
atmospheric  conditions.  The  detection  system 
was  an  uncooled  Bendix  754  photomultiplier.  An 
Ar+  laser  with  1-watt  output  at  20,489  cm"1 
(4880  A)  was  focused  into  the  scattering  volume 
by  a  5-cm  focal  length  lens.  A  Spex  1401  spec- 
trometer was  used  with  500-^  slits  (^lO-cm"1 
resolution). 

The  significant  feature  of  these  traces  is  the 
peak  count  rates  of  approximately  10*  counts/ 
sec  for  N2,  4  X  103  counts/sec  for  02,  and  10 
counts/sec  for  C02  per  incident  watt.  If  the 
principle  source  of  inaccuracy  in  measuring  0= 
density  is  shot  noise,  as  is  achievable  in  a  prop- 
erly designed  ratio  system,  an  accuracy  of  1 
part  in  10°  in  the  02/N2  ratio,  for  example, 
would  require  recording  10ia  02  counts. 

Extrapolating  from  the  results  quoted  above, 
we  note  that  a  power  level  of  100  waits  is  avail- 
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Fig.  1.  Vibrational  Raman  spectra  of  N2  (top), 
Os  (middle),  and  C02  (bottom)  with  wave  num- 
ber shift  measured  from  the  laser  line  at  20,489 
cm"1  (in  air).  Laser  power  1  watt;  instrumental 
bandwidth  10  cm"1;  station  pressure  628  torrs; 
time  constant  03  sec  (top  and  middle)  and  10  sec 
(bottom). 
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able  inside  the  resonant  cavity  of  current  Ar4 
lasers.  A  factor  of  2  in  spectrometer  transmis- 
sion and  a  factor  of  2  in  scattered  photon  col- 
lection efficiency  are  conservatively  available 
over  the  experimental  apparatus  used  for  the 
reported  traces.  From  these  extrapolations  and 
our  data,  10"  counts  for  02  would  require  an 
integration  time  of  6.25  X  10s  sec,  or  approxi- 
mately 7.2  days.  The  same  integration  time 
would  result  in  the  accumulation  of  2.5  X  10' 
counts  for  C02  and  2.5  x  1012  counts  for  the 
N2  reference.  Thus  the  02/N2  ratio  would  have 
a  precision  of  1.6  parts  in  10"  and  the  C02/N2 
ratio  a  precision  of  2  parts  in  10E.  In  terms  of 
atmospheric  concentration,  the  expected  preci- 
sion is  within  0.3  ppm  for  02  and  0.006  ppm 
for  C02. 

The  precision  of  a  Raman  scattering  analyzer 
is  two  orders  of  magnitude  greater  than  the 
precision  of  present  comparison  techniques.  The 
sensitivity  of  the  proposed  system  may  also  be 
compared  with  annual  variations  in  C02  con- 
centration of  10  ppm  and  a  long-term  increase 
thought  to  be  0.7  ppm/year  [Pales  and  Keeling, 
1965].  Analogous  long-term  variations  in  02  con- 
centration have  not  been  observed  with  the 
apparatus  now  being  used.  The  advantage,  in 
principle,  of  the  Raman  technique  is  obvious. 

In  practice,  count  rates  larger  than  the  values 
extrapolated  for  present  lasers  are  possible  from 
higher-power  lasers  now  being  developed  and 
from  multiline  laser  operation.  Integration  times 
of  the  order  of  a  few  days  are  reasonable  in 
terms  of  the  oxygen  balance  problem  and  will 
eliminate  the  question  of  when  discrete  samples 
should  be  taken  during  the  diurnal  cycle 
[Bischof,  I960].  By  recording  count  totals  at 
frequent  intervals,  concentration  data  can  be 
processed  to  yield  both  moderately  precise  in- 
formation on  short-term  atmospheric  variations 
and  highly  precise  figures  for  long-term  concen- 
tration changes  averaged  over  larger  seasonal 
differences. 

The  Raman  measuring  method  could  be  im- 
plemented by  a  polychromator  with  multiple 
photomultipliers.  Variations  in  atmospheric 
pressure,  laser  intensity,  and  optical  align- 
ment have  no  effect  on  02/Na  and  C02/N2 
ratios.  Systematic  uncertainties  are  reduced  to 
small  perturbations  due  to  possible  differential 
thermal  effects  on  Raman  cross  sections  of  the 
molecules  of  interest  and  to  differential  changes 


in   photocathode    spectral    quantum   efficiency. 
Thermal  cross-section  effects,  if  present,  can  be 
eliminated   by  adjusting  sample  air  tempera- 
ture. Photocathode  changes  may  be  reduced  by 
proper  aging.  By  measuring  the  Raman  inten- 
sity of  the  9 18-,  2249-,  and  2942-cm"1  lines  of 
the  CH3  CN  molecule  [Schrotter  and  Bernstein, 
1964]    to   10u  counts,  any  relative  change  in 
detector  quantum  efficiency  can  be  determined 
and  possibly  corrected  for.  This  spectral  refer- 
ence gas  is  monomolecular,  and  so  spectral  in- 
tensities depend  only  on  transition  probabilities, 
in  contrast  to  methods  using  a  mixture  of  gases 
as  a  primary  standard.  Similarly,  by  photon 
counting    and    digital    processing,    inaccuracies 
due  to  photomultiplier  and  amplifier  gain,  zero 
drift,    leakage   currents,    and   limited    dynamic 
range  are  eliminated.  Since  Raman  energy  shifts 
are  discrete  and  sharply  defined,  the  atmospheric 
spectrum  is  remarkably  free  of  interference,  in 
contrast  to  the  methods  discussed  earlier.  The 
underlying  assumption  in  measuring  ratios  is 
that  the  amount  of  N2  in  the  atmosphere  is 
constant  on  a  scale  in  which  02  and  C02  are 
presumed  to  vary.  Present  methods  based  on  a 
mixed-gas  standard  utilize  the  same  assumption. 
From  these  results,  we  conclude  that  highly 
accurate  measurements  of  02/N2  and  C02/N, 
ratios  in  the  atmosphere  are  possible  with  cur- 
rent Raman  spectroscopic  techniques.  The  in- 
herent   advantage    of    the    Raman    scattering 
method  in  avoiding  the  interfering  background 
signals  by  means  of  optical  frequency  selection 
and  the  wide  separation  between  Raman-shifted 
frequencies  of  atmospheric  constituents  must  be 
emphasized.  A  suitable  number  of  alternate  or 
simultaneous    measurements    of    less    than    10 
days'  duration  each,  over  the  continental  shelf 
and  over  inland  areas,  should  allow  a  definitive 
study  of  the  atmospheric  oxygen  balance  by 
means  of  quantitative  Raman  spectroscopy. 
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RESEARCH  PROBLEMS  IN  THE  USE  OF  LIDAR  IN 
ANTI-POLLUTION  STUDIES 


V.  E.  Derr 

ESSA  Research  Laboratories 

Boulder,  Colorado 


Introduction 


The  purpose  of  this  workshop  is  to  present  discussions 
of  the  research  problems  remaining  in  the  understanding, 
measurement  and  control  of  air  and  water  pollution.   These 
research  problems  can  then  be  studied  where  appropriate 
knowledge  and  facilities  exist. 

One  of  the  earliest  uses  of  lidar  was  in  the  determi- 
nation of  the  presence  of  aerosols,  but  it  also  has  direct 
application  to  the  specific  task  of  remote  detection  and 
measurement  of  gaseous  pollutants  when  Raman  scattering 
and  fluorescence  are  employed.   These  radiative  interac- 
tions produce  an  output  at  a  frequency  that  differs  from 
the  irradiating  frequency.   The  frequency  of  the  scattered 
radiation  is  usually  uniquely  related  to  the  scattering 
molecule,  allowing  identification.   Thus  lidar  can  be  used 
in  the  remote  measurement  of  water  profiles  by  Raman  scat- 
tering, and  also  in  the  remote  measurement  of  wind  pro- 
files by  the  use  of  Mie  scattering.   Wind  and  water  vapor 
profiles  are  important  in  the  prediction  of  weather  condi- 
tions leading  to  pollution  trapping  or  dissemination  con- 
ditions.  The  use  of  lidar  in  the  measurement  of  aerosols, 
smoke  stack  constituents,  humidity  profiles,  and  wind  ve- 
locities will  be  discussed,  and  the  limitations  of  present 
systems  that  are  potentially  removable  through  research 
will  be  pointed  out.   More  detailed  consideration  of  the 
use  of  lasers  may  be  found  in  references  1,  2,  and  3, 
with  extensive  literature  references  in  reference  1. 
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Use  of  lldar  in  aerosol  determination  and  wind  sensing 

Atmospheric  aerosols  scatter  laser  radiation  so  strong- 
ly that  the  location  of  aerosol  layers  is  only  prevented 
when  the  attenuation  due  to  atmospheric  loading  is  very 
high.   Indeed  aerosols  have  been  detected  above  90  km  by 
lidar.   However  important  limitations  occur  in  the  inter- 
pretation of  lidar  signals  from  aerosols  since  the  infor- 
mation received  is  usually  not  sufficient  to  allow  the  de- 
termination of  an  unknown  distribution  of  sizes  and  shapes 
by  solution  of  the  radar  equation.   Since  the  product  of 
the  backscattering  coefficient  and  the  attenuation  factor 
occur  in  the  system  equation  (Reference  1)  they  cannot  be 
separately  determined  by  examining  the  Mie  scattering  a- 
lone,  at  a  single  frequency. 

Two  additional  pieces  of  information  aid  in  distin- 
guishing between  molecular  and  aerosol  scattering,  the 
specifically  molecular  information  inherent  in  Raman  scat- 
tering, and  the  Doppler  spectrum  of  the  on-frequency  back- 
scattering.   The  latter  method  depends  on  the  difference 
in  the  Doppler  spectrum  of  air  molecules  and  the   much 
heavier  and,  on  the  average,  slower,  aerosol  particles. 
With  this  information,  the  knowledge  of  the  presence  and 
opacity  of  atmospheric  aerosol  layers  can  be  supplemented 
by  further  details  of  the  nature  of  the  aerosols,  reducing 
the  requirements  on  the  specifications  of  the  atmosphere 
model,  although  it  appears  that  some  limitations  on  the 
possible  aerosol  constitution  will  always  have  to  be  as- 
sumed.  In  practice,  this  is  probably  not  a  serious  limi- 
tation since  aerosols  are  very  frequently  of  known  origin, 
and  their  distributions  are  often  known  by  prior  observa- 
tion within  broad  limits. 

In  the  real  atmosphere,  passive  additives  that  are  car- 
ried along  by  the  prevailing  wind  are  inhomogeneous.   To 
the  extent  that  the  structure  of  the  turbulent  eddies  per- 
sists as  they  travel  with  the  wind,  they  can  be  observed 
at  two  points  separated  by  a  known  distance.   Even  in 
strong  mixing  conditions,  the  eddy  structure  remains  rec- 
ognizable over  useful  distances.   Thus,  by  a  pattern  rec- 
ognition process,  such  as  cross  correlation,  we  can  compare 
the  signals  at  two  points  in  the  wind  stream,  determining 
velocity  from  the  passage  time  of  eddies  (Reference  1). 
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Active  and  passive  correlation  methods  have  been  effec- 
tive in  wind  tunnels.   Passive  methods  have  been  used  in 
the  field,  but  their  signal-to-noise  ratio  is  unfavorable 
(Reference  3).   Active  wind  sensing  methods  using  lasers 
to  illuminate  the  atmosphere  have  been  used  by  V.E.  Derr 
and  R.G.  Strauch  at  ESSA  Research  Laboratories.   Fig.  1 
shows  a  simple  scheme  used  to  test  the  method.   (It  is  too 
cumbersome  to  use  in  practice,  since  the  wind  direction 
changes  frequently.)  A  coaxial  transmitter  and  receiver 
(or  closely  coupled  parallel  axes)  may  be  used  as  in  Fig. 2. 
The  beam  is  conically  scanned  at  so  rapid  a  rate  that  no 
turbulence  crosses  the  cone  unilluminated,  and  with  suf- 
ficiently high  pulse  repetition  frequency  that  the  turbu- 
lent spectra  is  sampled.   The  cone  may  be  divided  into  ele- 
ments and  cross  correlation  between  elements  may  be  used  to 
detect  the  drift  of  turbulence  across  the  cone,  while  the 
height  is  determined  by  ranging.   The  data  rate  is  high 
and  would  require  special  purpose  data  processing  equip- 
ment, especially  if  off-frequency  backscattering  is  also 
examined  by  a  scanning  moiiochromator .   (The  later  device 
would  allow  the  simultaneous  determination  of  water  vapor 
profiles  by  Raman  backscattering  as  described  below.) 

Fig.  1  shows  a  typical  output  of  two  laser  illuminated 
cells  of  the  atmosphere  examined  by  two  telescopes.   The 
output  of  receiver  B  is  delayed  by  an  average  of  one  sec- 
ond with  respect  to  receiver  A.   Parts  of  the  record  re- 
quire a  cross  correlation  analysis  to  determine  wind  speed, 
but  large  fluctuations  which  allow  determination  of  wind 
velocity  from  visual  examination  of  the  record  occur  with 
great  frequency  when  the  wind  is  steady.   The  record  above 
was  taken  under  light,  variable  wind  conditions,  from  0  to 
10  mph  in  the  configuration  shown  in  Fig.  1. 

Research  areas  in  aerosol  and  wind  determination 

The  determination  of  the  presence  of  aerosols  is  easily 
done  by  present  lidar  systems  to  great  altitudes.   The  ma- 
jor problems  remaining  are  the  determination  of  size  and 
shape  distributions  and  the  determination  of  composition  by 
remote  means.   Better  statistics  of  atmospheric  aerosol 
composition  are  required  in  order  to  set  limitations  on 
possible  distributions  in  nature.   The  size  and  shape  dis- 
tribution can  be  partially  determined  by  the  scattered 
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signal  amplitude  recorded  as  a  function  of  frequency;  thus 
the  development  of  lasers  tunable  over  wide  frequency 
ranges  is  important.   The  most  likely  approaches  appear  to 
be  in  dye  lasers  and  in  parametric  devices. 

Thus  far,  insufficient  attention  has  been  given  to  the 
depolarization  effects  of  Mie  particles  and  both  theoreti- 
cal and  experimental  investigations  are  needed  here.   The 
composition  can  be  obtained  only  by  off-frequency  backscat- 
tering  and  probably  only  by  either  Raman  scattering  or 
fluorescence.   The  field  of  shifted  frequency  scattering 
from  aerosols  has  not  received  very  much  attention  and  may 
be  very  fruitful.   It  has  been  noted  by  researchers  that 
an  ultraviolet  laser  does  produce  strong  fluorescence  in 
some  dust  particles  and  not  in  others;  also  some  insects 
are  observed  to  fluoresce  strongly. 

Further,  the  use  of  Doppler  lidar  methods  for  wind 
measurement  should  be  explored.   These  have  been  used  at 
short  ranges.   They  require  the  development  of  highly  sta- 
ble, high  power  lasers,  but  may  be  eventually  the  best 
method  of  wind  velocity  measurement.   The  Doppler  method 
is  limited  to  the  measurement  of  radial  components  while 
correlation  methods  measure  transverse  components. 

Raman  and  fluorescent  scattering  in  laser  ranging 

In  addition  to  the  radiation  scattered  by  atmospheric 
constituents  at  the  frequency  of  the  lidar  transmitter, 
frequency-displaced  signals  are  also  received,  either  from 
Raman  scattering  or  fluorescence.   As  mentioned  above,  the 
spectral  frequency  of  the  Raman  or  fluorescence  signal  is 
specific  to  the  molecules  interacting  with  the  lidar  radi- 
ation and  is  a  means  of  identification,  unlike  Rayleigh  or 
Mie  scattering.   Specific  cases  of  Raman  scattering  by  at- 
mospheric constituents  are  summarized  in  Fig.  3.   The  num- 
ber of  signal  photons  received  is  shown  as  a  function  of 
range.   Sky  background  noise  appears  on  the  same  ordinate 
scale.   The  rms  values  of  the  sky  noise  are  the  most  sig- 
nificant, in  the  absence  of  saturation,  since  the  average 
level  can  be  suppressed.   The  right  side  shows  the  detector 
dark  noise  from  some  selected  photomultiplers.   The  graph 
can  be  used  to  determine  the  SNR  of  any  gas  with  the  same 
backscattering  cross  section  as  N2  by  reference  to  the  ppm 
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curves .   The  graph  has  been  computed  for  one  pulse ;  the 
lidar  is  capable  of  100  pulses  per  second.   Integration 
times  of  several  hundred  seconds  are  not  unreasonable  in 
applications.   The  transmitter  characteristics  shown  are 
those  of  a  commercially  available  pulsed  nitrogen  laser; 
the  receiver  has  very  modest  dimensions,  and  could  be  im- 
proved.  The  cross  sections  listed  are  estimated  for  the 
graph  and  should  not  be  construed  as  accurate  to  closer 
than  an  order  of  magnitude. 

Water  vapor  in  the  atmosphere  has  been  detected  and  a 
humidity  profile  determined  to  several  thousand  meters 
with  ruby  laser  systems  by  a  few  minutes  integration,  and 
this  could  also  be  done  with  the  system  described  above. 
With  such  a  system  only  short  ranges  may  be  achieved  in 
daylight  because  of  the  sky  background.   Of  course  the  re- 
ceiver may  be  improved  by  a  larger  collector;  this  helps 
only  a  little  since  when  background  limited,  the  increase 
in  signal  is  partially  offset.   The  increase  in  SNR  would 
be  a  factor  of  the  square  root  of  the  collector  area  in- 
crease, or  by  the  increase  in  linear  dimensions.   A  sig- 
nificant increase  in  SNR  could  be  obtained  by  operating  in 
the  spectral  region  below  2900  A,  where  the  strong  solar 
absorption  by  stratospheric  ozone  lowers  the  background 
noise  to  a  level  below  that  of  the  best  detectors.   At 
short  range,  pollutants  such  as  S03  have  been  detected  by 
Raman  lidar,  as  well  as  impurities  in  water. 

Research  areas  in  Raman  and  fluorscent  lidar 

The  use  of  backscattered  off-frequency  radiation  has 
important  potential  uses  in  remote  identification  of  atmos- 
pheric, oceanic  and  terrestrial  constituents,  in  the  study 
of  atmospheric  statistics,  in  cloud  height  and  wind  veloci- 
ty measurement  and  in  precise  measurement  of  the  ratios  of 
atmospheric  constituents2 .   Some  of  these,  such  as  the 
measurement  of  humidity  profiles,  have  essentially  been 
proven.   The  extension  of  the  method  to  other  problems  de- 
pends very  strongly  on  the  results  in  achieved  in  research 
areas  relating  to  the  components,  and  the  basic  spectro- 
scopic properties  of  the  atmosphere. 

For  tropospheric  use,  transmitters  in  the  ultraviolet 
below  2900  A  would  be  preferable  because  the  intensity  of 
Raman  scattering  is  generally  proportional  to  the  fourth 
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power  of  the  frequency  of  the  irradiating  source,  and  so- 
lar background  noise  is  largely  eliminated  by  the  strong 
absorption  by  ozone  in  the  upper  atmosphere.   The  wave- 
length chosen  must  be  short  of  the  oxygen  absorption  be- 
ginning at  1800  A.  #The  development  of  suitable  lasers  in 
the  2000  A  to  2900  A  range  would  have  important  conse- 
quences in  pollution  measurement. 

At  this  time  field-worthy  laser  transmitters  below 
2900  A  are  unavailable.   The  closest  to  realization  is  the 
quadrupled  neodymium  laser  near  2650  A,  but  the  efficiency 
is  low  and  the  adjustment  is  tedious.   Ideally,  a  tunable 
pulsed  laser  below  2900  A  with  10eW  peak  power,  10  ns 
pulse  width,  and  1000  pulses  per  second,  could  perform 
most  of  the  tasks  outlined  above;  no  such  equipment  is  in 
the  field  at  present.   Probably  pulsed  gas  lasers  offer 
the  most  likely  future  possibility.   An  additional  impor- 
tant factor  in  a  laser  transmitter  is  the  brightness  of 
beam  divergence.   Indeed  the  greatest  single  source  of 
loss  in  lidar  systems  is  usually  found  in  the  mismatch  of 
transmitter  and  receiver  apertures.   Greater  brightness  is 
always  an  advantage ;  a  beam  with  no  greater  divergence 
than  2  mr  is  a  good  design  goal.   Finally,  the  laser  out- 
put should  be  free  of  fluorescence  or  any  radiation  other 
than  the  laser  output. 

The  optics  of  the  receiver  must  be  treated  for  high 
reflectivity  (mirrors)  or  transmission  (lenses)  in  the 
ultraviolet.   The  techniques  of  interference  filters  could 
be  applied  here.   There  is  an  additional  problem  observed 
by  workers  in  the  field,  -  almost  everything  fluoresces 
under  short  ultraviolet  radiation.   Lenses,  filters,  win- 
dows, the  dust  of  the  atmosphere,  black  paint  and  water 
droplets  all  fluoresce.   At  present  very  pure  quartz  is 
one  of  the  few  materials  which  can  be  used.   The  problem 
can  be  alleviated  by  a  judicious  placement  of  the  compon- 
ents of  the  optical  train,  but  new  non- fluorescing  materi- 
als of  optical  quality  would  be  very  welcome.   It  has  been 
observed  that  some  plastics  fluoresce  much  less  than  other 
materials  and  purification  of  them  might  be  profitable. 

The  use  of  wavelengths  below  2900  A  requires  a  careful 
measurement  of  the  attenuation  coefficient  of  the  atmos- 
phere in  the  wavelength  range  2000-3000  A  and  a  distance 
up  to  10  km.   Further,  more  exact  measurements  of  solar 
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absorption  in  this  part  of  the  spectrum  are  necessary  in 
order  to  determine  system  range  capability. 

Until  recently,  the  manufacturers  of  photomultipliers 
have  paid  very  little  attention  to  the  needs  of  lidar  sys- 
tems; the  principal  developments  in  phototubes  have  accommo- 
dated the  nuclear  scintillation  counting  art.   Phototubes 
of  higher  quantum  efficiency,  solar  blind,  with  high  gain 
and  rise  times  of  a  few  nanoseconds  are  needed.   The  cath- 
ode should  be  solid,  for  high  efficiency,  the  envelope 
should  be  of  ultraviolet  transmitting  material,  and  the 
gain  should  be  at  least  108 .   The  tube  should  be  end -on  so 
that  a  low  silhouette  can  be  obtained  in  use  at  the  Coude 
focus.   The  tube  base  should  be  left  off  so  resistors  and 
a  small  transistorized  preamplifier  can  be  soldered  direct- 
ly to  the  leads.   The  effective  sensitive  area  should  not 
be  less  than  an  inch  in  diameter  to  prevent  vignetting  the 
field.   The  dark  count,  uncooled,  should  not  be  more  than 
100  per  second. 

Although  improvements  in  system  components  can  be  ex- 
pected to  increase  the  effectiveness  of  lidar  in  pollution 
measurement,  it  will  probably  be  limited  to  lower  atmos- 
pheric uses  for  constituents  with  the  presently  known  cross 
sections.   Even  the  use  of  the  highest  lidar  frequency  a- 
vailable  will  not  substantially  change  this  estimate.   It 
is  necessary  to  examine  to  what  extent  we  may  hope  for 
larger  cross  sections.   Aside  from  the  fourth  power  fre- 
quency dependence  of  cross  sections,  there  is  a  dependence 
on  resonance  denominators. 

The  intensity  of  Raman  lines,  when  the  molecule  makes 
a  transition  from  state  m  to  state  n,  is  given  by 

I  =  lA  Io(v   -  |v   |)4  2  |  a     ,8 
3  c      o     mn1   pa    pa,mn|  , 

where  a      is  the  pa(=X,Y,Z)  component  of  the  scattering 
pa,mn         v   '  '  '  v 

dyadic 

— »  — »  — ♦  — ♦ 

a   =  I  Z   ^rn^mr         ^mr^rn 

mn"  hr   v   -v  +iy      v  +v  +iy„ 
rm  o   r      mo   r 
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Here  c  is  the  velocity  of  light,  h  is  Planck's  constant, 
IQ  is  the  incident  plane -polarized  intensity  of  frequency 
v0,  r  is  an  intermediate  state,  and  ft   and  jl^  are  the 
transition  moments  of  the  dipole  moment  operator  u,  and 
Yr  is  the  damping  constant  of  state  r.  When  the  denomina- 
tors of  a  are  not  small,  it  can  be  seen  that  the  intensity 
varies  as  the  fourth  power  of  the  output  frequency,  making 
higher  frequency  lasers  advantageous. 

When  the  incident  radiation  is  at  a  frequency  close  to 
any  of  the  transition  frequencies,  vrm,  the  scattered  in- 
tensity can  be  greatly  increased.   Although  few  experiments 
have  been  performed  on  gases,  other  than  alkali  metal  va- 
pors, experiments  on  liquids  have  indicated  several  orders 
of  magnitude  increase  in  intensity  for  resonance  Raman 
scattering.   If  such  increases  could  be  obtained  in  gases 
or  aerosols  the  range-sensitivity  product  of  lidars  could 
be  greatly  increased  and  their  utility  in  pollutant  meas- 
urement and  atmospheric  studies  magnified.   The  problem  of 
the  nature  of  the  transition  in  resonance  effects  must  be 
examined  to  determine  whether  the  process  remains  essen- 
tially one  of  scattering  or  becomes  more  like  a  fluores- 
cence.  In  the  latter  case,  at  atmospheric  pressure,  the 
effect  would  be  at  least  partially  quenched  by  collisions 
and  the  intensity  increase  could  only  be  found  high  in 
the  atmosphere. 

Conclusions 

Lidar  is  presently  a  useful  device  at  short  ranges  for 
pollutant  measurement,  humidity  profile  determination  and 
wind  sensing.  The  optimization  that  can  be  achieved  by  re- 
search on  the  problems  listed  above  will  probably  extend 
its  useful  range  to  the  whole  troposphere,  and  to  greater 
distances  if  resonance  effects  can  be  found. 
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FIGURES 

1.  Wind  velocity  measurement  configuration  and  typical 
signals 

2.  Conical  scan  configuration  for  wind  sensing 

3.  Raman  signal  vs.  range 
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THE  SIZE  SPECTRUM  DETERMINATION  OF  SPHERICAL  AEROSOLS  BY  LIGHT  SCATTERING 

PART  I:  METHOD 

Ariel  Cohen 
Wave  Propagation  Laboratory 
Environmental  Research  Laboratories 
National  Oceanic  and  Atmospheric  Administration 
Boulder,  Colorado  80302 

INTRODUCTION 

The  scattering  functions  for  spherical  particles  with  size  parameters  a  =  2irr/A>l  are  given  by 

(1  2) 
the  Mie  theory.   '    The  theory  shows  that  unless  the  scattering  medium  is  composed  of  mono-dis- 
persed particles,  the  fluctuation  of  the  scattering  intensities  with  the  variation  of  either  the 
incident  wavelength  or  with  the  radius  of  the  particles  cannot  be  easily  predicted.     The  usual 
method  to  overcome  this  difficulty  is  to  assume  an  experimentally-based  size  spectrum  function 
(such  as  the  Junge  distribution)  with,  normally,  two  parameters.    These  parameters  are  then  cal- 
culated from  the  behavior  of  the  scattering  or  the  extinction  of  light  as  a  function  of  wavelength 

(5) 
by  the  examined  particles.     Polarization  properties  of  the  scattered  light  as  compared  with  the 

degree  of  polarization  of  the  incident  light  can  also  be  used  for  the  size  spectrum  definition  but 

their  use  requires  certain  assumptions,  among  others  -  the  number  densities  -  and  usually  does  not 

have  a  unique  solution. 

In  this  article  a  method  will  be  described  for  the  determination  of  the  size  spectrum  of 
spherical  particles  with  a  distribution  of  indices  of  refraction,  which  are  present  in  an  atmos- 
pheric volume  containing  aerosol  particles  (possibly  both  spherical  and  unspherical)  of  unknown 
nature  a  priori   based  on  the  properties  of  the  scattering  intensity  as  a  function  of  a.  The  method 
does  not  require  any  assumption  on  the  size  spectrum  function,  nor  does  it  demand  any  knowledge  of 
the  type  (refractive  index)  of  the  scattering  spheres. 

Method 

The  scattering  intensity  of  unpolarized  light  by  a  spherical  particle  having  a  size  parameter 

a  =  2-rrr/X  and  a  known  index  of  refraction  n  =  f(X)  can  be  calculated  by  the  use  of  Mie  scattering 

(2) 
functions.    For  this  calculation,  the  polarized  component  (I|()  of  the  scattered  light  at 

9  =  90°  by  a  water  droplet  normal  to  the  scattering  plane,  was  chosen  as  an  example  (see  Figure  1). 

In  Table  I  a  series  of  a.  values  is  given  for  which  In  .  have  maximal  values.  A  corresponding 

series  of  a.  values  for  which  IM  .,  have  minimal  values  can  also  be  g.iven  (13  pairs  of  minimal 

and  maximal  values  are  given  in  Table  II). 

Let  us  now  assume  that  the  relative  number  densities  (pi  ;  p\     )   of  spherical  particles 
having  radii  r,;r?  and  refractive  index  n  (out  of  many  other  particles)  may  be  defined  by  measuring 
the  dependence  of  I, ,  (9  =  90°)  on  X  (wavelength).  The  method  suggested  here  is  as  follows:  each 
a.:    determines  two  values  -X.'(r,) ;  X.   (r2),  for  the  above  mentioned  spheres: 

X,(n)(ri)  =  2nri/a.M.x^){rz)  =   2irr2/aj(n) 
We  now  measure  the  scattering  intensities  of  the  sample  as  a  continuous  function  of  wavelength, 

and,  thus  for  each  of  the  above  calculated  x/n',  the  measured  intensity  I, ,  ' (X-  J[r])  is  found. 

2 
(In  this  work,  the  measured  intensities  are  divided  by  X-j  ,  see  Example.) 
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If  we  define: 


An(r)=|l(|<")(x/'<'(r))-5l||(n)(x;(nJ(r)) 
An(^)»2l(l(n,(x,(n)(r1)).2l|l(n,(x;(n)(r1)) 

An^)'2il(ln,(xl(n>(r2))-2rll«")(xj<''>(r2)) 


(1) 
(la) 

(lb) 


(where  N  is  the  chosen  number  of  the 


(n)     '(n)      * 

and  a.    values  for  which  the  theoretical  I,, (a)  have 

maximum  [and  minimum]  values),  then  An(r])  /An(r2)  =  p/nVp2    with  an  increased  accuracy  with 
the  increasing  of  N.  The  function  An(r)  is  therefore,  proportional  to  the  size  spectrum  of  the 
particles  with  refractive  index  n,  acting  as  a  filter  with  100  percent  transmission  for  one  parti- 
cle and  almost  zero  percent  transmission  for  any  other  particle. 


log   I„ 

no 


2.00 


120 


40 


40 


-120 


-2.00 


d    SCATTERING  =90° 
n=133 


12     13 


113  131  147    164  212  229  245  261  281   29.8  3615  3785   396 

I'l'l1     I1 'I'l'l'l'l'l '■      '    ■'    ■ 

102    120     141    159  217  23.45  255  274   292  312  36.5     390  408 


0L=2ltr/x 


Fig.    1.     Computer  plotting  of  T og i o ^ 1 1  (^i  =  tne  polarized  light,  normal   to  the  scattering 

plane),  as    a  function  of  a.     The  a  for  13  of  the  maximum  values  of  IM 

are  noted  on  the  abcissa.     Dots  and  plus  signs  on  the  graph  correspond  to  the  above 

a  values  multiplied  by  1.2.     It  can  be  seen  that  their  ordinate  values  are  "random"  with 

respect  to  the  maxima  and  minima  of  the  curve. 

To  prove  this  assertion,  one  has   to  check  the  contribution  of  any  other  particle  in  the  two 
summations  appearing  in  the  definition  of  A  (r)   (Equation  1)   and  to  show  that  it  can  be  approached 
to  zero.     For  example,   the  contribution  of  the  particles  having  radius  r~  in  Equation   la,  depends 
on  the  a.   n'(r2)   values  corresponding  to  the  A.j   n'(r,)   and  A.       (r,): 

*Within  a  range  defined  by  the  measuring  system,   i.e.    if  the  measurements  can  be  made  only  in 
the  visible  range,  the  oj   values  are  limited:   2irr./0.7  <  v..  £  2irr./0.4  (r,   is   the  radius  of  the 
sphere,  the  number  density  of  which  is  to  be   defined). 
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./"'(r.J-^'./X^W.^/r^x.^,  (2a) 

•i^C'iJ-C.Ai)*^,!  (2b) 

It  can  be  seen  from  Table  I,  that  the  ratio  a,  M«v/a,-ii  »«nv  is  not  constant.  Nor  is 

/  \     i     \  1  ,nAA   1+I,NHA 

the  ratio  of  a.  ^/a^^,  for  an*  j' 

It  follows  that  the  particles  with  radii  r?  contribute  to  the  first  summation  of  Equation  la, 
practically  random  values  in  respect  to  the  appearance  of  maxima  and  minima  in  Figure  1.  Since 
the  same  effect  of  "randomization"  appears  in  the  second  summation  in  Equation  la,  the  submmations** 
for  the  r2  particles  can  be  approached  to  the  same  value 

A„(r1)^I,(t:J1(Xl(ri))-2l|^1(x;(r1))+  Sl^U.M  -  Sl/^U'.fr,)) 


Contribution  of  particle  having  radius  r,        Contribution  of  particle  having  radius  r,  (3) 

"   pli^UlM  -  ^.i^UiM      Si  ^MAX.r,  "  ^MIN.r, 


(see  example,  Section  III).  In  the  case  that  N  (-  the  number  of  maxima  and  minima  values),  derived 
from  Figure  1,  is  not  sufficient  in  order  to  achieve  a  desired  accuracy,  this  number  can  be  approxi- 
mately doubled  by  repeating  the  experiment  at  a  different  scattering  angle  or  at  a  different 
polarization  angle;  or  even  by  extinction  measurements. 


(4) 


(5) 


Now :  ^.  y 

^-MAX,  r,  "  ^-MIN,r,r 

VX/>jX(2MAXirj-  2MIN,r,)p,ron«porticl« 

where  V  is  the  scattering  volume. 
Also,  we  surely  have: 

(SMAX.rj-SMIN.r^par  one  porticl«=     F  *  ^'l' (aMAX.  i  >  "  I||(aMINj)) 

"f  F  x  Z  •  F  x  Constant 

where  IM  (a)  is  the  theoretical  (relative)  Mie  scattering  intensity  and  F  is  a  factor  of  the 
specific  experimental  system  for  rationalizing  the  units  of  intensity. 

By  elimination  between  (4)  and  (5),  and  substitution  into  (3),  we  get: 

A„(r,)  =  Vx^Fx5:=>  ^=W/(vxFxX)  (6) 

or  dropping  the  index  1,  we  get 

P,   "  An(r  >/(Vxfx£)  (6a) 

00 

If  the  incident  light  intensity  I    ,   is  a  function  of  the  wavelength  so  that  I     =   ff{\)d\ 
f    \  0  00 

one  would  have  to  weigh  the  I,,     '    (A)   values   (appearing  in  Equation  1)   by  the  factors  f(x) 

Example 

To  illustrate  the  method,  let  us  assume  that  we  have  a  sample  of  molecular  air  containing 
spherical  water  particles  of  only  two  sizes  r,  =  2.0  pm  and  r~  =  2.4  pm.  In  Table  III,  the 


**Each  recorded  scattering  intensity  at  a  specific  wavelength  (IM(X-))  is  the  summation  of 
the  scattering  intensities  of  the  individual  particles  having  radii  r-j  and  r^- 
An(rk)  =  E    L  (Ir  (X.)   -  I  (A})) 
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This  example  indicates  that  for  a  sample  of  water  particles  with  the  above  mentioned  sizes 
having  a  size  distribution  varying  within  one  order  of  magnitude,  13  maxima  and  13  minima  are 
sufficient  for  determining  the  size  distribution  to  a  high  degree  of  accuracy.  When  the  size  dis- 
tribution covers  a  variation  of  more  than  one  order  of  magnitude,  the  more  maxima  and  minima 
values,  the  better  precision  is  achieved. 

IM  (a),  with  aMAX  ■    and  a.,*.,  .,  were  calculated  on  the  CDC  6400  computer,  at  the  Hebrew 
University  of  Jerusalem. 

Conclusions 

The  method  described  above  requires,  in  principle,  only  experimental  facilities  of  recording 
(preferably,  by  means  of  a  multi-channel  recorder)  scattering  (or  extinction)  intensities  as  a 
function  of  wavelengths.   It  can  be  seen  from  Table  III,  that  for  water  droplets  with  radii  varying 


(2.0  um) 
XMAX,i  A 

11120 

9590 

8550 

7660 

5930 

5490 

5130 

4820 

4470 

4220 

3470 

3320 

3170 

(2.4  um) 
XMAX,i  A 

13340 

11510 

10260 

9200 

7110 

6580 

6160 

5780 

5370 

5060 

4160 

3980 

3810 

(2.0  um) 
XMIN,i  A 

12320 

10470 

8910 

7900 

5790 

5360 

4930 

4590 

4300 

4030 

3440 

3220 

3080 

(2.4  um) 
XMIN,i  A 

14780 

12570 

10700 

9480 

6950 

6430 

5910 

5500 

5160 

4830 

4130 

3870 

3700 

Table  III.  Wavelengths  used  in  the  determination  of  the  number  densities  of  water  droplets  of 
radii  2.0  pm  and  2.4  pm. 

Note:  Since  any  random  size  distribution  may  be  devided  into  sets  of  two  radii  each  ( r^ ^ » ""i 2 ^ 
so  that  r.,/r.?  =  1.2,  the  respective  X  values  appearing  above  multiplied  by  the  factor  (r^/2.4) 
can  be  used  for  the  determination  of  the  number  densities  of  any  random  sample.  In  case  of  the 
available  aparatus  not  covering  the  required  range  of  X  values,  see  Conclusions. 

between  1.0  pm  and  5.0  pm,  the  aMAX  and  aMIN  values,  given  as  an  example  in  this  work  (Figure  1, 
Table  II)  correspond  to  wavelengths  near  and  within  the  visual  range.  Since  the  experimental 
methods  of  wavelength-scanning  are  limited,  it  is  suggested  that  other  c^^  and  aMIN  values  be  se- 
lected (not  appearing  in  Figure  1)  rather  than  change  the  wavelength  range  for  droplets  with  radii> 
5.0  pm.  The  only  requirement  on  the  selection  of  these  a  values  is  that  the  Mie  scattering  intensi- 
ties corresponding  to  the  aMAX  .  or  a,,,.,  .  should  not  vary  by  more  than  an  order  of  magnitude 
(preferably  much  less). 

The  required  accuracy  in  the  definition  of  the  scattering  angle,  for  this  purpose,  was  calcu- 
lated to  be  within  ±  0.2  degrees. 

It  would  be  well  to  note  that  since  no  theoretical  limitations  are  imposed  on  the  accuracy  in 
calculating  the  values  aMAX  and  c^,,,,  it  is  always  possible  to  calculate  these  values  to  an 
accuracy  compatible  with  the  wavelength  resolution  of  the  experimental  system. 
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corresponding  Ai  and  Ai  values  are  listed  for  the  calculation  of  A(r,)  and  A(r2),  respectively. 
Since  I  (a  =  2Trr1/A1)/A1  =  I  (a  =  2irr2/A2)/A2  when  r1/A1  =  r2/A2,  the  experimental  values  are 
assumed  to  be  divided  by  A  (see  Figure  2a,  b).  This  is  done  to  permit  the  use  of  one  set  of 
I  =  f(a)  values  for  all  wavelengths  and  radii  of  particles.  13  maxima  and  13  minima  were  chosen 
for  both  the  calculation  of  A(r-j)  and  A(r2);  A(r)  was  calculated  for  a  single  particle.  It  can 
be  seen  from  Table  II  that  the  contribution  of  the-  particle  with  radius  r?(=  2.4  pm)  in  the  value 
of  A(r1  =  2.0  pm)  is  less  than  two  percent. 

The  same  calculations  for  the  contribution  of  the  particle  with  radius  r-,  (=  2.0  pm)  in  the 
value  of  A(r2  =  2.4  pm)  show  that  it  is  less  than  1.3  percent. 

The  first  contribution  was  calculated  for 

2.4 


and  the  second  for 


100 


«    50 


2.0  uMAX,i 


2.0 

2.4  ^AX.i 


Figure  2a. 
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Figure  2.     The  expected  90°  scattering 
intensities  measured  as  a  function  of  wave- 
length   (3000  A  <  A   <  15000  A)    of   the 
component  normal   to  the  scattering  plane, 
by  a  sample  including  water  droplet  particles 
having  radii    r1   =  2.0  pm  and  r„  =  2.4  pm  (2a). 
In  Figure  2b  all   "measured"  values  are  multi- 
plied by  (7000/A)2. 


Figure  2b. 
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1 

°MAX,1 

Log   I„ 

1.2  a 

1.2      a 

i 

"MAX.! 

Log  I„ 

1.2  a 

).2'\ 

1 

2.0 

-.456 

2.4 

1.7 

26 

32.4 

1.675 

38.9 

27.0 

2 

3.8 

.177 

4.6 

3.2 

27 

33.2 

1.345 

39.8 

27.7 

3 

S.9 

.599 

7.1 

4.9 

28 

34.1 

1.818 

40.9 

28.4 

4 

7.8 

.904 

9.4 

6.5 

29 

34.4 

1.798 

41.3 

28.7 

5 

9.6 

1.202 

11.5 

8.0 

30 

36.2* 

2.047 

43.4 

30.2 

6 

11.3 

1.428 

13.6 

9.4 

31 

37.3 

1.389 

44.8 

31.1 

7 

13.1* 

1.583 

15.7 

10.9 

32 

37.9* 

2.224 

45.5 

31.6 

8 

14.7* 

1.665 

17.6 

12.3 

33 

38.9 

1.396 

46.7 

32.4 

9 

16.4* 

1.673 

19.7 

13.7 

34 

39.6* 

2.290 

47.5 

33.0 

in 

18.1 

1.467 

21.7 

15.1 

35 

40.5 

1.291 

48.6 

33.8 

11 

18.8 

1.219 

22.6 

15.7 

36 

41.2 

2.209 

49.4 

34.3 

12 

19.6 

1.296 

23.5 

16.3 

37 

41.6 

1.814 

49.9 

34.7 

13 

21.2* 

1.579 

25.4 

17.7 

38 

42.1 

1.500 

50.5 

35.1 

14 

22.9* 

1.844 

27.5 

19.1 

39 

42.9 

2.114 

51.5 

35.8 

15 

23.1 

1.026 

27.7 

19.3 

40 

43.3 

1.888 

52.0 

36.1 

16 

24.5* 

1.964 

29.4 

20.4 

41 

44.0 

1.708 

52.8 

36.7 

17 

24.8 

1.418 

29.8 

20.7 

42 

44.5 

1.662 

53.4 

37.1 

18 

26.1* 

1.794 

31.3 

21.8 

43 

45.1 

1.851 

54.1 

37.6 

19 

26.4 

1.631 

31.7 

22.0 

44 

45.9 

1.887 

55.1 

38.3 

20 

27.7 

1.362 

33.2 

23.1 

45 

46.9 

1.753 

56.3 

39.1 

21 

28.1* 

1.710 

33.7 

23.4 

46 

47.7 

2.115 

57.2 

39.8 

22 

29.8* 

1.702 

35.8 

24.8 

47 

47.9 

1.785 

57.5 

39.9 

23 

30.5 

1.532 

36.6 

25.4 

48 

49.3 

2.119 

59.2 

41.1 

24 

31.0 

1.140 

37.2 

25.8 

49 

49.6 

2.087' 

59.5 

41.3 

25 

31.5 

1.601 

37.8 

26.3 

Table  I.  Maxima  of  scattering  function  IM  ,  as  a  function  of  size  parameter 
a(e  scattering  =  90°,  n  =  1.33). 


*(see  Fi 

gure  I   and 

Table  II) 

aMAX 

!(<W 

I(1-2(W 

"min 

I(<W 

.(..2«HIM> 

1 

11.3 

26.4 

2.3 

10.2 

1.09 

0.24 

2 

13.1 

38.4 

3.2 

12.0 

0.04 

3.02 

3 

14.7 

46.0 

7.7 

14.1 

0.07 

12.8 

4 

16.4 

47.0 

18.4 

15.9 

1.25 

16.5 

5 

21.2 

37.8 

0.57 

21.7 

0.21 

23.7 

6 

22.9 

70.0 

0.087 

23.45 

0.15 

47.0 

7 

24.5 

94.2 

2.5 

25.5 

0.16 

31.6 

8 

26.1 

58.3 

6.2 

27.4 

0.06 

19.0 

9 

28.1 

52.4 

19.7 

29.2 

1.27 

9.9 

10 

29.8 

50.6 

52.4 

31.2 

1.95 

23.7 

11 

36.15 

114.3 

70.0 

36.5 

1.00 

43.7 

12 

37.85 

172.6 

52.4 

39.0 

1.51 

54.3 

13 

39.6 

199.5 

80.9 

40.8 

0.40 

47.0 

II  .   = 

1007.5 

316.4 

SI.  = 

l 

9.16 

332.4 

I 

'tKax'  "  f'i 

(ci^.,)   =  998 

3  =  T'i 

(ar,x)  =  A 

?L(i.Z  a^)  -  1(1.2  a^)  =  16.0=  a«A 

Table  II.  Demonstration  of  the  validity  of  the  assertion  that 


h(r])   s  2MAX    -  zMIN  r  (Equation  3)  for  2  water  droplets  of 


1 


radii   i"2/r. 


1.2  with  a  randomly  chosen  set  of  13  pairs  of  a 


MAX' 


aMIN"      ^ii  "  re^at''ve  units) 
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Atmospheric  Temperature  Measurement  Using  Raman  Backscatter 


R.  G.  Strauch,  V.  E.  Derr,  and  R.  E.  Cupp 


A  ground-based  method  of  measuring  atmospheric  vertical  temperature  profiles  using  Raman  backscatter 
from  Ni  is  discussed.  Experimental  measurement  of  temperature  fluctuations  at  tower  heights  is  de- 
scribed. 


Introduction 

Atmospheric  probing  with  laser  radar  (lidar)  is 
becoming  an  increasingly  useful  tool  for  gathering  data 
that  enables  the  meteorologist  to  better  understand 
atmospheric  processes.  The  potentials  of  lidar  have 
been  discussed1  and  experiments  have  been  conducted 
using  Mie  scattering  to  study  aerosols,2  fluorescent 
scattering  to  study  the  sodium  layer,3  and  Raman 
scattering  to  study  vertical  water  vapor  profiles  up  to 
several  kilometers.4'5  The  potential  of  Raman  lidar 
in  pollutant  detection  has  been  studied  theoretically 
and  experimentally.6  The  relatively  weak  Raman 
signals  present  considerable  experimental  difficulty, 
and  only  limited  success  has  been  reported  for  pollu- 
tion detection  in  the  atmosphere.7  In  this  paper,  we 
discuss  the  measurement  of  the  vertical  temperature 
profile  using  Raman  backscatter  from  nitrogen  and 
report  the  results  of  experiments  that  indicate  the 
feasibility  of  the  method. 

The  most  widely  used  method  of  obtaining  a  remote 
measurement  of  the  vertical  temperature  profile  with 
a  ground-based  instrument  utilizes  the  absorption  line 
of  oxygen  near  60  GHz  to  vary  the  transmission  dis- 
tance for  received  energy  in  a  radiometer.  The  radiom- 
eter temperature  measurements  require  an  integral 
inversion  to  determine  an  atmospheric  temperature 
profile.  A  radar-type  determination  offers  improved 
resolution  and  simplicity  of  data  analysis,  and  allows 
the  measurement  of  temperature  fluctuations  at  known 
altitudes  of  specific  interest  as  well  as  a  determination 
of  a  long-term  average  profile.     In  addition  to  water 
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vapor  profile  measurement  and  pollution  detection, 
temperature  information  can  be  obtained  directly 
from  the  Raman  signal  intensity. 

The  concept  of  using  molecular  density  measure- 
ments to  derive  temperature  profiles  is  not  new.  Elt- 
erman,8'9  using  searchlights,  has  measured  tempera- 
ture profiles  from  10  km  to  67.6  km  by  assuming  that  the 
scattering  from  above  10  km  is  due  only  to  molecular 
scattering.  Accurate  temperature  and  pressure  mea- 
urements  were  made  at  the  lowest  altitude  that  the 
scattering  could  be  assumed  to  be  Rayleigh.  Below 
about  10  km  the  scattering  is  from  molecules  and  aero- 
sols and  very  accurate  measurements  of  particulate 
scattering  would  have  to  be  made  to  separate  out  the 
molecular  scattering  component.  Methods  of  separat- 
ing the  scattering  components  have  not  been  per- 
fected. Aerosol  density  measurements  rely  on  using 
an  assumed  Rayleigh  density.  Raman  backscatter 
can  be  used  to  measure  molecular  density  because  the 
Raman  component  of  backscatter  is  shifted  in  wave- 
length from  aerosol  or  Rayleigh  scattering.  The 
relatively  weak  Raman  backscatter  can  be  used  for 
density  measurements  in  the  lower  atmosphere  to 
complement  density  measurements  made  by  Ray- 
leigh scattering  from  the  higher  clean  air. 

A  lidar  backscatter  measurement  is  a  measurement 
of  the  product  of  the  volume  backscatter  and  the  two- 
way  extinction.  In  the  case  of  on-frequency  lidar, 
both  the  volume  backscatter  and  the  extinction  are 
the  sum  of  molecular  and  aerosol  terms,  whereas  the 
volume  backscatter  for  the  Raman  component  in- 
volves only  the  molecular  density.  The  total  extinction 
must  be  measured  for  the  Raman  determination  of 
density.  For  example,  suppose  that  a  3400-A  lidar 
measurement  of  the  backscatter  at  1-km  altitude  is 
being  made.  Suppose  that  the  total  extinction  from 
aerosol  scattering  is  the  same  as  that  from  Rayleigh 
scattering  and  assume  that  the  total  extinction  can  be 
measured  to  within  5%.  Then  the  Raman  backscat- 
ter can  be  used  to  determine  a  molecular  density  to 
within  1.4%,  whereas  the  on-frequency  backscatter 
would  not  give  a  useful  density  measurement. 
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Theory 

The  use  of  the  ideal  gas  law  in  the  form 

P(h)  =  p(h)T(h)R/M, 


f 

J  he 


2{z)dz. 


(1) 


where  h  is  the  altitude,  P  is  the  pressure,  p  is  the  density, 
R  is  the  universal  gas  constant,  and  M  is  the  molecular 
weight  leads  to 

&P(h)/P(h)   =    [Ap(h)/p(h)]   +   [AT(h)/T(h)\. 

For  a  fixed  altitude  h,  where  the  pressure  can  usually 
be  taken  as  constant  for  the  duration  of  a  measurement, 

Ap(h)/p(h)  =    -AT(h)/T(h). 

The  signal  received  by  a  lidar  system  measuring 
Raman  backscatter  from  nitrogen  would  indicate,  for 
constant  pressure  (altitude), 

ASn.W/Sn.W  =  -AT(h)/T(h), 

where  Sn^Qi)  is  the  backscattered  Raman  signal  and 
is  proportional  to  pn2(h).  Thus,  at  any  altitude  where 
the  partial  pressure  of  nitrogen  is  approximately 
constant,  the  Raman  backscatter  gives  a  direct  indica- 
tion of  temperature  fluctuations.  The  results  of 
experiments  demonstrating  this  capability  of  Raman 
lidar  will  be  discussed  later. 

The  measurement  of  a  temperature  profile  using 
nitrogen  density  measurements  is  not  as  direct  as  the 
measurement  of  temperature  fluctuations.1  From 
the  ideal  gas  law  and  the  hydrostatic  relationship,  it 
follows  that 


T(h)  =  Pt,,(h)/l,»,,lk)R/M] 


PNj(M  -  g  I     pN,(z)dz    [PNl(h)R/M], 


(2) 


where  Pn2(h0)  is  the  partial  pressure  of  N2  for  a  ref- 
erence altitude.  The  integral  in  the  numerator  indi- 
cates that  in  order  to  measure  temperature  at  any 
altitude,  using  density  measurements,  the  density  must 
be  measured  as  a  function  of  altitude  from  h0  to  h. 
The  lidar  measures  pn,(h),  using  the  lidar  equation1 


Nr  =  (N tTit<rnj>ti,*LA,iirT)v/h%)  exp 


/* 


■(B,  +  Br)dz,     (3) 


where  the  number  of  received  signal  photons  counted 
per  transmitted  lidar  pulse  is  Nr,  Nt  is  the  number  of 
laser  photons  per  pulse,  rj,  is  the  transmitter  efficiency, 
<tNi  is  the  Raman  scattering  cross  section  for  N2  for  the 
transmitted  wavelength,  pN;*  is  the  number  density 
of  N2  at  height  h,  L  is  the  length  of  the  atmospheric 
column  observed  by  the  gated  lidar  receiver,  AT  is  the 
receiver  aperture,  r\r  is  the  receiver  optical  efficiency, 
t),  is  the  detector  quantum  efficiency,  B,  is  the  atmo- 
spheric extinction  coefficient  for  the  transmitted  wave- 
length, and  BT  is  the  extinction  coefficient  for  the 
Raman  wavelength.  B,  and  BT  are  the  Rayleigh  ex- 
tinction coefficients  (neglecting  aerosol  attenuation) 
and  are  proportional  to  pN„  so  the  measurement  of 
Pn,(A)  as  well  as  Pn,(^)  requires  the  evaluation  of 
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There  are  two  ways  to  approach  the  evaluation 
of  the  integral;  an  a  priori  statistical  model  of  the 
atmosphere  can  be  used  or  the  integration  can  be 
performed  using  the  lidar  measurements. 

Consider  first  the  statistical  approach.  An  a 
-priori  statistical  model  based  on  the  statistics  of 
radiosonde  measurements  at  a  nearby  station  can  be 
used  to  approximate  Pnt{h)  in  Eq.  (2)  and  the  extinc- 
tion term  in  Eq.  (3).  The  statistical  model  has  the 
important  constraint  that  accurate  measurements  of 
Ps,(ho)  and  T(h0)  can  be  made.  The  statistical 
model  can  also  be  constrained  by  time  of  day,  date, 
and  ground  measurements  of  meteorological  data  of 
immediately  preceding  days  at  the  local  site  and  sur- 
rounding sites.  One  of  the  approaches  to  performing 
the  temperature  inversion  for  microwave  radiometer 
data  utilizes  this  approach  for  the  pressure  term.10 
If  the  pressure  and  density  measurement  errors  of 
Pn2(h)  and  ps,(h)  are  independent,  then 

(Varr)Vf  =  [(VarPN!//V)  +  (VarpN,/W,2)]*. 

The  bar  denotes  the  mean  value  of  an  ensemble  of  mea- 
surements and  VarA"  =  X2  —  X2.  The  measurement 
errors  are  not  completely  independent  in  this  case,  since 
pn,(h)  also  depends  on  the  statistical  model  to  obtain  the 
Rayleigh  attenuation.  However,  the  optical  thickness 
for  wavelengths  and  altitudes  of  interest  here  is  less 
than  1,  so  that  co variance  terms  can  be  neglected. 

As  an  example  of  the  statistical  approach,  consider 
the  model  using  only  the  constraint  of  pressure  at 
ground  level,  P(o).  West  water10  has  analyzed  the 
yearly  data  from  radiosondes  taken  near  sunrise  and 
sunset  at  Denver,  Colorado.  The  results  are  shown 
in  Table  I.  The  unconstrained  variances  Var[P] 
are  about  30  (mbar)2  for  all  altitudes,  but  the  eon- 
strained  variances  Var[P|P(o)]  [variance  of  P, 
given  P(o)  ]  are  much  less  at  low  altitude  because  of 
the  strong  correlation  between  P(h)  and  P(o)  for  the 
yearly  average  data.  Additional  constraints,  par- 
ticularly T(o),  will  further  reduce  the  variances  and 
make  the  statistical  approach  applicable  to  wider 
ranges  of  meteorological  conditions.  If  the  pressure 
is  found  from  the  statistical  model  with  uncertainty 
{Var[P|P(o)]}*/P  as  in  Table  I,  and  the  uncertainty 
in   the    lidar    measurement    (VarpN,)VpN,    is    numeri- 


Table  I.    Atmospheric  Pressure 
Measurements  at  Denver,  Colo. 


P 

Var[P] 

Var[P'P(M 

h  (km) 

(mbar) 

(mbar)2 

(mbar)'     | 

Var[PP(M]  1 

*/P 

0.00  =   he 

837 

35.2 

0 

0 

0.35 

802 

31.7 

0.85 

1.14  X  10" 

3 

0.648 

773 

30.1 

2.27 

1.94  X  10" 

I 

1.013 

739 

28.9 

4.55 

2.88  X  10- 

! 

5.040 

437 

39.8 

28.62 

1.22  X  10-' 

1 

10.000 

210 

20.9 

19.28 

2.08  X  10-' 

1 
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Table  II.    Signal  Intensity  Required  for 
Temperature  Measurement 


Observation 

time 

(Var.  D'/ 

S  (photon 

required 

h  (km) 

r 

counts) 

(sec) 

0 

0 

0 

0 

0.35 

1.61  X  10~3 

7.69  X  10" 

20.2 

0.648 

2.74  X  10"3 

2.66  X  10s 

25 . 6 

1.013 

4.07  X  10-3 

1.21  X  106 

30.8 

5.040 

1.72  X  10-> 

6.72  X  103 

95.0 

10.000 

2.94  X  10~! 

2.31  X  103 

317 

(Var7')Vr=   !2Var[PJP(o))/P2j! 


Table  III.    Lidar  Characteristics 


Ni,  photon  transmitted  per  pulse 

r),,  transmitter  efficiency 

<tni,  cross  section  for  N2 

L,  range  resolution 

A„  receiver  aperture 

ijr,  receiver  optical  efficiency 


=   1.7  X  10" 

=  80% 

=  1.86  X  10~33  mJ/sr° 

=  50  m 

=  0.36  m2 

=  25% 


Vi,,        detector  quantum  efficiency       =  25% 
PRF,  pulse  repetition  rate  =  100  sec"1 

X(,       transmitter  wavelength  =  3371  A 

■  Calculated  by  D.  A.  Leonard  Avco-Everett  (private  commu- 
nication). 


cally  the  same,  then  the  temperature  uncertainty  is 
that  shown  in  Table  II.  Also  listed  in  Table  II  are 
the  number  of  photon  counts  required  to  obtain  this 
accuracy  for  a  lidar  system  where  the  Poisson  statistics 
of  the  signal  determine  the  lidar  signal-to-noise  ratio. 
The  fourth  column  in  Table  II  lists  the  observation 
time  required  for  a  lidar  system  having  the  charac- 
teristics listed  in  Table  III.  (The  attenuation  term 
was  calculated  for  a  standard  atmosphere.)  Table 
II  indicates  that  present  lidar  systems  can  make 
temperature  profile  measurements  using  an  a  priori 
statistical  model  of  the  atmosphere  to  obtain  pressure 
profiles  and  using  the  lidar  to  measure  pnt(h).  A 
pressure  model  with  sufficient  constraints  will  make 
the  temperature  uncertainty  depend  only  on  the  lidar 
measurement  of  pn,  for  a  wide  range  of  conditions. 

The  second  approach  to  making  a  temperature  pro- 
file measurement  utilizes  the  measured  density  from 
h0  to  h  to  find  the  pressure  and  the  Rayleigh  extinction. 
In  this  case,  the  inaccuracy  of  the  temperature  mea- 
surement depends  on  the  inaccuracy  of  pN,(A).  The 
temperature  uncertainty  is  given  by 

(VarT/f J)  =  (VarpN,/pW)  +  (VarPN!/PN,2) 

-    [2C0V(PN„PNi)/PN2PNI]. 

Since  Pn,  is  found  from  pNi  through  the  hydro- 
static relationship,  VarPN,  is  the  variance  of  the 
spatial  average  of  gpNr  The  covariance  term  depends 
on  the  correlation  between  the  density  measurement  at 
h  and  the  spatial  average  of  the  density  measurements 
from   h0   to   h.     If  the   lidar  contains   no   systematic 


errors,  the  covariance  term  becomes  negligible  (ex- 
cept for  the  low  altitudes  where  the  density  measure- 
ment will  be  most  accurate),  because  the  lidar  system 
must  have  sufficient  bandwidth  (i.e.,  spatial  resolu- 
tion) to  make  the  measurement  of  pn,(z)  independent 
of  the  measurement  of  pN,(z  +  Az).  The  variance 
of  the  spatial  average  of  pN.  from  h0  to  h  is  the  variance 
of  a  sum  of  independent  measurements,  and  if  the  lidar 
contains  no  systematic  errors,  this  variance  will  be 
much  less  than  the  variance  of  pn,(h).  Hence,  the 
main  contribution  to  the  temperature  uncertainty  at  h 
will  be  the  uncertainty  in  the  measurement  of  pn:W 
for  lidar  systems  with  no  systematic  error.  The  ap- 
plicability of  this  method  depends  on  the  development 
of  a  Raman  lidar  system  free  of  systematic  error. 

Lidar  measurement  of  temperature  profiles  pre- 
sents a  major  practical  problem  not  found  in  water 
vapor  profile  measurements.  Effects  of  aerosol  at- 
tenuation, laser  beam  misalignment,  l/h~  corrections, 
etc.  can  be  accounted  for  in  water  vapor  measurements 
by  measuring  the  mixing  ratio  instead  of  the  water 
vapor  density.  A  nitrogen  profile  measurement,  how- 
ever, would  require  a  careful  calibration  of  the  laser 
system  and  a  measurement  of  attenuation.  An  ab- 
solute measurement  of  pn,(^)  is  not  necessary  for  the 
profile  measurement  of  temperature  if  the  minimum 
altitude  of  the  lidar  system  is  h0  where  p(hu)  or  T(h0) 
can  be  measured  with  meteorological  instruments. 

Experimental  Results 

An  experiment  was  devised  to  check  the  feasibility 
of  using  Raman  backscatter  to  observe  temperature 
fluctuations  using  a  high  pulse  repetition  rate  laser. 
A  lidar  system  with  parameters  similar  to  those  in 
Table  III  was  used.  The  range  was  reduced  to  tower 
height  (30.5  m)  so  that  temperature  could  be  precisely 
monitored  and  compared  with  the  Raman  backscatter. 
The  length  of  the  backscatter  volume  was  5  m  and 
was  determined  by  the  geometry  of  the  transmitting 
and  receiving  beams.  Thermistors  were  placed  near 
the  center  and  near  both  ends  of  the  5-m  observation 
length.  The  laser  beam  passed  vertically  approxi- 
mately 2  m  from  the  thermistors.  A  pressure  indi- 
cator located  at  ground  level  continuously  monitored 
total  pressure.  The  atmospheric  pressure  change 
during  any  observation  time  was  less  than  0.2  mbar  so 
that  AP/Pn,  is  negligible  compared  to  (AT/7')  for 
temperature  changes  of  1°C  or  greater.  Since  (AT/T) 
~  0.35%  per  °C,  the  stability  of  the  laser  output 
power  becomes  important  for  monitoring  fluctuations 
of  atmospheric  X_>  density,  (for  profile  measurements 
where  the  backscatter  from  each  range  increment  is 
measured  for  each  laser  pulse,  the  laser  power  stability 
is  not  as  important.)  During  these  experiments  the 
S/N  ratio  was  sufficient  to  allow  observations  of 
Raman  signal  fluctuations  of  0.35%  with  a  3-sec  time 
constant,  but  the  long-term  record  contained  random 
fluctuations  of  approximately  1%,.  These;  changes 
were  traced  to  laser  power  variations,  temperature 
effects  on  the  transmission  of  optical  filters,  and 
mechanical    instability. 
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1          1          1 

■   „ 

^      ,(S1(T>  Const. 

perature  is  shown;  the  other  two  thermistors  indicated 
the  same  temperature.  In  Figs.  1-3,  data  points  were 
read  every  20  sec  and  a  plot  of  relative  Raman  back- 
scatter  (S)  vs  T  is  shown  with  the  data.  The  the- 
oretical curve  (S)(T)  =  constant  is  shown  for  reference. 
This  curve  is  approximately  a  straight  line  over  the 
range  of  values  measured  in  these  experiments. 
Fluctuations  other  than  temperature  are  recorded  on 
the  Raman  channel,  but  temperature  changes  are 
clearly  recorded  by  the  Raman  lidar.  In  Fig.  3, 
compensation  for  the  change  in  laser  power  was  made 
in  the  S-T  graph.  Figure  4  shows  a  23-min  segment 
of  data  during  which  T  changes  by  approximately  2 
degrees.  Data  points  were  read  every  4  sec  and  a 
cross-correlation  of  the  S-T  data  was  performed.  No 
corrections  were  made  to  the  raw  data.     The  peak 


284  e 
T   I  K) 


Fig.  1.     Raman  backscatter  intensity  vs  temperature. 
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Fig.  2.     Raman  backscatter  intensity  vs  temperature. 
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Fig.  3.     Raman  backscatter  intensity  vs  temperature. 


19    JANUARY    1971 


The  total  extinction  due  to  Rayleigh  scattering 
of  the  transmitted  and  backscattered  laser  energy  is 
about  0.7%,  and  fluctuations  of  the  Rayleigh  ex- 
tinction will  be  negligible.  Fluctuations  of  the  total 
aerosol  extinction  were  also  shown  to  be  negligible 
by  monitoring  the  laser  power  output  with  a  10-m 
transmission  path. 

The  Raman  backscatter  signal  was  recorded  using  a 
fast  sample  and  hold  gate  to  measure  a  voltage  level 
proportional  to  the  number  of  backscattered  photons 
received  from  the  5-m  interaction  region  after  each 
pulse.  The  steplike  signal  was  filtered  and  recorded 
on  a  zero-suppressed  strip  chart. 

Figures  1^4  show  the  examples  of  data  in  which 
temperature  changes  of  several  degrees  were  recorded 
by  the  thermistors.     Only  the  center  thermistor  tem- 
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V" 
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Fig.  4.     Cross-correlation  of  Raman  backscatter  intensity  and 
temperature. 
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correlation,  at  zero  time  lag,  was  0.76  and  the  correla- 
tion decreases  to  0.2  with  about  1-min  time  lag. 
Laser  power  variations  and  mechanical  instability 
also  contribute  to  short-term  signal  fluctuations.  The 
noise  on  the  signal  channel  and  uncertainty  in  chart 
reading  contribute  approximately  three  divisions 
of  uncertainty  to  the  relative  Raman  signal  level 
(S)  in  Figs.  1-3.  The  rms  deviation  of  the  Raman  sig- 
nal from  the  theoretical  curve  is  4.14,  3.58,  and  2.28 
divisions  for  Figs.  1-3.  The  other  major  factor  that 
prevents  perfect  correlation  of  the  data  is  that  the 
Raman  signal  is  a  volume  measurement  and  the  therm- 
istor is  essentially  a  point  measurement.  The 
temperature  variations  move  with  the  wind  and  an 
abrupt  change  in  T  can  be  recorded  by  the  point 
sensor,  whereas  the  volume  sensor  will  record  the 
total  abrupt  change  only  when  it  fills  the  entire  volume. 

Conclusion 

The  correlation  between  the  Raman  scattering  of 
nitrogen  and  the  temperature  measured  by  thermistors 
shows  that  lidar  can  measure  temperature  fluctuations. 
Detailed  study  of  temperature  fluctuations  can  be 
made  with  the  narrow  pulse  and  high  pulse  repetition 
rate  of  available  lasers.  Temperature  profiles  in  the 
clear  atmosphere  can  be  measured  with  acceptable 
accuracy  if  the  lidar  is  calibrated.  Available  laser 
equipment  can  be  utilized  for  studying  the  temperature 


structure  of  the  atmosphere  to  several  kilometers 
altitude.  Pressure  information  can  be  obtained  if  the 
lidar  system  is  free  of  systematic  error.  Data  pro- 
cessing equipment  capable  of  measuring  the  backscatter 
from  each  range  increment  for  each  laser  pulse  is 
needed  for  efficiency  of  operation  and  to  eliminate 
practical  problems  encountered  in  field  operation. 
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A  Comparison  of  Remote  Sensing  of  the  Clear  Atmosphere  by 
Optical,  Radio,  and  Acoustic  Radar  Techniques 


V.  E.  Derr  and  C.  G.  Little 


The  considerable  utility  of  ultrasensitive  microwave  radar  in  atmospheric  studies  can  now  be  augmented 
by  lidar  and  acoustic  echo-sounding  techniques.  The  current  and  potential  capabilities,  and  limitations, 
of  these  methods  of  remote  atmospheric  probing  are  discussed  and  the  techniques  are  compared.  From 
this  analysis  the  conclusion  emerges  that  a  remote  sensing  facility  consisting  of  these  instruments  probing 
the  same  volume  of  the  atmosphere  can  measure  many  of  the  meteorologically  significant  parameters  neces- 
sary to  increase  our  understanding  of  the  structure  and  dynamics  of  the  clear  lower  atmosphere,  and  pro- 
vide the  spatial  and  temporal  density  of  measurements  necessary  for  weather  forecasting. 


Introduction 

The  rapidly  expanding  concern  for  environmental 
conservation  and  control  requires  an  immediate  ac- 
celeration in  attempts  to  increase  our  understanding  of 
the  atmosphere.  Such  problems  as  short-  and  long- 
range  weather  prediction,  the  prediction  and  control  of 
severe  storms,  maximum  allowable  pollution  concentra- 
tions, and  oxygen  regeneration  cycles  remain  without 
solution  because  of  the  lack  of  basic  understanding  of 
atmospheric  and  other  environmental  processes.  The 
fundamental  physical,  chemical,  and  mathematical 
knowledge  is  presumably  available,  but  the  particular 
phenomena  involved  in  atmospheric  interactions  are  not 
readily  deducible  from  first  principles.  Rather,  an 
interleaving  of  observation  and  theory  is  necessary 
before  we  may  arrive  at  an  atmospheric  science  that  can 
measure,  predict,  confirm,  modify,  and  control.  Even 
for  those  atmospheric  processes  for  which  a  sufficiently 
complete  theory  is  available,  the  prediction  of  cycles 
and  variations  from  norms  is  very  uncertain.  Failures 
in  forecasting  are  frequently  due  to  insufficient  data 
from  areas  where  rapid  development  of  storms  occurs, 
with  strong  convergence  of  air  masses  having  large 
differences  of  temperature  or  humidity. 

Theoretical  and  experimental  progress  on  these  and 
associated  problems  has  been  impeded  by  the  lack  of 
direct  measurements  of  atmospheric  parameters  in 
three  dimensions,  over  large  volumes,  and  with  suffi- 
cient resolution  in  time  and  space  to  allow  the  study  of 
composition  and  dynamical  structure  in  time  evolution. 
This  article  discusses  a  special  set  of  remote  sensing 
methods,    selected    because    of   their    applicability    to 
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these  problems.  The  methods  selected  all  use  the 
principle  of  active  echo-sounding,  because  this  offers  the 
unique  advantage  of  precise  identification  of  the  atmo- 
spheric volume  being  interrogated.  The  three  different 
radar  techniques  considered — optical,  radio,  and  acous- 
tic— are  selected  because  the  different  radars  are  sensi- 
tive to  different  parameters  of  the  atmosphere.  The 
discussion  illuminates  the  separate  potentials  of  the 
methods,  and  anticipates  their  power  in  atmospheric 
experiments  in  which  two  of  them  or  all  three  may  be 
combined  to  attack  specific  problems. 

By  scanning  in  angle,  it  is  possible  to  derive  three- 
dimensional  fields  of  measurable  scalar  atmospheric 
parameters.  (Since  doppler  methods  measure  only  the 
radial  velocity,  it  is  necessary  to  use  three  separate 
systems  to  obtain  three-dimensional  velocity  fields.) 
Three-dimensional  mapping  is  essential  to  an  under- 
standing of  the  structure  and  dynamics  of  the  atmo- 
sphere. Such  phenomena  as  inversion,  layering,  break- 
ing waves,  and  gravity  waves  are  strongly  dependent 
on  boundary  conditions  for  stability,  and  a  knowledge 
of  their  structure  over  a  large  volume  is  essential  for 
gaining  an  understanding  of  the  conditions  of  their 
formation.  Coupling  the  geometrical  precision  of  the 
radar  with  sensitivity  to  composition,  temperature, 
turbulence,  and  wind  velocity  results  in  a  precise  and 
comprehensive,  yet  flexible,  system  for  atmospheric 
studies.  The  discussion  will  emphasize  tropospheric 
applications  of  the  echo-sounding  techniques. 

Scattering  and  Absorption  Processes  in  the 
Clear  Atmosphere 

The  success  of  remote  sensing  by  radar  techniques 
depends  on  the  strength  of  the  interaction  of  the  elec- 
tromagnetic and  mechanical  radiation  with  the  atmo- 
spheric constituents,  and  on  the  magnitude  of  the  scat- 
tered radiation,  particularly  the  backscattered  com- 
ponent.    Two  quite  different  types  of  interaction  play 
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principal  roles  in  the  probing  of  the  atmosphere.  The 
first,  which  we  may  call  spectroscopic,  is  an  absorption 
and  reradiation,  or  a  scattering  process  in  which  the 
radiation  reacts  with  individual  molecules.  The  cross 
section  for  these  events  is  dependent  on  the  specific 
molecule,  i.e.,  on  its  state,  its  energy  level  diagram,  its 
environment  (pressure,  temperature),  and  on  the 
frequency  of  irradiation. 

The  second  principal  type  of  interaction  is  with  the 
fluctuations  of  refractive  index.  This  classical  electro- 
magnetic or  acoustic  scattering  is  dependent  on  the 
atmospheric  parameters  of  density,  temperature,  humid- 
ity, and  wind  velocity  which  determine  the  electro- 
magnetic and  acoustic  refractive  indexes.  This  scatter 
is  much  less  frequency  dependent  than  the  spec- 
troscopic interactions.  Because  Mie  scattering  is 
associated  with  particles  and  is  to  some  extent  frequency 
dependent,  it  is  here  treated  as  a  spectroscopic  interac- 
tion. Rayleigh  scattering,  often  treated  as  scattering 
by  individual  molecules,  is  caused  by  the  fluctuations  of 
atmospheric  density.  Because  calculation  on  a  molecu- 
lar basis  (the  phase  cancellation  due  to  random  scatterers 
being  neglected)  yields  the  same  numerical  results  as 
calculation  based  on  fluctuation  theory,  it  is  here  con- 
sidered spectroscopic. '  This  result  holds  only  for  dilute 
media,  but  the  refinements  of  the  theory  are  unneces- 
sary for  our  purposes.  The  next  sections  contain  a 
more  detailed  discussion  of  both  types  of  interaction. 

Optical  Interactions 

We  can  determine  meteorologically  significant  facts 
concerning  the  atmosphere  by  means  of  electromagnetic 
and  acoustic  radiation  only  if  the  interaction  is  suffi- 
ciently strong.  In  this  section  we  summarize  the 
absorption,  scattering,  and  re-emission  processes  of 
importance  in  tropospheric  remote  sensing  with  optical 
waves.  We  consider  these  processes  in  the  frequency 
range  from  near  infrared  to  the  oxygen  absorption  at 
approximately  180  nm. 

The  atmosphere  consists  of  a  turbulent  mixture  of 
gases  and  aerosols.  Electromagnetic  radiation  inter- 
acts with  the  atmospheric  constituents  in  a  variety  of 
ways.  The  incident  radiation  may  be  characterized  by 
amplitude  or  power,  frequency  (or  spectrum),  phase, 
direction,  polarization,  and  coherence  and  speed  of  the 
event.  Any  of  these  characteristics  may  be  changed  in 
the  process  of  absorption,  scatter,  or  reradiation. 

Typical  cross  sections  per  particle  for  the  various 
electromagnetic  scattering  processes  are  given  in  Table 
I.     The  values  apply  in  the  visible  range. 

In  the  troposphere,  the  aerosol  content  is  highly 
variable,  but  ordinarily,  due  to  it,  the  strongest  electro- 
magnetic scattering  process  is  the  Mie  scattering  from 
such  particulate  matter.  Such  scattering  is  rarely 
absent  even  after  rain-washing  of  air.  Radii  of  aerosols 
range  from  10~7  mm  to  10~'  mm  under  most  conditions, 
being  highly  variable.  Smoke  accounts  for  most 
particles  with  radii  less  than  10~4  mm.  Particles 
larger  than  10~4  mm  are  often  dust  or  ocean  spray. 
Detailed  discussion  of  the  distribution  of  aerosols  is 
given  by  Junge2  and  by  Elterman.3    Typical  volume 


Table  I.     Typical  Optical  Scattering  Cross  Sections 
(per  Particle) 


Process 

Cross  section  (cm2/sr) 

Mie 

10-27  to  10-" 

Rayleigh 

io-» 

Raman 

10-28 

Resonance  Raman 

10"22 

Fluorescence 

10 -16  and  smaller 

backscatter  and  extinction  coefficients  range  from 
approximately  10-4  m-1  for  light  haze  to  10-1  m_1  for 
dense  water  clouds  at  the  ruby  laser  frequency  (Collis4). 
Mie  scattering  is  normally  evaluated  by  a  classical 
calculation  based  on  electromagnetic  scattering  theory.1 
The  results  depend  critically  on  the  shape  and  size  of 
the  particle.  Even  a  sphere  shows  a  very  complex 
angular  dependence.  In  the  case  of  a  water  droplet 
with  a  radius  of  10-3  mm,  the  scatter  is  strongest  in  the 
forward  direction,  decreasing  by  a  factor  of  300  at  ir/2, 
with  a  slight  increase  in  the  direction  of  6  =  t.  Thus, 
forward  scatter  and  direct  backscatter  are  the  most 
favorable  observing  angles.  Mie  scattering  is  on- 
frequency  and  the  scattered  radiation  from  a  single 
particle  is  in  phase  with  the  incident  radiation.  How- 
ever, since  the  particles  are  randomly  distributed,  there 
is  a  loss  of  coherence.  The  polarization  of  the  scattered 
light  is  a  complex  function  of  2ira/\,  where  a  is  the 
particle  radius  and  X  the  incident  wavelength,  but  the 
degree  of  polarization  is  generally  smaller  than  in 
Rayleigh  scattering.  Compared  with  other  scattering 
modes  the  intensity  of  scattered  light  and  its  other 
characteristics  are  only  weakly  dependent  on  frequency 
(ccI/oj2);  hence,  the  source  frequency  is  not  critical. 
The  time  averaged  radiant  flux1  of  Rayleigh  scattering 
is: 


5  = 


TC(1   +   COS20) 

16flW\" 


(n* 


1)2(E°)2, 


(1) 


i.e.,  5  is  the  scattered  energy  per  unit  time  per  unit 
perpendicular  area  to  the  direction  of  scattered  light, 
at  a  distance  R  from  the  scattering  particle,  at  an  angle 
d  with  the  incident  radiation,  assumed  unpolarized. 
The  1/X4  dependence  on  wavelength  X  must  be  modified 
slightly  when  the  dispersion  of  air  is  taken  into  account. 
N  is  the  number  of  particles  per  unit  volume,  E°  the  elec- 
tric field,  n  the  index  of  refraction,  c  the  velocity  of  light. 
Fluorescent  scattering  can  occur  only  when  the 
frequency  of  the  incident  radiation  is  in  an  absorption 
line  or  band  in  the  sample  material.  Transition  to  a 
state  of  higher  energy  may  then  occur,  followed  by 
relaxation  and  emission  of  light  at  frequencies  equal  to 
or  less  than  the  incident  frequency.  This  is  called 
Stokes  fluorescence;  anti-Stokes  fluorescence,  in  which 
the  light  of  higher  frequency  is  emitted,  is  weaker  by  a 
factor  of  10-3.  The  emitted  (and  absorbed)  radiation 
frequencies  are  dependent  on  the  detailed  structure  of 
the  molecular  energy  level  diagram  and  hence  are 
characteristics  of  the   molecule.     Since  the  absorbed 
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light  is  required  to  be  at  a  frequency  fixed  by  the  molecu- 
lar characteristics,  the  source  of  illumination  must, 
barring  lucky  accidents,  be  tunable.  The  emitted 
radiation  can  then  be  used  to  identify  uniquely  the 
molecule  responsible  for  the  scattering.  Fluorescence 
has  characteristic  re-emission  times  of  the  order  of  10~8 
sec  to  10_1  sec.  The  mean  time  between  air  molecule 
collisions  in  the  troposphere  is  usually  so  short  (~  10  ~9 
sec)  that  the  fluorescent  emission  is  quenched  or  per- 
turbed, and  it  is  rarely  observed  at  atmospheric  pressure. 
Fifteen  kilometers  is,  with  few  exceptions,  a  lower 
limit  on  the  observation  of  fluorescence.  Two  ex- 
ceptions5-6 are  N02  and  S02,  which  have  been  observed 
at  atmospheric  pressure  in  mixtures  with  N2  and  with 
air.  The  cross  sections  for  fluorescent  interactions  can 
be  much  larger  than  Rayleigh  cross  sections — as  large 
as  10-16  cm2/sr. 

Raman  scattering,  although  the  weakest  of  the 
phenomena  considered  here,  is  useful  because  it  is  'a 
means  of  identifying  scattering  molecules,  and  because 
it  occurs  regardless  of  the  irradiating  frequency.  The 
radiation  frequency  need  not  be  matched  with  molecular 
resonances  to  allow  transitions  of  the  molecule;  thus  it 
can  be  used  with  fixed  frequency  laser  sources.  If  the 
incident  radiation  is  of  frequency  v,  Raman  lines  occur 
at  a  series  of  frequencies  v  ±  v\,  v  ±  v2  ■  •  ■ ;  the  lower 
frequencies  are  called  Stokes  lines,  the  higher  anti- 
Stokes  lines.  The  latter  are  not  considered  here  be- 
cause they  are  weaker  under  t-opospheric  conditions. 
The  frequency  displacement  is  related  to  the  rotation- 
vibration  spectrum  of  a  molecule,  but  selection  rules 
differ  from  those  operating  in  infrared  spectra.  The 
detailed  calculation  and  listing  of  Raman  lines  may  be 
found  in  Herzberg7  and  Mizushima.8  Here  we  will 
review  briefly  the  quantities  important  in  atmospheric 
probing. 

The  intensity  of  Raman  lines,  when  the  molecule 
makes  a  transition  from  state  m  to  state  n,  is  given  by 
Behringer9  as 


2'^ 


^-^^-I'-D'EkJ1. 


(2) 


where  a>,mn  is  the  per(  =  X,Y,Z)  component  of  the 
scattering  dyadic 

„„^y  (     »"*"      +      »*"**     ) 

h      ~     \Vrm    —     "0    +    l!>r  "rn    +    CO   +    1&T  / 

Here  c  is  the  velocity  of  light,  h  Planck's  constant,  I0  is 
the  incident  plane-polarized  intensity  of  frequency 
vo,  r  is  an  intermediate  state,  yr„  and  ymr  are  the  transi- 
tion moments  of  the  dipole  moment  operator  p.,  8r  is  the 
damping  constant  of  state  r.  When  the  denominators 
of  a  are  not  small,  the  intensity  varies  as  the  fourth 
power  of  the  output  frequency,  making  higher  frequency 
lasers  advantageous. 

The  dependence  of  the  Raman  intensity  on  the  angle 
of  observation  6  is,  when  the  molecule  is  isotropic,  the 
same  as  for  the  Rayleigh  scattering  in  Eq.  (1).  A  more 
complete  discussion  is  given  in  the  text  edited  by 
Szymanski.9 


Interaction  of  Radio  and  Acoustic  Waves  with  an 
Atmosphere  Containing  Weak  Fluctuations  in 
Refractive  Index 

The  interaction  of  electromagnetic  and  acoustic 
waves  with  a  spatially  nonhomogeneous  atmosphere 
has  been  treated  extensively  in  the  literature,  notably 
by  Tatarski.10  The  turbulent  structure  of  the  atmo- 
sphere results  in  weak  fluctuations  in  atmospheric 
parameters  such  as  temperature,  humidity,  and  velocity ; 
these  produce  corresponding  variations  in  the  local 
refractive  index  for  electromagnetic  or  acoustic  waves. 
These  fluctuations  have  many  size  scales  and  are  neither 
necessarily  statistically  homogeneous  in  distribution  nor 
isotropic  in  nature.  A  radar  wave  traversing  such  a 
medium  is  weakly  scattered  by  the  fluctuations  in  the 
refractive  index,  the  fraction  of  power  scattered  in  a 
given  direction  being  a  function  of  the  intensity  of  the 
refractive  index  fluctuations,  the  angle  of  scatter, 
and  the  wavelength  and  polarization  of  the  radar.  In 
effect,  the  radar  waves  are  sensitive  only  to  the  fourier 
component  of  the  three-dimensional  spectrum  of 
refractivity  that  meets  the  Bragg  condition"  for 
reflection  from  periodic  structures.  For  energy  back- 
scattered  to  the  radar,  the  radar  cross  section  per  unit, 
scattering  volume  (radar  reflectivity  77)  is  given  by 


87r2£V.(47r/X), 


(3) 


where  k  is  the  wavenumber  of  the  radar  wavelength, 
2tt/A,  and  <pn  (Air/\)  is  the  spectral  intensity  of  the 
refractivity  fluctuations  at. a  spatial  wavelength  equal 
to  one  half  the  radar  wavelength  in  the  direction  of  the 
radar  beam.  A  measurement  of  i\  therefore  is  a  mea- 
surement of  the  intensity  of  the  refractivity  fluctuations 
at  this  particular  wavenumber.  Variations  of  this 
intensity  with  height  can  be  used  as  indicators  of  the 
internal  structure  of  the  atmosphere;  also,  since  the 
small  scale  refractivity  fluctuations  typically  are  trans- 
ported with  the  speed  of  the  mean  wind,  the  velocity 
field  can  often  be  explored  by  studying  the  motion  of 
these  weakly  scattering  atmospheric  targets. 

Although  the  refractivity  structure  may  not  be 
isotropic  and  homogeneous,  the  acoustic  and  radio 
frequencies  usually  used  for  radar  studies  of  clear  air 
refractivity  returns  are  such  that  this  assumption  is 
often  valid  locally.  For  a  Kolmogorov  spectrum  of 
turbulence,  using  radar  wavelengths  corresponding  to 
the  inertial  subrange  of  turbulence  (i.e.,  wavelengths  in 
the  range  roughly  1  cm  to  a  few  meters),  it  is  often 
convenient  to  express  the  refractivity  fluctuations  in 
terms  of  the  structure  parameter  of  the  refractivity,  C„, 
defined  by 


DJr)  =  (\n(x)  -  n(x  +  r)|2)„    =   C'„V2'3, 


(4) 


where  D„(r)  is  the  structure  function  of  the  refractivity, 
dependent  upon  the  spacing  r  between  two  points. 
For  a  Kolmogorov  inertial  subrange  of  turbulence,  Cn 
is  the  rms  difference  in  refractivity  at  two  points  unit 
distance  apart. 

The  relationship  between  the  radar  cross  section  per 
unit  volume,  and  the  corresponding  value  of  Cn  for  a 
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Kolmogorov  spectrum  of  turbulence  is10 

u(X)  =  0.38CVX-*.  (5) 

For  radio  waves,  the  refractive  index  of  air  is  given  by12 

TV  =  (77.6/T)[P  +  (4810<?/T)],  (6) 

where  N  =  (n  —  1)106,  n  =  refractive  index,  T  = 
absolute  temperature  in  kelvins,  e  =  partial  pres- 
sure of  water  vapor,  and  P  =  total  pressure  in 
millibars.  For  acoustic  waves  propagating  in  a  sta- 
tionary atmosphere,  the  phase  velocity  of  sound  in  dry 
air  is  given  by 

C,i  =  20.05  X  r1  msec-'.  (7) 

In  stationary  moist  air,  the  phase  velocity  of  sound  is 
given  by 

Cm  =  Cd{\  +  O.Ue/P)  msec"1.  (8) 

Unlike  electromagnetic  waves,  the  phase  velocity  of 
sound  waves  is  increased  by  the  component  of  the 
wind  velocity  in  the  direction  of  the  wave  normal. 
Thus  the  second  velocity  is 

C  =  Ct.m  +  V  cos*>,  (9) 

where  <p  is  the  angle  between  the  wind  direction  and  the 
phase  normal. 

It  is  important  to  recognize  that,  because  the  wind  is 
a  vector  rather  than  a  scalar  quantity,  the  refractivity 
change  for  an  acoustic  wave  is  a  function  of  direction  of 
propagation  relative  to  the  mean  wind. 

For  scatter  through  angles  other  than  180°,  the 
expressions  required  for  electromagnetic  and  acoustic 
scatter  are  slightly  different  because  of  the  difference  in 
polarization.  For  the  transversely  polarized  plane 
electromagnetic  waves,  the  scattering  cross  section  as  a 
function  of  angle  is  given  by 

<r,(6)  =  2tt*:4  sui2x-ipn(2ks\n\e), 

where  a{0)  is  the  fraction  of  the  incident  power  scattered 
per  unit  volume,  per  unit  solid  angle,  in  a  direction  0 
relative  to  the  incident  direction  and  at  a  polarization 
angle  x-  (The  polarization  angle  is  the  angle  between 
the  scattered  wave  direction  and  the  electric  field 
vector  in  the  incident  wave.) 

For  the  longitudinally  polarized  acoustic  waves,  the 
corresponding  expression  is 

<tJ0)  =  2irfc4-  cos2e-¥>„(2fcsin^). 

If  we  assume  a  Kolmogorov  spectrum  of  turbulence,10 
and  assume  that  2/csin|0  lies  within  the  inertial 
subrange,  these  equations  reduce  to 

<jr(e)  =  0.016frs-  sinV(sinJ0)-"'3C„s,  (10) 

and 

<r„(0)  =  0.016/c*-  cos^-Csin^)-'"3 

[1.85  C„7C2  cos'$0  +  Cr2/42'2],     (11) 

where  Cv  and  CT  are  the  strictive  parameters  for  veloc- 
ity and  temperature,  respectively,  and  C  and  T  are  the 
mean  values. 

These  two  equations  show  that  there  will  be  no  scatter 
of  electromagnetic  waves  for  a  polarization  angle  of  0°, 
and  that  for  acoustic  waves,  no  scatter  will  occur  through 


an  angle  90°.  Note  also  that  the  first  term  inside  the 
square  bracket,  which  gives  the  acoustic  power  scattered 
from  the  velocity  field,  is  zero  for  6  =  180°;  i.e.,  the 
backscattered  power  will  be  entirely  due  to  the  tem- 
perature field.  At  all  other  angles  (except  8  =  90°, 
where  both  contributions  are  zero)  the  scattered  powers 
will  be  the  sum  of  the  powers  scattered  from  the  tem- 
perature fluctuations  and  from  the  velocity  fields. 

Table  II  summarizes  the  relative  values  of  Cn  for 
acoustic,  radio,  and  optical  waves  for  values  of  CT,  Ce, 
and  Cv  such  as  that  the  rms  difference  in  temperature, 
humidity,  and  wind  velocity  at  two  points  1  m  apart 
are  respectively  1°,  1  mbar,  and  1  msec-1.  Note  that 
in  the  case  of  velocity  fluctuations  the  values  of  Cn  are 
a  function  of  the  scatter  angle  [see  Eq.  (11)]. 

Mean  temperatures  of  288  K,  mean  total  pressure  of 
1013  mbar,  and  mean  humidity  of  10  mbar  are  assumed 
for  the  background  levels.  The  mean  radial  component 
of  wind  is  assumed  to  be  zero. 

Assuming  that  the  temperature,  humidity,  and 
velocity  eddies  are  uncorrelated  on  the  scale  of  half  a 
radar  wavelength,  the  scattered  signals  from  each 
component  of  the  refractivity  field  will  add  incoherently, 
i.e.,  the  powers  add. 

Table  II,  together  with  Eq.  (5),  shows  that  the  radar 
cross  section  (depending  on  C„2)  of  typical  atmospheric 
irregularities  and  turbulence  are  some  six  or  seven 
orders  of  magnitude  larger  for  acoustic  waves  than  for 
radio  waves.  Under  normal  atmospheric  conditions, 
the  ratio  of  humidity  fluctuations  to  temperature  fluctua- 
tions is  such  that  the  acoustic  power  scattered  from  the 
humidity  field  is  about  two  orders  of  magnitude  below 
that  from  the  temperature  field.  For  radar  waves,  on 
the  other  hand,  the  scattered  power  from  the  humidity 
fluctuations  is  usually  larger  than  that  from  the  tem- 
perature fluctuations  by  about  one  order  of  magnitude. 

Remote  Measurement  Capabilities 
and  Limitations 

Lidar 

The  use  of  lasers  in  atmospheric  scattering  studies 
began  with  the  work  by  Fiocco  and  Smullin.13  Lasers 
have  been  used  as  atmospheric  illuminators  in  prefer- 
ence to  lamps  because  the  monochromaticity  of  the  laser 
allows  discrimination  against  background  noise  by  the 
use  of  narrow  band  filters.  In  addition,  the  high  peak 
power  and  narrow  pulses  yield  good  signal-to-noise 
ratios  (SNR)  and  range  resolution,  even  for  low  cross 
section  scatterers.     Practical  field  laser  systems  now 

Table  II.     Relative  Values  of  C„  for  Acoustic,  Radio, 
and  Optical  Waves" 


Atmospheric      Acoustic  Radio 

condition         C„  X  106         C„  X  106 


Optical 
C„  X  10s 


Ct 

=  1  K 

1720 

ct 

=  1  mbar 

138 

Cv 

=  1  m  sec-1 

0-4000 

1.26  0.93 

4.50  0.04 

(0-2)  X  10"6        (0-2)  X  10-* 


0  The  very  small  values  of  C„  indicated  for  the  velocity  fluctua- 
tions in  the  electromagnetic  cases  are  those  due  to  Fizeau  drag. 
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range  in  peak  pulse  power  up  to  several  hundred  mega- 
watts. Pulse  widths  are  as  short  as  10~8  sec,  and  pulse 
repetition  frequencies  are  as  high  as  1000  pulses  sec-1. 
The  spectral  range  extends  from  the  10.6-p.m  C02  laser  to 
the  frequency  quadrupled  1 .06-p.m  Nd  laser,  with  another 
group  of  frequencies  available  from  the  HCN  and 
other  molecular  lasers  at  311-p.m  337-p.m,  and  longer 
wavelengths.  Not  all  the  desired  characteristics  of 
frequency,  power,  pulse  width,  pulse  repetition  fre- 
quency, coherence,  beam  divergence,  efficiency,  and 
compact  size  are  available  in  the  same  laser.  Tunable 
dye  and  parametric  lasers  are  now  in  field  operation, 
offering  increased  flexibility  in  the  choice  of  optimum 
frequencies  for  resonance  effects  and  in  differential 
modes  of  operation.  Tunable  lasers  exist  also  in  the 
infrared  at  present,  unfortunately  without  the  con- 
venience necessary  for  field  operation. 14 

The  basic  radar  equation  for  the  calculation  of 
scattered  signal  returns  applies  to  both  lidar  and 
acoustic  radar.  It  has  been  presented  in  many  sources 
and  will  be  given  here  only  briefly  to  define  the  terms  of 
reference.  Using  the  geometry  of  Fig.  1  and  assuming 
a  pulsed  transmitter,  we  let  N,  be  the  number  of  photons 
transmitted  per  pulse.  (If  d  =  0  in  the  figure,  we  have 
the  frequently  used  monostatic  arrangement.)  If  p  is 
the  number  density  of  scattering  centers  in  the  effective 
volume  Vt,  S  is  the  transmitter  to  cell  distance,  R  the 
distance  from  cell  to  receiver,  c*i  and  a2  the  respective 
absorption  coefficients,  o>(ft)  the  angle  dependent  cross 
section  per  solid  angle,  then  the  number  of  received 
photons  is 


-f 

Jo 


Nr  =  N,  expl  —  j      a,(s)ds  )■  ae(il)ilrpVe 


X  expf  -J      a2(r)drj/n,S2.     (12) 


Here  the  absorption  coefficients  ct\  and  ca  are  different 
not  only  because  of  the  displacement  of  outgoing  and 
returning  paths,  but  also  because  the  return  signal  may 
be  at  a  different  frequency  from  the  transmitted  signal. 
p  is  assumed  constant  over  the  effective  volume.  The 
area  of  the  receiver  is  A;  $lr  =  A/R2.  We  may  let  /3e 
=  er«(0)p,  where  fie,  the  radar  scatter  coefficient,  has 
dimensions  m_1sr_1.     The  area  of  the  cell  of  interest  is 


RECEIVER 

Fig.  1.     Lidar  configuration. 


Ab  =  2,S2,  hence  Ve  =  fi«S2  L;  its  size  depends  on  the 
pulse  width  relative  to  L.  In  the  monostatic  case, 
the  effective  volume  is  Abcr/2,  where  t  is  the  pulse 
length  and  c  the  velocity  of  light.  We  will  use  L  to 
represent  the  effective  length  of  the  illuminated  volume 
even  in  the  monostatic  case. 

With  these  substitutions,  we  have 

Nr  =  N,  expf  -  j     ai(s)ds  )AtfeL  expf  -  I      ai(r)dr\  I  R\ 

(13) 

where  e  is  the  receiver  fractional  efficiency.  In  many 
tropospheric  situations  the  integrals  in  the  exponential 
attenuation  factors  can  be  replaced  by  aiS  and  a2R. 
Further,  since  the  attenuation  coefficients  are  small 
for  many  cases  of  interest,  the  exponentials  may  be 
replaced  by  1.  Figure  2  shows  the  fraction  of  photons 
received  when  N,  are  transmitted,  as  a  function  of 
range,  with  the  volume  backscattering  coefficient 
/3(m_1)  as  a  parameter.  No  exponential  absorption 
factor  was  used  in  the  computation.  In  Fig.  3  on  the 
other  hand,  the  factor  exp(  —  2fiR)  was  included.  By 
comparing  the  figures  for  the  ranges  of  interest,  we  see 
that  the  attenuation  of  the  atmosphere  is  of  significance 
in  the  backscattered  signal  only  for  values  of  fi  larger 
than  10-4  m-1,  that  is,  when  haze  is  moderate  or  dense. 
For  these  figures  we  have  assumed  A  =  0.05  m2,  L  = 
10  m,  e  =  0.75. 

The  detector  (photomultiplier)  current  is  composed 
of  the  signal  current  i„  the. dark  current  (or  current  in 
the  absence  of  illumination),  id,  and  the  current  arising 
from  background  noise,  %.  The  effective  rms  noise 
current  at  the  photocathode  is 


N 


■( 


t;P  +  m.T 


he 


+ 


-V- 


(14) 


where  P  =  number  of  signal  photons  arriving  in  time  y, 
t)  =  photocathode  efficiency,  m  =  number  of  pulses  of 
width  r,  B\  =  background  radiant  flux  (W  cm-2  sr-1 
A~l),  A  =  receiver  aperture  (cm2),oX  =  wavelength 
(cm),  Ax  =  optical  filter  bandwidth  (A),  e  =  electronic 
charge  (1.6  X  10~19C),  G  =  photomultiplier  gain,  h  = 
Planck's  constant  (6.6  X  10_34J-sec)  and  c  =  velocity 
of  light  (3  X  1010).  (The  units  are  chosen  for  con- 
venience in  the  use  of  published  data.) 

For  any  active  probing  method  to  be  successful,  the 
variations  introduced  by  passage  from  the  transmitter 
to  the  cell  of  interest  and  by  passage  from  the  cell  to  the 
receiver  must  be  much  smaller  than  the  fluctuations  of 
the  signal  from  the  cell.  Two  factors  allow  us  to 
evaluate  the  effect  of  the  intervening  atmosphere,  the 
mean  power  absorbed  and  the  fluctuations  of  the 
illumination  of  the  cell  of  interest  caused  by  scintilla- 
tion. The  mean  absorbed  power  can  be  obtained  from 
the  extinction  coefficient  assuming  it  is  equal  to  the 
radar  backscattering  coefficient.  Thus  the  fractional 
power  absorbed  is  1  —  e~aR.  When  this  fraction  is  small, 
the  beam  illuminating  a  cell  of  interest  is  essentially 
unperturbed,  and  the  scattering  from  the  cell  is  charac- 
teristic of  the  cell.     When  an  appreciable  fraction  of  the 
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Fig.  2.     Ratio  of  received  to  transmitted  lidar  signal  as  function 

of  range,  for  various  values  of  the  radar  backscatter  coefficient 

0  (m"1).     No  atmospheric  attenuation. 


10  100  1000 

RANGE  (METERS) 

Fig.  3. 

Same  as  Fig.  2  with  exponential  atmospheric 

attenuation. 


beam  has  been  absorbed,  the  fluctuations  of  the  absorp- 
tion of  the  intervening  atmosphere  may  introduce  a 
randomness  on  the  signal  not  characteristic  of  the  cell 
of  interest.  The  range  at  which  the  illuminating  beam 
becomes  insufficiently  steady  will  depend  strongly  on 
the  atmospheric  structure  functions  for  the  component 
of  interest. 

The  fluctuations  caused  by  scintillation  depend  in  a 
complex  way  on  the  geometry  of  the  lidar  beams  and 
the  strength  of  the  temperature  fluctuations  in  the 
turbulent  atmosphere  along  the  path,15  but  we  can 
estimate  for  visible  wavelengths  the  worst  case.  Let  us 
suppose  the  illumination  volume  is  a  cube  of  side  S,  the 
illuminating  wavelength  is  X  and  the  length  of  laser-to- 
volume  path  is  D.  Then  the  correlation  distance  of 
scintillations  in  the  illuminated  volume  is  r  =  XDK  If, 
for  example,  X  =  0.489  Aim  and  D  =  100  m,  then  r  = 
7  X  10-3  m.  In  the  worst  case  of  a  90°  scattering  angle, 
the  number  of  independently  illuminated  areas  is 

N  =  (S/r)2  =  (10/7  X  lO"8)2  =  (15O0)2. 

The  log  amplitude  is  defined  as  x  =  (2)  loge(//-/o), 
where  /  is  the  irradiance  in  the  scattering,  and  70  is  the 
average  /.  From  field  data  the  maximum  possible 
saturated  variance  of  x  in  the  scattering  volume  is 
crx2  =  0.6/2.25  X  106  =  2.7  X  10"'  for  the  total  light 
in  the  volume.     The  corresponding  variance  for  /  is 


a.2  =  h2  [exp(4  ax2)  -  1]  «  1.12  X  10"6  /o2.  The 
maximum  possible  relative  fluctuation  of  the  intensity 
is  then 

y-  =  (1.12  X  10-6)*  =  1.06  X  10"3  =  0.10%. 

In  practice  this  maximal  estimate  of  the  noise  seldom 
occurs.  It  is  reduced  by  two  effects.  First,  the  path  is 
normally  not  horizontal,  but  nearly  vertical.  Since 
the  turbulence  diminishes  rapidly  with  increasing  height, 
the  important  middle  portion  contains  too  little  turbu- 
lence to  produce  saturated  scintillations.  Second,  in 
winds  of  interest  the  fading  rate  of  the  scintillation  will 
be  of  the  order  of  Fr/CDX)*,  where  VT  =  transverse 
wind  velocity.  It  will  usually  be  of  the  order  of  a  few 
hundred  Hz.  Since  most  of  the  information  sought  in 
atmospheric  studies  lies  below  10  Hz,  a  large  percentage 
of  the  scintillation-caused  noise  will  be  removed  by 
smoothing.  The  exact  diminution  is  dependent  on  the 
experiment  situation,  but  we  can  expect  for  frequently 
occurring  situations  that  the  fluctuation  of  the  illumi- 
nating intensity  on  the  cell  of  interest  will  be  lowered  by 
a  factor  of  103  or  have  a  value  vj  =  1.06  X  10-6. 

Determination  of  the  presence  of  aerosols  was  the 
earliest  use  of  lidar  in  the  atmosphere.13,16  The  signals 
as  a  function  of  range  for  a  specific  aerosol  content  can 
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be  determined  from  Figs.  2  and  3.  However,  the 
principal  limitations  lie  in  the  interpretation  of  the  lidar 
return  signals  since  they  do  not  give  a  unique  solution 
of  the  lidar  equation  for  the  backscattering  coefficient 
and  the  attenuation  coefficient  when  they  arise  from  an 
unknown  distribution  of  size  and  shapes.16 

Two  additional  pieces  of  information  have  been 
investigated  to  aid  in  distinguishing  between  molecular 
and  aerosol  scattering,  viz.,  the  specifically  molecular 
information  inherent  in  Raman  scattering  and  the 
doppler  spectrum  of  the  on-frequency  backscattering, 
as  pointed  out  by  Schotland.4  The  latter  method  de- 
pends on  the  difference  in  the  doppler4  spectrum  of  air 
molecules  and  the  much  heavier  and,  on  the  average, 
slower,  aerosol  particles. 

With  these  developments,  the  knowledge  of  the 
presence  and  opacity  of  atmospheric  aerosol  layers  can 
be  supplemented  by  further  details  of  the  nature  of  the 
aerosols,  reducing  the  number  and  stringency  of  assump- 
tions needed  in  an  atmospheric  model  used  to  interpret 
the  data. 

In  the  real  atmosphere,  the  variation  of  temperature, 
humidity,  and  composition  observed  by  use  of  a  point 
sensor  shows  inhomogeneity  of  passive  additives  that 
are  carried  along  by  the  prevailing  wind.  To  the  degree 
that  the  structure  of  the  eddies  persists,  they  can  be 
observed  at  two  points  separated  by  a  known  distance. 
Even  in  strong  mixing  conditions,  the  eddy  structure 
remains  recognizable  for  useful  distances.  Thus,  by 
some  kind  of  pattern  recognition  process,  such  as  cross 
correlation,  we  can  compare  the  signals  at  two  points  in 
the  wind  stream,  determining  velocity  from  the  passage 
time  of  eddies. 

Active  and  passive  correlation  methods  have  been 
effective  in  wind  tunnels,17,18  passive  methods  have 
been  used  in  the  field,19  and  active  methods  with 
searchlights  have  been  studied  by  Newstein.  Active 
wind  sensing  methods  using  lasers  are  under  investiga- 
tion by  Derr  and  Strauch  at  ESSA  Research  Labora- 
tories. There  are  many  possible  geometrical  configura- 
tions of  the  crossed  beam  technique.  Figure  4  shows  a 
simple  scheme  used  to  test  the  method.  It  is,  however, 
too  cumbersome  to  use  in  practice,  since  the  wind 
direction  changes  constantly.     An  alternative  method 


is  to  use  a  coaxial  transmitter  and  receiver  (or  closely 
coupled  parallel  axes)  as  in  Fig.  5.  The  beam  is 
conically  scanned  with  sufficient  frequency  so  that  no 
turbulence  crosses  the  cone  unilluminated  and  with 
sufficiently  high  pulse  repetition  frequency  so  that  the 
turbulent  spectrum  is  properly  sampled.  The  cone  is 
divided  into  elements,  and  cross  correlation  between 
elements  is  used  to  detect  the  drift  of  turbulence  across 
the  cone.  The  height  is  determined  by  range  gates. 
Obviously  the  data  rate  is  high  and  would  require  special 
purpose  data  processing  equipment,  especially  if  off- 
frequency  backscattering  is  also  examined  by  a 
scanning  monochromator.  The  latter  device  would 
allow  the  simultaneous  determination  of  water  vapor 
profiles  by  Raman  backscattering  as  described  below. 

The  simplest  pattern  recognition  method  is  the  cross 
correlation  of  the  outputs  of  two  sensors.  However, 
examination  of  many  records  of  passive  and  active 
signals  from  the  atmosphere  show  that  the  interesting 
signals  often  occur  in  bursts20  separated  by  long  intervals 
of  poor  SNR.  These  signals  occur  when  significant 
eddies  pass  through  the  beams  and  they  represent  the 
best  indications  of  the  mean  wind.  The  cross  correla- 
tion function  is  diluted  by  the  intervening  high  noise 
record  and  the  accuracy  of  its  indication  of  wind  speed 
is  diminished.  As  a  result  an  observer  of  the  dual  trace 
output  of  correlation  crossed  beam  receivers  can  fre- 
quently, by  eye,  pick  out  the  delayed  signals  and  de- 
termine the  delay  and,  hence,  the  wind  speed  (under 
circumstances  where  the  truncated  correlarion  function 
used  as  an  estimate  of  the  correlation  function)  has  a 
very  large  uncertainty.  A  simple  threshold  has  been 
found  to  be  effective,  but  more  sophisticated  methods 
must  be  developed  to  optimize  determination  of  wind 
speed  under  nonstationary  conditions.  Figure  6  shows 
some  typical  records  of  active,  laser  illuminated,  cross- 
beam outputs.  It  can  be  seen  in  the  part  of  the  record 
containing  the  largest  fluctuations  that  the  output  of 
receiver  B  is  delayed  by  an  average  of  1  sec  with  re- 
spect to  receiver  A .  Other  parts  of  the  record  require  a 
cross  correlation  analysis  to  determine  wind  speed,  but 
such  large  fluctuations  occur  with  great  frequency  when 
the  wind  is  steady.  This  record  was  taken  under  light, 
variable  wind  conditions,  from  0  km  h_1  to  16  km  h_1  in 
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Fig.  4.     Crossed  beam  wind  sensing  test  configuration. 
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Fig.  5.     Conically  scanned  w  ind  sensing  configuration. 
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Fig.  6.     Typical  output  of  two  receivers  in  the  configuration  of 

Fig.  2.     Laser:    Ar+,  2  W  at  488  nm,  separation  between  cells, 

4  m,  wind  0-24  km  h-1. 


the  configuration  of  Fig.  4.  The  conditions  when  few 
features  correlate  by  eye  generally  are  almost  calm. 

The  wind  speed  in  the  cross  correlation  method  is 
determined  by  small  fluctuations  on  the  return  signals 
caused  by  fluctuations  in  the  atmospheric  passive 
additives.  This  places  severe  restrictions  on  the  toler- 
able power  variation  of  the  laser.  These  restrictions 
can  be  met  by  existing  lasers.  When  it  is  nearly  but 
not  quite  met,  a  differential  system  of  comparison  of 
output  with  return  can  be  devised,  although  it  is 
preferable  to  avoid  this  complexity.  As  has  been 
pointed  out  above,  an  ultimate  limitation  on  the  range 
at  which  wind  can  be  measured  by  correlation  techniques 
arises  from  the  unavoidable  random  fluctuations  on 
the  signal  current  of  a  photomultiplier.  Even  in  the 
absence  of  background  noise  and  dark  current,  if  the 
signal  is  small  (photon  counting),  the  Poisson  shot 
noise  of  the  signal  may  mask  the  fluctuations  of  the 
atmosphere. 

From  Eqs.  (13)  and  (14),  we  may  determine  the 
SNR  and  the  maximum  range  on  the  assumption  that 
S/N  =  1: 

Rm**  =   (er)N,LA0')l. 

For  three  cases  of  interest  see  Table  III. 

The  results  in  Table  III  are  for  a  single  pulse,  with 
assumed  values  e  =  0.5,  y  =  0.2,  N,  =  1.7  X  1015 
(106  W  peak  power,  t  =  10  nsec),  L  =  10  m,  and  re- 
ceiver area  A  =  2.84  X  10-2  m2.  With  integration  of 
100  pulses  sec-1,  and  somewhat  larger  collecting  optics, 
it  is  clear  that  the  chief  limitation  for  tropospheric  wind 
sensing  will  be  background  noise  and  noise  of  the  in- 
tervening atmosphere,  rather  than  signal  shot  noise. 
The  discussion  above  of  the  effect  of  the  intervening 
atmosphere  is  applicable  to  this  case. 

Owens21  has  reviewed  the  optical  doppler  measure- 
ment of  wind  velocity  and  has  concluded  that  remote 


Table  III.     Maximum  Range  for  Wind  Sensing 


#m.i(m) 


V  (m->) 


Interaction 


1.3  X  103 
3.1  X  10' 
3.5  X  10« 


3.72  X  10- 
2  X  10"' 
2.5  X  10"' 


Raman  (Nj) 
Kayleigh  (Nj) 
Mie  (sea  level) 


temperature  measurement  by  doppler  means  is  im- 
possible, but  that  a  l-WAr+  laser  at  4880  A  would  make 
it  possible  to  measure  the  velocity  of  natural  aerosols, 
smokes,  and  fogs  from  a  few  tens  to  a  few  hundreds  of 
meters.  Additional  range  can  be  achieved  with  more 
powerful  cw  lasers  such  as  the  C02  laser  and  Nd3  + 
laser.  However,  this  method  is  too  limited  in  range. 
Remote  sensing  by  doppler  means  must  probably  await 
the  creation  of  phase-coherent  pulsed  lidars.  Develop- 
ments along  the  lines  of  stable  cw  lasers  with  pulsed 
amplifiers  may  be  the  solution  to  the  problem.  Huf- 
faker22  has  discussed  laser  doppler  systems.  The 
above  analyses  of  signal  and  noise,  and  the  discussion  of 
doppler  radar  below,  apply  here  with  only  minor 
modification. 

Besides  the  radiation  scattered  by  atmospheric 
constituents  at  the  frequency  of  the  lidar  transmitter, 
frequency-displaced  signals  are  also  received.  These 
result  from  either  Raman  effects  or  fluorescence.  As 
mentioned  above,  the  spectral  frequency  of  the  Raman 
or  fluorescence  return  signal  is  specific  to  the  molecules 
interacting  with  the  lidar  radiation  and  can  be  used  as  a 
means  of  identification,  unlike  Rayleigh  or  Mie  scatter- 
ing. Specific  cases  of  Raman  scattering  are  summarized 
in  Fig.  7.  Here  the  number  of  signal  photons  received 
is  shown  as  a  function  of  range  for  several  atmospheric 
components,  and  at  the  left  side  the  sky  background 
noise  appears  on  the  same  ordinate  scale.  The  rms 
values  are  the  most  significant,  in  the  absence  of  satura- 
tion, since  the  average  level  can  be  filtered.  The  right 
side  of  the  figure  shows  the  detector  dark  noise  from 
some  selected  photomultipliers.  The  graph  can  be 
used  to  determine  the  SNR  of  any  gas  with  the  same 
backscattering  cross  section  as  N2  by  reference  to  the 
ppm  curves.  The  number  of  photoelectrons  received 
is  from  a  10-m  range  increment.  Thus  one  photo- 
electron  per  range  increment  is  a  counting  rate  of 
approximately  20  MHz.  The  graph  has  been  com- 
puted for  one  pulse.  Integration  times  of  several 
hundred  seconds  are  not  unreasonable  in  applications. 
The  transmitter  characteristics  shown  are  those  of  a 
commercially  available  pulsed  nitrogen  laser;  the  re- 
ceiver has  very  modest  dimensions,  and  could  be  im- 
proved. 

An  immediately  obvious  application  of  Raman  lidar 
is  to  short  range  (~100  m)  examination  of  the  plumes 
of  industrial  smoke  stacks.  Several  hundred  ppm  could 
be  detected  in  a  few  minutes. 

Water  vapor  in  the  atmosphere  has  been  detected 
and  a  humidity  profile  determined  to  several  thousand 
meters  with  ruby  laser  systems  by  a  few  minutes 
integration,2324  and  this  could  also  be  done  with  the 
system  described  above.  Figure  7  shows  the  importance 
of  solar  background  noise  in  the  lidar  systems,  which  is 
not  true  for  radar  or  acoustic  sounding.  Indeed  with 
such  a  system  only  short  ranges  may  be  achieved  in 
daylight.  Of  course  the  receiver  may  be  improved  by  a 
larger  collector;  this  helps  only  a  little  since,  when 
background  limited,  the  increase  in  signal  is  partially 
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Fig.  7.     Raman  lidar  signal  vs  range,  and  background  and  detector  noise  magnitudes.     (Graph  courtesy  of  G.  T.  McNice.) 
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offset  by  the  increase  in  background  noise.  By  Eqs. 
(13)  and  (14),  the  increase  in  SNR  would  be  by  a  factor 
of  the  square  root  of  the  collector  area  increase,  or  by 
the  increase  in  linear  dimensions.  A  significant  increase 
in  SNR  could  be  obtained  by  operating  in  the  spectral 
region  below  2900  A,  where  the  strong  solar  absorption 
by  stratospheric  ozone  lowers  the  background  noise  to  a 
level  below  that  of  the  best  detectors.  This  fact  shows 
the  importance  for  tropospheric  sounding  of  the  develop- 
ment of  powerful,  efficient  lasers  in  the  ultraviolet 
region  below  2900  A.  Although  now  of  great  usefulness 
in  tropospheric  probing,  the  lidar  will  probably  reach 
its  ultimate  usefulness  only  after  such  a  development. 
The  only  alternative  to  use  of  short  wavelengths  is  the 
production  of  very  narrow-band  filters,  used  in  con- 
junction with  stable,  single-line  lasers.  It  is  not  clear 
how  to  produce  sufficiently  narrow  filters  without  the 
penalty  of  loss  of  throughput.  Optical  superheterodyne 
receivers  may  be  an  ultimate,  but  probably  not  an 
immediate,  answer. 

The  use  of  the  differential  absorption  of  scattered 
laser  energy  to  determine  the  vertical  distribution  of 
H20,  and  other  atmospheric  constituents  has  been 
discussed  by  Schotland.4  By  his  technique,  the  dif- 
ference in  the  returns  from  an  absorption  line  and  a 
nearby  spectral  region  of  low  absorption  is  used. 
Shotland  shows  that  the  vertical  profile  of  the  atmo- 
spheric constituent  can  be  calculated  from 


>(«) 


a      Nr(KP,z)t 
dz  n  Nr(\2,0,z) 


where  a  is  the  absorption  coefficient  at  the  center  of  the 
abosrption  line  and  NT(\i,0,z)  is  the  number  of  photons 
received  from  range  z  at  wavelength  ?'.  He  also  shows 
that  the  principal  error  arises  from  uncertainty  in  the 
line  strength  and  shape  and  from  the  frequency  in- 
stability of  the  tunable  ruby  laser.  The  noise  from 
background  and  signal  generated  shot  noise  would  be 
as  discussed  above  in  Eqs.  (13)  and  (14). 

The  uncertainty  in  line  strength  and  shape  is  not  a 
trivial  spectroscopic  problem  to  solve,  but  will  not  be 
discussed  here  since  it  can,  in  principle,  be  entirely 
removed.  The  problem  of  the  frequency  stability  of 
the  laser  is  solvable  by  careful  engineering  of  ruby 
lasers  or  the  use  of  gas  lasers.  It  is  probable,  however, 
that  the  tunable  dye  or  parametric  lasers,  which  can 
give  much  more  information,  should  receive  maximum 
effort.  Thus,  as  these  problems  are  solved,  the  dif- 
ferential technique  will  be  useful  for  obtaining  density 
profiles.  A  complete  analysis  of  the  comparison  of 
this  method  with  the  Raman  lidar  is  desirable,  but  not 
yet  available.  A  special  case  of  difference  between 
returns  for  strongly  absorbing  regions  in  comparison 
with  windows  can  be  seen  by  comparing  Figs.  2  and  3, 
in  which  the  principal  difference  is  the  exponential 
absorption  factor. 

Figure  7  shows  the  futility  of  extending  the  Raman 
lidar  systems  to  great  ranges,  such  as  would  be  required 
in  satellite-to-ground  observations  where  several 
hundred    kilometers    range    would    be    needed.     It   is 


reasonable  to  inquire  to  what  extent  such  systems  can 
be  improved.  Improvements  in  peak  power,  average 
power,  and  pulse  repetition  frequencies  will  be  achieved 
as  a  matter  of  course.  Factors  of  twenty  to  one  hun- 
dred are  possible  in  laboratory  designs.  As  has  been 
pointed  out,  larger  aperture  receivers  could  be  built, 
especially  considering  that  precise  image  formation  is 
not  necessary.  However,  aside  from  these  considera- 
tions, only  the  cross  section  for  scattering  might  be 
improved. 

The  intensity  of  the  Raman  scattering  is  given  by 
Eq.  (2).  This  expression  shows  that  aside  from  the 
frequency  to  the  fourth  power  dependence  of  the  in- 
tensity, there  is  a  frequency  dependence  of  the  resonant 
denominators.  In  those  cases  where  favorable  fre- 
quencies may  be  used  for  illumination,  considerable 
increase  in  cross  section  may  be  expected.  The  increase 
in  the  past  has  only  been  noted  in  the  case  of  liquids, 
but  recently  a  resonance  has  been  found  in  water  vapor, 
which  increases  the  cross  section  several  times  over  the 
oj4  law.  Resonances  can  only  be  effective  near  absorp- 
tion lines.  The  pressure  dependence  of  resonance 
Raman  and  the  possible  quenching  at  atmospheric 
pressure  requires  further  study.  Raman  resonance 
studied  in  liquids  has  shown  intensity  increases  of 
several  orders  of  magnitude,  but  very  little  data  are 
available  for  resonances  in  gases  except  for  Cs2,  Rb?, 
and  Na2. 

The  principal  contribution  to  atmospheric  pressure  is 
from  the  oxygen  and  nitrogen  content.  Water  vapor 
accounts  for  less  than  1%  of  the  mass  in  a  column 
through  the  atmosphere.  In  a  static  atmosphere  the 
pressure  at  ground  level  is  due  to  the  total  mass  of  gas, 
and  the  minor  departures  from  this  in  nonstatic  situa- 
tions can  usually  be  ignored.  The  perfect  gas  law, 
p  =  p  RT/M,  where  p  is  the  pressure,  p  is  the  density, 
R  is  the  universal  gas  constant,  M  is  the  molecular 
weight,  and  T  is  the  absolute  temperature,  is  locally 
applicable,  but  if  p  and  p  are  known  as  functions  of 
height  then  T  is  also  known  as  a  function  of  height  h. 
But  p(h)  can  be  obtained  from  the  hydrostatic  equation 


P(h) 


-f 

Jo 


gP(z)dz, 


if  p(z)  can  be  obtained  from  the  Raman  lidar  data. 
Thus  we  can  calculate  the  temperature  profile. 


T(h) 


=  I Pi  ~  9  I     P{z)dz\ 


(P(h)R/M), 


where  g  is  the  acceleration  due  to  gravity.  The  pres- 
sure at  ground  level  pg,  can  be  obtained  from  a  local 
barometer  reading. 

Since  the  errors  of  range  measurement  can  be  made 
small,  the  important  source  of  error  in  determining  the 
temperature  arises  from  the  errors  in  p(z).  Random 
and  systematic  errors  in  p(z)  will  contribute  in  different 
ways  to  temperature  errors.  Random  errors,  assumed 
of  zero  mean,  are  serious  when  the  term  p(h)  in  the 
denominator  is  small.  Systematic  errors  will  con- 
tribute to  the  integral  of  the  density  more  than  to  the 
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density  term  in  the  denominator.  As  a  measure  of  the 
error  in  the  calculated  temperature,  we  can  calculate 
the  variance  of  the  temperature,  o>2-     The  variance  of 


-/: 


p(z)dz 


can  be  shown  to  be  much  less  than  the  variance  of 
p(z)  under  time-bandwidth  conditions  normally  true  for 
lidar  systems,  and  hence  can  be  ignored.  Under  this 
condition  it  is  easily  shown  that 

oT*/(Ty  =  <r„y(Py, 

where  ap2  is  the  variance  of  p  and  the  brackets  indicate 
ensemble  averages.  Each  of  the  quantities  in  this 
equation  is  a  function  of  time  (or  range).  We  may 
most  easily  obtain  some  numerical  results  by  assuming 
an  exponential  falloff  for  the  density,  i.e.,  p(z)  =  p0e~Xz. 
If  we  choose  ps  =  1.013  X  106  dyn  cm-2,  p0  =  1.77 
X  10-3  g  cm~3,  then  for  z  =  1  km,  T  =  295.6  K. 
Simulating  an  inaccuracy  in  p,  if  we  replace  p{z)  by 
p(z)  +  10"2  X  p(z),  T  changes  to  292.3  K;  if  P{z)  is 
replaced  by  p(z)  +  0.09  p(z),  T  changes  to  268.2  K. 
Only  if  the  measurement  of  p  is  accurate  to  better 
than  a  few  percent  is  this  method  of  temperature  mea- 
surement very  useful  in  tropospheric  probing. 

Introducing  the  determination  of  composition  by 
absorption  and  by  Raman  scattering  above,  we  did  not 
include  the  effects  of  aerosols.  When  aerosols,  pro- 
ducing Mie  scattering,  are  present,  there  are  more  un- 
knowns than  equations,  and  the  composition  can  be 
determined  only  by  approximation  or  by  the  assumption 
of  a  relation  between  the  unknown,  based  on  an  atmo- 
spheric model.  Ignoring  the  Rayleigh  scattering  in 
comparison  with  aerosol  scattering,  Ave  have 


NT  A 

—     =     <TAPA(R)-f- 


exp 


4/> 


(z)KAdz 


(1")) 


where  aA  is  the  average  cross  section  of  particles, 
Pa(R)  their  number  density  as  a  function  of  range,  and 
KA  is  the  total  attenuation  cross  section  of  the  par- 
ticles. We  do  not  know,  a  priori,  the  cross  section  of  the 
aerosols  as  we  do  the  cross  sections  of  molecules;  part 
of  the  problem  is  to  determine  the  distribution,  and 
hence  the  average  cross  section.  Thus  even  if  a  rela- 
tion between  KA  and  aA  were  available  Eq.  (15)  con- 
tains two  unknowns.  A  relation  assumed  between 
KA  and  <rA  would  allow  the  determination  of  aApA(R). 
The  possible  variation  of  KA  with  respect  to  aA  is  small 
and  little  error  would  occur  in  assuming  such  a  relation. 
Figures  2  and  3  show  that  in  ranges  less  than  10  km, 
the  deviation  from  the  correct  scattered  Raman  return 
begins  to  occur  only  when  the  value  of  0A  is  greater  than 
10-4  m-1.  That  is,  under  conditions  of  light  haze  or 
worse,  the  aerosol  will  affect  the  Raman  measurement. 
Further  discussion  of  this  point  is  given  by  Barrett  and 
Ben-Dov16  and  Collis.4  Cooney25  has  discussed  the  use 
of  Raman  lidar  in  distinguishing  between  gaseous  and 
aerosol  constituents. 


The  lidar  permits  us  to  determine  the  vector  wind,  to 
determine  the  presence  and  partly  the  composition  of 
aerosol  layers,  cloud  ceilings  and  their  velocities,  to 
determine  the  humidity  and  temperature  profiles,  and 
to  specifically  measure  pollutant  concentrations.  The 
vector  wind  measurement  has  been  demonstrated  only 
to  a  few  hundred  meters  but  almost  certainly  can  be 
extended  to  4  km.  Aerosol  layers  have  been  observed 
to  90  km  and  perhaps  further.  Humidity  profiles  have 
been  determined  to  2  km  and  can  be  extended  to  at  least 
5  km.  Temperature  profiles  depend  on  the  accuracy  of 
Raman  returns.  Pollutants  have  been  observed  in 
smoke  stacks  at  the  100-ppm  level  at  ranges  of  several 
hundred  meters.  The  ultimate  potential  of  the  lidar 
remote  sensing  methods  is  not  completely  known,  partly 
because  of  the  uncertainty  in  laser  development,  but 
mostly  because  the  necessary  knowledge  of  atmospheric 
characteristics,  particularly  fluctuations,  is  not  avail- 
able. Indeed,  the  methods  of  remote  sensing  are  prob- 
ably the  only  practicable  means  to  obtain  the  data 
necessary  for  a  final  evaluation. 

An  efficient  method  of  using  the  many  advantages  of 
lidar  systems  is  to  mount  the  transmitter  and  receiver 
coaxially  or  with  parallel  axes  and  to  scan  conically  as 
in  Fig.  5.  By  cross  correlation  between  elements  of 
the  cone,  the  vector  wind  could  be  determined.  Range 
gating  determines  the  altitude,  and  examination  of  the 
spectrum  can  determine  composition.  Since  range, 
angular,  and  spectral  data  will  be  obtained  at  a  high 
rate,  it  will  be  desirable  to  perform  data  analysis  and 
information  compression  at  such  a  device  before  its 
output  is  sent  to  a  central  computer. 

Radar  Capabilities 

Many  years  of  development  effort  on  ultrasensitive 
radars  in  the  wavelength  range  from  0.86  cm  (T  PQ-11) 
to  71.5  cm  (Wallops  Island)  have  resulted  in  systems 
that  can  detect  single  targets  with  cross  sections  smaller 
than  10-5  cm2  (TPQ-11)  at  ranges  of  1  km.  In  this 
section,  since  adequate  references  exist,  we  briefly  re- 
view the  capabilities  of  three  types  of  radar:  the 
ultrasensitive  pulsed  radar,26  the  ultrahigh  resolution 
FM-cw  radar  described  by  Richter,27  and  the  doppler 
radar  system  under  development  by  Lhermitte.4  Be- 
cause of  the  advancement  of  the  science  of  radar  meteo- 
rology, it  is  now  possible  to  describe  applications  to 
meteorological  problems.  Characteristic  cross  sections 
of  echoes  can  be  obtained  by  calibrated  radars,  allowing 
a  partial  identification  of  targets.  Use  of  multifre- 
quency  radar  increases  the  certainty  of  identification  by 
observation  of  the  frequency  dependence  of  the  cross 
sections.  Extensive  studies  of  dot  angles,  the  point 
targets  on  PPI  radar  scopes,  has  shown  they  are  almost 
certainly  due  to  insects,  birds,  and  particles  of  equiva- 
lent radar  cross  section.  These  tracer  targets  may  be  of 
importance  in  investigating  jet  streams  and  other 
phenomena.  They  can  also  serve  to  confuse  measure- 
ments since  the  presence  of  relatively  few  insects  may 
increase  the  backscattering  by  orders  of  magnitude. 

Of  major  importance  are  radar  measurements  to  de- 
termine the  validity  of  the  theory  of  clear-air  echoes 
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arising  from  variations  of  refractive  index.  The  rela- 
tionship between  the  radar  reflectivity  and  the  spec- 
trum of  turbulence  in  Eq.  (3),  and  its  relation  to  the 
refractivity  structure  constant  in  Eq.  (5),  has  been  well 
verified.  Thus  the  radar  reflectivity  can  be  calculated 
for  strong  mechanical  turbulence,  from26 

7,  =  O.38aM0-'((dnAfz)2)X-5, 


where  a  is  a  constant,  e  the  rate  of  energy  dissipation,  0 
the  vertical  gradient  of  the  mean  horizontal  wind, 
(dn/dz)  is  the  mean  vertical  gradient  of  refractive 
index.  These  reflectivities  are  usually  in  the  range 
10~16  to  10~u  cm-1  for  high  gradient  inversion. 

The  FM-cw  radar  described  by  Richter  and  Atlas 
et  al.29  has  very  high  range  resolution,  of  the  order  of  1 
m,  compared  with  the  100-200  m  of  the  Wallops  Island 
radars.  For  this  range  resolution  the  minimum  detect 
able  value  of  C„  at  a  range  of  1  km  is  7  X  10~9  m 
corresponding  to  a  value  of  CT  of  7..r>  X  10-3km  ,  or 
value  of  Ce  of  4.6  X  10-3  mbar  m~*.  With  this  sensi- 
tivity and  range  resolution,  thin  scatter  layers  may  be 
precisely  probed 


This  unique  radar  achieves  its  high  resolution  by  the 
use  of  a  sweeping  frequency  and  a  narrow  band  receiver 
which  detects  the  beat  frequency  between  the  previous 
radiated  and  reflected  frequency /i,  and  the  frequency  fi 
of  the  transmitter  at  the  time  of  the  return.  The 
spectrum  analysis  of  the  beat  frequency  is  performed  by 
a  narrow  bandwidth  spectrum  analyzer.  It  has  been 
shown  by  Richter  that  the  resolution  is  inversely  pro- 
portional to  the  bandwidth  of  the  transmitted  signal. 
The  high  sensitivity  is  achieved  because  of  the  very 
narrow  bandwidth  of  the  receiver.  The  noise  KT&f  is 
limited  in  the  system  described  by  Richter  by  A/  =  30 
Hz  instead  of  the  several  megahertz  needed  by  pulsed 
radars.  An  important  characteristic  of  FM-cw  radars 
is  their  relatively  low  cost,  many  millions  of  dollars  less 
than  high  power  pulsed  radars.  Their  chief  disad- 
vantages are  the  loss  of  resolution  in  long  range  opera- 
tion and  their  insensitivity  to  particles  below  10  /um  in 
diameter. 

In  addition  to  conventional  radar  techniques  that 
have  been  used  in  the  study  of  atmospheric  phenomena, 
doppler  radar  techniques  have  been  developed  in 
recent  years  for  the  study  of  atmospheric  microscale  and 
mesoscale  atmospheric  phenomena.  ''"■3(l  The  pulsed 
doppler  radar  provides  both  ranging  and  radial  velocity 
information  from  distributed  targets  consisting  of 
randomly  distributed  scatterers,  such  as  raindrops, 
snow,  hail,  or  chaff.  Thus,  the  radial  velocity  field  can 
be  mapped  in  radial  space  with  altitude,  azimuth,  and 
time  as  parameters.  As  pointed  out  by  Lhermitte,4  the 
use  of  a  multi-unit  doppler  radar  system  will  allow  the 
investigation  of  the  three-dimensional  field  of  particle 
motion  inside  convective  storms.  Thus,  the  funda- 
mental dynamic  inner  processes  of  the  storm  can  be 
observed  as  a  function  of  time.  By  the  detection  of  the 
large  velocities  associated  with  tornadoes  the  doppler 
radar  gives  promise  of  early  warning.  Sufficiently 
powerful  transmitters  would  offer  the  possibility  of 
mapping   hurricanes   and   other  tropical   disturbances 


over  wide  areas  in  order  to  observe  the  large-scale  pro- 
cesses associated  with  their  formation  and  motion. 
Since  the  doppler  radar  depends  strongly  on  the  pres- 
ence of  hydrometeors  or  other  target  matter,  its  princi- 
pal uses  are  not  in  the  clear  atmosphere.  However, 
aerosols  and  insects  in  the  clear  atmosphere  occur  with 
sufficient  frequency  to  make  it  a  useful  instrument  for 
clear  air  research,  or  on  those  many  occasions  when  the 
atmosphere  is  partly  clear  and  partly  stormy. 

Atlas30  and  Lhermitte*  have  reviewed  the  basic 
theory  and  meteorological  applications  of  the  doppler 
radar;  hence  only  a  summary  will  be  presented  here. 
Lhermitte28  has  shown  that  the  amplitude  of  the  dop- 
pler radar  return  is  proportional  to 

-4(0  =  ^2  a,  cos(«  +  u>i)l, 


j         and  that  its  intensity  is  proportional  to 

r(t)  =  Y,  a.2  =  2  £   Wi  cos(iM), 


where  2<a<2  is  the  sum  of  the  intensities  of  the  individual 
scatterers  and  is  proportional  to  the  total  reflectivity. 
The  time-varying  term  contains  the  difference  fre- 
quencies Wf  —  w,-  =  ¥t}.  The  difference  in  Velocity 
of  the  two  scatterers  Vt  —  Vj  =  (/f  —  fj)\/2,  where  X 
is  the  radar  wavelength.  If,  as  is  the  case  in  a  coherent 
radar,  some  portion  of  a  stable  local  oscillator  of  fre- 
quency oj  is  heterodyned  with  the  return  from  the  target, 
the  difference  frequencies  (wi  —  w)  will  give  a  measure 
of  the  absolute  (radial)  velocity.  In  practice  the  spec- 
tra of  the  radar  returns  are  obtained  and  the  velocity 
spectrum  deduced  therefrom.  If  /  =  2  v/\,  then  the 
spectra  are  related  by  S(f)df  =  S(v)dv,  giving  the  radial 
velocity  distribution  within  the  resolution  cell,  an  esti- 
mate of  the  number  of  particles  in  a  velocity  interval, 
and  the  intensity  of  the  return  by  particles  of  velocity  v. 
Lhermitte  has  applied  fast  fourier  transform  alogrithms 
to  produce  the  spectrum  of  the  radar  signals  and  has 
shown  that  acceptable  observational  speed  can  be  ob- 
tained from  range  resolution  of  a  few  hundred  meters, 
with  a  1  °  beam  width,  and  a  beam  dwell  time  of  0.5  sec. 
The  doppler  radar  technique  has  potentially  excel- 
lent SNR  characteristics.  Within  tropospheric  dis- 
tances, its  minimum  detectable  cross  sections  may  be  as 
low  as  10-6  cm2.  However,  portable  field  units  will 
sacrifice  some  power  and  antenna  size.  The  phase 
noise  due  to  the  stable  local  oscillator  may  be  so  small 
that  the  doppler  SNR  may  easily  exceed  50  dB  (Lher- 
mitte4). 

Measurement  Potential  of  Acoustic 
Echo  Sounding 

The  monostotic  radar  equation  for  acoustic  waves 
may  be  written  as 

I\  =  PTom{CT/2)(Ar/lV)aT<XR  exp[-2fa(r)dr], 


*  See  additional  references  in  Lhermitte,  Kef.  4. 
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where  PT  is  the  received  electrical  power,  PT  is  the  input 
electrical  power  to  the  transmitting  element,  aT  is  the 
transducer  transmission  efficiency  for  the  conversion  of 
electrical  power  to  acoustic  power  and  aR  the  transducer 
reception  efficiency  for  the  conversion  of  acoustic  power 
to  electrical  power,  r  is  the  pulse  length,  C  is  the  velocity 
of  sound,  R  is  the  range,  A,  is  the  effective  collecting 
area  of  the  antenna,  and  a(r)  is  the  acoustic  attenuation 
at  the  radar  frequency  as  a  function  of  range,  r,  and 
(Tigo  is  the  radar  cross  section*  per  unit  volume  per  unit 
solid  angle  in  the  backscatter  direction  (i.e.,  scatter 
angle  6=  180°). 

The  noise  level  against  which  the  acoustic  echoes  have 
to  be  detected  depends  strongly  on  location  and  fre- 
quency. Under  favorable  circumstances,  with  a  di- 
rectional acoustic  antenna  aimed  overhead  from  a  low 
noise  site,  noise  levels  of  about  15  dB  above  the  mini- 
mum theoretical  noise  level  of  KTB  (K  =  Boltzmann's 
constant,  T  =  absolute  temperature,  and  B  =  observ- 
ing bandwidth)  have  been  measured  by  Wescott  (pri- 
vate communication)  at  a  frequency  of  2000  Hz.  With 
reasonable  system  components,  e.g.,  PT  =  10  W,  aT 
=  aR  =  0.25,  r  =  100  msec,  AT=lm\B  =  10  Hz,  and 
R  =  1000  m,  and  assuming  that  the  round  trip  absorp- 
tion is  10  dB,  a  SNR  of  unity  would  occur  for  a  am  = 
3.1  X  10-13m2/m3. 

The  corresponding  value  of  Cn  for/  =  1000  Hz,  X  = 
0.34  m  given  by  Eq.  (5)  is 

C,  =  2.6  X  10-6  m-*. 

From  Eq.  (7)  we  see  that  for  acoustic  waves  (assuming 
only    temperature    fluctuations    are    present) 

Cn   =    Ct/2T. 

Using  this  fact,  we  see  that  the  value  of  CV  required  to 
give  unity  signal  to  noise  at  a  range  of  1  km  is 

Ct  =  2TCn  «  1.6  X  10"3  K  m"*. 

In  other  words,  unity  SNR  or  higher  would  be  ex- 
pected, provided  the  echo  volume  (of  depth  ~  17  m)  was 
filled  with  turbulent  temperature  fluctuations  so  that 
the  rms  difference  for  two  points  1  m  apart  was  1.6  X 
10-3  K.  This  almost  certainly  would  be  the  case,  and 
therefore  echoes  would  be  expected  more  or  less  con- 
tinuously in  time,  out  to  a  range  of  at  least  1  km.  This 
very  high  sensitivity  is  attributable  both  to  the  rela- 
tively strong  interaction  of  acoustic  waves  with  the 
atmosphere  (see  Table  II)  and  the  fact  that  the  narrow 
receiving  bandwidth  permits  detection  of  about  one 
part  in  1019  of  the  radiated  power. 

The  above  acoustic  echo  sounder  sensitivity  refers  to 
the  scatter  from  the  temperature  field  only,  as  is  ap- 
propriate for  a  monostatic  system.  For  a  bistatic 
system,  the  scatter  from  the  turbulent  velocity  field  is 
usually   dominant,    and  it   is  therefore   important  to 


compute  the  value  of  Cv  which  would  be  required  to  give 
an  echo  just  equal  to  noise. 

If  we  assume  that  the  effective  scattering  volume  is 
still  given  by  CV/2  (an  approximation  which  tends  to 
underestimate  the  echo  strength  actually  received)  a 
bistatic  system  having  the  above  characteristics  will 
receive  an  echo  power  given  by 

PT  =  4.25  x  10 "M0). 

If  we  further  assume  that  the  temperature  fluctua- 
tions are  negligible,  Eq.    (11)   reduces  to 

a(6)  =  0.030*4  COS20  cos2^(sini0)-,H/(C./C),. 

For  d  =  60°  and  0  =  120°,  we  obtain 

a(60°)  =  o.  090fc»  (CVC)*. 

and 

<r(120°)  =  0.053^(C„/C)2. 

Based  on  the  same  effective  receiver  noise  power  (15 
dB  above  KTB),  the  background  noise  power  against 
which  the  echo  must  be  detected  is  given  by  Pn  —   1.33 

x  io-i8w. 

Equating  the  received  echo  power  with  the  back- 
ground noise  power  (the  condition  for  a  just  detectable 
echo) ,  we  have 


and 


C„  =  6  mm  sec-'m-J(0  =  120° 


C„  =  3.5  mm  sec-'m-^e  =  60°). 


*  The  symbol  is  changed  from  that  used  for  the  equivalent 
quantity  in  previous  sections  to  conform  to  the  terminology  fre- 
quently used  by  meteorologists. 


In  other  words,  unity  SNR  or  higher  would  be  ex- 
pected provided  the  common  echo  volume  is  filled  with 
turbulence  so  that  the  rms  difference  in  velocity  for 
two  points  1  m  apart  exceeded  3.5  mm/sec  (for  a  scatter 
angle  of  60°)  or  6  mm/sec  (for  a  scatter  angle  of  120°). 
This  almost  certainly  would  be  the  case,  and  on  a  bi- 
static system  (except  for  the  6  ~  90°)  one  would  therefore 
expect  echoes  from  the  velocity  field  more  or  less  con- 
tinuously in  time,  out  to  a  range  of  at  least  1  km. 

Given,  then,  that  acoustic  echoes  can  be  obtained 
more  or  less  continuously  in  height  and  in  time  out  to  a 
range  of  about  1  km,  we  may  ask  what  atmospheric 
information  can  be  derived  from  these  echoes.  This 
point  has  already  been  discussed31;  it  is  elaborated  on 
below. 

Measurement  of  Vertical  Profiles   of  the  Intensity  of 
Small  Scale  Temperature  Fluctuations,  i.e,  of  the 
Intensity  of  Optical  Ref r  activity  Fluctuations 

Profiles  of  the  intensity  of  small-scale  temperature 
eddies  can  be  automatically  obtained  with  a  vertically 
directed  monostatic"  echo  sounder.  In  this  case,  6  = 
180°  and  Eq.  (11)  reduces  to 

aa(8)  =  3.9  X  lO-'kUCr/T)*. 

Measurement  of  echo  power  vs  height,  after  correction 
for  the  (range)2  divergence  of  the  beam  and  the  atmo- 
spheric absorption  of  the  acoustic  waves,  will  therefore 
permit  us  to  derive  (CT2/T2)  as  a  function  of  height. 
But  the  structure  function  of  optical  refractive  index 
C„  is  given  by 
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C„2  =  asp/T-io-tycr'/T*. 

Since  the  variation  of  pressure  and  temperature  with 
height  can  usually  be  well  estimated  from  climate-logical 
records,  the  measurements  of  (CT/T)2  as  a  function  of 
height  may  therefore  be  immediately  translated  into 
measurement  of  C„2(h).  This  capability  is  of  con- 
siderable potential  importance  to  optical  propagation, 
since  the  sensitivity  of  the  measurement  (C,r  >  2  X 
10-18  mJ)  and  the  scale  sizes  involved  (one-half  the 
acoustic  wavelength)  are  directly  relevant  to  the  optical 
scintillation  problem. 


Measurement  of  Verlicle  Profiles  of  the  Mean  Wind 

Acoustic  echo  sounding  offers  the  potential  of  three 
independent  methods  of  measuring  the  wind  profile. 
These  methods  are  independent  because  they  make  use 
of  three  different  parameters  of  the  echoes,  the  fre- 
quency spectrum,  the  angle  of  arrival,  and  the  temporal 
distribution  of  the  echo  patten)  across  the  ground. 

The  first  method  relies  on  the  transport  by  the  mean 
wind  of  the  fluctuations  in  the  refractive  index  re- 
sponsible for  the  acoustic  echoes.  The  component  of 
this  motion  along  the  phase  normal  will  result  in  a 
doppler  frequency  shift  given  by  A/  =  '2YT/\,  where  Vr 
is  the  radial  component  of  the  wind  speed  and  X  is  the 
acoustic  wavelength.  By  measuring  in  different  direc- 
tions, the  mean  horizontal  and  vertical  velocities  can 
be  deduced,  as  shown  for  short  ranges  by  Kelton  and 
Bricout.32 

A  second  method  relies  on  the  refraction  or  bending  of 
the  acoustic  beam  as  it  traverses  a  region  of  changing 
wind  speed.  The  received  echo  in  general  will  return 
from  a  direction  somewhat  different  than  the  trans- 
mitted beam;  it  can  be  shown  that  measurements  of 
the  angle  of  arrival  of  the  received  signal  relative  to 
that  transmitted  are  proportional  to  the  transverse 
component  of  the  wind,  integrated  up  to  the  height  of 
the  echoing  region.  To  obtain  the  height  profile  of 
the  mean  wind,  it  would  be  necessary  to  differentiate 
these  angle  measurements  with  height;  this  feature  is 
likely  to  reduce  the  accuracy  of  the  method  relative  to 
the  doppler  technique  which  measures  the  radial  com- 
ponent of  the  velocity  directly. 

The  third  method  makes  use  of  time-lagged  cross 
correlation  analysis  of  spaced  sounding  measurements. 
Preliminary  examination  of  such  measurements,  taken 
by  Little  and  Wescott  during  a  cooperative  experiment 
with  the  Australian  workers  McAllister  and  Pollard, 
indicate  that  the  time  lags  between  spaced  soundings 
can  be  clearly  identified,  suggesting  that  this  method 
should  be  directly  applicable.  By  studying  the  varia- 
tion of  the  time  delays  for  optimum  cross  correlation  as 
a  function  of  height,  it  should  be  possible  to  derive  the 
height  profile  of  wind  speed  and  direction. 


Measurement  of  the  Turbulence  Profile,  and  the 
Spectrum  of  Turbulence 

Three  different  approaches  to  the  measurement  to 
height  profiles  of  the  intensity  of  turbulence  appear 
feasible,  and  once  again  these  are  also  essentially  in- 
dependent. 

With  the  doppler  technique  the  mean  radial  com- 
ponent of  scatterers  within  the  pulse  volume  is  mea- 
sured. The  variability  of  this  velocity  at  a  fixed  range 
is  a  measure  of  the  intensity  of  the  turbulence  at  that 
height.  Moreover,  comparisons  of  the  radial  velocities 
of  different  pulse  volumes  along  the  acoustic  beam  could 
be  used  to  derive  the  structure  function  of  the  velocity, 
given  by 

D„(r)  =  (IVAn)  -  7,(r,  +  r)]%. 

A  second  approach  is  to  make  use  of  both  monostatic 
and  bistatic  measurements  simultaneously.  As  indi- 
cated above,  bistatic  measurements  include  contribu- 
tions from  both  the  velocity  (turbulence)  field  and 
from  the  temperature  field,  while  monstatic  measure- 
ments are  indicators  of  the  temperature  field  only. 
Simultaneous  monostatic  and  bistatic  measurements 
should  therefore  permit  us  to  identify  the  height  varia- 
tion of  the  intensity  of  both  temperature  and  velocity 
fluctuations. 

A  third  method  relies  on  the  detailed  analysis  of 
spaced  sounding  data.  As  shown  by  Briggs  el  al.33  it  is 
possible  to  derive  information  on  the  relative  magnitude 
of  the  mean  and  the  fluctuating  components  of  the 
velocity  from  a  detailed  comparison  of  the  fading  rec- 
ords at  spaced  receivers.  With  different  spacings  of 
receivers,  it  should  be  possible  to  derive  information 
on  the  magnitude  of  the  turbulence  of  different  scale 
sizes.  Further  discussion  of  spaced  soundings  is  given 
by  Gossard  and  Sailors.44 

Measurement  of  Humidity  Profile 

The  possibility  of  using  multifrequency  echo  sounding 
to  derive  the  vertical  profile  of  humidity  has  been 
pointed  out  by  Little.31  The  method  makes  use  of 
the  known  dependence  of  acoustic  absorption  on  humid- 
ity and  temperature,  and  like  the  angle-of-arrival 
method  of  determining  the  wind  profile  requires  the 
differentiation  of  what  are  basically  integral  measure- 
ments in  order  to  derive  the  height  profile. 

Measurement  of  the  Internal  Structure  and  Dynamics 
of  the  Boundary  Layer 

As  shown  by  McAllister35  and  his  colleagues,  acoustic 
echo  sounding  may  be  used  to  study  the  dramatic 
changes  in  the  structure  of  the  boundary  layer  of  the 
atmosphere.  Thermal  plumes,  radiation  inversions, 
gravity  waves,  and  breaking  waves  may  all  be  identified 
and  studied  in  this  way. 

The  acoustic  echo-sounding  technique  has  several 
inherent  limitations,  where  magnitude  is  not  yet  known, 
but  whose  existence  should  be  mentioned. 

The  most  fundamental  limitation  is  that  of  absorption 
of  the  acoustic  waves  by  the  atmosphere,  and  especially 
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the  anomalous  absorption  due  to  water  vapor.  The 
primary  effect  of  this  absorption  is  to  limit  the  useful 
range  of  echo  sounding,  especially  at  the  higher  fre- 
quencies. This  limitation  is  a  function  of  both  fre- 
quency and  atmospheric  conditions,  and  to  a  major 
extent  excessive  anomalous  absorption  can  be  com- 
pensated for  by  the  use  of  lower  frequencies.  Operation 
to  ranges  of  the  order  1  km  are  certainly  feasible ;  how- 
ever, ranges  of  the  order  10  km  are  not  likely  to  be  at- 
tainable except  under  unusual  circumstances. 

A  second  limitation  is  the  effect  of  adverse  weather 
conditions  upon  the  ambient  acoustic  noise  level. 
Strong  winds,  hail,  and  rain  will  increase  the  noise  level 
registered  by  the  receiving  antenna,  with  resultant 
degradation  of  system  performance.  Careful  design 
of  the  antenna  housing  could  presumably  reduce  these 
effects. 

The  problem  of  excessive  interference  to,  or  from, 
human  activity  in  the  area  around  the  sounder  does  not" 
at  this  time  appear  to  be  a  serious  problem.  While  it  is 
obvious  that  optimum  performance  will  always  be 
obtained  in  very  low  noise  environments;  the  use  of 
very  directional  acoustic  antennas,  with  excellent  side- 
lobe  rejection,  will  greatly  reduce  adverse  interactions 
with  surrounding  activities. 

Other  difficulties  perhaps  unique  to  acoustic  echo 
sounding  include  the  refraction  of  the  beam  by  wind  or 
temperature  gradients.  In  general,  it  should  be  pos- 
sible to  compute  the  effects  of  such  refractions,  and  so 
the  net  effect  is  likely  to  be  one  of  increased  analytical 
complexity  rather  than  one  of  serious  limitations. 
Similarly,  the  interaction  of  acoustic  waves  with  the 
turbulent  atmosphere  is  so  strong  that  scintillation 
effects  set  in  rapidly,  and  narrow  beams  will  tend  to 
diffuse  into  wider  and  wider  cones.  Again,  these  effects 
should  be  calculable  (at  least  to  the  first  order)  and 
should  not  present  a  primary  limitation. 

Summary  of  Capabilities  and  Limitations 

The  three  remote  clear  atmosphere  probing  tech- 
niques discussed  above  have  the  greatest  potential  of 
any  known  active  monostatic  methods  for  revealing 
new  information  on  the  clear  atmosphere  and  aiding 
in  the  development  of  the  science  of  its  structure  and 
dynamics.  Because  of  their  unique  features  they  form 
an  almost  complete  means  of  tropospheric  probing. 
Not  only  do  they  offer  us  the  ability  to  measure  vertical 
profiles  of  the  three  primary  meteorological  parameters 
of  wind,  temperature,  and  humidity,  but  as  the  full 
potential  of  these  remote  sensing  techniques  is  realized 
the  temporal  and  spatial  variation  of  the  spectrum  of 
these  variables  should  become  available.  In  addition 
to  studying  the  properties  of  the  gaseous  components 
of  the  atmosphere,  the  distribution,  intensity,  and 
dynamics  of  precipitation,  clouds,  and  aerosol  particles 
are  also  potentially  available  for  study. 

Because  of  specific  molecular  interaction,  lidar  has  the 
unique  capability  of  identification  of  atmospheric  gases. 
As  tunable  lasers  become  available  it  will  be  possible  to 
discriminate  against  increasingly  dense  aerosol  condi- 
tions.    The  wind  sensing  capability  of  lidar  has  been 


demonstrated,  but,  at  present,  the  ultimate  range  is 
uncertain.  Since  it  depends  on  aerosol  concentration 
it  is  particularly  useful  in  polluted  atmospheres. 
Whether  optical  doppler  methods  will  provide  extended 
range  is  unclear  at  this  time.  Lidar  wind  sensing  and 
acoustic  doppler  wind  sensing  are  both  under  develop- 
ment, and  the  most  practical  method  in  clear  air  is 
uncertain. 

Turbulence  measurement  by  lidar  depends  on  the 
presence  of  aerosols.  The  lidar  has  good  range  and 
volume  resolution  but  little  interaction  with  the  clear 
air.  On  the  other  hand,  acoustic  and  radar  techniques 
are  most  sensitive  to  the  index  of  refraction  variations 
of  the  atmosphere  and  are  useful  in  detailed  studies  of 
layering,  instabilities,  and  wavelike  structures  of  the 
atmosphere  insofar  as  these  are  accompanied  by  re- 
fractive variations.  The  index  of  refraction  in  the 
radio  region  is  affected  principally  by  water  vapor; 
in  the  acoustic  regime  the  main  effect  is  due  to  tempera- 
ture. Thus  simultaneous  measurements  of  the  same 
phenomena  by  these  two  techniques  would  separate 
temperature  and  humidity  turbulence. 

Absolute  temperature  and  pressure  profiles  are  pos- 
sible by  lidar  probing,  since  the  density  profiles  can  be 
determined.  Neither  radar  nor  acoustic  probing  offer 
this  opportunity. 

The  maximum  ranges  of  each  method  are  adequate 
for  tropospheric  probing.  The  range  resolution  of  the 
lidar  is  due  to  its  very  short  pulse  width;  these  can  be 
shortened  to  considerably  less  than  1  m  if  desirable. 
Among  the  radars,  the  KM-cw  has  the  bandwidth  to 
achieve  1-m  resolution  and  the  acoustic  echo-sounder 
can  also  achieve  that. 

The  lidar  is  at  present  seriously  limited  by  back- 
ground noise  from  scattered  sunlight,  but  development 
of  higher  frequency  lasers  will  solve  this  for  the  tropo- 
sphere. Acoustic  techniques  are  hampered  by  the 
natural  noise  of  the  atmosphere  and  man-made  inter- 
ference. Careful  choice  of  location  and  antenna  side- 
lobe  reduction  are  required.  The  radars  are  little 
affected  by  background  noise  other  than  ground  clutter. 

In  cloud  ceiling  measurement  the  lidar  is  the  best 
choice.  Radar,  at  properly  chosen  wavelengths  can  be 
used.  The  acoustic  technique  probably  is  not  useful. 
Radar  and  acoustic  sounding  have  significant  cloud 
penetration  capability,  the  lidar  has  little  in  thick 
clouds.  Acoustic  sounding  could  locate  the  top  of 
fog  banks  from  within,  by  observation  of  temperature 
discontinuities. 


Use  of  the  Three  Methods  in  Large-Scale 
Meteorological  Experiments 

The  objective  of  large-scale  meteorological  experi- 
ments is  to  gain  greater  insight  into  the  dynamical  and 
physical  processes  of  the  atmosphere  by  the  concerted 
application  of  a  variety  of  experimental  means  and 
theoretical  analysis.  In  the  past  the  collection  of 
the  large  volume  of  detailed  tropospheric  data 
has  been  entrusted  to  sondes,  rockets,  balloons,  air- 
craft, and  to  passive   radiometry.     Economic   limita- 
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tions  have  prevented,  and  doubtless  always  will  pre- 
vent, the  most  desirable  density  of  coverage.  Radarlike 
devices  can  perform  nearly  point  measurements  or 
volume  measurements  with  sufficiently  high  scanning 
frequency  that  essentially  continuous  data  can  be  ob- 
tained. Programming  the  scan  so  that  portions  of 
the  coverage  in  which  little  change  occurs  are  scanned 
less  frequently  than  portions  in  which  interesting 
events  occur  can  lead  to  great  economy  of  data  pro- 
cessing. 


The  variability  of  some  atmospheric  data  can  cause 
deceptive  averages.  In  an  ocean  or  wherever  much 
evaporative  flux  is  being  balanced  by  precipitation  over 
wide  areas,  the  determination  of  the  net  flux  has  been 
best  achieved  by  aircraft  flying  set  patterns.  How- 
ever, the  net  flux  can  be  very  small  compared  with  the 
local  variation  of  flux.  Thus,  large  volume  accurate 
measurements  are  a  necessity,  for  definitive  large  scale 
meteorological  experiments.  As  these  methods  de- 
velop, their  use  in  such  experiments  can  be  expected  to 
grow. 


Conclusions 

Large  scale  meteorological  experiments  such  as  the 
Bomex  experiment  have  shown  that  data  obtained  in 
great  density  over  large  areas  can  lead  to  important 
new  knowledge  of  the  atmosphere  and  the  ocean.  The 
value  and  efficiency  of  such  experiments  can  be  greatly 
enhanced  by  the  use  of  remote  sensing  methods.  The 
development  of  radar,  acoustic  radar,  and  lidar  to  their 
ultimate  potential  is  justified  by  their  current  status 
and  by  the  need  for  their  use  in  atmospheric  studies. 
The  present  advanced  state  of  development  of  radar  has 
been  the  result  of  thirty  years  of  effort.  Even  a  small 
portion  of  such  effort  on  acoustic  echo-sounding  and 
lidar  will  undoubtedly  result  in  substantial  progress. 
With  regard  to  lidar,  the  development,  by  analogy  with 
radar,  of  the  techniques  of  great  stability,  heterodyning, 
and  tunability  of  sources  are  certain  to  add  to  potential 
uses.  The  most  pressing  immediate  needs  for  theo lidar 
technique  are  tunable  lasers  operating  below  2900  A  and 
receivers  capable  of  spectral  discrimination  with  large 
apertures.  The  development  of  doppler  velocity 
measuring  methods  and  more  efficient  directional 
antennas  are  the  most  pressing  needs  for  the  acoustic 
echo-sounding  techniques. 


Aside  from  a  few  atmospheric  scientists  interested  in 
remote  probing,  the  development  of  remote  sensing 
methods,  electromagnetic  and  acoustic,  has  been,  in  the 
main,  the  interest  of  those  involved  in  wave  propagation 
studies  and  the  interaction  of  the  atmosphere  with 
radiation.  As  the  trustworthiness  of  the  remote  sensing 
methods  is  demonstrated,  significant  experiments  must 
be  designed  and  priorities  established. 


It  is  apparent  from  the  preceding  analysis  that  the 
combination  of  radio,  optical,  and  acoustic  sounding 
techniques  offers  a  very  effective  facility  for  the  study  of 
atmospheric  problems. 
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REMOTE  SENSING  OF  THE  WIND  PROFILES 
IN  THE  BOUNDARY  LAYER 

C.    G.    Little,    V.   E.    Derr,    R.    H.   Kleen,    R.   S.    Lawrence, 
R.    M.    Lhermitte,    J.    C.    Owens,    and  G.    D.    Thayer 


The  present  report  is  an  analysis,    with  recommendations,    of  the 
various  remote- sensing  concepts  that  could  be  used  for  the  sensing  of 
wind  profiles  in  the  boundary  layer.     The  report  is  divided  into  four 
main  sections.     The  first  of  these  deals  with  the  Doppler  "radar" 
technique  as  it  might  be  utilized  with  acoustic,    radio,    and  optical  waves; 
a  hybrid  system  involving  the  (spatially)  resonant  interaction  between 
radio  waves  and  powerful  acoustic  waves  is  also  discussed.     The 
second  section  deals  with  acoustic,    radio,    and  optical  forward -scatter 
or  line -of- sight  propagation  techniques.     The  third  technical  section 
deals  with  the  so-called  crossed-beam  eddy  correlation  technique  (using 
either  passive  or  active  sensing  of  the  eddies). 

The  report  then  turns  to  a  summary  of  the  relative  potential  of 
each  of  these  techniques  for  wind-sensing  in  the  boundary  layer  and 
concludes  with  recommendations  relative  to  the  two  techniques  considered 
most  promising. 
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D-region  electron  temperatures  at  the  northern  auroral  zone 

G.  M.  Lerjald  and  C.  G.  Little 
ESSA  Research  Laboratories,  Boulder,  Colorado  80302 

(Received  February  19,  1970.) 


To  determine  the  approximate  temperatures  of  free  electrons  in  the  sunlit  ionospheric  D 
region  an  experiment  was  conducted  at  a  site  near  College,  Alaska,  during  the  summer  and 
fall  of  1960.  A  dual  polarized  antenna  whose  beam  was  directed  at  the  zenith  was  used  to 
observe  alternately  the  incident  radio  noise  fluxes  in  the  ordinary  and  extraordinary  polariza- 
tions at  the  frequency  2.89  MHz.  The  2. 89-MHz  radio  noise  flux  measured  on  a  vertical  dipole 
antenna  was  used  to  check  for  propagated  interference  from  low  elevation  angles.  The  results 
show  that,  during  the  five-month  observing  period,  the  extraordinary-mode  antenna  registered 
a  median  daytime  temperature  of  260°K,  with  a  standard  deviation  of  about  ±23°K,  which 
indicates  that  the  electrons  in  the  D  region  are  approximately  in  thermal  equilibrium  with  the 
neutral  gas,  even  at  the  auroral  zones.  The  theoretically  anticipated  antenna  temperatures,  based 
on  assumed  ionospheric  parameters,  agree  fairly  well  with  the  observed  experimental  values. 
In  particular,  the  observed  variations  of  antenna  temperature  with  solar  zenith  angle  can  be 
matched  by  use  of  reasonable  theoretical  models. 


INTRODUCTION 

Pawsey  et  al.  [1951]  used  zenith-directed  antennas 
at  frequencies  near  2  MHz  to  observe  the  thermal 
noise  emitted  by  the  lower  ionosphere  and  demon- 
strated that  D-region  electron  temperatures  can  be 
derived  from  such  measurements  made  during  the 
daytime.  Gardner  [1954]  conducted  additional  ob- 
servations and  strengthened  the  conclusion  of  Pawsey 
et  al.  [1951]  that,  at  least  at  temperate  latitudes,  the 
electron  temperatures  remained  approximately  equal 
to  the  neutral-gas  temperatures.  Other  results,  such  as 
the  radio-wave  interaction  experiments  by  Smith 
et  al.  [1965],  have  given  additional  strength  to  the 
latter  conclusion. 

It  was  natural  to  question  whether  or  not  the  elec- 
tron temperatures  could  be  elevated  above  the  neu- 
tral-gas temperatures  by  particle  bombardment  at  the 
auroral  zones.  Two  independent  experiments  were 
conducted  to  test  this  possibility:  Dowden  [1960] 
conducted  observations  on  Macquarie  Island  near  the 
southern  auroral  zone  (geographic  latitude  55°S, 
geomagnetic  latitude  62°S),  and  Little  et  al.  [1961] 
reported  on  measurements  taken  at  College,  Alaska, 
at  the  southern  edge  of  the  northern  auroral  zone 
(geomagnetic  latitude  65°N,  geomagnetic  latitude 
65  °N).  Dowden's  [1960]  results  showed  that  most  of 
the  derived  electron  temperatures  were  between  200° 
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and  300°K,  i.e.,  approximate  equilibrium  existed 
with  the  neutral  gas.  Some  elevated  temperatures  dur- 
ing wintertime  were  attributed  to  leakage  of  cosmic 
radio  noise  that  might  have  penetrated  the  F  region 
near  the  south  pole,  where  nighttime  conditions  pre- 
vailed, and  propagated  to  the  receiving  site.  The 
latter  possibility  was  substantiated  by  Little  et  al. 
[1961],  who  observed  during  winter  months  at  a 
geographic  latitude  about  10°  higher  than  the  lati- 
tude of  Dowd;n's  measurements.  Little  et  al.  [1961] 
measured  higher  noise  temperatures  on  a  vertical 
dipole  than  on  a  horizontal  dipole  with  its  nulls  di- 
rected north-south. 

A  cross-modulation  experiment  by  Rumi  [1962] 
at  College,  Alaska,  yielded  an  electron  temperature 
of  1200°K  at  a  height  of  40  km.  Belrose  and  Hewitt 
[1964],  using  partial-reflections  data,  observed  en- 
hanced electron-collision  frequency  values  correlated 
with  solar  activity  at  a  60-km  height  and  suggested 
electron  temperatures  up  to  about  twice  the  gas  tem- 
perature as  a  possible  explanation.  Belrose  et  al. 
[1967]  have  since  reported  that  electron  collision  fre- 
quencies at  Ottawa  were  quite  variable,  and  the  cause 
for  the  variability  was  attribtued  to  meteorological 
pressure  changes.  [See  also  Belrose,  1967].  Sears 
[1963]  has  presented  a  theoretical  paper  with  as- 
sumptions that  support  the  possibility  that  electron 
temperatures  higher  than  1000°K  could  be  main- 
tained in  the  lower  D  region  during  auroral  events. 
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On  the  other  hand,  Dalgarno  and  Henry  [1965]  give 
a  theoretical  analysis  of  the  question  and  conclude- 
that  any  large  (say,  a  factor  of  2  or  more)  enhance- 
ment of  the  lower  D-region  electron  temperatures 
over  the  ambient  gas  temperature  would  require  a 
larger  influx  of  energy  than  is  expected  during  even 
the  most  intense  auroral  events.  Other  experimental 
evidence  indicating  that  temperature  equilibrium 
exists  at  the  auroral  zones  is  the  result  obtained  by  a 
number  of  rocket  experimenters,  including  Jespersen 
et  al.  [1964],  Kane  [1961],  and  Landmark  and  Lied 
[1961],  that  collision  frequencies  in  the  60-90  km 
height  range  are  not  enhanced,  even  during  auroral 
absorption  events.  Thrane  and  Piggott  [1966]  and 
Belrose  and  Bourne  [1967]  have  pointed  out  that 
the  collision  frequencies  measured  by  aforementioned 
above  rocket  experiments  agree  well  with  those  ex- 
pected from  meteorological  rocket  pressure  data;  this 
implies  that  electron  temperatures  remain  in  equi- 
librium with  the  neutral-gas  temperatures. 

The  present  paper  describes  observations  taken  at 
College,  Alaska,  during  the  summer  and  fall  of  1960. 
The  principal  incentive  for  publishing  the  results 
now,  more  than  9  years  after  the  data  were  taken,  is 
the  belief  that  they  represent  valid  experimental  evi- 
dence that  bears  on  the  'not-quite-settled'  question  of 
electron  temperatures  in  the  D  region  at  the  auroral 
zones. 

OBSERVATIONAL  METHODS  AND 
DATA  REDUCTION 

The  observations  were  conducted  at  a  low-noise 
site  about  30  miles  west  of  College,  Alaska.  The 
measurements  were  made  with  a  circularly  polarized 
turnstile'  antenna  connected  so  as  to  cause  the  re- 
ceiver to  sample  alternately  the  right  and  left  circular 
polarizations. 

In  addition,  records  were  obtained  by  using  a  ver- 
tical antenna  to  test  for  the  presence  of  low-angle 
propagated  interference,  especially  cosmic  noise  that 
had  penetrated  nighttime  areas  of  the  polar  iono- 
sphere. (For  a  detailed  discussion  of  this  problem, 
see  Little  et  al.  [1961].)  During  the  summer,  propa- 
gated cosmic  noise  of  this  type  was  not  observed. 

Two  records  were  obtained  on  each  of  the  three 
polarizations:  one  through  a  minimum-level  circuit, 
the  second  through  a  peak-detecting  circuit.  The 
latter  channel  was  used  to  help  identify  the  presence 
of  impulsive  interference,  such  as  that  due  to  at- 
mospherics. 

Figure  1  shows  a  typical  record  in  which  the  an- 


tenna-noise temperatures  in  the  two  circular  polari- 
zations are  displayed  in  sequence,  together  with  cali- 
bration values  at  3 10°  and  410°K.  A  daily  calibration 
was  performed  with  a  diode  noise  generator  to  give 
the  sensitivities  of  the  systems  in  degrees  Kelvin  per 
chart  division  over  the  range  310°-500°K.  Occas- 
ionally a  calibration  point  was  made  at  194. 5°K  by 
cooling  a  resistor  with  solid  C02.  Considerable  care 
was  taken  to  ensure  that  all  antenna  and  calibrating 
resistor  impedances,  as  seen  by  the  receiver  input 
circuit,  were  maintained  equal  to  within  a  few  tenths 
of  an  ohm. 

Because  of  cable  losses,  the  noise  temperature  Ta 
produced  at  the  output  of  the  antenna  will  be  related 
to  the  recorded  receiver  input  temperature  Tr  by  the 
following  relation: 

Tr  =  (1  -  a)Ta  +  aTe  (1) 

where  a  is  the  fractional  power  loss  in  the  antenna 
cable,  and  Tc  is  the  cable  temperature.  The  cable 
losses  were  about  16%  for  the  extraordinary  mode 
and  22%  for  the  ordinary  mode.  Under  these  con- 
ditions, an  error  of  5°K  in  the  assumed  cable  tem- 
perature will  introduce  an  error  of  about  1  °K  in  the 
derived  temperature.  During  the  summer,  the  cable 
temperature  assumed  was  the  recorded  noontime 
temperature  at  the  observing  site;  for  the  late  fall 
observations,  the  cable  temperature  was  taken  as 
273 °K,  since  it  was  buried  by  several  inches  of  snow. 
A  ground  mesh  with  dimensions  1a  by  lA  was  used 
below  the  'turnstile'  antenna. 

Despite  the  presence  of  the  wire-mesh  ground 
plane,  the  effective  ground  reflectivity,  and  hence  the 
antenna  efficiency,  may  have  been  somewhat  less 
than  unity.  The  relation  between  the  antenna  tem- 
perature and  the  apparent  ionospheric  (integrated) 
temperature  V  is  given  by  the  relation 

Ta  =  ,r  +  (i  -  u)r,  (2) 

where  -q  is  the  antenna  efficiency,  and  Tg  is  the  ground 
temperature.  Since  the  observed  antenna  temperature 
is  usually  within  40 °K  of  the  ground  temperature 
(273°K),  there  is  only  about  a  4°K  error  introduced 
in  the  derived  antenna  temperature  by  an  error  of 
10%  in  the  estimate  of  the  efficiency.  An  antenna 
efficiency  of  90%  was  assumed.  The  estimated  total 
error  (due  to  the  simultaneous  effect  of  uncertainties 
in  the  cable  losses,  antenna  efficiencies,  and  calibra- 
tion errors)  in  the  derived  ionospheric-noise  tem- 
peratures is  <20°K  and  is  <10°K  for  temperatures 
in  the  range  250°-300°K. 
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During  daylight  hours,  the  ionospheric  absorption 
was  usually  found  to  be  sufficiently  intense  to  permit 
continuous  measurements  of  antenna-noise  tempera- 
tures that  were  unaffected  by  distant  atmospherics. 
Occasionally,  transmitter  interference  was  observed, 
and  at  times  local  weather  conditions  such  as  thun- 
derstorm activity  and  precipitation  static  affected  the 
records;  whenever  it  was  apparent  that  such  inter- 
ference was  present,  the  records  were  rejected.  All 
other  daytime  data  were  scaled  and  tabulated,  even 
though  unexpectedly  high  antenna  temperatures  (> 
300°K)  were  sometimes  recorded.  Careful  aural 
and  oscilloscope  monitoring  and  scrutiny  of  the  rec- 
ords from  the  minimum  and  peak  detectors  showed 
that  at  least  some  of  these  high-level  signals  were 
indistinguishable  from  thermal  noise,  and,  for  these 
reasons,  the  values  were  included  in  our  analysis. 

A  numerical  value  for  the  apparent  (daytime) 
antenna-noise  temperature  on  each  circular  polariza- 
tion was  obtained  during  each  12-minute  cycle  of 
the  polarization  switch  by  scaling  the  lowest  tem- 
perature recorded  during  each  cycle  on  each  mode. 
Equations  1  and  2  were  then  used  to  correct  the 
circularly  polarized  antenna  temperatures  for  ground 
and  cable  losses.  Hourly  average  values  (average  of 
the  five  corrected  minimum  temperatures  recorded 
during  each  hour)  were  then  obtained.  The  verti- 
cally polarized  records  showed  relatively  little  vari- 
ability during  daylight  hours,  and,  for  this  polariza- 
tion, uncorrected  hourly  minimum  values  were 
obtained  by  direct  scaling  of  the  records. 

A  turnstile  antenna  displays  truly  circular  polari- 
zation only  in  the  zenith  direction;  in  other  directions 
its  polarization  is  elliptical.  Computations  show  that, 
if  the  entire  sky  is  characterized  by  a  uniform  tem- 
perature, the  resultant  antenna  temperatures  consist 
approximately  of  £  of  the  wanted  mode  temperature 
and  I  that  of  the  unwanted  mode.  The  hourly  ap- 
parent ionospheric  temperatures  obtained  from  the 
turnstile  antenna  were  corrected  for  leakage  between 
the  modes  by  the  use  of  the  relationships 


and 


Tx  =  KW  -  77) 


T„  = 


(3a) 


K477  -  77)  (3b) 

where  T0'  and  TJ  are  the  apparent  temperatures  in 
the  ordinary  and  extraordinary  modes,  and  T0  and 
Tx  are  the  corrected  ionospheric  temperatures.  This 
procedure  inherently  assumes  that  the  sky  tempera- 
ture is  the  same  in  all  directions.  This  assumption  is 


Fig.  1.    Record  showing  O-mode  and  A'-mode  antenna  signal 
levels  and  calibration  levels. 


not  strictly  satisfied  in  practice,  and  its  implications 
will  be  discussed  in  the  next  section. 

DISCUSSION  OF  THEORY 

The  conditions  that  must  be  satisfied  to  permit  the 
valid  interpretation  of  temperatures  registered  by  a 
ground-based  antenna  in  terms  of  the  thermal  radia- 
tion of  electrons  in  the  D  region  have  been  discussed 
in  the  various  references  given  in  the  introductory 
section  of  this  paper.  Among  these  requirements  are 
a  strongly  absorbing  D  region  (at  the  radio  wave- 
length being  used);  the  absence  of  local  and  propa- 
gated interference;  and,  in  order  to  exclude  cosmic 
noise,  an  F-region  critical  frequency  that  is  greater 
than  the  frequency  at  which  the  antenna  tempera- 
tures are  measured.  It  is  believed  that  the  latter  two 
conditions  were  usually  satisfied  at  the  frequency  3 
MHz  during  daytime  for  the  observing  period  (July- 
November  1960).  We  wish  here  to  investigate  in 
some  detail  the  anticipated  results  from  model  iono- 
spheres in  terms  of  radio  frequency  absorption  and 
the  consequent  equivalent  antenna  temperatures. 

A  narrow-beam  antenna  directed  into  an  ionized 
region  will  register  an  equivalent  temperature 

Tn  =  J         T.(s)-exp     -J    a(s)  ds     ds        (4) 

where  Te  is  the  electron  temperature,  s  is  the  distance 
along  the  ray  path  with  the  antenna  at  s  =  0,  and  a 
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is  the  absorption  in  nepers  per  unit  distance.  For  a 
broad-beam  antenna,  it  is  necessary  to  compute  the 
temperature  Tn  as  a  function  of  the  aximuth  angle  <p 
and  elevation  angle  t  and  to  integrate  over  the  entire 
sky,  with  appropriate  functions  applied  to  take  into 
account  the  antenna  radiation  pattern.  For  a  circu- 
larly polarized  antenna,  the  wanted  and  the  unwanted 
modes  have  different  radiation  patterns,  [Gw(t,  <p) 
and  Gu(t,  <p)],  and  the  equation  for  the  apparent  an- 
tenna temperature  of  the  wanted  mode  takes  the  form 


2.  The  electron-collision  frequency  versus  height 
profile  assumed  is  computed  from  the  atmospheric 
pressure  data  given  in  the  tables  of  the  CIRA  men- 
tioned above. 

3.  The  electron  density  versus  height  profiles 
N(h)  considered  are  (a)  those  for  aurorally  quiet 
periods  when  N(h)  is  a  function  of  the  solar  zenith 
angle  %  and  (b)  those  that  occur  during  disturbances, 
such  as  auroral  absorption  events  and  polar  cap  ab- 
sorption events. 


/  J        T„(e,  <p)G„(e,  <p)  cos  «  de  dip  +  J       Tu(e,  <p)Gu(e,  <p)  cos  e  de  d<p 

,    J o         Jo Jo         Jo 

'  /»»/2      «2i 

/         /       [G„(e,  <p)  +  Gu(t,  <p)\  cos  e  de  dtp 
Jo        Jo 


(5) 


where  Tw'  can  pertain  to  the  temperature  of  either 
the  ordinary  or  the  extraordinary  mode,  and  Tw 
(e,  <p)  and  Tu  (e,  <p)  are  the  narrow-beam  ionospheric 
temperatures  as  a  function  of  direction.  If  it  is  as- 
sumed that  the  equivalent  sky  temperatures  of  the 
wanted  and  unwanted  modes  are  each  independent 
of  direction,  (3a)  and  (36)  are  obtained  from  (5) 
for  the  case  of  a  turnstile  antenna. 

Each  incremental  volume  element  along  the  ray 
path  both  emits  and  absorbs  radio  frequency  energy. 
The  radio  wave  absorption  per  unit  distance  at  any 
point  along  the  ray  path  is  a  function  of  the  elec- 
tron-collision frequency  and  electron  density  in  the 
medium,  the  frequency  of  the  radio  wave  concerned, 
and  the  angle  between  the  magnetic-field  vector  and 
the  instantaneous  direction  of  the  ray  path.  Ray 
tracings  were  performed  with  a  computer  program 
developed  by  J.  W.  Finney  (private  communication, 
1964).  The  computations  of  absorption  along  each 
ray  path  were  done  by  using  the  Sen  and  Wyller 
[1960]  magnetoionic  theory,  which  takes  into  account 
the  energy  dependence  of  electron-neutral  collision 
frequency.  Computations  were  made  on  models  of 
the  ionosphere  that  assumed  the  following  values  for 
the  physical  parameters: 

1.  The  electron  temperatures  in  the  ionosphere 
are  assumed  to  be  equal  to  the  neutral-gas  tempera- 
tures; the  height  profile  of  gas  temperature  assumed 
to  be  up  to  80  km  is  the  average  of  the  winter  and 
summer  values  given  by  Nordberg  in  the  COSPAR 
International  Reference  Atmosphere  (CIRA)  [see 
Kallman-Bijl  et  al,  1961]  for  Ft.  Churchill,  Canada. 
Above  80  km,  the  average  values  quoted  in  Table  1 
of  CIRA  are  used. 


Even  at  the  auroral  zone,  quiet  conditions  prevail 
in  the  D  region  much  of  the  time.  Figure  2  shows 
electron  density  profiles  for  different  values  of  x> 
where  it  is  assumed  that  no  auroral  activity  is  pres- 
ent. The  N(h)  values  up  to  90  km  are  based  on  theo- 
retically determined  profiles  that  fit  10-MHz  cosmic- 
noise  absorption  data  from  quiet  periods,  whereas 
those  above  100  km  were  determined  from  ionogram 
scalings  by  the  method  of  Paul  and  Wright  [1963]. 
The  profiles  represent  average  values  for  the  period 
of  observation;  considerable  variability  from  day  to 
day  does  in  fact  occur,  especially  above  100  km. 

By  using  the  above  assumptions,  computations 
were  made  of  the  incremental  and  accumulated  ab- 
sorption of  2.89-MHz  radio  waves  for  both  the 
ordinary  (O  mode)  and  extraordinary  (X  mode) 
polarizations  for  ray  paths  with  take-off  (elevation) 
angles  ranging  from  0°  to  90°.  Figure  3a  and  b 
shows  examples  of  accumulated  absorption  and  tem- 
perature for  the  O  and  X  modes,  respectively,  dur- 
ing a  quiet  period  when  %  =  70°,  for  a  vertical  ray. 
The  height  regimes  that  contribute  appreciably  to  the 
net  narrow-beam  antenna  temperature  are  designated 
by  capital  letters  on  each  figure  and  are  identified  in 
the  table  inserted  in  Figure  3.  It  is  necessary  to  con- 
tinue the  computation  by  using  (4)  along  the  ray 
path  until  the  integrated  absorption  becomes  large;  a 
value  of  J"  a  ds  >  7  nepers  (~  30  db)  was  found  to 
be  large  enough  for  these  computations,  since  elec- 
tron temperatures  are  in  all  cases  <1000°K.  It  was, 
therefore,  necessary  in  many  cases  to  continue  the 
computation  downward  after  reaching  the  reflection 
height.  In  a  few  cases,  it  was  also  necessary  to  con- 
tinue the  computation  after  the  first  ground  reflection 
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Fig.  2.  Electron  density  versus  height  profiles  for  various  solar  zenith  angles  x  during  undisturbed  periods. 
The  solid  portion  of  the  curve  corresponds  to  computed  values;  the  dashed  portion  is  derived  from  ionosonde 
scalings.  The  «(NO)  is  the  assumed  number  density  of  nitric  oxide  molecules;  n(M)  is  the  total  atmospheric 
number  density;  ac(02+),  ao(N2+),  and  aD(NO+)  are  the  assumed  rate  coefficients  for  the  dissociative 
recombination  of  electrons  with  the  respective  ions. 


(where  a  loss  of  3  db  was  assumed  to  occur,  and  the 
ground  temperature  was  assumed  to  be  273°K). 

A  number  of  interesting  features  are  illustrated  by 
Figure  3a  and  b: 

1.     The  attenuation  of  the  vertically  directed  O 


mode  ray  is  only  about  5  db  by  the  time  it  reaches 
the  100-km  level. 

2.  The  0-mode  ray  is  reflected  in  the  E  region 
where  the  temperature  has  a  rapid  gradient  with 
height.  The  losses  near  the  reflection  height  are  con- 
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Fig.  3.  (a)  Accumulated  absorption  and  equivalent 
noise  temperature  along  a  vertical  ray  path  (for  quiet 
conditions,  x  =  70°)  starting  from  the  antenna  as 
origin  for  the  O  mode,  (b)  Same  as  3(a)  but  for  the 
X  mode. 

siderable,  resulting  in  a  substantial  contribution  to  the 
net  0-mode  antenna  temperature  (~  100°K  for 
the  vertical-incidence  case  shown)  emanating  from 
this  region. 

3.  In  contrast,  the  Z-mode  ray  experiences  at 
least  about  15  db  of  absorption  by  the  time  it  has 
penetrated  the  D  region;  this  fact,  together  with  the 
lower  reflection  height  (where  the  temperature  is 
approximately  the  same  as  that  in  the  lower  regions), 
results  in  a  sky  temperature  which  is  close  to  the 
averaged  D-region  temperature. 

The  conclusion,  therefore,  is  that  the  2.89  MHz 
X-mode  sky  temperatures  can  safely  be  interpreted 
in  terms  of  D-region  thermal  emission,  whereas  the 


O-mode  temperatures  cannot,  at  least  during  quiet 
periods. 

Figure  4  shows  the  variation  of  equivalent  tem- 
perature with  elevation  angle  for  x  =  70°.  Integra- 
tion over  the  hemisphere  by  using  (5)  yields  the  O- 
and  A^-mode  antenna  temperatures  shown  in  column 
I  of  Figure  4.  Application  of  the  corrections  of  (3) 
yields  the  derived  sky  temperatures  shown  in  column 
II. 

Computations  of  the  type  described  above  will  be 
used  in  the  next  section  to  compare  the  expected  re- 
sults with  those  actually  observed. 

ANALYSIS  OF  DATA 

The  data  used  were  essentially  restricted  to  the 
daylight  hours  of  observation  during  the  period  July 
through  November  1960.  Since  the  geographic  lati- 
tude of  College  is  65  °N,  the  seasonal  variation  in 
the  useful  daily  observing  periods  is  large:  from  ap- 
proximately 16  hours  per  day  during  July  to  only 
about  4  hours  by  the  end  of  November.  The  monthly 
means  of  the  midday  antenna  temperatures  as  meas- 
ured on  the  different  antennas  during  the  entire  course 
of  the  observations  (November  1959  to  November 
1960)  are  shown  in  Figure  5.  Little  et  al.  [1961] 
showed  that  cosmic  radio  noise  propagating  through 
the  nighttime  region  of  the  polar  ionosphere  was 
responsible  for  the  higher  temperatures,  particularly 
on  the  vertically  polarized  antenna,  during  the  winter 
months.  Note  that  during  the  1960  summer  and  fall 
months,  the  vertically  polarized  antenna  tempera- 
tures were  comparable  with  or  lower  than  those  ob- 
served on  the  circularly  polarized  antennas.  For  this 
reason,  we  may  be  confident  that  the  data  described 
in  the  present  paper  are  not  significantly  contami- 
nated by  ionospherically  propagated  cosmic  noise  or 
atmospherics  arriving  from  low  elevation  angles. 

Figure  6  shows  hourly  antenna  temperatures  (av- 
erage of  five  samples  taken  during  each  hour)  for  a 
12-day  period  in  July.  On  some  days,  the  antenna- 
noise  temperatures  remained  within  a  narrow  range 
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Fig.  4.     Equivalent    sky    temperature    as    a 
function  of  ray-path  elevation  angle  when  the 
solar  zenith  angle  is  70°  and  when  magneti- 
cally quiet  conditions  prevail. 
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Fig.  5.    Monthly  means  of  midday  antenna  temperatures  as  measured  on  the  different  antennas  (Nov.  1959 

to  Nov.  1960). 


(say  ±5°K)  for  several  hours  consecutively.  On 
other  days,  the  antenna-noise  temperatures  varied  by 
as  much  as  several  tens  of  degrees  from  hour  to  hour. 
This  variability  was  particularly  noticeable  on  the 
0-mode  circularly  polarized  antenna.  It  is  likely  that 
fluctuations  of  this  sort  were  caused  principally  by 
variations  of  the  electron  density  profile  near  the  re- 
flection height  of  the  O-mode  signal.  The  large  tem- 
perature-height gradient  at  these  levels  and  the  effect 


of  the  electron  density-height  gradient  dN/dh  on 
deviative  losses  near  the  reflection  point  could  readily 
account  for  changes  of  this  magnitude.  The  observed 
relative  stability  of  the  vertically  polarized  antenna 
temperatures  is  consistent  with  and  indeed  supports 
this  thesis,  since  oblique  rays  derive  almost  all  of 
their  temperature  from  the  D  region.  (See  Figure  3b, 
for  example ) . 

Figure  1  shows  short-term  fluctuations  typical  of 
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Hg.  6.     Hourl>  antenna  temperatures  for  a  12-day  period  in  July. 


the  records  in  general.  There  are  frequent  noise 
'spikes'  of  a  few  degrees  Kelvin,  which  are  usually 
caused  by  operation  of  other  electrical  equipment, 
(such  as  relays  and  motors)  at  the  receiving  site. 
Somewhat  slower  changes  with  time  constants  of  a 
few  minutes  are  believed  due  to  short-term  receiver 
gain  fluctuations  resulting  from  temperature  varia- 
tions of  the  receiver.  Note  that  there  are  fluctuations 
of  the  calibration  levels  of  a  few  degrees  Kelvin  from 
one  calibration  period  to  the  next  (12  minutes  apart). 
The  magnitude  of  the  uncertainties  imposed  by  these 
short-term  variations  is  generally  less  than  ±10°K. 
Statistical  analysis  of  the  data  for  the  month  of 
October  1960  reveals  that  the  average  standard  devi- 
ation of  the  five  samples  used  to  determine  hourly 
values  was  about  9°K  for  the  O  mode  and  about 
6°K  for  the  X  mode,  respectively. 

The  daytime  hourly  sky  temperatures  (corrected 
by  using  relationships  3)  for  the  entire  observing 
period  have  the  occurrence  distributions  shown  by 
Figure  la  and  b.  It  is  seen  that  the  Z-mode  tempera- 
tures are  more  closely  grouped  and  have  a  modal 
value  about  15°K  lower  than  that  of  the  Omode 
temperatures.  Also,  normal  curves  fitted  to  the  tem- 
perature values  below  the  modal  value  show  that  the 
0-mode  temperatures  display  a  greatly  enhanced 
skewness  toward  higher  values,  whereas  the  Z-mode 
temperatures  show  a  relatively  symmetrical  distribu- 
tion. 

Figure  8a  and  b  show  the  median  (open  circles) 
and  the  third  and  seventh  decile  values  (end  of  bars) 
of  the  antenna  temperatures  as  a  function  of  solar 
zenith  angle.  Note  that  the  .Y-mode  temperatures  de- 


crease with  increasing  zenith  angle  out  to  x  >  90°, 
while  the  O-mode  temperatures  begin  to  rise  with 
X  >  75°.  The  expected  variations  of  antenna  tem- 
perature were  computed  at  10-degree  intervals  of  x 
by  using  the  method  and  assumptions  given  in  the 
preceding  section.  These  are  shown  connected  by 
dashed  lines  in  Figure  8a  and  b.  The  probable  rea- 
sons for  the  differences  between  the  measured  and 
computed  antenna  temperatures  will  be  discussed 
later. 

Additional  D-region  ionization  due  to  an  influx 
of  energetic  particles,  such  as  those  associated  with 
auroral  and  polar  cap  absorption  events,  might  be 
expected  to  change  the  observed  antenna  tempera- 
tures. Figure  9a  and  b  shows  the  median  and  third 
and  seventh  decile  values  of  antenna  temperature 
versus  the  absorption  measured  at  College  by  a  27.6- 
MHz  riometer.  The  number  of  hourly  data  points 
is  also  indicated  for  each  interval  of  27.6-MHz  ab- 
sorption. Antenna  temperatures  were  computed  by 
assuming  uniform  ionization  layers  over  the  entire 
visible  hemisphere.  But  since  this  is  not  a  realistic 
model  for  some  auroral  absorption  events,  this  limi- 
tation should  be  kept  in  mind.  The  D-region  electron 
concentration  profiles  used  were  based  on  multifre- 
quency  absorption  measurements  made  during  ab- 
sorption events  [Parthasarathy  et  al,  1963;  Lerfald 
et  al.,  1964].  These  profiles  are  illustrated  in  Figure 
10.  Each  of  these  N(h)  profiles  satisfies  the  relation 
A  <x  f-n>  where  A  is  the  absorption  of  cosmic  radio 
noise  at  effective  radio  frequency  /,  and  n  is  an  index 
whose  range  of  values  was  determined  from  experi- 
mental data.  The  calculations  were  carried  out  by 
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using  each  of  these  profiles  normalized  so  as  to 
yield  an  integrated  absorption  at  27.6  MHz  ranging 
from  0.2  to  25  db.  The  results  are  shown  in  Figure 
9a  and  b  and  can  be  seen  to  be  fairly  insensitive,  both 
to  the  profile  used  and  to  the  magnitude  of  the  ab- 
sorption. The  reason  for  this  insensitivity  lies  in  the 
fact  that  for  27.6-MHz  absorption  values  in  excess 
of  1  or  2  db,  the  largest  contribution  to  the  observed 
temperature  originates  in  the  altitude  region  from  40 
to  60  km,  which  is  close  to  the  stratopause  where  the 
normal  variation  of  temperature  with  height  is  small. 

The  most  important  conclusion  derived  from  the 
absorption  calculations  centers  on  the  data  at  2.89 
MHz  where  the  A'-mode  antenna  signals  from  the 
ionosphere  emanate  almost  wholly  from  the  D  region, 
whereas  the  <9-mode  signals  may  partially  come 
from  the  higher  ionospheric  regions.  We  will  there- 
fore restrict  our  attention  mainly  to  the  Z-mode  re- 
sults. Figure  8b  shows  a  systematic  difference  of 
20°-30°K  between  the  observed  and  computed  an- 
tenna temperatures;  the  observed  values  being  higher. 
Figure  9b  shows  a  similar  systematic  difference  at  low 
absorption  values  (A  <3  db  at  27.6  MHz),  but  for 
heavy  absorption,  the  observed  temperatures  are  in 
fact  just  a  few  degrees  below  the  computed  ones. 
This  good  agreement  under  conditions  of  large  ab- 
sorption is  encouraging  because  optimum  conditions 
prevail  at  these  times;  i.e.,  the  thermal  emission  will 
emanate  from  a  narrow  height  range,  and  any  propa- 
gated interference  will  be  strongly  absorbed.  Nearly 
all  the  instances  of  27.6-MHz  absorption  >6  db  oc- 
curred during  the  polar  cap  absorption  events  of 
November  12-20,  1960,  and  the  antenna  tempera- 
ture results  are  consistent  with  the  inferred  presence 
of  a  large  quantity  of  abnormally  low-lying  ioniza- 
tion during  these  events. 

The  lack  of  precise  agreement  between  the  ob- 
served and  computed  temperatures  shown  in  Fig- 
ures 8  and  9  could  be  due  to  one  or  more  of  the  fol- 
lowing: 

1.  actual  enhancements  of  electron  temperatures 
over  neutral-gas  temperatures, 

2.  unrecognized  natural  or  manmade  radio  inter- 
ference, 

3.  the  assumption  of  inappropriate  physical 
parameters  such  as  atmospheric  temperature  and 
pressure  and  electron-concentration  profiles  when 
making  the  computations,  or 

4.  the  approximations  inherent  in  equations  1 ,  2, 
3,  and  5. 
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Fig.  7.   Occurrence  distributions  of  0-mode 

(a)  and  A"-mode  (b)  antenna  temperatures 

corrected  by  use  of  (3a)  and  (3b). 


It  is  difficult  to  assess  the  relative  importance  of  the 
above  factors  in  explaining  the  differences  between 
the  observed  and  computed  antenna  temperatures. 
If  the  assumed  values  of  one  or  more  of  the  physi- 
cal parameters  of  item  3  above  were  significantly  dif- 
ferent from  the  actual  value,  a  systematic  difference 
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would  be  expected.  Item  4  should  not  be  important 
unless  the  antenna  efficiency  was  quite  different  from 
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Fig.   10.     Four   assumed   electron   density   height   profiles. 

Each  of  these  profiles  will  produce  an  absorption  whose 

frequency  dependence  is  given  by  /"",  where  n  is  given  in 

the  text. 


the  assumed  one  or  unless  there  were  serious  errors 
in  the  measurement  of  transmission-line  losses. 

Regarding  item  2,  several  tests  were  made  to  check 
for  possible  contamination  of  the  antenna-tempera- 
ture data  by  radio  frequency  noise  from  the  local 
diesel-electric  power  plant  by  operating  the  equip- 
ment solely  from  batteries,  with  our  diesel  power 
unit  shut  down.  The  results  of  these  tests  showed 
that  less  than  5°K  of  equivalent  noise  was  contributed 
by  the  local  power  generator.  However,  it  was  not 
possible  to  make  any  conclusive  tests  of  the  inter- 
ference that  might  have  come  from  power  lines  in 
the  College  and  Fairbanks  areas  about  20  or  30  miles 
away.  The  possible  influence  of  propagated  signals 
from  radio  transmitters  is  also  difficult  to  assess.  We 
think  it  likely  that  a  considerable  portion  of  the  in- 
stances of  high  antenna  temperature  resulted  from 
weather-associated  effects.  This  supposition  is  based 
on  a  study  of  Weather  Bureau  records  from  the  Fair- 
banks, Alaska,  meteorological  station,  which  reveal 
that  most  of  the  AT-mode  antenna  temperatures 
>300°K  occurred  during  days  when  there  was  per- 
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sistent  rain,  low-level  clouds,  or  wind,  or  a  combina- 
tion of  these. 

CONCLUSIONS 

1.  The  most  important  conclusion  drawn  from 
the  experiment  is  that  electron  temperatures  in  the 
D  region  remained  at  or  near  the  expected  gas  tem- 
perature at  the  auroral  zone  during  both  aurorally 
disturbed  and  quiet  periods. 

2.  During  the  winter  months,  a  significant 
amount  of  cosmic  noise  at  3  MHz  penetrates  the 
arctic  ionosphere  and  is  detectable  even  at  local 
noon,  as  evidenced  by  observations  on  horizontal  and 
vertical  dipoles  during  January,  February,  and  March 
1960  [reported  in  Little  et  al.,  1961];  see  also  Figure 
5  of  this  paper.  The  summer  and  fall  months  in- 
cluding November  1959  and  November  1960  show 
no  systematic  evidence  of  such  contamination.  It  is 
not  known  whether  this  apparent  asymmetry  about 
the  winter  solstice  is  an  annual  effect  due  to  changes 
in  the  F-region  critical  frequencies  or  is  a  function 
of  the  amount  of  auroral  activity. 

3.  The  use  of  a  lower  operating  frequency  (say, 
in  the  range  1.0-2.0  MHz)  would  probably  make 
the  experimental  results  more  amenable  to  interpre- 
tation, i.e.,  the  absorption  integrated  up  to  a  given 
height  would  be  greater,  and  the  O-mode  antenna 
temperatures  would  thus  originate  at  a  lower  height; 
hence  the  variations  of  sky  temperature  with  eleva- 
tion angle  would  be  reduced,  and  the  uncertainties 
inherent  in  the  use  of  approximations  3a  and  3b 
would  be  lessened. 

4.  The  electron-temperature  values  derived  are 
likely  to  be  upper  limiting  values,  since  interfererence 
of  whatever  source  will  raise  the  apparent  antenna 
temperature  rather  than  lower  it. 
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Letter  to  the  Editors 
Water  Vapor  Spectrum  Near  600  GHz 

This  letter  is  a  report  on  the  observation  of  absorption  lines  of  H20  and  D20  at  fre- 
quencies near  600  GHz.  In  H20  we  have  measured  the  frequency  of  the  strong  lii0  <—  l0.i 
line  shown  in  Fig.  1  to  be  556935.8  ±1.0  MHz  (/).  In  D20  we  have  measured  the  frequency 
of  the  li.i  <—  Oo.oline  as  607349 .6  ±  0.2  MHz  and  have  observed  the  relatively  weak  3i.2<— 30,3 
line  at  approximately  555.33  GHz  (2).  The  measurement  of  this  transition  frequency  in  H20 
allows  a  better  determination  of  the  microwave  spectrum  of  H20  because  only  5  lines  had 
been  measured  previously.  In  D20,  where  about  30  transitions  have  already  been  measured, 
our  measurements  confirm  the  prediction  of  Benedict  and  Clough  (2). 

The  measurements  were  made  with  the  second  harmonic  of  a  carcinotron  backward  wave 
oscillator  operating  near  300  GHz.  A  block  diagram  is  shown  in  Fig.  2.  The  second  harmonic 
was  generated  in  an  RG/138-by-RG/98  cross-guide  mixer  with  an  adjustable  point  contact 
diode.  The  mixer  was  used  in  an  unusual  configuration,  with  the  fundamental  input  on  the 
RG/138  waveguide  for  better  matching  to  the  diode  and  the  second  harmonic  output  on  the 


556,940  MHz- 


556,930   MHz- 


Fig.  1.  Recorder  trace  of  l0.i  <—  lo,i  transition  in  H20  at  a  pressure  of  0.02  Torr  with  a  10- 
sec  time  constant. 

RG/98  waveguide.  The  absorption  cell  was  a  15  cm  long  section  of  RG/98  waveguide  with 
mica  windows.  A  K-band  by  RG/98  point  contact  diode  mixer  was  used  to  generate  a  beat 
between  the  carcinotron  fundamental  and  a  phase-locked  Ku-band  klystron.  When  this 
beat  signal  was  strong  enough,  it  was  used  to  phase  lock  the  carcinotron,  otherwise  it  was 
used  to  give  a  frequency  marker.  The  600  GHz  signal  was  allowed  to  pass  through  the  har- 
monic mixer  by  removal  of  back  RG/98  tuning  plunger.  A  directional  coupler  could  not  be 
used  on  the  carcinotron  input  to  monitor  frequency  and  to  phase  lock  because  the  increased 
fundamental  loss  greatly  attenuated  the  second  harmonic  output.  A  9-Hz  chopper  was  used 
behind  the  mixer.  The  signal  was  detected  by  a  Golay-cell  infrared  detector.  The  300  GHz 
fundamental  was  prevented  from  entering  the  detector  by  a  waveguide  filter  with  a  cutoff 
of  about  400  GHz.  Near-infrared  radiation  from  the  chopper  was  blocked  by  a  quartz  filter. 
For  the  D20  line  at  607  GHz,  we  had  sufficient  power  to  phase  lock  the  carcinotron  and  to 
frequency  modulate  it  at  20  Hz.  We  were  then  able  to  observe  a  derivative  presentation  of 
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Fig.  2.  Block  diagram  of  600  GHz  spectrometer 

the  absorption  line  without  using  the  chopper.  By  tuning  for  the  zero  of  the  derivative 
curve,  the  center  of  the  line  could  be  determined  quite  precisely.  A  small  pressure  shift  was 
observed  but  could  not  be  adequately  studied  because  of  the  poor  signal-to-noise  ratio.  The 
quoted  uncertainties  are  large  enough  to  include  these  pressure  shifts. 

We  are  now  acquiring  a  liquid  helium-cooled  bolometer  that  should  be  1000  times  more 
sensitive  than  the  Golay  cell.  With  this  new  detector  we  plan  to  measure  more  of  the  H;0 
and  DjO  lines  in  the  neighborhood  of  600  GHz,  and  to  investigate  line  shapes,  pressure 
dependence,  and  the  Stark  effect. 

REFERENCES 

/.V.  E.  Derr,  private  communication,  ESSA  Research  Laboratories. 
2.  W.  S.  Benedict  and  S.  A.  Clough,  private  communication. 


ESSA  Research  Laboratories, 
Boulder,  Colorado  80302 
Submillimeter  Wave  Program  Area, 
Wave  Propagation  Laboratory 
Received:  April  20,  1970 


I).  A.  Stephenson1 
R.  G.  Strauch 


1  NRC-ESSA  Postdoctoral  Research  Associate. 


ISh 


Reprinted  from  Proceedings  of  the  NATO  Advanced  Study  Institute , 
August   29-September  6,   1969,   139-155,    1970. 

TURBULENCE  AND  IRREGULARITIES 
OF  THE  ATMOSPHERE 
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Abstract 

Both  the  classical  exchange  coefficient  and  the  more  modern 
statistical  theories  of  turbulence  are  examined.     It  is  emphasized 
that  active  turbulence  may  mix  passive  parameters  such  as  the 
radio  refractive  index  or  atmospheric  water  to  such  an  extent  that 
the  fluctuations  of  the  latter  may  essentially  vanish.     Experimental 
evidence  for  this  apparent  paradox  is  presented  for  both  point 
in-situ  measurements  and  sharpening  of  a  laser  beam  produced  by 
mixing  of  refractive  index  irregularities  over  a  15  kilometer  path 
by  a  "chinook"  wind. 

1.     INTRODUCTION 

This  lecture  is  concerned  with  the  measurement  of  ref ractivity, 
N,    at  a  point,    or  a  series  of  points.      Thus  it  starts  with  a  brief  background 
treatment  of  the  theory  of  passive  parameters  and  how  this  theory  could 
be  applied  to  N  and/or  water  vapor.     Experimental  results  are  then 
examined  to  shed  light  upon  the   structure  of  water  vapor  turbulence. 

The  small-scale  fluctuations  of  temperature,    humidity  and  re- 
fractive index  are  all  treated  as  dynamically  passive  parameters  in 
the  absence  of  phase  changes  (i.  e.  ,    condensation,    etc.  ).      This  is  not 
to  say  that  the  large-scale  variations  of  these  parameters  do  not  affect 
turbulence,    but  only  that  in  the  region  of  eddy  sizes   sufficiently  re- 
moved from  both  the  input  and  viscous  scales,    these  parameters  do 
not  modify  the  flow.     In  this  case  one  would  expect  that  the  statistics 
of  these  parameters  would  be  controlled  by  the  vertical  wind.      Thinking 
for  example,    of  humidity,    one  would  expect  little  variation  during  calm 
periods  of  stratification  such  as  in  a  nocturnal  radiation  inversion,    but 
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rather  large  variations  during  the  convective  break-up  of  the  inversion. 

The  study  of  atmospheric  turbulence  is  that  of  the  variation  of 
some  property  of  the  atmosphere  about  its  mean  value  and  the  dependence 
of  that  departure  upon  the  mean  value  itself,    as  well  as  the  properties  of 
any  bounding  surfaces.     We  may  adopt  a  working  definition  of  turbulence 
as  those  irregular  motions  which  transport  atmospheric  properties 
(momentun,    heat,    water  vapor,    etc.  )  across  the  mean  flow  rather  than 
down  the  mean  flow. 

Early  studies  of  turbulence  aimed  at  describing  the  average 
flux  of  some  parameter,    say  x,    away  from,    or  towards  the  earth'  s 
surface.      For  transport,    or  flux,    of  x  in  the  vertical  direction  (z)  with 
vertical  velocity  (w)  leads  to  an  expression 

vertical  flux  of  x  =  Fx  =  xw 

where  the  overbar  denotes  a  time  average  over  a  convenient  period  of 
time,    usually  an  hour  or  less.      If  we  now  introduce  the  concept  that  x 
and  w  are  composed  of  time  invariant  means,    x  and  w,    plus  departures 
from  the  means,    x'  and  w'  then 


xw  =  (x  +  x')  (w  +  w') 


or 


which  becomes 


since  by  definition: 


so  that 


xw  =  xw  +  xw      +  x  '  w  +  x   w ' 


xw  =  x  w  +  x'w'  , 


x  =  x,    w      =0 

xw      =  xw      =  0     , 


Similarly 


x   w  =  0     . 
Further,    since  the  average  vertical  velocity  is  customarily  taken  to  be 
zero  (w  =  0, 


""7 7 

XW    =    X    w 
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(The  experimental  conditions  reported  later  in  this  lecture  were  such 
that  any  systematic  bias  introduced  by  the  slope  of  the  terrain  is 
usually  contained  within  the  error  in  determining  w.  )    It  is  now  natural 
to  make  the  additional  assumption  that  the  average  vertical  transport 
of  x  is  proportional  to  the  gradient  of  the  mean  of  x 

tt        -i — *         v     ^2L 
F      =  x   w      =  -K     - 

x  x  dz 

where  K     is  the  austausch  or  exchange  coefficient  for  x.      The  flux 
x  5 

equation  for  water  vapor  takes  the  form 

FV=-K     |* 

—  Y    5z 

P 

where  p  is  the  air  density  and  y    the  humidity  mixing  ratio.     For  the 
vertical  flux  of  heat  H, 

Fe  =  H    =  -K    c      §1 

—      —         e    p  az 

p       p 

where  9  is  the  potential  temperature  and  c     the  specific  heat  of  air  at 

constant  pressure.     Finally,    for  horizontal  momentum  per  unit  mass 

F 
m  _  t  r    /       r,       du 

=  —  =   -u   w     =  K 


p  p  m  dz 

where  us  is  the  horizontal  velocity  of  the  uni-directional  flow.      The 
horizontal  shearing  stress  is  designated  by  t  and 

t  *2 

—  =  u 

P 

is  the  so-called  friction  velocity.     A  good  deal  of  research  has  gone 

into  the  study  of  the  behavior  of  K„  and  K       in  the  boundary  layer,    (the 

'  8  m 

boundary  layer  is  here  defined  as  the  layer  of  frictional  influence  of  the 
earth'  s  surface)    where  both  t  and  H  may  be  taken  as  invariant  with 
height.      The  general  result  of  these  studies  is  that  the  exchange  co- 
efficients are  not  equal,    and  the  inequality  is  a  function  of  thermal  and 
mechanical  stability  of  the  boundary  layer:    the  observation  that 

K   /K      >  1 

0        m 

is  perhaps  attributable  to  the  radiative  flux  of  heat  adding  to  that  of  the 
mechanical  flux  associated  with  w. 
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STATISTICAL  CONSIDERATIONS 
The  above  discussion  is  concerned  with  the  time  average  of 
turbulent  flux.     Considerable  insight  may  be  gained  by  examining  the 
variability  of  a  turbulent  parameter,    such  as  wind,   with  frequency  or 
scale  length,    in  that  rapid  variations  may  be  treated  statistically  while 
slow  variations  may  be  studied  for  their  physical  cause. 

If,    following  Kolmogorov,    the  spectral  density  of  a  turbulent 
parameter  is  plotted  as  a  function  of  frequency,    then  three  distinct 
frequency  ranges  become  apparent.      These  are:    the  input  region  where 
thermal  buoyancy  or  mechanical  wind  shear  initiates  the  turbulent 
motion  that  cascades  down  through  the  inertial  subrange  and  is  finally 
dissipated  as  heat  in  the  viscous  subrange.      These  regions  will  now 
be  discussed  separately. 

The  consideration  of  the  small  scales  of  turbulence,    i.  e.  , 
those  so  much  smaller  than  the  input  scales  that  they  no  longer  bear 
the  imprint  of  their  origin,    have  been  treated  by  Kolmogorov  under 
the  assumption  that  the  statistical  properties  of  such  small  eddies  are 
the  same.     From  considerations  of  the  conservation  of  energy,    and 
provided  the  mean  level  of  turbulent  energy  is  constant,    the  small 
eddies  must  convert  to  heat  all  of  the  energy  that  is  passed  down  to 
them  by  the  break  up  of  larger  eddies.      Thus  Kolmogorov'  s  first  similar 
ity  hypothesis: 

"The  average  properties  of  the  small-scale  components 
of  any  turbulent  motion  at  large  Reynolds  number  are 
determined  uniquely  by  the  kinematic  viscosity  of  the 
fluid  (v)  and  the  average  rate  of  dissipation  of  energy 
per  unit  mass  of  the  fluid  («)•  " 

The  first  similarity  hypothesis  applies  to  the  viscous  subrange 
mentioned  earlier.     Kolmogorov'  s  second  hypothesis  treats  those 
small  scales  that  are  sufficiently  removed  from  the  viscosity  dissipa- 
tion scales  that  the  energy  distribution  is  independent  of  viscosity, 
i.  e.  , 

"For  sufficiently  large  Reynolds  numbers  there  is  a 
subrange  of  the  range  of  small  eddies  in  which  average 
properties  are  determined  solely  by  the  average  rate 
of  dissipation  of  energy  per  unit  mass  of  the  fluid.  " 
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This  second  sypothesis  applies  to  the  inertial  subrange. 

The  most  common  coordinate  system  used  in  micrometeorology 
is  the  Cartesian,   where  the  space  variables  are  x,    y,    and  z.     The 
direction  of  the  mean  horizontal  wind  is  taken  as  x,    y  as  the  cross-wind 
component.      The  vertical  coordinate,    z,    is  positive  upwards.      The 
wind  velocities  in  the  x,    y,    and  z  directions  are  designated  as  u,    v, 
and  w,    respectively.     As  before  it  is  assumed  that  the  flow  can  be 
described  by  mean  and  eddy  terms: 

Vi  =  Vi  +  V'  '*     i  =  x*    y'    z  * 

The  mean  values  are  defined  by 

T 

v       =     lim       i      /      v.   (t)  dt  . 


lim        1      f     v.   (t 
T-oo     Tjf 


'O 

The  variances,    or  mean  square  deviations  are  defined  as 

T 

a2  (v.)  =    lim       1     /*    [v.'  (t)]2  < 


lim       1     f    [v   '  (t)] 

T— oo   Tj 


O 

Early  work  in  turbulence  concentrated  on  the  Reynolds  stresses, 


— I i 

T         =    -0    V.      V. 

ij  i      J 


which  represents  the  mean  rate  of  transfer  of  momentum  across  a 

surface  due  to  velocity  fluctuations,    and  on  I.   =  v.         which  is  propor- 

11 

tional  to  the  kinetic  energy  of  the  turbulent  energy.     I  is  called  the 
intensity  of  turbulence. 

Although  T. .     and  I.  provide  a  description  of  turbulent  fluctuat- 
ions,  they  are  insufficient  to  define  the  flow  since  identical  values  may 
be  obtained  from  widely  differing  spectral  distributions.      Thus  more 
restrictive  statistical  definitions  have  been  adopted  under  the  assumption 
that  the  individual  record  is  that  of  a  random  process.     Frequently 
further  restrictions  to  the  random  process  are  involved  so  that  the 
statistics  be: 
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stationary  -  invariant  in  time  coordinate  translation, 
homogeneous  -  invariant  in  any  one  space  coordinate  translation, 
isotropic   -  invariant  in  rotation  or  translation  of  the  space- 
coordinate  system. 
Thus  in  stationary,    isotropic  flow 


2  2  2 

a     (v)  =  a     (u)  =  a   (w)  for  all  time. 


For  a  stationary  random  process  the  correlation  function,    R, 
for  a  given  velocity  component  is  a  function  only  of  the  time  separation, 
r : 


Rv.v.    (r)  =    vi/(t)vi'(t+r)/    [Vi'£t)] 


Cross-correlation  between  different  velocity  components  can  be  defined 
by 


R 


v.v.  (r)  =  v.'(t)  v.'(t+r)/a  (v.)a(v.)  . 
The  power  spectrum  is  defined  as 

f" 

P       (f)  =  2  /        R(r)  cos  2nfrdr 

v-  J~  v. v. 

i  0  l   i 

where  f  is  the  frequency  in  cycles  per  second.      The  power  spectrum 

is  so  defined  that  a  plot  of  P(f)  versus  f  represents  the  relative  contri- 

2 
bution  to  the  total  variance  (a    (v.)  )  by  individual  frequency  intervals. 

Similarly  the  cross  spectrum  of  two  velocity  components  is 

defined  by  qq 

C 


(f)    =  /         R         (r)  exp(-i2TTfr)  dr  . 

r.V.  I  v  v 

1   J  •'-oo  i   j 


The  cross  spectrum  is  a  complex  quantity  where  the  real  part,    called 
the  cospectrum,    represents  the  correlation  of  the  in  phase  energy  of  the 
two  velocity  components,    and  the  imaginary  part,    called  the  quadrature 
spectrum,    represents  the  correlation  of  the  out  of  phase  components. 
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The  cross  spectrum  allows  a  definition  of  the  correlation  of  two 
random  time  series  as  a  function  of  frequency  in  terms  of  the  coherence 

COH: 

C  (f)  ' 

v  v     *   ' 


coH(f)   =    LJL 

p     (f)  p     (f) 

v.  v  v  v 

11  J    J 

The  numerical  value  of  COH  lies  between  0  and  1  and  is  similar 
to  the  square  of  the  correlation  coefficient. 

DIMENSIONAL  CONSIDERATIONS 

In  studying  the  turbulent  characteristics  of  the  boundary  layer 

one  naturally  strives  to  relate  the  vertical  distribution  of  mean  potential 

temperature  and  wind  with  the  constant  fluxes  of  heat  and  momentum, 

height,    and  gravity.     Monin  and  Obukhov  (1954)  argue  that  if  one 

wishes  to  obtain  non-dimensional,    and  thus  universal,    equations  of 

motion  for  the  boundary  layer  under  conditions  of  horizontally  uniform 

turbulence  then  the  only  parameters  of  concern  are  g,    z,    u -*  =  V u     w      > 

w     T     =  H/p  c     and  the  buoyancy  force  (g/T)T'  per  unit  mass  of  air. 

P 
Since  the  fractional  variation  of  the  mean  temperature  over  the  layer 

is  small,    g/T  is  taken  as  constant.      To  normalize  the  equations  of 
motion,    any  lengths,    velocities  or  temperatures  used  should  be  func- 
tions of  u  *,  H/p  c    ,    and  g/T.     The  only  velocity  from  this  set  is  u*, 
the  only  length 


and  the  only  temperature 


"«  k) 


H/p  c   ux-, 
P 


Thus  we  define 


La-u»3/kf£      -» 


(**) 


T*  :; 


pc    u  * 

p 
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where  von  Karman'  s  constant  k  has  been  introduced  for  later  con- 
venience.    In  stable  layers  the  heat  flow  is  downwards 

H  <  0,    L  >  0,    and  T*   >  0  . 

For  unstable  layers 

H  >  0,    L  <  0,    and  T*   <  0  . 

Starting  with  the  log-law  for  wind  in  neutral  conditions  Monin  and 
Obukhov  note  that  the  dimensionless  expression 

z      Sv       1      /  u       \ 

—     - —  =—     (a  pure  number) 

u  *    dz      k 

must  be  replaced  by  a  non-dimensional  variable.      The  only  dimension- 
less  constant  that  one  can  construct  from  H/c    p,    g/T,    u*  and  z  is  z/L. 

P 
It  follows  then  that: 

kz     dv  / 

u*    dz  V   ' 


and,    similarly 


^    p.    ~-    0   (z/L) 
T*   dz  2V    '     ' 


where   ^>    and    <2>     are  undetermined,    but  universal  functions  of  z/L.    Much 
of  the  work  of  the  Soviet  school  of  turbulence  in  recent  years  has  been 
devoted  to  the  empirical  determination  of  <t>    and    <t>   .     One  notes  that  with 
the  introduction  of  these  universal  functions  the  exchange  coefficients 
for  heat  and  momentum  may  be  written 

_      ku*z  ku*  z 

Ke  -  ^7T)  and  Km  =  0l(z/L)     • 

If,    as  is  often  assumed,    K     =  K       then 

9  m 

0=0       =       0 

1  2 

and  9  and  v  will  follow  similar  profiles.  Although  Sheppard  (1952)  finds 
no  systematic  difference  of  form  of  profiles  of  v  and  9  on  a  height  range 
of  0.  5  to  8.  0  m,    Senderikhina  (1961)  surveyed  a  large  number  of  obser- 
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vations  and  concludes  that  KQ/K      ~  1.  3.     Quite  in  contrast  to  this  result 

8        m 

is  that  of  Petterssen  and  Swinbank  (1947)  who,    by  examining  more  than 

1500  radiosonde  observations  selected  for  the  free  atmosphere  (900-300 

mbs)    K   /K      ~  0.65.     These  last  data  indicate  a  systematic  decrease  of 

Ke/Km  with  height,    indicating  a  ratio  of  0.  75  for  the  layer  900-850  mbs 

and  0.64  for  the  layer  350-300  mbs.      For  the  present  study,    being  unable 

to  shed  more  light  on  the  question  of  this  ratio,    we   shall  assume  K    /K 

9       m 
=  1. 

To  clarify  the  role  of  z/l  we  now  examine  the  flux  Richardson'  s 
number,    R  ,    (Reiter,    1963) 

R     =  — 9     R     -  _!1  dz 

f    k    ni  -  K   e  Tdu\2 

m  m         ( — ) 

vdz  ' 

which,    upon  substitution  from  the  expressions  for    <t>    and    <t>     (and  assum- 
ing <t>    -    *     and  thus  K.   =  K     ) 
1  Z  9  m 

and  R     =  R.   =  S±     J^ 

f  i        T  2  ,z 

u*0(-) 


R.  =    £ 
i        L 


♦<i> 


i.e.,    the  dependence  of  Richardson's  number  upon  height  can  be 
expressed  as  a  function  of  the  single  variable  z/l. 

SPECTRAL  VARIATION  OF  TEMPERATURE,    HUMIDITY 
AND  REFRACTIVE  INDEX  IN  THE  INERTIAL  SUBRANGE 

The  Kolmogorov  statistical  theory  of  turbulence  hypothesizes  the 
presence  of  an  inertial  sub-range  of  small  eddies  in  which  average 
properties  of  the  flow  are  determined  solely  by  the  average  rate  of 
dissipation  of  energy  per  unit  mass  of  the  fluid  (t  ).     A  consequence 
of  this  hypothesis  is  that  the  structure  function,    D    (r),    for  wind,    u, 
measured  at  a  distance  r  from  the  origin  but  referenced  to  r    , 
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Du(r)  =   [u(r0)  -  u(r0  +  r)]  2 

must,    by  dimensional  arguments,    take  the  form 

„    ,    .  2     2/3    2/3 

D   (r)  =  a     t    '     r    / 

where  a  is  a  constant.      Similar  arguments  lead  to  the  conclusion  that 

the  structure  functions  for  temperature,    T,    and  radio  refractivity,    N, 
are  of  the  form 

DT(r,  -  aV/JGTr2/3 


DN(r,  =  a2,-'/V2/3 


G      and  G      are,    respectively,    the  average  rate  of  dissipation  of  temper- 
ature and  refractive  index  fluctuations  per  unit  mass.      The  presence  of 
these  additional  dissipation  terms  in  D    (r)  and  D    (r)  accounts  for  a 

fundamental  difference  in  their  spectral  behavior  compared  to  D   (r). 

u 

We,    therefore,    now  examine  expressions  for  t,    G    ,    and  G      in  terms  of 
mean  winds,    gradients,    etc. 

Writing  the  equation  for  the  time  rate  of  change  of  kinetic  energy, 
E,    Lumley  and  Panofsky  (1964)  obtain: 


dE  -; — 7    du  w'T'        ow'E 

_    =    -u  w      -    +  g  — —   -  «  ,  (1) 

where  t  is  time,  u  is  the  wind  in  the  direction  of  flow  and  w  that  in  the 
vertical  direction,  z.  The  primes  denote  departure  from  the  average 
as  denoted  by  an  over  bar,   i.  e.     u'  =  u-u  .     Gravity  is  denoted  by  g. 

dE  is  usually  small.     The  first  term  on  the  right  hand  side  of  (1)  is  a 
dt  —, — ? 

measure  of  mechanical  generation  of  kinetic  energy.     Since  u  w     has 

the  opposite  sign  to  the  gradient  the  total  term  is  positive.     The  flux 

divergence  is  normally  assumed  small  (as  were  the  other  divergence 

terms  in  the  derivation  of  (1).     Further,    if  we  restrict  our  attention  to 

those  conditions  where  buoyance  effects,    gw'T'/T,   are  small  compared 

to  the  mechanical  ones,   then 
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<      ~    U     W        


(2 


One  may  obtain  similar  expressions  for  temperature, 


1  djTjf  _  -T-T  ae     i    ow'(T')2 

2       dt  Sz  "2         3z  "  G' 


and  refractivity, 


1  d<N')  rr^-r    °  N*        1     ow'(N')2 

T       TZ =  -N   w        -^ — S i—  _G 

2  dt  oz        2  5z  N      * 

Utilizing  similar  arguments  to  those  used  to  derive   (2)  one   may  obtain 

G      **w    T       — 

1  oz 

S^^^TT    •  (3) 

where  one  notes  that  the  potential  temperature,     9  and  potential  refractivity, 
N*  ,    enter.     Remembering  that 

5z       dz 
where  T  is  the  adiabatic  lapse  of  temperature  (T  --  -10    C/km)  one  notes 
that  it  is  entirely  possible  for  58/b/z  -  0  and  thus  G      —0  with  the 
result  that  D     (r)  -•  0.      The   same  is  true  for  the   gradient  of  potential 
refractivity  with  similar  implications  for  D    (r).      This  is  due  to  9  and 
N*    being  assumed  dynamically  passive  parameters  in  the   generation  of 
mechanical  turbulence.      The  physical  interpretation  is  that  the  mechanical 
turbulence  will  mix  temperature  and  refractive  index  inhomogeneities  until 
each  assumes  the  appropriate  adiabatic  height  distribution.      Thus,    although 
there  might  be  active  vertical  mixing,    the  fluctuations  of  T  and  N,    T     and 
N',    have  been  effectively  smoothed  out.      Several   specific   examples  of  this 
effect  will  now  be  examined. 

EXPERIMENTAL  EXAMPLES 

The  first  example  is  that  of  the  fluctuations  of  temperature  and 
wind  measured  at  50  feet  above  ground  at  Gunbarrel   Hill,    Colorado. 
The  instrumentation  described  elsewhere  (Bean,    Emmanuel  and  Krinks, 
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1967)  has  adequate  bandwidth  to  delineate  fluctuations  over  the  frequency 
range  of  figure  1.      P(f)  is  the   spectral  density  at  a  given  frequency  f. 
The  coordinates  f  P(f)  versus  log  f  are  used  to  maintain  equal  area  - 
equal   spectral  contribution  over  the  wide  frequency  range   of  meteorolog- 
ical fluctuations   observed.      Two  hours  were   selected  for   study;   0650- 
0750  and  1300-1400  on  November  24,    1964.      The  early  morning,    run  1, 
was  characterized  by  stable  conditions  with  temperature  increasing 
with  height,    a  light  wind  of  2.84  mps,    practically  no  fluctuations  of 
vertical  wind  but  relatively  large  fluctuations  of  temperature  at  low 
frequency  (f  ~  0.  002  cps).      The  temperature  fluctuations  of  figure  1, 
run  1,    are  perhaps  associated  with  the  "undulance"  observed  under 
stable  conditions  (Lunley  and  Panofsky,    1964).     By  1300,    run  2,    a  cold 
front  had  passed  the  observing  tower  with  a  resultant  increase  of  wind  to 
15.6  mps  and  Richardson's  number  near  zero.      The  observed  temper- 
ature gradient  was  within  measurement  error  of  the  adiabatic  lapse 
of  T.      The  rapid  fluctuations  of  the  vertical  wind  experienced  by  an 
observer  on  the  tower  left  no  doubt  that  the  atmosphere  was  in  a 
condition  of  strong  mechanical  turbulence.      Note,    however,    that  temper- 
ature fluctuations  are  low  at  all  frequencies  as  one  would  expect  from 
(3).      This,    then,    is  one  illustration  of  conditions  where  D    (r)  ?  0 
whilst  D    (r)  -  0. 

The  second  example  chosen  is  that  of  the  variability  of  spectral 
density  of  the  radio  refractive  index  with  changes  in  atmospheric  stability. 
The  radio  refractive  index  is   strongly  affected  by  humidity  and,    to  a  lesser 
extent,    by  temperature  fluctuations.      The  data  presented  in  figure  2  were 
taken  during  July  and  August  of  1963  with  a  multi-cavity  microwave 
refractometer  sampled  at  several  levels  on  a  150-foot  tower.     Details 
of  the  experiment  are  given  by  Bean,    Emmanuel  and  Krinks  (1967). 
Although  there  is  a  wide  spread  in  the  experimental  data,    it  is  again 
observed  that  regions  of  relatively  spectral  density  occur  where  39/dz  -*  0 

and  thus  R.  -  0. 

i 

The  third  example  is  drawn  from  the  observations  of  propagation 
characteristics  of  optical  beams  made  by  the  author'  s  colleague,    G.    R. 
Ochs  (Ochs  and  Little,    1968).    The  particular  meteorological  condition 
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FIGURE   1 


Spectra  of  temperature  and  vertical  wind 
fluctuations;  Gunbarrel  Hill  Tower, 
50  foot  level  -  November  24,    1964. 
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for  the  observations  of  figure  3  is  that  of  the  chinook  or  fohn  wind 
which  is  a  warm,    dry  wind  on  the  lee  side  of  a  mountain  range,    the 
warmth  and  dryness  of  the  air  being  due  to  adiabatic  compression  upon 
descending  the  mountain  slopes  (Glossary  of  Meteorology,    1959).     On 
this  particular  day  the  chinook  started  about  0500  when  the  wind  increased 
from  a  few  miles  per  hour  to  over  30  mph.      The  optical  beam  width, 
which  is  strongly  affected  by  temperature  inhomogeneities  along  the 
propagation  path  (15  km  in  length  with  a  vertical  drop  of  80  meters) 
decreased  from  about  125  to  25  p,radians.     This  decrease  in  beam  width 
is  consistant  with  what  one  would  expect  under  chinook  conditions,    i.  e. 
d9/dz  -»  0  and  D    (r)  —  0.     Quite  consistent  with  this  decrease  in  beam 
width  is  the  increase  in  vertical  beam  wander,    or  change  in  apparent 
elevation  angle.     Recalling  that  the  optical  refractive  index,    n,    is  pro- 
portional to  air  density,    then  the  increase  in  temperature  lapse  from, 
say,    the  normal  -6    C/km  to  the  adiabatic  lapse  of  -10    C/km  would  tend 
to  lessen  the  normal  density  gradient  and  thus  produce  less  bending  and 
a  rise  in  the  beam  position  (the  "autoconvective"  or  constant  density 
lapse  rate  of  -34.  3    C/km  would  produce  straight  rays).     The  change 
in  total  bending  under  these  assumed  conditions  would  lessen  atmospheric 
bending  by  some  80u,  radians,    a  number  not  inconsistent  with  that  observed. 
The  vertical  beam  wander  remains  high  and  the  beamwidth  low  through 
1600  hours,    indicating  that  the  air  along  the  path  remains  well  mixed  even 
though  the  wind,    which  is  recorded  only  at  the  lower  terminal,    decreases. 

CONCLUSIONS 

Theoretical  and  experimental  evidence  indicates  that  wind-induced 
mixing  near  the  ground  may  so  thoroughly  mix  parameters  such  as 
the  radio  and  optical  refractive  index  that  their  normal  short-term  vari- 
ability effectively  vanishes.     It  is  evident,    from  both  the  many  assumptions 
of  the  theoretical  development  and  the  lack  of  supporting  meteorological 
observations  during  the  optical  experiments,    that  simultaneous  combined 
radio,    optical  and  meteorological  measurements  are  required  to  further 
explore  these  preliminary  conclusions. 
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FIGURE  3.     Optical  propagation  characteristics.     Green  Mountain 
Table  Mountain,    Colorado,    January  30,    1967. 
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SUMMARY 


The  development  and  present  status  of  radio  climatology  --  the  study  of  characteristics  of  the 
radio  refractive  index  as  they  are  related  to  climatic  and  meteorological  variables   --  is  reviewed,    from 
Newton's  use  of  the  exponential  atmosphere  to  recent  work  on  the  climatology  of  radio  refractive  index 
turbulence.     The  results  of  work  in  four  areas  of  radio  climatology  are  discussed. 

(1)        Development  of  models  of  the  general  vertical  structure  of  the  refractive  index  has 
culminated  in  a  three-part  exponential  profile,   which  is  adequate  in  most  parts  of  the 
world  except  where  low-level  subsidence  inversions  are  common.     Further  work  is 
needed  to  incorporate  layers  with  unusual  refractive  index  gradients  into  the  exponential 
models. 

(Z)         The  general  refractive  index  gradient,    elevated  layers  with  strong  refractive  index 
gradients,    and  winds  in  the  common  volume  region  have  all  been  established  as  significant 
to  the  performance  of  transhorizon  radio  propagation  systems.      Elevated  layers,    which 
are  perhaps  the  most  important  of  these  three  factors,    have  been  neglected  in  radio 
climatology  surveys. 

(3)  Studies  of  the  climatology  of  the  initial  gradient  of  the  radio  refractive  index  have 
revealed  that  the  tropical  areas  of  the  world  experience  the  most  severe  conditions;  how- 
ever,  the  data  base  is  insufficient  to  properly  define  the  radio  climates  of  these  regions, 
which  are  in  the  locales  of  most  of  the  developing  nations. 

(4)  The  likelihood  of  turbulence  of  the  radio  refractive  index  can  be  determined  from 
the  gradient  of  the  potential  refractive  index  --  defined  by  an  adiabatic  process   --  as 
calculated  from  conventional  meteorological  soundings  of  the  atmosphere,   but  virtually 
no  work  has  been  done  on  the  climatology  of  this   gradient. 

1.  INTRODUCTION. 

The  manner  in  which  radio  waves  propagate  over  and  around  the  earth  is  determined  in  large  part 
by  the  refractive  index  structure  of  the  atmosphere  through  which  the  waves  must  travel.     Thus,    radio 
climatology  --  the  study  of  worldwide  characteristics  of  the  refractive  index  as  they  are  related  to  cli- 
matic and  meteorological  variables   --  is  of  fundamental  importance  in  advancing  our  understanding  of 
radio  propagation  within  or  through  the  atmosphere. 

Radio-climatic  theory  has  evolved  in  two  primary  fields.     The  first  is  the  study  of  the  general 
vertical  structure  of  the  refractive  index  --  its  rate  of  decrease  as  a  function  of  height  --  and  its  rela- 
tionship to  the  various  climates  of  the  world.     This  vertical  structure  affects  both  the  diffraction  of  radio 
fields  beyond  the  geometric  horizon  and  the  refraction  of  radio  beams  as  they  pass  through  the  atmosphere. 
The  second  main  field  of  study  concerns  the  perturbations  of  the  systematic,   quasi-homogeneous  refractive 
index  structure  --  specifically,    ground-based  layers  (including  ducts),    elevated  layers,    small-to-medium- 
scale  horizontal  inhomogeneities  of  the  refractive  index,    and  turbulence  of  the  refractive  index.     One  or 
more  of  these  perturbations  will  affect  the  stability  of  radio  tracking  system  data,  fading  on  line-of-sight 
paths,    such  as  microwave  relay  systems,    and  the  strength  of  radio  signals  over  transhorizon  paths  of 
medium  length  operating  in  the  so-called  troposcatter  mode. 

In  the  sections  that  follow  we  shall  review  four  areas: 

(1)        The  development  of  radio-climatic  models  of  the  vertical  refractive  index  structure 
and  their  applications. 

(Z)        The  climatology  of  refractive  index  gradients  in  the  first  kilometer  of  the  atmosphere 
and  of  elevated  layers  and  their  importance  to  the  problem  of  estimating  troposcatter 
system  performance. 

(3)  The  radio  climatology  of  unusual  ground-based  layers  as  applied  to  line-of-sight  radio 
links  and  the  reliability  of  radio  tracking  system  data  at  low  elevation  angles. 

(4)  The  climatology  of  radio  refractive  index  turbulence. 

2.  THE  CLIMATOLOGY  OF  VERTICAL  REFRACTIVE  INDEX  STRUCTURE. 

The  general  decrease  of  the  refractive  index  with  height  is  apparent  in  any  vertical  profile  cover- 
ing 10  km  or  more,    such  as  the  one  shown  in  Figure  1.     The  overall  exponential  character  of  the  height 
dependence  of  the  refractive  index  is  also  evident  whenever  a  vertical  n-profile  is  plotted  on  a  semi- 
logarithmic  graph,    as  is  done  in  Figure  1.     This  general  exponential  characteristic  was,    however, 
deduced  by  Sir  Isaac  Newton  long  before  any  vertical  profile  data  were  available.1     Newton  reasoned  that 

412 


3-2 

(a)  the  refractivity,  n-1,    of  air,    at  optical  wavelengths,    is  proportional  to  the  density  of  the  air;  (b)  the 
density  is  proportional  to  the  pressure  divided  by  the  absolute  temperature  of  the  air;  and  (c)  the  pressure 
of  the  air  is  caused  by  the  weight  of  all  the  air  above  it.     The  air  pressure  thus  ought  to  behave  exponen- 
tially,   since  it  is  proportional  to  the  weight  of  all  air  above  it;  hence,    if  the  absolute  temperature  were 
roughly  constant  with  height  --  and  Newton  had  no  data  available  that  would  have  indicated  a  better 
assumption  --  the  optical  refractivity  should  also  follow  an  exponential  law  with  height.     Newton's  rather 
accurate  estimates  of  astronomical  refraction  were  based  on  this  simple  model. 

Although  various  exponential  models  were  commonly  used  for  calculating  astronomical  refraction 
effects  by  the  early  1900's,1   the  first  widely  used  model  for  radio  refractive  index  was,    interestingly 
enough,    an  essentially  linear  model  introduced  in  the  early  1930's  in  a  now  classic  paper  by  Schelleng 
et  al.  2     This  is  the  well-known  effective  earth's  radius  model,    and  there  are  a  number  of  reasons  why  it 
was  a  good  choice  at  the  time. 

Compared  with  optical  propagation  theory,    atmospheric   radio  propagation  theory  was  still  in  its 
infancy  in  1933.     What  was  needed  at  that  time  particularly  was  a  model  that  would  allow  calculations  of 
diffracted  radio  fields  beyond  the  horizon   and  that  would  supply  corrections  for  refraction  effects  on  line- 
of-sight  paths  between  two  points  on  the  earth's  surface;  in  the  paper  cited  above     the  approach  was  aimed 
at  the  latter  need,    although  the  effective  earth's  radius  treatment  subsequently  proved  to  be  very  powerful 
in  attacking  a  whole  class  of  problems  related  to  the  diffracted  field  (see  especially  references   3  and  4). 

The  nearly  linear  refractive  index  profile  of  the  effective  earth's  radius  treatment  did  not  adequately 
depict  the  normal  refractive  index  structure  through  the  entire  atmosphere,   but  this  was  not  an  important 
failure  in  1933;  tracking  radar  and  large  radio  telescopes  requiring  accurate  refraction  corrections  for 
targets  well  within  or  beyond  the  earth's  atmosphere  had  not  yet  been  developed.     With  the  increasing  use 
of  highly  precise  radio  tracking  systems  in  the  1940's  and  1950's  came  the  need  for  a  more  accurate  model 
of  the  vertical  refractive  index. 

A  simple  exponential  model  of  the  radio  refractive  index  structure  was  first  proposed  in  connection 
with  the  refraction  problem.  B     Shortly  thereafter  a  whole  family  of  exponential  profiles  was  proposed,   with 
the  decay  constant  given  as  a  function  of  the  initial,    or  surface,    refractivity,      where  the  exponential  ref- 
erence atmosphere  from  the  latter  publication  was  defined  by 

„.    .       „  ).        |~Ns   -  1-  ^  e*P  {  0-  005577  N-}"|     I 

N(z)  =  N8  exp  j  log    — ■ j*j S     U         .  (i) 

Here  N(z)  is  the  radio  refractivity  N  =  (n-1)  x    10s    as  a  function  of  height  z  above  the  surface  in  kilometers, 
and  N     is  the  surface  value  of  N  at  z  =  0. 

Early  investigators  felt  that  this  model,   being  a  simple  exponential  function  of  height  for  any  given 
Ng,   would  be  easy  to  handle  analytically,   but  this  proved  not  to  be  the  case;  not  only  is  the  exponential 
model  very  difficult  to  handle  in  mode  theory  for  diffracted  fields  beyond  the  horizon,   but  even  the  simple 
integrals  for  refraction  cannot  be  solved  in  closed  form,    although  some  good  analytical  approximations 
can  be  derived.     '8     Nevertheless,   the  simple  exponential  model  is  a  useful  tool  for  making  refraction 
corrections  to  radio  tracking  data,   for  example  in  computerized  reduction  of  range  tracking  data  based  on 
a  number  of  trackers.9 

Recently,   more  sophisticated  refractive  index  models  have  been  introduced  in  which  the  "dry"  and 
"wet"  terms  of  the  radio  refractivity  are  treated  separately;  these  terms  are  defined  by 

P 
D  =  77.6  -    . 

W  =  3.73   *  10B    -es  ,  (Z) 

where  N  =  W  +  D,   P  is  the  air  pressure  in  millibars,    e  is  the  partial  pressure  of  water  vapor  in  millibars, 
and  T  is  the  temperature  in  degrees  Kelvin.     Figure  Z  shows  the  same  data  as  Figure  1,   but  with  the  wet 
and  dry  terms  presented  separately;  these  data  are  typical  in  that  the  wet  and  dry  terms  are  each  approxi- 
mately exponentially  distributed  with  height  but  with  different  slopes.     There  is  also  a  noticeable  change  in 
the  slope  of  the  dry-term  distribution  as  one  passes  from  the  troposphere  --  where  the  temperature 
generally  decreases  with  height  --  to  the  nearly-isothermal  stratosphere;  this  change  is  evident  in  Figure  Z 
at  about  13.  5-km  altitude. 

Studies  of  the  distribution  with  height  of  the  wet  and  dry  terms  at  many  locations  from  the  equatorial 
regions  to  the  arctic  and  antarctic  led  to  the  formulation  of  a  three-part  exponential  model  of  N(z).  lc    The 
resulting  model,   with  separate  exponentials  for  the  wet  term,   the  tropospheric  dry  term,    and  the  strato- 
spheric dry  term  adequately  represents  the  mean  N(z)  climate  in  most  regions  of  the  world. 

For  certain  regions  of  the  world,   however,   this  model  or  any  other  simple  analytic  model,   is 
totally  or  partly  inadequate.     This  was  first  pointed  out  as  a  criticism  of  the  simple,    single-exponential 
model.        These  regions,    shown  in  Figure  3,    are  primarily  the  domains  of  the  semipermanent  subtropical 
high  pressure  systems,    especially  the  tradewind  zones  along  their  eastern  and  equatorward  margins. 
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The  meteorology  of  these  systems  reveals  pronounced  low-level  subsidence  of  potentially  warm,   dry  air. 
The  large  temperature  inversions  that  result  from  this  subsidence  result  in  a  marked  depression  of  the 
mean  wet-term  curves  at  low  altitudes,    as  exemplified  by  the  May  profile  for  Dakar,   Senegal,    shown  in 
Figure  4.     Here  the  mean  wet-term  value  drops  from  93  at  the  surface  to  37  at  500  m,    a  gradient  of 
-112  N  km"1  .     Note  that  the  wet-term  value  recovers  at  about  z  =  4  km  to  approximately  the  value  it  would 
have  reached  had  there  been  a  smooth  exponential  decrease  from  the  surface. 

How  to  deal  with  this  type  of  N(z)  profile  remains  one  of  the  unsolved  problems  of  radio  climatology. 
It  may  prove  possible,   for  example,   to  construct  a  model  of  the  subsidence-zone  layer  that  could  then  be 
superimposed  on  the  overall  exponential  model.     Such  a  layer  model  would  have  to  include  as  climatic/ 
geographic-dependent  variables  the  thickness  and  N(z)  gradient  of  the  inversion  zone,    and  the  thickness  of 
the  transition  layer  that  accomplishes  the  return  to  the  normal  profile. 

3.  THE  RADIO  CLIMATOLOGY  OF  TROPOSCATTER  SIGNALS. 

Early  experimental  work  at  radio  frequencies  above  40  MHz  showed  that  the  signals  received  at 
distances  far  beyond  the  optical  horizon  --  roughly  80  to  700  km  from  the  transmitter  --  were  much 
stronger  than  could  be  accounted  for  by  the  simple  diffraction  of  radio  waves  around  a  smooth,    spherical 
earth  of  normal  effective  radius  ~    8,  500  km.  12  ~16    In  1948,    Norton17  suggested  that  these  high  fields  were 
caused  by  reflections  from  many  small  discontinuities  in  the  refractive  index  of  the  atmosphere.     The  sub- 
sequent elaboration  of  this  theory  became  known  as  tropospheric  forward  scatter,    and  Wheelon1  ,l     showed 
that  describing  the  process  by  use  of  the  power  wavenumber  spectrum  of  the  atmospheric  dielectric  irregu- 
larities was  a  powerful  way  to  attack  the  problem  theoretically.     Thus,   the  field  of  atmospheric  turbulence 
and  diffusion  has  become  closely  enmeshed  with  the  field  of  radio  propagation.     In  most  theories  of  tropo- 
spheric forward  scatter,   the  idea  developed  is  that  the  intensity  of  atmospheric  dielectric  fluctuations  is  a 
direct  function  of  the  prevailing  vertical  gradient  of  the  refractive  index  and  that  the  received  troposcatter 
signal  therefore  would  also  be  a  direct  function  of  the  N-gradient.     Thus,    one  of  the  simplest  radio-climatic 
estimators  of  troposcatter  signal  strength  is  a  measure  of  the  average  refractive  index  gradient  in  the  lower 
atmosphere. 

A  widely  used  variable  is  AN,  the  average  gradient  of  N  between  the  surface  and  1  km  above  the 
surface.20  Because  the  correlation  between  monthly  median  signal  strength  and  monthly  mean  AN  at  the 
path  midpoint  is  useful  at  most  locations  throughout  the  world,  the  adequate  mapping  of  AN  on  a  monthly 
mean  basis  for  all  the  countries  of  the  world  is  a  current  goal  of  the  CCIR.21 

AN  is  also  correlated  with  the  surface  refractivity  Ns6,  which  therefore  can  be  used  as  a  field- 
strength  estimator  for  troposcatter  systems  in  the  absence  of  vertical  refractive  index  data.  Such  predic- 
tions are,  of  course,  less  useful  than  those  made  from  good  vertical  profile  data;  in  particular,  for  those 
areas  of  the  world  where  AN  and  Ns  are  not  well  correlated  --  basically  the  regions  shown  in  Figure  3  -- 
Ns  is  almost  useless  for  this  purpose.  2S  However,  since  the  inversions  in  the  regions  shown  in  Figure  3 
are  generally  below  1  km  in  altitude,  AN  includes  their  effects  and  can  still  be  of  use  in  estimating  tropo- 
scatter fields. 

During  the  past  fifteen  years  evidence  has  accumulated  that  some  of  the  variability  of  troposcatter 
signal  strengths   --  especially  the  highest  levels  --  is  produced  by  partial  reflections  from  elevated  layers 
of  a  sharp  refractive  index  gradient  along  the  path.2  "2S    In  1956,    a  paper  by  Friis  et  al.s     presented  at  a 
meeting  of  the  IRE  showed  the  connection  between  the  purely  statistical  forward  scatter  theory  and  the 
simple  theory  of  partial  reflection  from  an  elevated  layer.     This  paper  served  to  stimulate  interest  in  the 
reflection  mechanism  of  tropospheric  propagation,   and  to  be  noted  al^o  is  that  the  theory  it  presents  is 
much  closer  to  the  original  concept  advanced  by  Norton1    than  is  the  conventional  forward-scatter  theory. 

Only  layers  located  within  the  common  volume  can  provide  direct,    single,    specular  reflections, 
which  are  required  by  most  reflection  mechanism  theories.     Surprisingly,   the  most  recent  evidence  indi- 
cates that  layers  located  below  the  common  volume  are  far  more  effective  in  producing  strong  signals  on 
transhorizon  paths  than  are  layers  located  within  the  common  volume,  2S  a  situation  shown  in  Figure  5. 
Layers  located  below  this  point  can  provide  multiple  specular  reflections;  there  is  strong  evidence  that 
this  is  sometimes  the  case.27"29        Nevertheless,   there  is  considerable  evidence  in  these  and  other  pub- 
lished results  that  strong  contributions  to  signal  strength  are  made  by  layers  that  are  at  heights  not  satis- 
fying the  constraints*  imposed  by  the  multiple-reflection  process.25'2  ,2 

We  can  only  conjecture  what  the  propagation  mechanism  is  for  these  layers.     A  likely  process 
might  involve  reflections  from  facets  or  "feuillets"  in  the  layer  that  are  tilted  with  respect  to  the  horizontal. 
Part  of  the  transmitted  power,    reflected  by  such  facets  into  a  near-horizontal  trajectory,   could  propagate 
along  the  main  layer  interface  in  a  sort  of  one-sided  waveguide  mode  called  a  "whispering  gallery  mode."  ° 
Continuous  leakage  of  power  from  the  whispering  gallery  mode  would  result  from  partial  reflections  by 
other  tilted  facets  in  the  layer,   which  would  eventually  direct  energy  to  the  receiver.     Although  such  a 
process  sounds  inefficient,   it  can,   in  fact,   be  highly  efficient  compared  with  the  ordinary  forward-scatter 
mechanism. 


*The  propagation  ray  path  must  form  part  of  an  inscribed  polygon  with  respect  to  the  layer,   which  is 
assumed  to  be  circular  (horizontal).     Multiple  reflections  are  therefore  only  possible  from  layers  located 
at  certain  discrete  heights  over  any  particular  path. 
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The  climatology  of  elevated  layers  has  thus  become  an  important  factor  in  assessing  the  expected 
performance  of  troposcatter  systems.     Recent  work  in  Sweden  has  shown  some  of  the  conditions,    e.  g. 
lower  frequencies,    summertime,    under  which  layer-mode  propagation  is  dominant  over  conventional 
forward-scatter.31    However,    our  knowledge  of  the  climatology  of  elevated  layers  is  sorely  limited.     Besides 
knowledge  of  the  probability  of  occurrence  of  elevated  layers  at  given  locations,    we  need  statistics  on  the 
height, vertical  thickness,    and  N-gradient  of  such  layers  when  they  do  occur.     Other  than  some  reports  on 
a  few  special  areas,    notably  one  on  the  Atlantic  trade  wind  system,       information  of  this  sort  is  almost 
nonexistent. 

Qualitative  investigations  show  that  strong  elevated  layers  are  found  at  many  locations  throughout 
the  world,    and,    except  for  a  marked  persistence  of  such  layers  in  the  subsidence  zones  shown  in  Figure  3, 
are  not  much  more  common  in  the  tropics  than  in  some  of  the  more  temperate  climatic  zones.     Further 
work  on  the  climatology  and  meteorology  of  elevated  layers  is  badly  needed. 

Data  from  some  troposcatter  paths  at  times  when  elevated  layers  are  absent  indicate  that  the  cross- 
path  component  of  wind  just  above  the  crossover  height,    e.g.    as  measured  by  a  rawinsonde,   is  related  to 
the  strength  of  the  received  signal. 5S    When  these  winds  are  strong  --  over  25  knots--  the  received  signals 
are  low,   but  when  they  are  light  the  signals  are  often  considerably  stronger.     This  phenomenon  may  be 
connected  with  the  differences  between  mechanical  and  refractive  index  turbulence.        Strong  vertical  wind 
shear  induces  mechanical  turbulence  and  vertical  mixing  that  tend  to  produce  an  adiabatic  layer;  however, 
such  a  well-mixed  adiabatic  layer  will  show  only  small  irregularities  in  the  refractive  index,    and  hence  a 
low  level  of  N-turbulence  --  a  severely  depressed  power  spectrum  of  N.     Thus,   the  results  reported  by 
Fengler25  may  be  an  indication  that,   in  the  absence  of  elevated  layers,    a  conventional  forward-scatter 
mechanism  is  dominant.     This  phenomenon  clearly  deserves  further  study. 


4. 


THE  RADIO  CLIMATE  NEAR  THE  GROUND. 


The  gradient  of  the  refractive  index  near  the  surface  of  the  earth  has  a  direct  influence  on  the  per- 
formance of  such  systems  as  radio  relay  links  and  radars  used  for  tracking  targets  at  low  altitudes  or  low 
elevation  angles;  at  a  zero  elevation  angle  about  15%   of  the  total  refraction  of  a  radio  ray  is  experienced 
in  the  first  100  m  above  the  transmitter  in  average  conditions,    and  with  superrefraction  this  figure  increases 
to  20%  or  more.     The  study  of  initial  N-gradients  is  therefore  a  significant  aspect  of  radio  climatology. 

There  are  two  extremes  of  initial  gradient  behavior:   subrefraction  and  superrefraction.     Subrefrac- 
tion,    as  usually  defined,    occurs  when  the  initial  gradient  of  N  is  positive,    dN/dz  >  0;  superrefraction  has 
been  variously  defined  as  dN/dz  less  than  -80,    -100,    or  -120  N  km"1.     We  will  use  -100  N  km"1   as  the 
limit  since  it  is  twice  the  average  worldwide  initial  gradient  value  of  -50  N  km"1   and  conveniently  sets  the 
superrefractive  and  subrefractive  boundaries  equally  above  and  below  the  average.     A  superrefractive 
layer  with  a  gradient  sufficiently  strong  to  bend  an  initially-horizontal  radio  ray  along  the  curved  surface 
of  the  earth  --  a  phenomenon  called  "trapping,  "  since  the  ray  cannot  penetrate  the  top  of  the  layer  --  is 
called  a  "radio  duct.  "    The  ducting  gradient  is  defined  mathematically  as  that  which  will  cause  a  radio  ray 
at  a  zero  elevation  angle  to  be  refracted  downward  with  a  radius  of  curvature  equal  to  that  of  the  earth; 
this  condition  is  shown  to  be 


dn 
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157   x  10"    km' 


(3) 


where  a  is  the  radius  of  the  earth. 

Radio  ducting  has  been  studied  in  great  detail,    especially  during  and  immediately  after  World  War  II 
in  connection  with  tracking  radar.        Although  not  yet  fully  understood,   ducting  is  a  well-known  phenomenon 
in  radio  climatology;  it  often  results  in  microwave  radio  energy  propagating  many  hundreds  or  even 
thousands  of  kilometers  beyond  the  normal  horizon.        At  the  same  time,    signals  from  a  transmitter  located 
above  the  ducting  layer  may  show  deep  fading  or  a  total  loss  of  signal  at  a  receiver  located  on  the  ground.    5 

The  opposite  phenomenon,    subrefraction,   has  received  much  less  attention.     The  probability  of 
strong  subrefraction  at  a  particular  location  is  critical  to- the  design  of  microwave  relay  links,    since 
economy  dictates  the  use  of  the  largest  feasible  separation  between  antennas.     For  example,   in  a  radio  link 
designed  for  a  maximum  gradient  of  dN/dz  =  0  the  receiver  will  be  just  above  the  horizon  of  the  transmitter 
for  an  effective  earth's  radius  of  ~  6370  km;  if  the  gradient  now  increases  to  +100  N/km,   the  effective 
earth's  radius  will  decrease  to  ~  3900  km  and  the  receiver  will  be  well  below  the  transmitter's  horizon. 
This  phenomenon  is  known  as  diffraction-fading,   because  it  is  produced  by  having  the  receiver  below  the 
radio  horizon,   where  it  can  receive  only  diffracted  (and  scattered)  signals. 

Subrefractive  gradients  at  optical  wavelengths  are  rare;  since  the  optical  refractive  index  is  insen- 
sitive to  water  vapor,    a  subrefractive  gradient  must  be  produced  by  a  super-autoconvective  lapse  rate  --a 
decrease  of  temperature  with  height  at  a  rate  exceeding  3.4°C/l00  m.     Although  super-autoconvective 
lapse  rates  are  observed  often  under  sunny  weather  conditions,    especially  in  desert  areas  and  sometimes 
to  heights  of  200+  m  above  the  surface,   the  lapse  rate  seldom  exceeds  the  critical  value  of  3.4°C/l00  m 
by  very  much,    except  in  restricted  layers  close  to  the  ground.     Maximum  optical  subrefractive  gradients 
are  therefore  usually  restricted  to  values  of  no  more  than  +  20  or  +  30  N  km"1.     The  very  strong 
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subrefractive  gradients  observed  for  the  radio  refractive  index  --  up  to  +  300  N  km"1  over  100  m  or 
stronger  --  are  produced  by  humidity  inversions   (an  increase  of  absolute  humidity  with  height).     Thus 
there  is  little  correlation  between  the  optical  and  radio  behavior  over  a  line-of-sight  path  during  conditions 
favorable  to  subrefraction. 

The  occurrence  of  super-autoconvective  lapse  rates  of  temperature  is  interesting  in  itself.     Because 
such  lapse  rates  result  in  absolute  mechanical  instability  of  the  air,   they  were  formerly  believed  to  occur 
only  in  very  thin  layers,    or  under  extreme  conditions,    such  as  in  tornadoes  or  "dust  devils."    Data  from 
the  tropical  desert  areas  of  the  world  show  that  this  is  not  true.     For  example,    at  Colomb-Bechar,    Algeria, 
data  taken  by  radiosonde  at  1200  local  time  from  May  1  to  September  30,    1964  and  196  5,    show  a  lapse  rate 
in  the  surface  layer  exceeding  3.4   C/100  m  on  24%  of  the  days  included;  Figure  6  shows  these  data.     The 
lapse  rate  was  superadiabatic  (over  1°C/100  m)  on  all  but  23  days;  the  mean  lapse  rate  for  all  the  days 
was  2.6   C/100  m  over  a  mean  layer  thickness  of  246  m.       The  strongest  cases  of  autoconvection  found 
were  a  lapse  rate  of  9.4°C/l00  m  over  a  layer  68  m  thick  and  a  lapse  rate  of  7.  8°C/l00  m  over  a  97-m 
layer;  the  N-gradient  for  the  latter  case  was  +77  N  km"1,    or  k  =  2/3. 

The  strongest  subrefraction  occurred  when  a  humidity  inversion  was  also  present.     Such  inversions 
are  frequently  found  under  strongly  convective  conditions,   because  the  density  of  moist  air  is  less  than  that 
of  dry  air  at  the  same  temperature  and  pressure,    and  thus  the  available  moisture  tends  to  be  transported 
to  the  top  of  the  convective  layer.     At  Colomb-Bechar,    for  the  periods  mentioned  above,   the  dewpoint 
increased  with  height  on  67  of  the  1  53  days;  the  strongest  subrefraction  was  a  gradient  of  +  259  N  km"1 
[ki  3/8)  for  a  layer  1  04  m  thick.     The  temperature  lapse  rate  was  only  1.3°C/lOO  m  for  this  case,   but 
there  was  a  water  vapor  inversion  of  7  mb  from  the  base  to  the  top  of  the  layer. 

Subrefraction  is  also  found  in  many  locations  during  nighttime  with  a  temperature  inversion;  the 
subrefraction  occurs  when  moisture  Carried  aloft  during  the  daytime  becomes  trapped  in  the  warm  air  at 
the  top  of  the  temperature  inversion.     The  low  level  of  eddy  diffusivity  under  such  stable  temperature 
inversion  conditions  prevents  the  redistribution  of  the  water  vapor.     This  type  of  subrefraction  can  logically 
be  called  "residual  subrefraction.  " 

Both  types  of  subrefraction  are  commonly  found  in  warmer  climates,    especially  the  tropical  areas 
of  the  world.     At  Aden,    Arabia,    for  example,   during  nighttime  the  refractivity  gradient  over  the  first  50  m 
exceeds  +  300  N  km"1   for  1   to  2%  of  the  time,    resulting  in  an  effective  earth's  radius  factor  k  of  1/3  or 
less,   i.e.,    1/4  the  "normal"  4/3  value. 

In  fact,    one  of  the  chief  problems  in  tropical  radio  climatology  is  the  large  variability  of  the  initial 
N-gradients  as  compared  with  the  temperate  zones.     Some  extreme  examples  of  tropical  N-gradients  are 
as  follows: 

(1)  A  subrefractive  layer   50  m  thick  with  a  gradient  of  +  1024  N  km"1   observed  at 
Darwin,    Australia,   in  November. 

(2)  A  radio  duct  867  m  thick  observed  at  Bahrain  Island,   Persian  Gulf,   in  August. 

(3)  Numerous  gradients  stronger  than  -  1000  N  km"1   over  layers   100  m  thick,    observed 
at  Bahrain  Island,   Dakar,   Senegal,    and  other  locations,    at  many  different  times. 

(4)  A  superrefractive  layer  1421  m     thick  with  a  gradient  of  -  127  N  km"1   observed  at 
Calcutta,   India,   in  the  month  of  May. 

The  extremes  listed  above  are  virtually  unheard  of  in  temperate  locations,    such  as  western 
Europe.     The  radio  climatology  of  the  tropics  is  therefore  an  important  field  for  future  study;  this  is 
especially  true  because  most  of  the  developing  nations  of  the  world,   which  seek  to  establish  a  telecommu- 
nication technology,    are  located  within  or  near  the  tropics.     The  first  priority  should  be  to  increase  the 
data  base  for  refractive  index  profiles,    which  at  the  present  is  miniscule  compared  with  the  data  base  for 
Europe,   North  America,    and  some  of  the  other  more  developed  areas  of  the  world. 

5.  THE  CLIMATOLOGY  OF  RADIO  REFRACTIVE  INDEX  TURBULENCE. 

As  pointed  out  by  Bean,  33  the  term  "turbulence"  may  have  different  meanings  for  the  radio  scientist 
and  the  atmospheric  scientist.     To  the  atmospheric  scientist,   the  atmosphere  is  turbulent  when  the  mechani- 
cal turbulence  is  high;  strong  mechanical  turbulence  enhances,   for  example,   the  rate  of  diffusion  of  passive 
atmospheric  constituents,    such  as  pollutants.     However,   the  radio  scientist  considers  the  atmosphere  as 
turbulent  when  it  contains  a  spectral  hierarchy  of  eddies  or  "blobs"  of  differing  radio  refractive  index; 
this  may  or  may  not  occur  under  conditions  of  strong  mechanical  turbulence. 

In  the  analysis  that  follows  we  must  make  use  of  the  concept  of  potential  meteorological  variables. 
The  potential  value  of  a  meteorological  variable  is  the  value  that  variable  would  attain  if  a  parcel  of  air 
from  the  level  under  consideration  were  to  be  transferred  "adiabatically"  to  some  specific  reference  level. 
We  exclude  any  changes  that  would  involve  condensation  of  water  vapor  --  the  so-caller4  psendo-adiabatic 
process  --  as  beyond  the  scope  of  our  treatment. 
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The  likelihood  of  strong  mechanical  turbulence  is  indicated  by  a  Richardson  number  less  than  1/4; 
the  Richardson  number  is  given  by 


Ri=    -k=<=        •  (4) 


where  g  is  the  acceleration  of  gravity,    9  is  the  potential  temperature,   v  is  the  wind  velocity,    and  z  is 
height.     The  overbars  denote  mean  values  over  the  layer  under  consideration. 

When  the  vertical  gradient  of  temperature  is   lcC/lOO  m,   the  potential  temperature  is  constant  with 
height,    and  d6/dz  =  0;  this  temperature  gradient  is  called  the  adiabatic  lapse  rate.     With  an  adiabatic 
lapse  rate,    strong  convection  and  mechanical  turbulence  often  occur;  however,   turbulence  of  optical  re- 
fractive index,    which  depends  almost  entirely  on  the  density  of  the  air,   is  at  a  minimum  because  the 
potential  density  is  constant  with  height.     Thus,    a  parcel  of  air  transported  by  mechanical  turbulence  to 
a  different  level  in  the  atmosphere  will  arrive  there  --  with  an  adiabatic  lapse  rate  --  at  the  same  density, 
and  hence  the  same  refractive  index,    as  the  air  around  i.e.  From  a  propagation  standpoint,   the  atmos- 

phere under  these  conditions  is  described  as  "well  mixed." 

Two  conditions  are  necessary  therefore  to  allow  a  turbulent  refractive  index  structure  to  develop  in 
the  atmosphere:     the  presence  of  mechanical  turbulence  and  a  sufficiently  strong  vertical  gradient  of  the 
potential  refractive  index.     Some  mechanical  turbulence  is  necessary  to  transport  parcels  of  air  to  differ- 
ent heights;  a  strong  vertical  gradient  of  potential  refractive  index  then  insures  that  these  parcels  of  air 
will  arrive  at  their  new  heights  with  a  markedly  different  refractive  index  than  the  air  around  them.     This 
process  produces  an  atmospheric  structure  consisting  of  many  different-sized  parcels,    or  eddies,    of  air 
with  contrasting  refractive  index  values;  such  a  turbulent  refractive  index  structure  is  capable  of  scattering 
radio  waves  and  is  the  mechanism  responsible  for  troposcatter  propagation  when  layering  or  stratification 
of  the  atmosphere  is  not  present. 

The  potential  refractive  index  of  the  atmosphere  can  be  calculated  from  the  potential  refractive 
modulus   i,       which  is  given  by 


=    77'A6  P?  +    3.73  x  106 


(5) 


where  P0  is  the  pressure  at  an  arbitrary  reference  level,    9  is  the  potential  temperature  at  the  reference 
level,    and  e0  is  the  potential  water  vapor  partial  pressure  at  the  reference  level.     The  potential  tempera- 
ture is  given  by 

,       vO.Z88 
9  =  t(9J  ,  (6) 


and  the  potential  water  vapor  partial  pressure  is  given  by 


■® 


(7) 


In  these  equations  we  assume  there  is  no  addition  or  subtraction  of  water  vapor  from  a  parcel  of  air  if  it 
is  lifted,    i.e.,    a  dry  adiabatic  process  is  considered. 

The  derivative  of  $   with  respect  to  height  is 

d*  _        77.6P0    d8  3.73   X  105  de0  7.46   X  10s  e0    d9 

dz  "        e5       dz  92         dz    "         "e3  dz  '  (  ' 

where  P0  is  a  constant.     If  we  define  W0   as  the  potential  wet  term 

W0   .    hZll^      _  (9) 


then  (8)  becomes 

df    .        (i  +  W0)  d9    +    Wo    deo_ 

dz         "  9  dz  e0      dz  '  u    ' 

Refractive  index  turbulence  will  be  at  a  low  level  whenever  d$/dz  is  close  to  or  equal  to  zero,    as 
demonstrated  earlier.     The  condition  d$/dz  =:  0  can  be  satisfied  either  by  d9/dz  and  de0/dz  both  being 
close  to  zero,    or  by 

de0         ep     (f  +  W0)    d8 
dz  W0  9  dz       *  l      ' 
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Condition  (11)  can  be  simplified  to 

de0  I,   „,„   tn       ,    2e0    I    d6 


[2X10-P0    +  ***■] 


dz  -  L"  e  J  dz    -  <12> 

where  the  units  are  millibars  and  degrees  Kelvin.     The  equations  involving  de0/dz  can  be  written  in  terms 
of  the  specific  humidity  q  or  the  mixing  ratio  wby  noting  that 

q  -  w-  0622  ^    ,  (13) 


while,    from  (7), 


---*      £(!)      !Sl'6P°£*    l'6P0^.  (14) 


dz  °    dz   \P/  °    dz  °    dz 

Thus,   the  first  condition  for  low  refractive  index  turbulence,   d6/dz  a  0  and  de0/dz  a  0,   will  be 
satisfied  whenever  the  potential  temperature  and  the  specific  humidity  or  mixing  ratio  are  approximately 
constant  with  height,    while  the  second  condition  given  by  (12)  becomes 


^Ja  1.2  X10-*[l+  1.6%-    X    10*1^    .  (15) 

dz  ]  6  J  dz 


Finally,   for  q  or  w  in  the  usual  units  of  parts  per  thousand,    e.g.,    g(kg)"1,   which  we  shall  denote  as  q* 
or  w  ,    (15)  becomes 


=*    as  0.12 
dz 


[•♦"(¥)]«• 


Since  the  potential  temperature  normally  increases  with  height,   the  specific  humidity  must  also 
increase  with  height  in  order  to  satisfy  (16);  an  increase  of  q  with  height  is  often  found  in  temperature 
inversion  layers,   but  q  ordinarily  decreases  with  height.     When  the  potential  temperature  decreases  with 
height,    i.e.,   when  the  temperature  lapse  rate  exceeds  the  dry  adiabatic  rate,   the  specific  humidity  or 
mixing  ratio  must  also  decrease  with  height  to  satisfy  (16),    a  situation  more  likely  to  be  encountered  in 
nature.     Because  strong  mechanical  turbulence  will  usually  be  found  when  the  temperature  lapse  rate  is 
superadiabatic,    (16)  is  most  important  at  these  times  as  an  indicator  of  the  unlikeliness  of  refractive 
index  turbulence. 

Figure  7  shows  the  combinations  of  dq/dz  and  dT/dz  that  will  satisfy  condition  (16)  for  various 
values  of  qo/9-     Figure  7  is  plotted  in  terms  of  dT/dz,    and 
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dz 


(17) 

0   288 
where  T  is  the  dry  adiabatic  lapse  rate,    i.e.,    about  1=K/100  m.     We  have  assumed  the  factor  (P0/P) 

to  be  equal  to  1;  thus  the  values  of  d0/dz  used  will  be  correct  within  a  5%  error,   provided  P0/P  does  not 

exceed  1.185.     If  P0  is   1000  mb,   then  this   5%  error  in  d9/dz  will  not  be  exceeded  until  P  is  less  than 

850  mb,    or  about  1500  m  above  the  reference  level.     Figure  7  is  therefore  valid  throughout  the  atmospheric 

boundary  layer. 

The  climatology  of  radio  refractive  index  turbulence  can  be  determined  by  applying  the  criteria  for 
mechanical  instability,    e.g.,   Richardson  number,    and  refractive  index  potential  turbulence,    e.g.,    a  high 
value  of  potential  refractive  modulus  height  gradient  or  a  negative  criterion  such  as  (16),   to  the  climatic 
data  on  winds,   temperature,   and  humidity  for  a  particular  area.     This  could  be  done  with  conventional 
rawinsonde  data.     Apparently,    no  studies  of  this  sort  have  been  done,   and  radio  refractive  index  turbulence 
climatology  appears  to  be  a  fertile  field  for  work  along  these  lines. 

6.         CONCLUSIONS. 

We  have  reviewed  the  progress  to  date  in  four  major  fields  of  radio  climatology  and  have  found  that 
although  much  has  been  learned,    a  great  deal  remains  to  be  accomplished. 

Relatively  sophisticated  models  of  the  vertical  distribution  of  the  radio  refractive  index  have  been 
developed,    yet  a  method  of  handling  problem  areas,   which  have  abnormal  N-profiles,    remains  to  be 
discovered. 

The  most  recent  work  on  problems  of  transhorizon  radio  propagation  shows  that  elevated  layers  in 
the  troposphere  are  of  fundamental  importance  as  a  propagation  mechanism,   but  very  little  is  known  of 
the  climatology  of  such  layers. 

The  importance  in  many  radio  propagation  problems  of  the  initial  refractive  index  gradient  is  well 
known,   and  existing  theory  is  sufficient  to  obtain  useful  results  from  climatological  data.     However,   the 
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most  highly  variable  of  such  radio  climates  occur  in  the  tropical  areas  of  the  world,    and  we  are  not  now 
able  to  accurately  define  most  of  these  tropical  radio  climates,    largely  because  of  an  insufficient  data 
base. 

Finally,    although  we  have  seen  that  the  climatology  of  radio  refractive  index  turbulence  can  be 
objectively  defined,   we  find  that  virtually  no  work  has  been  done  on  this  important  aspect  of  radio 
climatology. 
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Fig.3      Areas  of  the  world  where  the  three-part  exponential  model  of    N(z)    fails 
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Fig.5     Tropospheric  propagation  by  a  layer  located  below  the  common  volume 
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Fig.7     Temperature  gradient  and  specific  humidity  gradient  combinations  that  result  in  a  potential  refractive 

modulus  gradient  of  zero 
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The  Ionospheric  Response  to  Internal  Gravity  Waves 
1.     The  F-2  Region  Response 

William  H.  Hooke 

Institute  for  Telecommunication  Sciences,  ESSA  Research  Laboratories, 
Boulder,  Colorado    80302 

The  F-<  region  ionospheric  response  to  individual  internal  gravity  waves  is  calculated  as  a 
function  of  the  azimuth  of  wave  propagation.  This  response  is  shown  to  be  highly  anisotropic, 
with  the  anisotropy  itself  depending  on  the  wave  parameters,  the  geomagnetic  dip,  and 
the  prevailing  ionization  density  gradient.  Because  the  ionization  density  gradient  changes 
with  time  of  day  and  season,  the  ionospheric  response  and  hence  the  traveling  ionospheric  dis- 
turbance statistics  themselves  should  exhibit  corresponding  diurnal  and  seasonal  variations. 
The  physical  basis  for  the  anisotropy  of  the  ionospheric  response  is  discussed. 


Earlier  theoretical  work  [Hooke,  1968a]  has 
shown  that  internal  gravity  waves  produce 
traveling  ionospheric  disturbances  (TID's) 
through  a  variety  of  photochemical  and  dy- 
namical means  in  such  a  way  that  the  iono- 
spheric response  to  the  waves  should  be  aniso- 
tropic and  subject  to  diurnal  and  seasonal 
variations.  In  other  words,  two  internal  gravity 
waves  that  have  the  same  periods,  wavelengths, 
and  amplitudes  and  are  alike  in  all  respects 
except  their  directions  of  travel  over  the  face 
of  the  globe  or  the  times  of  their  propagation 
could  produce  fractional  perturbations  in  iono- 
spheric electron  density  of  quite  different  mag- 
nitude. The  ionospheric  response  to  the  waves 
should  also  vary  with  geomagnetic  and  geo- 
graphic latitude.  In  the  same  paper,  this  au- 
thor suggested  that  the  ionospheric  response 
should  therefore  contribute  to  the  observed 
[Munro,  1950,  1958;  Price,  1955]  diurnal  and 
seasonal  variations  in  TID  occurrence  fre- 
quency and  statistically  preferred  directions  of 
travel. 

The  earlier  theoretical  work  stopped  short, 
however,  of  explicitly  calculating  the  iono- 
spheric response  to  representative  waves  as  a 
function  of  the  azimuth  of  wave  propagation 
for  given  ionospheric  conditions.  This  paper 
(and  a  later  companion  paper)  presents  the 
results  of  such  more  detailed  calculations.  They 
reveal  rather  vividly  certain  features  and  in- 
tricacies of  the  ionospheric   response  that  ap- 
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pear  to  have  previously  escaped  explicit  notice 
in  the  literature,  though  they  have  always  been 
implicit  in  the  governing  equations.  Consider, 
for  example,  the  situation  at  F,  region  heights, 
where  the  ionospheric  response  to  the  waves  is 
simplest,  because  ion  lifetimes  are  long  in  com- 
parison to  the  wave  periods  and  the  waves 
produce  TID's  solely  by  moving  the  preexisting 
ionization  back  and  forth  along  the  geomagnetic 
field  lines  [Hooke,  1968a].  One  finds,  as  ex- 
pected, that  some  azimuthal  directions  of  wave 
propagation  are  preferred  in  terms  of  the  iono- 
spheric response  evoked.  One  also  finds  that 
ivhich  azimuths  are  preferred  depends  on  the 
wave  parameters,  the  geomagnetic  dip,  and  the 
prevailing  ionospheric  conditions  as  well;  thus 
any  simple  theoretical  interpretation  of  the  ob- 
served diurnal  and  seasonal  variations  in  direc- 
tions of  TID  travel  is  precluded.  The  situa- 
tion is  even  more  complicated  at  lower  F  region 
heights,  where  ion  lifetimes  are  comparable  to, 
or  shorter  than,  the  wave  periods  and  wave- 
associated  photochemical  effects  are  important 
in  TID  production.  There  the  azimuthal  direc- 
tions of  wave  propagation  preferred  in  terms 
of  the  ionospheric  response  evoked  are  gen- 
erally those  for  which  the  sun's  rays  lie  nearly 
in  surfaces  of  constant  wave  phase,  for  reasons 
explained  earlier  [Hooke,  1968a].  For  a  given 
wave,  location,  and  time  of  day  and  season, 
there  may  be  two  azimuthal" directions,  as  much 
as  180°  apart,  one  direction,  or  none  at  all 
satisfying  this  condition. 

Because  the  nature  of  wave-associated  TID 
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production  is  so  different  at  the  two  F  region 
levels,  it  seems  useful  to  treat  the  two  levels 
separately.  This  paper  considers  the  F2  region 
ionospheric  response  to  the  waves,  which  is 
purely  dynamical,  as  mentioned  earlier.  Though 
not  directly  relevant  to  the  statistical  observa- 
tions that  pertain  to  TID's  at  heights  below  200 
km  [Heisler,  1958],  it  does  provide  insight  into 
the  mechanism  of  TID  production  at  work  in 
the  individual  events  observed  at  higher  alti- 
tudes by  Thome  [1964,  1968],  Georges  [1967], 
and  Vasseur  and  Waldteufel  [1969].  It  also 
serves  as  useful  background  for  a  later  paper, 
which  considers  the  lower  F  region  ionospheric 
response  to  internal  gravity  waves,  because  here 
wave-associated  photochemical  and  dynamical 
effects  are  both  active,  and  compete  with  (or 
complement)  each  other. 

Calculations 

The  calculations  of  this  paper  assume  that, 
the  lifetimes  of  the  dominant  ionospheric  ions 
greatly  exceed  the  wave  periods  of  interest,  so 
that  the  wave-associated  photochemical  effects 
can  be  legitimately  ignored.  For  waves  having 
periods  of  less  than  about  1  hour,  this  should 
be  true  at  F2  region  heights  of  250  km  and 
above  [Hooke,  1968a].  At  F2  region  heights, 
then,  internal  gravity  waves  produce  iono- 
spheric irregularities  solely  because  they  set 
the  neutral  upper  atmosphere  into  motion. 
These  atmospheric  motions,  which  can  be  de- 
termined from  the  wave  parameters,  in  turn 
induce  motions  of  the  ionization  through  col- 
lisions. Geomagnetic  constraints  modify  the  re- 
sulting ion  motion  in  a  manner  specified  by  the 
orientation  of  the  geomagnetic  induction  field 
and  the  ratio  of  ion-neutral  collision  frequency 
to  the  ion  gyrofrequency.  In  consequence,  the 
(nearly)  divergence-free  neutral  atmospheric 
motions  produce  ion  motions  that  are  in  gen- 
eral divergent,  creating  ionospheric  irregularities 
as  dictated  by  the  equation  of  continuity  for 
the  ionization. 

Thus  consider  an  inviscid,  plane-stratified, 
isothermal  atmosphere  and  ionosphere,  stationary 
in  the  absence  of  internal  gravity  waves.  Now 
allow  an  internal  gravity  wave,  having  angular 
frequency  w,  wave  vector  k,  and  energy  density 
per  unit  mass  E  at  the  altitude  of  interest,  to 
perturb  this  atmosphere.  It  produces  neutral 
atmospheric  motions 


u  °c    exp  (z/2H)  exp  i(wt  —  k-r)        (l) 

where  z  is  the  height,  H  is  the  neutral  atmospheric 
scale  height,  t  is  the  time,  and  r  is  a  position 
vector.  The  horizontal  and  vertical  components 
of  u  are  related  in  amplitude  and  phase  by 
equations  25  and  26  of  Mines  [I960].  These 
relations  depend  not  only  on  w,  k,  and  H,  but 
also  on  the  neutral-gas  ratio  of  specific  heats  y 
and  the  acceleration  of  gravity  g.  The  magnitude 
of  u  can  be  determined  from  the  wave  energy  per 
unit  mass  E  by  equation  45  of  Hines  [I960]. 
The  wave  vector  k  is  related  to  the  angular 
frequency  w  by  the  wave  dispersion  equation  (21) 
of  Hines  [1960]  (that  equation  contains  a  typo- 
graphical error;  the  second  kx  of  the  formula 
should  be  fe„). 

Through  collisions  the  neutral  atmosphere 
sets  the  ionization  into  motion.  This  ion  motion 
is  given  by  [MacLeod,  1966] 


u,  =  (1  +  p,2)"'[p,2u  +  p,(uxl6) 

+  (u.l»)li 


(2) 


where  p,  =  y./w,  is  the  ratio  of  the  ion-neutral 
collision  frequency  vx  to  the  ion  gyrofrequency 
o>i  and  16  is  a  constant  unit  vector  directed 
parallel  to  the  geomagnetic  induction.  In  the 
calculations  it  is  assumed  that 


p,   oc    exp  (  —  z/H) 


(3) 


In  general,  this  wave-produced  ion  motion  is 
divergent ,  which  gives  rise  at  F  2  region  heights  to 
small  periodic  departures  or  perturbations  N /  of 
the  electron  density  N,  from  its  unperturbed 
value  Ne0  that  are  given  to  first  order  by 


Ne 


-(uur'v-ctf.ou.-) 


(4) 


the  production  and  loss  terms  of  this  equation  of 
continuity  being  neglected  here. 

Equations  1  through  4,  together  with  the 
cited  equations  from  Hines  [1960],  can  be  used  to 
calculate  the  amplitude  of  the  instantaneous 
electron  density  fluctuations  Nt'/Ne0  in  terms 
of  given  values  of  the  parameters  X,  g,  H,  pt, 
2,  k,  E,  lh  and  d(ln  Ne0)/dz.  In  all  the  calculations 
presented  here,  y  is  taken  to  be  1.4,  g  to  be 
8.9325  m/sec2  ,  H  to  be  50  km,  and  p,  to  be 
0.005,  corresponding  to  a  choice  of  approximately 
300  km  as  the  height  of  interest.  The  logarithmic 
ionization  density  gradient  is  taken  to  be  either 
zero  (Ft  layer  peak  conditions),  or  4  X  10-5  m_I, 
for    reasons    discussed    later.    The    vector    lb, 
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specified  in  the  figures  by  the  geomagnetic 
inclination  /  (here  taken  to  be  positive  in  the 
southern  hemisphere)  and  the  azimuthal  orien- 
tation of  k  relative  to  geomagnetic  north-south 
vary  from  computation  to  computation.  Wave 
phase  propagation  is  taken  to  be  downward,  in 
agreement  with  observation  [Munro,  1950] 

In  order  to  compare  differences  in  the  iono- 
spheric response  to  the  different  waves,  it  is 
assumed  in  all  the  calculations  that  the  wave 
energy  per  unit  mass  E  =  40  m2/sec2  at  the 
level  of  interest,  corresponding  to  atmospheric 
motions  there  > — '6  m/sec.  This  value  agrees  in 
order  of  magnitude  with  observational  estimates 
of  the  internal  gravity  wave  amplitudes  at  these 
heights  [e.  g.,  Vasseur  and  Waldteufel,  1969]. 
Note  that  this  method  of  wave  amplitude 
normalization  is  purely  arbitrary.  The  waves 
could  have  been  normalized  instead  to  a  constant 
vertical  energy  flux,  or  to  a  constant  horizontal, 
vertical,  or  total  velocity,  or  to  some  other 
condition,  with  a  corresponding  influence  on  the 
final  results. 

Since  at  F  region  heights  p,  «  1,  equation  2 
reduces  approximately  to 

u,  =  (u-l6)l6  (5) 

so  that  equation  4  becomes 

n;  =  -w-'v^.olu-DiJ      (6) 

In  terms  of  the  parameters  used  in  the  cal- 
culations, equation  6  can  be  written  as 


(7) 


Obviously,  in  determining  the  instantaneous 
Ne'/Neo  fluctuations,  one  uses  the  real  part  of 
this  expression.  The  accurate  results  were  used  in 
the  computer  calculations,  so  that  the  computer 
programs  would  have  a  greater  range  of  validity, 
but  these  approximations  are  useful  in  showing 
the  physics  behind  the  computations.  In  connec- 
tion with  this  particular  problem,  the  approxi- 
mations have  appeared  in  one  form  or  another 
in  a  number  of  papers  [Georges,  1967,  1968;  Hooke, 
1968a;  Nelson,  1968;  Thome,  1968]. 

Equations  5  through  7  show  that  at  the  F  2  layer 
peak  the  fractional  perturbations  in  electron 
density  are  proportional  to  the  product  of  two 
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|(k-lt)  +  i(lb-h) 

1          d  , 

j5  +  s0->JU 

factors.  The  first  is  the  component  (u'l6)  of  the 
wave-associated  motions  u  parallel  to  the  geo- 
magnetic field  lines;  the  second  is  the  variation 
[(k-1,,)  +  i{lb'lz)/2H\  of  the  motions  parallel 
to  the  field  lines.  This  variation  in  turn  arises 
from  two  sources.  The  first  is  the  variation 
(k'lfc)  in  wave  phase  from  point  to  point  along 
geomagnetic  field  lines  that  occurs  unless  these 
lines  happen  to  lie  in  surfaces  of  constant  wave 
phase  (i.  e.,  unless  k-l6  =  0).  The  second  is  the 
exponential  increase  (1/2//)  in  wave  amplitude 
with  height,  which  translates  into  a  change  of 
wave  amplitude  along  the  field  lines  except  at 
the  geomagnetic  dip  equator  (1&*1,  =  0).  For 
waves  whose  vertical  wave  number  kz  satisfies 
the  condition  4A-Z2»  l///2,  however,  this  second 
term  usually  has  little  relative  significance.  The 
requirements  that  both  (u*lt)  and  (k*l6)  be 
large  if  the  ionospheric  response  is  to  be  large 
often  work  against  one  another,  because  internal 
gravity  waves  are  very  nearly  transverse  [Hines, 
I960]. 

At  heights  where  there  exists  a  steep  ambi- 
ent ionization  density  gradient,  however,  the 
rf(ln  Ne0)/dz  term  of  equation  7  contributes 
significantly  to  N/,  at  least  at  sufficiently  high 
geomagnetic  dip  latitudes.  In  these  circumstances 
Ne'/Ne0  is  large  provided  that  (u'lb)  is  large; 
u  need  not  vary  along  the  field  lines  to  produce  a 
significant  ionospheric  response. 

Note  that,  when  (/(In  Ne0)/dz  is  negative 
upward  rather  than  positive,  it  is  canceled  to 
some  extent  by  the  growth  in  wave  amplitude 
with  height,  represented  by  the  factor  of  1/2// 
in  equation  7.  At  heights  well  above  the  F2 
peak,  where  diffusive  equilibrium  obtains, 
d(ln  Ntt)/dz  =  -1/2//  [Hines  el.  al.,  1965], 
and  these  two  terms  should  exactly  cancel 
(however,  see  the  concluding  remarks  of  this 
paper).  It  should  also  be  noted  that  because 
d(ln  Ne0)/dz  varies  with  height,  and  because 
this  contribution  and  the  (k*l6)  contribution  to 
N /  are  not  in  phase  (equation  7),  the  N,' 
variations  will  not  exhibit  the  same  phase 
variations  in  the  vertical  as  the  internal  gravity 
waves.  Depending  on  the  sense  of  the  variations 
in  the  ambient  ionization  density  gradient  and 
the  sign  of  k*l6,  this  effect  will  result  in  either 
upturns  or  downturns  of  the  apparent  TID 
phase  surfaces.  The  maximum  phase  shifts 
available  are  ±90°. 

Physically,  the  phases  of  the  (k-l6),  i(l6* lx)/ 
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2H,  and  i(l6'lj  c/(ln  Neo)/dz  contributions  to 
Ne'/Ne0  arise  as  follows:  In  each  case  Ne'/Ne0 
is  a  maximum  one-quarter  of  a  wave  cycle  after 
the  time  of  maximum  convergence.  For  the 
(k'l6)  contribution  to  Ne'/Ne0,  which  represents 
a  convergence  of  ionization  due  to  the  variation 
of  wave  phase  along  geomagnetic  field  lines,  the 
convergence  is  greatest  where  the  change  of  u 
along  16  is  greatest,  namely  at  u  =  0.  The 
maximum  perturbation  Ne'/Ne0  then  occurs  a 
quarter  of  a  wave  cycle  later,  where  |u|  is  also  a 
maximum,  and  N /  and  (u*l&)  are  either  in 
phase  or  antiphase,  depending  on  the  sign  of 
k-l6.  The  i(lb-l!)/2H  contribution 'to  Ne'/Ne0 
represents  a  convergence  of  ionization  due  to  the 
variation  of  wave  amplitude  along  geomagnetic 
field  lines.  This  convergence  is  greatest  where 
|u|  is  greatest,  and  the  maximum  of  Ne'  occurs  a 
quarter  of  a  wave  cycle  later;  hence,  we  have  the 
factor  i.  The  i{lb'lz)  d(ln  Ne0)/dz  contribution 
represents  a  convergence  of  ionization  due  to  the 
displacement  of  a  preexisting  ionization  density 
gradient.  This  displacement  occurs  a  quarter  of 
a  wave  cycle  after  |u|  is  a  maximum,  and  again 
we  have  the  factor  i. 

Results 

The  results  of  this  paper  take  the  form  of 
polar  coordinate  plots  such  as  the  one  shown 
in  Figure  1.  Each  curve  shows  the  amplitude  of 
the  fractional  perturbations  in  electron  density 
(proportional  to  the  radial  distance  from  the 
curve  to  the  plot  origin)  produced  by  a  speci- 
fied wave  as  a  function  of  the  azimuth  of  wave 
propagation  (measured  circumferentially)  for 
given  ionospheric  conditions.  Thus  the  curves  of 
Figure  1  show  the  response  of  the  F2  region 
ionosphere  at  /  =  55°  to  an  internal  gravity 
wave  having  a  50-km  horizontal  wavelength  Xh 
and  a  100-km  vertical  wavelength  Xz  (phase 
propagation  is  taken  to  have  a  downward  com- 
ponent, as  mentioned  earlier).  In  the  model 
atmosphere  considered  here,  this  wave  has  a 
period  r  =  16.4  min  and  a  horizontal  phase 
velocity  vph  =  50.8  m/sec.  Its  energy  per  unit 
mass  E  =  40  nr/sec2  at  this  height  implies  a 
horizontal  component  uK  =  2.84  m/sec.  The 
solid  curve  of  Figure  1  shows  the  ionospheric 
response  at  heights  where  (/(In  N,0)/dz  =  0, 
as,  for  instance,  at  the  height  of  the  F2  layer 
peak,  whereas  the  dashed  curve  shows  the  re- 
sponse where  (/(In  N,.0)/dz   —   4    X    10~5  m~\ 
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0  06 


Xh  =  50  km 
Xz  =  100km 

6  4  min 
Vpn=  50  8  m/s 
Un  =  2  84  m/s 


Pole 

Fig.  1.  The  response  of  the  F2  region  iono- 
sphere (geomagnetic  inclination  /  ==  55°)  to  an 
internal  gravity  wave  having  the  parameters 
shown,  as  a  function  of  the  azimuth  of  wave 
propagation.  The  radial  distance  from  the  points 
of  the  curves  to  the  plot  origin  gives  the  ampli- 
tude of  the  fractional  electron  density  perturba- 
tions Ne'/Neo  occurring  during  wave  passage.  The 
solid  curve  shows  the  response  at  heights  where 
c?(ln  Ntu)/dz  =  0,  as,  for  instance,  at  the  height 
of  the  Fa  peak,  whereas  the  dashed  curve  shows 
the  response  at  heights  where  (/(In  Neo)/dz  — 
4  x  10~5  m1. 

Such  large  ambient  ionization  density  gradients 
may  or  may  not  be  attained  at  F  region 
heights;  this  value  is  chosen  merely  to  illustrate 
the  effects  of  such  gradients  on  the  ionospheric 
response  under  conditions  where  they  dominate. 
The  ambient  ionization  density  gradient  has 
been  chosen  to  be  positive  upward  since  this  is 
the  case  of  greatest  interest  for  observations  at 
heights  below  the  height  of  the  F2  peak. 

Figure  1  shows  that  this  particular  internal 
gravity  wave  produces  a  TID  of  6%  amplitude 
at  both  heights  in  the  /  =  55°  F2  layer  iono- 
sphere when  it  propagates  poleward.  When 
propagating  within  45°  of  equatorward,  this 
same  wave  produces  a  TID  of  4  to  5%  am- 
plitude at  heights  where  (/(In  NeQ)/dz  =  4  X 
10  5  m~',  but  only  1  to  2%  amplitude  at  the 
height  of  the  F2  layer  peak.  For  purposes  of 
comparison,  it  might  be  noted  that  fractional 
fluctuations  in  electron  density  of  a  few  per 
cent  constitute  the  detectability  threshold  for 
many  radio  sounding  techniques.  As  a  result, 
an  observer  monitoring  TID  activity  at  the 
height   of  the  F2  layer  peak  might  detect  the 
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wave  if  it  were  traveling  toward  the  pole  but 
would  fail  to  notice  it  if  it  were  traveling 
equatorward.  On  the  other  hand,  if  he  were 
monitoring  a  height  where  a  steep  ambient 
ionization  density  gradient  existed,  he  might 
detect  the  wave  regardless  of  its  direction  of 
propagation. 

The  anisotropy  in  ionospheric  response  re- 
vealed by  Figure  1  is  readily  explained  in  terms  of 
the  discussion  at  the  end  of  the  second  section,  as 
illustrated  by  Figure  2.  It  shows  that  in  this 
example  the  factor  (u*l,,)  is  relatively  large 
when  the  wave  is  propagating  equatorward, 
but  for  equatorward  propagation  the  geomagnetic 
field  lines  lie  nearly  in  surfaces  of  constant  wave 
phase,  so  that  (k-lj  is  small.  When  the  wave  is 
propagating  poleward,  (u*lj  is  smaller,  but 
(k-l6)  is  so  much  larger  that  the  ionospheric 
response  is  much  greater.  Thus  it  is  the  wave 
front  tilt  (related  to  the  wave  period  t,  as 
discussed  above)  relative  to  the  geomagnetic 
inclination  /  that  is  primarily  responsible  for 
determining  the  shape  of  the  ionospheric  response 
pattern.  The  absolute  magnitude  of  the  iono- 
spheric response  depends  on  the  magnitude  of  k 
(for  fixed  E),  but  the  variation  with  azimuth 
does  not,  provided  that  4k ,2  »  l/H2.  At  the 
height  where  d(ln  Ne0)/dz  =  4  X  10~5  nr1, 
Nt'/Ne0  is  large  provided  that  (u-lj  is  large; 
u  need  not  vary  along  the  field  lines  to  produce  a 
significant  ionospheric  response.  Hence  we  find 
the  enhanced  response  to  waves  propagating 
equatorward,  as  shown  by  the  dashed  curve 
of  Figure  1. 

Although  Figure  1  has  been  restricted  to 
/  =  55°  and  downward  phase  propagation,  it  is  a 
bit  more  general  than  it  might  appear,  in  two 
ways.  First,  had  the  magnetic  inclination  / 
equalled  —55°  instead  of  55°,  the  same  figure 
would  have  applied,  at  least  to  the  extent  that 
equation  5  is  approximately  valid,  as  long  as  it  is 
understood  that  the  equator  remains  at  the  top 
of  the  figure  and  the  pole  at  the  bottom.  Second, 
had  the  wave  phase  propagation  been  upward 
instead  of  downward  (a  theoretically  and  obser- 
vationally  unlikely  event  [Nines,  1960,  1963, 
1964]),  the  figure  would  still  apply,  but  the 
equator  and  pole  directions  would  be  reversed. 
Similar  comments  apply  to  the  remaining  figures 
of  the  text. 

Figures  3a  and  36  show  arrays  of  plots  such 
as   the   one    in    Figure    1,    indicating   how    the 


Pole 


Equator- 


Fig.  2.  Illustrating  the  competition  between 
the  requirements  that  both  u  •  lb  and  k  •  lb  be 
large  if  an  internal  gravity  wave  is  to  produce  a 
large-amplitude  ionospheric  irregularity.  For  the 
wave  of  Figure  1,  u  •  lj  is  largest  when  the  wave 
propagates  equatorward,  but  in  this  event  k  •  lh  is 
so  small  that  the  wave  produces  a  relatively  small 
ionospheric  response.  When  the  wave  propagates 
poleward,  u  •  lb  is  small,  but  k  •  16  is  so  much 
greater  that  the  wave  produces  a  significantly 
larger  response. 


ionospheric  response  to  the  four  different  waves 
having  the  parameters  shown  varies  as  the 
geomagnetic  inclination  /  varies  from  0°  to  90° 
in  5°  steps.  In  these  plots,  as  in  Figure  1,  the 
equator  is  at  the  top  of  the  figure  and  the  pole  is 
at  the  bottom ;  solid  curves  show  the  ionospheric 
response  for  d(ln  Ne0)/dz  =  0,  and  the  dashed 
curves  show  the  ionospheric  response  for 
d(ln  Ne0)/dz  =  4  X  10~5  mrl.  All  the  waves  are 
assumed  to  have  the  same  vertical  wavelength 
X,  =  100  km  =  -2-ir/k:  (satisfying  4k,2  » 
I///2).  The  horizontal  wavelength  \h,  and 
hence  the  wave  period  r  and  horizontal  phase 
velocity  vph,  vary  from  wave  to  wave.  For  waves 
satisfying  4k,2  »  l/H2,  the  wave  period  r 
uniquely  determines  the  wave  front  tilts  [Hines, 
I960];  here  we  may  refer  to  the  waves  by  their 
periods  without  ambiguity. 

Consider  first  the  ionospheric  response  to  the 
wave  with  16.4-min  period  studied  in  the  example 
of  Figure  1.  Figure  1  is  in  fact  repeated  as  part 
of  Figure  36,  and  it  may  be  used  to  calibrate  the 
absolute  amplitude  of  the  other  plots,  all  of 
which  are  drawn  to  the  same  scale.  As  pointed 
out  above,  this  wave  produces  the  largest 
response  in  the  F  ■•  layer  peak  ionosphere  at  /  = 
55°  when  propagating  toward  the  pole.  This 
general  statement  also  appears  to  apply  to  all 
higher  latitudes,  except  as  /  tends  to  90°,  where 
the    ionospheric    response    is    almost    isotropic 
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Fig.  3a.  An  array  of  plots  like  that  of  Figure  1,  showing  how  the  F2  region  ionospheric 
response  to  internal  gravity  waves  varies  with  the  wave  parameters  and  the  geomagnetic 
inclination  (/  =  0°  to  ±40°). 
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Fig.  36.  An  array  of  plots  like  that  of  Figure  1.  showing  how  the  F-i  region  ionospheric 
response  to  internal  gravity  waves  varies  with  the  wave  parameters  and  the  geomagnetic 
inclination  (/  r=  ±45°  to  ±90°). 
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(as  it  should  be,  since  here  the  orientation  of  k 
relative  to  lh  does  not  change  as  k  varies  in 
azimuth).  At  lower  latitudes  (/  <  40°),  however, 
the  F  2  layer  peak  ionosphere  responds  prefer- 
entially to  the  wave  when  it  is  propagating 
equatorward.  The  equatorward  response  is  a 
minimum  at  that  geomagnetic  inclination  that 
satisfies  (k'l6)  =  0.  Thus  the  directions  of 
wave  propagation  that  are  preferred  in  terms  of 
the  ionospheric  response  depend  on  the  geo- 
magnetic inclination.  Note  that  at  all  latitudes 
except  /  =  0°  a  positive  ambient  ionization 
density  gradient  increases  the  ionospheric  re- 
sponse to  the  waves  propagating  equatorward, 
the  effect  being  most  marked  at  the  higher 
latitudes. 

Now  consider  the  ionospheric  response  to  the 
20.8-min  wave.  It  differs  from  the  response  to 
the  16.4-min  wave  at  all  latitudes  except  7=0° 
and  I  =  90°.  Thus,  for  example,  at  the  dip 
latitude  I  =  55°,  the  F2  layer  peak  ionosphere 
responds  most  strongly  to  the  20.8-min  wave 
when  it  propagates  east-west,  but  it  responds 
most  strongly  to  the  16.4-min  wave  when  it 
propagates  toward  the  pole.  This  difference  may 
be  attributed  primarily  to  the  difference  in  the 
wave  front  tilts  of  the  two  waves  (45°  from  the 
vertical  for  the  20.8-min  wave,  and  26.5°  for  the 
16.4-min  wave),  as  the  reader  can  readily  con- 
vince himself  by  drawing  figures  like  Figure  2  and 
using  the  reasoning  accompanying  that  figure. 
One  finds  that  at  I  =  55°,  the  F2  layer  peak 
responds  only  slightly  to  waves  of  45°  tilt 
propagating  nearly  meridionally,  because,  when 
(k- lb).. is  large,  (u«l(,)  is  small,  and  vice  versa. 
For  this  particular  wave  the  effect  is  still  more 
pronounced  at  the  dip  latitude  I  =  45°,  where 
the  east-west  lobes  of  the  pattern  are  relatively 
prominent.  Again,  however,  a  steep  ambient 
ionization  density  gradient  enhances  the  iono- 
spheric response  to  this  wave  when  it  propagates 
equatorward. 

The  ionosphere  responds  still  differently  to  the 
wave  having  the  200-km  horizontal  wavelength 
and  33-min  period.  At  geomagnetic  dip  latitudes 
greater  than  I  =  ±45°,  this  wave  produces  the 
greatest  response  when  it  propagates  equator- 
ward,  and  produces  relatively  little  response 
when  it  propagates  poleward,  in  contrast  to  the 
behavior  exhibited  by  the  shorter-period  waves. 
At  latitudes  below  I  =  ±45°,  however,  this  wave 
produces  the  greatest  ionospheric  response  when 


it  propagates  poleward.  Again  this  behavior  may 
be  interpreted  in  terms  of  the  geomagnetic 
constraints  on  the  ion  motion  and  the  variation 
of  the  neutral  atmospheric  velocities  u  along  the 
field  lines  by  means  of  figures  such  as  Figure  2. 

The  61.1-min  wave,  with  its  nearly  horizontal 
wave  fronts,  produces  yet  a  different  ionospheric 
response  at  each  latitude,  as  shown.  One  of  the 
striking  features  of  the  ionospheric  response  to 
this  wave  is  its  over-all  magnitude,  which  is 
relatively  large.  This  results  from  the  inverse-co 
dependence  of  equation  4,  which  implies  that 
all  else  being  equal,  the  ionospheric  response  to  a 
wave  will  be  greater  the  greater  the  wave  period. 

Figures  3a  and  36  also  show  that  the  iono- 
spheric response  to  the  four  different  waves  is 
identical  at  the  latitudes  I  —  0  and  I  =  ±90°. 
In  fact,  at  any  given  latitude,  the  four  differ- 
ent waves  produce  the  same  ionospheric  re- 
sponse when  propagating  east-west.  Equation 
7  and  various  equations  from  Hines  [1960]  for 
waves  satisfying  the  condition  4kz2  S>  l/H2 
can  be  manipulated  to  show  that  these  results 
follow  from  a  choice  of  a .  common  vertical 
wavelength  X2  and  a  common  energy  density 
per  unit  mass  E  for  all  the  waves. 

The  above  results  indicate  the  response  of 
the  F2  region  ionosphere  to  internal  gravity 
waves  satisfying  the  small  vertical  wavelength 
criterion  4k/  S>  l/H',  which  are  nearly  trans- 
verse [Hines,  I960].  Although  calculated  from 
the  exact  formulas  of  the  second  section  and 
Hines  [1960]  these  response  patterns  differ  by 
less  than  a  line  width  from  those  that  would 
result  from  formulas  given  in  Georges  [1968] 
if  the  waves  are  assumed  to  be  strictly  trans- 
verse, even  though  he  assumes  that  the  waves 
are  not  growing  in  amplitude  with  height.  Those 
formulas  thus  provide  relatively  simple  analyti- 
cal tools  for  estimating  F2  region  response 
without  appreciable  error,  provided  that  4k/ 
»  \/H\ 

Figure  4  shows  the  ionospheric  response  to 
internal  gravity  waves  that  do  not  satisfy  the 
small  vertical  wavelength  limit.  Here  the  solid 
curves  represent  the  ionospheric  response  to  the 
waves  calculated  from  the  exact  equations,  and 
the  dashed  curves  represent  the  response  pat- 
terns calculated  under  the  assumption  of  strict 
transversality  of  the  waves.  It  is  clear  that  the 
ellipticity  of  the  wave  motions,  i.e.,  the  de- 
partures from  transversality,  in  this  case  pro- 
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Fig.  4.  Solid  curves  show  the  F2  region  ionospheric  response  to  internal  gravity  waves  of 
large  vertical  wavelength  calculated  from  the  full  wave  polarization  relations  of  the  text, 
whereas  dashed  curves  show  that  response  calculated  by  assuming  that  the  waves  are  purely 
transverse.  The  difference  between  the  amplitudes  and  shapes  of  the  two  sets  of  patterns 
shows  that  for  these  waves  the  non-transverse  component,  of  the  associated  atmospheric 
motions  play  a  significant  role  in  determining  the  ionospheric  response.  The  calculations 
assume  d(\n  N  e«)/dz  =  4  X  10"5  m~\ 


duces  important  effects  on  the  ionospheric  re- 
sponse patterns. 

Concluding  Remarks 

The  results  of  this  paper,  as  presented  in 
Figures  3  and  4,  show  that  the  F2  region  iono- 
spheric response  to  internal  gravity  waves  is 
indeed  anisotropic.  This  anisotropy  is  suffici- 
ently marked  to  suggest  that  in  conjunction 
with  the  finite  sensitivity  of  the  TID  detection 
apparatus,  it  should  play  some  role  in  deter- 
mining the  actually  observed  TID  statistics 
[Munro,  1950,  1958;  Price,  1955].  It  is  easy 
to  illustrate  this  theoretically  by  assuming  a 
highly  idealized  internal  gravity  wave  spectrum 
and  various  instrument  sensitivities.  This  has 
in  fact  been  done  by  Hooke  [19686],  with  the 
aid  of  the  results  that  are  presented  here.  One 
finds  not  only  that  an  isotropic  internal  gravity 
wave,  spectrum  produces  anisotropic  TID  statis- 
tics, but  also  that  the  anisotropy  in  those  sta- 
tistics depends  on  instrument  sensitivity. 

The  results  presented  here  also  imply  that 
the  F2  region  ionospheric  response  and  its  aniso- 
tropy depend  on  the  ambient  ionization  density 
height  gradient  of  the  region  under  observa- 
tion. Because  the  ambient  ionospheric  structure 
experiences   considerable   diurnal    and   seasonal 


variation,  one  would  expect  that  fixed-fre- 
quency sounders  such  as  those  used  by  Munro 
and  Price  would  interrogate  regions  experienc- 
ing such  variations  in  their  ambient  gradients. 
This  effect  alone  should  produce  some  diurnal 
and  seasonal  variations  in  observed  TID  oc- 
currence frequency  and  direction  of  travel,  al- 
though wave-associated  photochemical  effects 
[Hooke,  1968a]  and  wind-shear  filtering  of  the 
wave  spectrum  [Hines  and  Reddy,  1967]  should 
also  influence  the  results. 

The  calculations  presented  here  assume  that 
the  ionization  is  motionless  in  the  absence  of 
wave  perturbations.  J.  D.  Whitehead  (private 
communication)  has  shown  that  the  ambient  E 
X  B/B-  drift  of  the  F  region  ionization  should 
enhance  the  F2  region  ionospheric  response  to  the 
waves  that  happen  to  be  propagating  in  the 
same  direction  with  nearly  the  same  speed.  Thus 
this  drift,  and  its  diurnal  and  seasonal  variations 
in  direction,  should  also  influence  TID  statistics. 

It  is  asserted  in  the  third  section  that  the 
ambient  logarithmic  electron  density  height 
gradient  above  the  F.  peak  has  a  value  —1/2H, 
whose  influence  on  the  F2  region  ionospheric 
response  to  internal  gravity  waves  is  exactly 
canceled  by  the  growth  in  wave  amplitude  with 
height.  This  would  be  true  if  the  atmosphere 
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were  indeed  inviscid,  as  assumed  in  the  calcula- 
tions. In  fact,  however,  the  internal  gravity 
waves  considered  here  would  experience  con- 
siderable viscous  damping  at  heights  above  the 
height  of  the  Fa  peak  [Hines,  1960;  Pitteway 
and  Hines  1963],  and  the  assumed  growth  in 
wave  amplitude  with  height  will  not  occur. 
Moreover,  the  wave-induced  ion  velocity  would 
no  longer  be  given  by  equation  2,  since  plasma 
diffusion  effects  would  be  important  [Hooke, 
1968a]. 

The  reader  should  be  puzzled  by  the  fact 
that  the  F2  region  ionospheric  response  to  inter- 
nal gravity  waves  of  20-min  period  appears  to 
be  generally  small,  whereas  there  are  some  ob- 
servational indications  [Munro,  1950,  Tithe- 
ridge,  1968  (although  see  Georges  and  Hooke 
[1970])]  that  waves  and  irregularities  of  such 
periods  predominate.  The  variation  of  the 
purely  dynamic  ionospheric  response  from  wave 
to  wave,  as  discussed  here,  does  not  account 
for  this  TID  property ;  in  fact,  it  would  appear 
to  make  the  explanation  all  the  more  difficult. 

There  is,  however,  no  shortage  of  alternative 
explanations.  For  one  thing,  when  we  consider 
lower  ionospheric  heights  and  include  photo- 
chemical loss  effects,  the  perturbations  Ne/Ne0 
are  no  longer  inversely  proportional  to  of1,  so 
as  to  favor  observationally  waves  of  longer  pe- 
riod [see  Hooke,  1968a].  For  another,  we  have 
assumed  that  all  waves  have  the  same  energy 
per  unit  mass.  Since  the  longer-period  waves 
should  be  subject  to  a  strong  viscous  dissipa- 
tion [Hines,  1960;  Pitteway  and  Hines,  1963] 
and  a  severe  ohmic  dissipation  as  well  [Hines, 
1968],  it  may  be  that  this  assumption  is  inap- 
propriate. Whitehead's  mechanism,  which  would 
favor  TID  production  at  temperate  latitudes 
by  waves  having  smaller  phase  propagation 
velocities,  may  also  play  a  role  here. 
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Amplification  of  Ionospheric  Heating  and  Triggering  of 
'Spread  F'  by  Natural  Irregularities 
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Many  natural  ionospheric  irregularities  are 
capable  of  focusing  radio  energy  into  very  small 
volumes.  In  the  presence  of  such  irregularities  a 
megawatt  transmitter  kught  be  expected  to 
produce  a  quasi-random  distribution  of  small, 
intensely  heated  regions  in  the  ionosphere, 
rather  than  the  more  uniform  distribution  of 
energy  predicted  for  'smooth'  ionospheres. 
Rapid  electron  diffusion  up  and  down  the 
magnetic  lines  of  force  from  the  heated  regions 
would  cause  ionization  dt  pletions,  which  would 
further  enhance  the  radio  focusing  and  in  effect 
'amplify'  the  original  irregularities.  The  end 
result  would  be  the  growth  of  many  small  but 
intense  field-aligned  irregularities  of  the  type 
known  to  cause  at  least  one  type  of  'spread-f ' 
ionosonde  echo  [Bowman,  I960].  Although  the 
possibility  of  self-focusing  by  high-power  radio 
waves  has  been  widely  appreciated  [cf.  Bliokh 
and  Bryukovetskiy ,  1969;  Litvak,  1968,  and 
references  therein],  little  or  no  attention  seems 
to  have  been  paid  to  the  role  of  natural  irregu- 
larities in  getting  the  heating  started. 

To  examine  this  hypothesis,  I  computed  ray 
paths  through  several  model  ionospheric  irregu- 
larities, with  a  view  toward  examining  the  self- 
amplification  mechanism  as  well  as  the  group- 
delay  spread  of  rays  received  by  a  simulated 
ionosonde  from  hypothetical  amplified  irregu- 
larities. The  basic  model  represents  a  periodic 
or  wave-like  perturbation  to  a  horizontally 
stratified  Chapman  layer.  The  electron-density 
perturbation  varies  sinusoidally  in  the  hori- 
zontal (and  sometimes  the  vertical)  direction; 
in  addition,  the  wave  amplitude  exhibits  a  Gaus- 
sian height  variation,  thus  localizing  the  per- 
turbation in  height.  Further  details  of  this 
model  can  be  found  elsewhere  [Georges  and 
Stephenson,  1969].  Thougii  the  wave-like  model 
represents  a  convenient  idealization,  the  focus- 
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ing  effects  achieved  should  qualitatively  indicate 
the  effects  caused  by  less  regular  structures. 

Appreciable  ray  convergence  occurred  just 
above  each  cycle  of  electron-density  depletion 
in  the  several  trials  in  which  the  height,  verti- 
cal extent,  and  amplitude  of  the  irregularities 
were  varied.  The  example  illustrated  by  the  ray 
path  plot  of  Figure  la  is  typical.  The  wave 
amplitude  ANe/Ne0  falls  to  1/e  50  km  above 
and  below  a  maximum  of  1.5%  at  a  height  of 
250  km.  The  horizontal  wavelength  is  10  km. 
In  this  example  the  irregularities  are  tilted  to 
align  with  the  magnetic  inclination  at  Boulder 
(68°)  (i.e.,  they  have  a  vertical  wavelength  of 
25  km)  because  irregularities  of  this  size  and 
intensity  would  be  expected  to  be  field-aligned 
at  F-layer  heights.  The  ambient  a-Chapman 
layer  has  a  critical  frequency  of  7.0  MHz  at  a 
height  of  300  km  and  a  scale  height  of  70  km. 
Only  upgoing  rays  are  shown  for  clarity,  even 
though  all  return  eventually  to  earth.  This 
figure  also  suggests  that,  in  the  presence  of  small 
field-aligned  irregularities,  most  focusing  oc- 
curs for  rays  more  nearly  aligned  with  the  field 
direction.  No  magnetic  field  was  included  in 
the  ray  path  calculations,  however. 

As  the  irregularity  amplitude  was  lowered, 
the  amount  of  focusing  naturally  decreased,  but 
appreciable  focusing  still  occurs  for  amplitudes 
less  than  1%.  As  the  height  of  the  irregularities 
was  lowered,  focusing  also  decreased,  but  much 
more  rapidly  in  my  Chapman-layer  model  than 
would  be  expected  in  the  real  ionosphere,  where 
an  E  layer  usually  exists.  Even  ^-region  irregu- 
larities could  conceivably  contribute  to  ap- 
preciable F-region  focusing,  though  this  case 
has  not  yet  been  simulated. 

Various  estimates  of  electron-density  changes 
caused  by  heating  have  been  in  the  neighbor- 
hood of  a  few  per  cent  [e.g.,  Meltz  and  Le- 
Levier,  1970],  without  irregularity  focusing, 
such  changes  occurring  in  times  varying  from  a 
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Fig.  1.  (a)  Ray  paths  for  a  12°  cone  of  6.9-MHz 
rays  through  the  wave-like  irregularities  with 
ANeJNeo  =  1.5%  centered  at  the  250-km  height. 
(6)  6.9-MHz  ray  plots  for  a  40°  cone  of  rays 
through  the  wave-like  model  irregularity  with  5% 
ANe/Neo  centered  at  270  km.  The  scale  has  been 
changed  from  that  for  (a),  and  downcoming  rays 
have  been  added,  (c)  6.1-MHz  ray  paths  for  a  40° 
cone  of  rays  launched  through  the  same  irregu- 
larity as  in  (6),  to  illustrate  the  distribution  of. 
landing  points  on  the  ground. 


Horizontal   Range,  km 


few  minutes  to  a  half  hour.  Because  ray  theory 
breaks  down  in  the  vicinity  of  caustics,  it  is  not 
possible  to  estimate  from  ray  convergence  the 
energy-density  amplification  due  to  focusing; 
however,  an  order-of-magnitude  increase  does 
not  seem  unreasonable.  Therefore,  we  can  tenta- 
tively suppose  that  local  depletions  of  the  order 
of  5%  could  be  achieved  near  the  foci  in  the 
relatively  short  time  required  to  explain  the 
prompt  ionogram  spreading  actually  observed 
by  Utlaut  et  al.   [1970]. 

Adopting  this  assumption,  I  calculated  ray 
paths  through  another  wave-like  irregularity 
similar  to  the  first,  except,  that  its  amplitude  is 
now  5%  centered  at  270  km.  These  ray  paths, 


plotted  in  Figure  lb,  show  even  more  intense 
focusing  and  appear  to  support  the  'self-amplifi- 
cation' mechanism.  Determining  just  how  far 
the  amplification  can  go  and  how  intense  the 
irregularities  can  get  would  seem  to  require  a 
careful  examination  of  the  focusing  process 
from  a  full-wave  point  of  view,  as  well  as  con- 
sideration of  the  effects  of  very  high  electron 
temperatures  on  diffusive  and  chemical  proc- 
esses, including  perhaps  the  possibility  of  colli- 
sion-induced ionization. 

Some  estimates  of  the  degree  of  range  spread- 
ing produced  by  the  enhanced  irregularities  can 
be  derived  from  the  ray  path  calculations  just 
described.    Assume    that    the   ray   source   is   a 
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Fig.  2.  The  group-delay  spread  of  rays  land- 
ing within  10-km  range  of  the  ray  source,  for  the 
irregularity  model  with  &Nr/Nex>  =  5%  centered 
at  270  km. 


vertical-incidence  ionosonde.  Any  ray  that  re- 
turns to  the  source  will  be  recorded  on  the 
ionogram  according  to  the  group  delay  it  suf- 
fers in  transit  to  the  ionosphere  and  back. 
Identifying  by  ray  tracing  all  the  rays  that 
return  precisely  to  the  source  involves  a  tedious 
iteration  process;  therefore  I  devised  a  crude 
way  to  estimate  the  number  of  discrete  rays 
returning  to  the  source  as  well  as  their  group- 
delay  spread.  From  the  cone  of  rays  launched 
every  0.2°  in  elevation,  I  tabulated  the  group 
delay  of  every  ray  landing  within  an  arbitrary 
10-km  radius  of  the  source,  reasoning  that  each 
of  these  rays  differed  only  slightly,  in  path 
followed  and  group  delay  suffered,  from  one 
returning  precisely  to  the  source.  At  least  ten 
distinct  rays  were  counted  for  each  of  six  fre- 
quencies between  6.0  and  7.0  MHz  (the  ambient 
critical  frequency) ;  this  along  with  their  group- 
delay  spacing  suggests  that  the  individual  echoes 
would  not  be  resolved  by  present  ionosondes. 
Figure  \c  shows  the  quasi-random  distribution 
of  rays  after  reflection  (from  the  same  model) 


as  they  intercept  the  ground.  Figure  2  shows 
the  virtual-height  spread  versus  frequency  for 
the  irregularity  model  under  discussion. 

In  the  real  ionosphere,  one  expects  to  find  a 
great  variety  of  irregularities,  and  thus  a  cor- 
responding variety  of  amplification  effects. 
Small-scale  irregularities  would  be  expected  to 
produce  many  unresolved  echoes,  or  spreading, 
whereas  large  irregularities  produce  discrete 
'satellite'  traces  on  ionograms  resembling  travel- 
ing-disturbance signatures.  Experimental  iono- 
grams of  heating  effects  would  thus  reflect  the 
quasi-random  nature  of  the  ambient  ionosphere, 
sometimes  showing  spreading  or  discrete  traces 
alone,  sometimes  a  mixture  of  both.  One  would 
also  expect  a  corresponding  variability  in  the 
promptness  with  which  observable  effects  are 
produced,  depending  on  the  dynamic  state  of 
the  ionosphere. 
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Wave-Induced  Fluctuations  in  Ionospheric  Electron  Content: 
A  Model  Indicating  Some  Observational  Biases 

T.  M.  Georges  and  W.  H.  Hooke 

Institute  for  Telecommunication  Sciences,  ESSA  Research  Laboratories 
Boulder,  Colorado    80302 

By  assuming  that  a  plane  atmospheric  wave  acts  on  a  plane-stratified  F  layer  in  the  pres- 
ence of  a  constant  geomagnetic  field,  we  derive  an  expression  for  the  resulting  perturbations  in 
total  columnar  electron  content  as  a  function  of  wave  and  ionospheric-layer  parameters  and 
of  the  orientation  of  the  column  through  the  ionosphere.  Although  idealized,  the  model  not 
only  correctly  predicts  the  order  of  magnitude  of  the  observed  perturbations  but  also  makes 
visible  much  of  the  physics  that  determines  the  magnitude  of  wave-induced  total-content 
fluctuations  observed  by  using  satellite  transmissions  through  the  ionosphere.  Geomagnetic 
constraints  on  ion  motion  and  a  tendency  for  total-content  fluctuation  to  be  greatest  when 
the  ground-satellite  path  lies  in  a  surface  of  constant  atmospheric  wave  phase  combine  to 
introduce  strong  experimental  biases  that  favor  the  observation  of  some  waves  and  prevent 
the  observation  of  others.  The  effects  of  these  biases  must  be  fully  removed  before  total- 
content  measurements  can  yield  the  statistical  properties  of  atmospheric  waves  at  ionospheric 
heights  that  may  be  useful  in  locating  wave  sources  or  in  characterizing  the  dynamic  state 
of  the  ionosphere. 


Measuring  the  Faraday  rotation,  differential 
Doppler  shift,  or  angular  deviation  of  radio 
transmissions  from  artificial  satellites  has  be- 
come a  convenient  way  to  monitor  long-term 
and  short-term  features  of  ionospheric  dy- 
namics that  manifest  themselves  as  fluctuations 
in  total  columnar  electron  content.  In  particular, 
total-content  observations  often  reveal  wavelike 
irregularities  in  electron  distribution  with  periods 
between  a  few  minutes  and  a  few  hours  [Little 
and  Lawrence,  1960;  Titheridge,  1963,  1968a,  b; 
Rao  et  al.,  1969;  Davis  and  da  Rosa,  1969]. 
The  irregularities  are  apparently  the  same  phe- 
nomenon as  the  so-called  traveling  ionospheric 
disturbances  (TID)  that  have  been  observed  by 
ground-based  radio-sounding  techniques  for 
many  years  [Munro,  1950,  1958;  Heisler,  1958; 
Chan  and  Villard,  1962;  Thome,  1964,  1968; 
Georges,  1968a]  and  have  been  attributed  to  the 
action  of  internal  atmospheric  gravity  waves 
and  acoustic  waves  on  upper  atmosphere  ioniza- 
tion [Hines,  1960,  1963;  Georges,  1967,  and 
references  therein]. 

One  way  to  learn  the  temporal  and  geographic 
distribution  of  TID's  and  possibly  to  identify 
the  source  mechanisms  ultimately  responsible  for 
their  generation  involves  collecting;  the  kind  of 
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extensive  observational  statistics  that  total- 
content  measurements  may  well  be  able  to  pro- 
vide. Unfortunately,  like  all  radio  methods  for 
ionospheric  probing,  the  total-content  technique 
contains  certain  observational  biases  that  must 
be  fully  understood  and  removed  if  the  data 
are  to  be  properly  interpreted  in  terms  of 
ionospheric  dynamics.  Because  these  observa- 
tions indicate  only  the  total  number  of  electrons 
lying  in  the  column  oriented  along  the  straight- 
line  radio  path  from  receiver  to  satellite,  they 
reveal  nothing  about  the  electron  distribution 
along  that  column.  One  might  therefore  expect 
total-content  measurements  through  wavelike 
irregularities  to  be  influenced  by  partial  can- 
cellation of  the  effects  of  electron  density 
enhancements  by  the  effects  of  electron  density 
depletions.  Under  certain  conditions,  in  fact, 
atmospheric  waves  may  go  undetected  simply 
by  altering  the  distribution  of  electrons  in  the 
column,  without  significantly  altering  its  inte- 
grated content.  As  a  result,  inferences  about 
the  presence  or  absence  of  atmospheric  waves 
along  the  path  must  be  considered  suspect,  until 
a  sound  theory  of  the  production  of  total- 
content  fluctuatioHS  by  atmospheric  waves  is 
developed  and  is  used  to  assess  the  degree  to 
which  observational  biases  affect  the  experi- 
ment. We  offer  such  a  theory  and  take  the  first 
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steps  toward  such  an  assessment  here. 

To  calculate  the  fluctuations  in  columnar 
electron  content  caused  by  an  atmospheric 
wave,  we  must  first  know  the  electron  density 
fluctuations  caused  everywhere  by  the  wave. 
Because  that  problem  has  already  been  solved 
for  plane  model  atmospheric  waves  in  a  plane- 
stratified  ionosphere  [Georges,  19686;  Hooke, 
1968a],  here  we  simply  perform  the  line  inte- 
gration over  arbitrary  straight-line  ground-to- 
satellite  paths.  We  find  that  the  integration  can 
be  performed  analytically  for  a  variety  of 
idealized  electron  density  profiles,  and  that 
much  of  the  physics  underlying  total-content 
fluctuations  remains  visible  in  the  final  for- 
mulas. 

Our  model,  which  describes  the  effects  of  both 
internal  gravity  waves  and  acoustic  waves, 
correctly  accounts  for  the  observed  magnitudes 
of  total-content  fluctuations.  It  also  shows  that 
geomagnetic  constraints  on  electron  motion  and 
the  above-mentioned  'phase-cancellation  effects' 
combine  to  introduce  observational  biases  that 
tend  to  favor  the  observation  of  some  waves 
but  prevent  the  observation  of  others.  Total- 
content  measurements  are  thus  an  imperfect 
sensor  of  atmospheric  waves  at  ionospheric 
heights. 

We  wish  to  emphasize  that  we  are  not  con- 
cerned with  how  various  radio  data  are  trans- 
formed into  total-content  data  and  the  possible 
errors  in  that  transformation  (see,  for  example, 
Mass  [1963]  and  references  therein) ;  we  simply 
assume  that  whatever  method  is  used  gives  an 
accurate  measure  of  the  integrated  electron 
content  along  a  line-of-sight  path  to  the  satel- 
lite. (The  effects  of  ray  deviation  are  difficult 
to  correct  for  but  are  usually  small  and  are 
thus  neglected  at  the  radio  frequencies  com- 
monly used  in  these  experiments.)  Neither  are 
we  concerned  with  the  use  of  total-content 
measurements  as  a  tool  for  the  study  of  long- 
term  ionospheric  balance  problems;  we  simply 
consider  their  use  in  studies  of  short-period 
(less  than  a  few  hours)  ionospheric  dynamics. 

Redistribution  of  Ionospheric  Electrons 
by  Atmospheric  Waves 

Atmospheric  waves  propagating  at  ionospheric 
heights  perturb  the  distribution  of  ionization 
through  both  dynamical  and  photochemical 
means  [Hooke,  1968a,  1969].  At  all  heights  the 


wave-associated  neutral-gas  motions  redistribute 
the  preexisting  ionization,  whereas,  at  the  lower 
heights  (below  about  250  km),  where  ion  life- 
times are  short  compared  with  the  wave  periods 
of  interest,  the  wave-associated  neutral-gas  den- 
sity and  temperature  variations  substantially 
alter  the  ionospheric  photochemical  balance  ir 
a  complex  way  that  is  sensitive  to  the  details 
of  that  photochemistry.  It  is  generally  accepted, 
however,  that  the  bulk  of  the  ionospheric  elec- 
tron content  resides  primarily  at  heights  above 
250  km,  and  it  is  typically  assumed  that  per- 
turbations in  electron  density  at  these  heights 
are  responsible  for  the  bulk  of  observed  total- 
content  fluctuations  (see,  for  example,  the  refer- 
ences to  Titheridge  above).  This  assumption 
is  invalid  under  certain  conditions  (discussed 
later)  where  the  contribution  to  total-content 
perturbations  above  about  250  km  vanishes, 
thus  making  any  small  perturbations  below  that 
height  relatively  important. 

If  we  adopt  this  assumption,  we  may  consider 
for  present  purposes  that  the  atmospheric  wave 
interacts  with  the  ionization  only  through 
momentum  transfer  by  collisions  of  neutrals 
with  F2  region  ions  and  electrons,  which  respond 
by  moving  along  the  geomagnetic  field  direction 
with  a  speed  equal  to  the  component  of  the' 
neutral-gas  velocity  in  that  direction,  i.e., 
[Georges,  1967 ;  Hooke,  1968a] : 


ue    =    (U'l5)lj, 


(0 


where  ue  is  the  electron  velocity,  u  is  the  wave- 
associated  neutral-gas  velocity,  and  16  is  a  unit 
vector  in  the  direction  of  the  geomagnetic 
induction  B.  Because  the  atmospheric  waves 
of  interest  have  wavelengths  short  enough  that 
effects  associated  with  the  sphericity  of  the 
earth  may  be  ignored,  the  ambient  ionosphere 
and  atmosphere  can  be  assumed  to  be  plane 
stratified.  The  small  amplitude  of  the  waves 
and  the  small  amplitude  of  the  resulting  total- 
content  fluctuations  [Titheridge,  1963]  suggest 
use  of  a  linearized  perturbation  analysis  in 
their  description.  Thus  we  take  the  electron 
density  ne  at  any  point  r  and  time  t  to  be 

n.(r,  0  =  ne0(z)  +  n/(r,  t)  (2) 

where  z  is  the  height  in  the  plane-stratified 
atmosphere,  and  n/  <3C  ne0  is  the  small  departure 
of  ne  from  its  unperturbed  value  ne0.  If  the  wave 
itself  is  planar,  so  that 
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u(r,  t)  =  U  exp  i(ut  —  k-r) 


(3) 


where  the  amplitude  U  of  the  neutral-gas  mo- 
tions, the  angular  wave  frequency  co,  and  the 
wave  vector  k  are  all  constants,  then  the 
linearized  equation  of  continuity  for  the  free 
electrons  becomes  [Georges,  19686;  Hooke,  1968a] 


«.'(r,  0  =  -[u(r,  0-U] 

CO 


(k-i6)  +  t(i6-i,) 


dz 


ne0(z)         (4) 


where  \z  is  a  unit  vector  in  the  vertical  direction. 
Equation  4  gives  the  wave-induced  perturbations 
n/(r,  t)  as  a  function  of  ne0(z),  the  wave  pa- 
rameters, and  the  geomagnetic  inclination. 

Line  Integral  Through  the  Redistributed 
Ionization 

Here  we  are  concerned  with  the  integral  of 
n/(r,  t)  along  an  arbitrary  straight-line  path 
R  between  a  ground  based  observer  and  a 
satellite.  The  total  electron  content  C  along 
the  path  R  is  defined  as 

C  =    I    n„  dr  =    I    ne0  dr 
Jr  J  r 

+    f  n.'  dr  =  Co  +  C"         (5) 
Jr 

where  C  «  C0  is  the  wave-induced  departure 
in  C  from  its  ambient  value  C0.  From  equations 
1-5, 


C" 


(U-1;,)  exp  (iwt) 


I    exp  (  —  ik-r) 

w  JR 

•[(k-l6)  +  J(lt-U|jn,0* 


(6) 


Defining 


-t]Z   = 


k-L 

cos  x 


2  =  (k-lr)r  =  k-r      (7) 


where  x  is  the  satellite  zenith  angle  (i.e.,  the 
angle  between  the  vertical  and  the  vector  r 
directed  from  the  observer  to  the  satellite),  we 
find  that 


c 


(U-lt)  exp  fat) 


I 


exp  faz) 


co  cos  x 

•[(k-l„)  +  i(h-lz)yzjne0dz         (8) 

where  zr  and  za  are  the  receiver  and  satellite 
heights.  Figure  1  illustrates  the  geometrical 
relationships  among  B,  k,  and  r. 

The  meaning  of  the  parameter  rj  can  be  ap- 
preciated from  two  physical  viewpoints:  for 
moving  satellite  observations  of  a  single  wave 
(fixed  k),  variations  in  77  reflect  only  changes 
in  the  direction  of  L;  for  geostationary  satellite 
observations  (fixed  r),  77  varies  as  k  varies  in 
magnitude  or  direction. 

The  factor  in  equation  8  that  depends  on 
the  ambient  gradient  of  electron  density  can 
be  integrated  by  parts  to  give 


a  MAGNETIC  FIELD 


b.  LOOK  ANGLE 


c.  ATMOSPHERIC  WAVE 
PROPAGATION   VECTOR 


Fig.  1.  Geometrical  relationships  among  the  geomagnetic  field  direction  B,  the  vector  r 
along  the  path  from  observer  to  satellite,  and  the  atmospheric  wavevector  k.  The  positive 
x-direction  points  geomagnetic  north;  the  positive  ^-direction  points  geomagnetic  west. 
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C  = 


t(U-l»)(lt-l«) 
w  cos  x 


ne0  exp  i(ut  +  rjz)\zz\ 


+ 


(U-lfc)  exp  (icdO 


co  cos   x 


[(lrxl6)xl,.k] 


/" 


exp  (ir}z)ne0  dz 


(9) 


Note  that,  on  integration  by  parts,  the  explicit 
dependence  of  C"  on  the  gradient  of  ne0  has 
disappeared.  This  permits  us  to  use  simple 
model  ne0(z)  profiles  having  physically  unreal- 
istic gradients  and  gradient  discontinuities  in 
the  illustrative  calculations  of  succeeding  sections. 
If  zT  and  2,  are  respectively  below  and  above  the 
ionosphere,  ne0(zs)  =  ne0(zr)  =  0,  so  that  the 
first  term  in  equation  9  vanishes,  and 

C  =   (P'U)expt'(f^,>U[(lrxlt)xl,.k] 
a)  cos   x 

•  f     exp  {ii)z')nf0{hm  +  z')  dz'         (10) 

where  z'  =  z  —  hm.  Mathematically,  hm  may  be 
chosen  arbitrarily;  here  it  is  taken  to  be  the 
altitude  of  peak  ionospheric  electron  density. 

Equations  9  and  10  are  the  principal  math- 
ematical results  of  this  paper;  they  express 
the  total-content  fluctuations  in  terms  of  the 
atmospheric- wave  and  ionospheric  parameters, 
the  geomagnetic  inclination,  and  the  experi- 
mental geometry.  Of  particular  concern  in  this 
paper  is  the  degree  to  which  the  experimental 
geometry  (represented  in  the  equations  by  the 
influence  of  the  unit  vector  lr)  controls  the  per- 
turbations C . 

Note  that  the  above  equations  are  valid  for 
stmospheric  waves  of  arbitrary  type,  i.e.,  they 
do  not  depend  on  particular  mathematical 
constraints  relating  w,  k,  and  U.  In  what  follows, 
we  shall  assume  that  'internal  gravity'  waves 
are  purely  transverse,  i.e.,  thatU  is  perpendicular 
to  k  and  lies  in  the  vertical  plane  containing  k, 
and  that  the  waves  obey  the  dispersion  relation 
given  by  Hines  [1960,  equation  33].  We  shall 
assume  that  acoustic  waves  are  purely  longi- 
tudinal, i.e.,  that  U  is  parallel  to  k,  and  that 
the  waves  obey  the  dispersion  relation  co2  =  C2fc2, 
where  C  is  the  speed  of  sound. 

We  assumed  that  the  wave  amplitude  U 
is  the  same  at  all  heights  more  for  convenience 
than    for    conformity    with    reality;    however, 


inclusion  of  a  2-dependent  U  in  the  development 
is  not  difficult.  A  U(z)  would  play  a  role  com- 
pletely analogous  to  ne0(z),  and  the  integral 
in  (10)  would  contain  the  ne0(z)  U(z)  product 
where  only  ne0(z)  now  appears.  We  did  not 
pursue  this  approach  because  the  circumstances 
that  cause  U  to  vary  with  height  (such  as  wave 
dissipation  and  ducting)  also  give  rise  to  height 
variations  in  k  and  w,  and  these  effects  are  much 
more  difficult  to  include. 

It  might  be  noted  that  the  assumption  of  a 
plane  geometry  is  more  restrictive  in  this  section 
than  it  was  in  the  last.  In  particular,  the  plane 
geometry  we  assume  in  this  section  is  a  good 
approximation  to  the  earth's  spherical  geometry 
for  small  satellite  zenith  angles  but  is  a  poor 
approximation  when  the  satellite  is  near  the 
observer's  horizon.  For  example,  a  ray  launched 
horizontally  from  the  earth's  surface  intercepts 
the  300-km  height  level  at  an  angle  of  17°  with 
the  local  horizontal.  The  reader  should  bear  this 
in  mind  in  considering  the  illustrative  results 
of  succeeding  sections. 

Contribution  of  Wave  Parameters  and 
Geomagnetic  Constraint 

Although  equations  9  and  10  appear  mathe- 
matically complicated,  their  separate  terms  in- 
dividually contain  some  relatively  simple  physics. 
We  examine  first  those  terms  outside  the  integral 
that  do  not  depend  on  the  unperturbed  electron 
density  distribution  nea(z). 

The  factor  exp  i(ut  +  r)hm)  gives  at  least  part 
of  the  phase  variation  in  the  total-content 
fluctuations  that  arises  from  the  phase  variation 
exp  i(ut  —  k*r)  of  the  atmospheric  wave  itself. 
(The  integral  in  (10)  contributes  to  the  phase 
as  well  if  its  value  is  complex.)  An  experimenter 
using  a  geostationary  satellite  and  therefore 
having  a  fixed  geometry  (i.e.,  a  fixed  r)  for  a  given 
k)  observes  total-content  fluctuations  that  have 
the  same  angular  frequency  w  as  the  perturbing 
wave.  Experimenters  using  transmissions  from 
low  altitude  satellites  in  motion  relative  to  a 
ground  based  observer  (i.e.,  rj  varies  with  time) 
observe  temporal  phase  variations  given  by  the 
total  phase  angle  of  C'/C0.  Where  the  phase 
contribution  of  the  integral  in  (10)  is  negligible 
and  where  the  time  for  satellite  transit  is  short 
compared  with  the  atmospheric  wave  period 
(2ir /a)),  the  temporal  phase  behavior  due  to 
a  given  wave  can  be  attributed  entirely  to  the 
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factor  exp  {vqhm).  If  hm  can  be  estimated  and 
if  the  satellite  position  (i.e.,  r?)  is  known  as  a 
function  of  time,  this  temporal  phase  information 
can  be  translated  directly  into  spatial  phase 
information  to  determine,  for  example,  the 
horizontal  wavelength  of  the  perturbing  at- 
mospheric wave.  This  is  exactly  the  approach 
used  by  Titheridge  [1963,  equation  6]  to  estimate 
irregularity  horizontal-scale  size  from  total- 
content  observations.  Possible  phase  contribu- 
tions of  the  integral  must  thus  be  regarded  as 
a  source  of  error  in  such  procedures. 

The  angular  wave  frequency  co  and  the  wave 
vector  k  not  only  determine  the  phase  of  the 
total  content  fluctuations  C";  they  also  influence 
their  magnitude:  C  is  proportional  both  to  kU, 
a  measure  of  the  wave-associated  electron  con- 
vergence, and  to  w~l,  a  measure  of  the  length 
of  time  over  which  that  convergence  acts  in 
the  same  sense  [Hooke,  1968a]. 

The  wave  parameters  are  not  the  sole  deter- 
minants of  the  total-content  fluctuations  C", 
however;  they  share  their  influence  with  the 
geomagnetic-field  constraint  on  F  region  electron 
motion  (equation  1),  which  critically  limits 
the  ability  of  total-content  observations  to 
sense  atmospheric  wave  motions.  It  does  this 
in  two  important  ways. 

First,  the  factor  (U-lf,)  in  all  the  terms  of 
both  equations  9  and  10  implies  that  the  mag- 
nitude of  total-content  fluctuations  depends  on 
the  degree  of  alignment  between  U  and  B.  In 
particular,  no  electron-content  fluctuations 
result  whenever  the  wave-associated  motions 
of  the  neutral  gas  are  orthogonal  to  the  geo- 
magnetic field.  This  is  a  direct  result  of  assump- 
tion 1,  which  permits  no  electron  density  per- 
turbations to  occur  in  this  case.  In  terms  of  the 
coordinate  systems  of  Figure  1,  this  condition 
is  fulfilled  whenever 

tan  <p  =  cot  /  cos  a  (11) 

for  internal  gravity  waves,  and  by 

cot  v?  =   —cot  /  cos  a  (12) 

for  acoustic  waves.  Electron-content  fluctuations 
are  therefore  a  faulty  indicator  of  the  spectrum 
of  atmospheric  waves  present  at  ionospheric 
heights  because  the  ionization  itself  is  an  imper- 
fect tracer  of  the  wave  motions  (see  Hooke 
[19686]  for  a  further  discussion  of  the  ionospheric 
response  to  atmospheric  waves). 


Second,  in  cases  where  satellite  and  observer 
are  respectively  above  and  below  the  ionosphere, 
total-content  fluctuations  are  proportional  to 
the  factor 


(lrxlfc)xl.-k 


(13) 


Because  (lr  x  \h)  x  1,  is  a  horizontal  vector 
lying  in  the  plane  defined  by  lr  and  lb,  an  a.t- 
mospheric  wave  whose  wave  vector  k  lies  any- 
where in  the  (vertical)  plane  normal  to  this 
horizontal  vector  will  produce  no  total-content 
fluctuations.  From  the  point  of  view  of  geo- 
stationary satellite  observations,  this  means 
that  no  total-content  fluctuations  will  be  pro- 
duced by  atmospheric  waves  propagating  at 
an  azimuth  angle  a0,  given  by 


1  1 

tan  a0  =  - — — 

tan  x  tan  I  sin  p        tan  p 


(14) 


regardless  of  their  wave  front  inclination. 

If  instead  k  is  fixed,  a  wide  range  of  directions 
lr  make  (13)  vanish  and  thus  yield  zero  content 
fluctuations.  The  direction  L  parallel  or  anti- 
parallel  to  lb  is  obviously  one  such  case,  as 
Titheridge  [1969]  recognized.  In  this  special 
case  the  receiver  looks  toward  the  satellite 
along  a  geomagnetic  field  line,  and,  regardless 
of  how  the  atmospheric  waves  redistribute  the 
ionization  along  that  field  line,  they  do  not 
change  the  total  content  along  the  path. 

What  is  not  so  well  appreciated  is  that  (13) 
also  vanishes  for  directions  lr  lying  anywhere 
in  the  plane  defined  by  lb  and  its  projection 
on  the  vertical  plane  containing  k  (shown  shaded 
in  Figure  2),  i.e.,  for  values  of  p  and  x  that 
satisfy 

tan  x  tan  (p  —  a)  =  cos  a/tan  /      (15) 

This  is  a  special  case  of  the  more  general  result 
that  all  paths  lying  in  any  given  plane  per- 
pendicular to  the  vertical  plane  containing  k 
intercept  the  same  fractional  total-content 
fluctuations.  Note,  however,  that  for  satellites 
immersed  in  the  ionosphere,  total-content  fluct- 
uations can  occur  even  if  (13)  vanishes  because 
atmospheric  waves  can  then  move  ionization 
to  and  fro  past  the  satellite. 

The  factors  of  (10)  that  depend  on  the  geo- 
metrical interrelationships  of  r,  B,  and  k  impose 
a  complicated  set  of  biases  that  make  total- 
content  observations  sensitive  to  some  waves 
and    insensitive    to    others.    Furthermore,    ob- 
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k-z  Plane 


Fig.  2.    Radio  paths  traversing  the  entire  ionosphere  and  lying  in  the  shaded  plane  do  not 
experience  total  content  fluctuations  during  wave  passage. 


servations  that  satisfy  conditions  under  which 
one  or  more  of  these  factors  vanish  can  falsely 
indicate  the  presence  of  more  than  one  wave  or 
of  non-sinusoidal  wave  forms. 

The  Phase-Cancellation  Contribution 

In  the  introduction  we  mentioned  that  at- 
mospheric waves  usually  redistribute  elections 
along  a  radio  path  in  such  a  way  that  regions  of 
ini  reased  electron  density  compensate  for  regions 
of  depleted  density,  and  that  the  net  result  is 
a  lessening  of  the  changes  in  integrated  electron 
content.  This  'phase-cancellation  effect'  is  ex- 
pressed mathematically  by  the  integral 


L 


n,o(hm  +  z')  exp  i-qz'  dz' 


(16) 


in  equation  10,  which,  as  the  Fourier  transform 
of  ne0(hm  4-  z'),  can  be  evaluated  analytically 
for  several  simple  model  n,0  profiles.  Evaluations 
of  the  integral  for  slab,  parabolic,  a-Chapman, 
and  /3-Chapman  models  are  shown  in  Figure  3, 
along  with  the  mathematical  expressions  for 
the  electron  density  in  each. 


The  integrals  are  normalized  by  dividing 
by  the  integral  of  the  ambient  electron  content, 
because  it  is  the  relative  fluctuations  C'/C0 
rather  than  the  absolute  fluctuations  C  that 
are  of  greatest  interest.  In  each  electron  density 
model,  hm  is  a  measure  of  the  height  of  the  layer 
(height  of  the  center  of  the  slab;  height  of  the 
electron  density  peak  in  the  other  models), 
H  is  a  measure  of  its  thickness  (total  thickness 
for  the  slab;  one-half  thickness  for  the  parabolic 
layer;  conventional  scale  height  for  the  Chapman 
layers),  and  nem  is  the  peak  electron  density. 

The  magnitudes  of  the  integrals  depend  on 
7]  in  the  manner  illustrated  in  Figure  3.  All  the 
curves  have  an  absolute  maximum  at  r\  —  0 
and  asymptotically  approach  zero  as  \t\\  in- 
creases. This  behavior  can  be  interpreted  phys- 
ically in  the  following  way.  When  the  radio 
path  lies  in  surfaces  of  constant  atmospheric 
wave  phase  (lr  perpendicular  to  k,  so  that 
r]  =  0),  there  is  no  cancellation  along  the  path, 
and  the  integral  then  has  its  maximum  value. 
As  the  radio  path  departs  from  this  condition 
(|ij|  increases),  however,  the  value  of  the  integral 
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decreases  correspondingly.   In  the  case  of  the 
finite  symmetrical   (slab  and  parabolic)   layers, 
several    points    are    reached    where    the    total- 
content  fluctuations  have  zero  amplitude. 
The  condition  rj   =    0   is  satisfied  whenever 

cot  ip  =   —tan  x  cos  (p  —  a)         (17) 

Note  that  the  rj  =  0  loci  do  not  depend  on  the 
magnetic  inclination. 

Of  critical  interest  in  connection  with  the 
phase-cancellation  effect  is  not  only  the  location 
of  the  r]  =  0  loci  (given  by  equation  17)  but 
also  the  width  of  the  band  of  directions  within 
which  phase  cancellation  is  not  excessive.  By 
examining  the  plot  of  the  phase-cancellation 
integral  (Figure  3)  for  the  a-Chapman  layer, 
we  see  that  its  value  drops  to  l/e  at  \rjH\  X.  0.85. 
By  using  the  definition  of  t)  (equation  7)  and 
by  expanding  the  scalar  product  k-lr  in  the 
coordinate  system  of  Figure  1,  we  find  that  the 
zenith  angle  %  where  the  value  of  the  normalized 


cancellation  integral  falls  to  l/e  is  given  by 


tan  x  —   \  ±0.85  ^~Tj  esc  <p  —  cot  <p 


■sec  (p  -  a)         (18) 

By  letting  p  =  a  (satellite  azimuth  equals  wave 
propagation  azimuth),  we  show  in  Figure  4 
the  width  of  the  phase-cancellation  band  (to 
the  l/e  points)  as  a  function  of  <p  (the  inclination 
of  k)  and  parametric  in  \/H.  As  expected,  the 
width  of  the  band  increases  as  \/H  increases. 
For  values  of  \/H  less  than  (27r/0.85)  ^7.4 
(where  the  width  is  90°  regardless  of  the  value 
of  <p),  the  width  increases  with  <p,  whereas  the 
width  decreases  with  increasing  </>  for  greater 
values  of  \/H.  Values  of  X/H  of  about  one  can 
be  considered  typical  for  TID's  in  realistic  F 
layers.  For  that  case,  the  band  outside  of  which 
phase-cancellation  effects  are  large  remains 
less  than  about  20°  wide. 
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Fig.  3.  Four  model  ionization  density  profiles  (left)  for  which  the  integral  in  (10)  has 
been  evaluated,  and  (right)  plots  of  the  magnitude  of  the  corresponding  integrals  (nor- 
malized) versus  |  r\H  |.  ?j  is  a  parameter  relating  the  direction  of  k  to  the  ground-satellite 
path.  Here  r  indicates  the  gamma  function  of  complex  argument. 
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In  the  cases  of  the  two  symmetrical  layers 
of  finite  extent  (the  slab  and  parabolic  layers), 
the  factor  exp  i(cot  +  nhm)  completely  expresses 
the  phase  behavior  of  C'/C0  because  the  phase- 
cancellation  integrals  for  these  layers  are  purely 
real;  in  the  cases  of  the  Chapman  layers,  how- 
ever, the  integrals  are  complex,  and  thus  the 
factor  exp  i(ut  +  rjhm).  represents  only  part 
of  the  phase  contribution.  For  the  Chapman 
layers  the  factor  exp  i  (ut  +  nhm)  can  be  thought 
of  as  the  phase  contribution  from  a  very  thin 
layer,  whereas  the  phase  contribution  from  the 
phase-cancellation  integral  can  be  thought  of 
as  the  contribution  due  to  finite  layer  thickness. 

The  implications  of  the  phase-cancellation 
effect  are  that  experiments  using  a  geostationary 
satellite  and  a  single  receiver  are  biased  in  favor 
of  those  atmospheric  waves  whose  phase  surfaces 
nearly  contain  the  ground-to-satellite  path 
(i.e.,  for  which  77  ^  0);  similarly,  experiments 
using  low  altitude  satellites,  or  those  using 
multiple  paths  to  geostationary  satellites,  can 
falsely  indicate  that  wavelike  perturbations 
in  the  ionosphere  are  not  of  large  spatial  extent 
on  those  occasions  when  cancellation  occurs 
on  some  but  not  all  of  the  radio  paths. 

Illustrating  the  Biases  in  the  r  Plane 

We  have  given  in  equations  9  and  10  the  math- 
ematical expressions  for  the  total-content  fluc- 


-|         1 1 r- 1 1 1 — 
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Fig.  4.  Width  of  phase-cancellation  band  for 
an  a-Chapman  layer,  as  a  function  of  wavefront 
tilt  angle  (<p)  and  the  ratio  of  atmospheric  wave 
length  to  layer  scale  height. 


tuations  induced  in  a  plane-stratified  F  layer  by 
plane  atmospheric  waves  and  have  pointed 
out  the  observational  biases  introduced  by  each 
factor.  But  an  intuitive  picture  of  the  nature 
and  extent  of  the  biases  and  how  they  all  work 
together  is  difficult  to  extract  from  the  bare 
mathematics.  We  have  found  it  practical  and 
informative  to  evaluate  equation  10  for  many 
values  of  the  problem  variables  by  using  a  digital 
computer  and  by  displaying  the  results  of  such 
computations  as  intensity  plots  that  are  readily 
produced  by  cathode-ray-tube  output  facilities 
[Stephenson  and  Georges,  1969].  Our  displays 
use  intensity  or  darkness  to  represent  the  frac- 
tional total-content  fluctuations  (C'/Co)  in  two 
polar-coordinate  planes:  the  r(x,  p)  plane  and 
the  k(<p,  a)  plane.  Plots  in  the  r  plane  are  helpful 
in  visualizing  the  biases  inherent  in  the  ob- 
servation of  a  single  wave  (i.e.,  fixed  k)  as  the 
orientation  of  the  observer-to-satellite  path 
varies  over  the  sky.  Plots  in  the  k  plane  show  the 
spectral  biases  inherent  in  a  given  observer-to- 
satellite  path  (i.e.,  fixed  r,  as  for  geostationary 
satellites).  In  each  display  the  ambient  iono- 
spheric model,  the  geomagnetic  field  inclination, 
the  true  wavelength  of  the  atmospheric  wave, 
and  the  wave  amplitude  are  fixed.  Although  we 
have  produced  many  displays  of  each  type, 
we  shall  show  only  a  few  here. 

Figure  5  shows  four  r-plane  plots  of  the  ampli- 
tude of  content  fluctuations  produced  by  an 
internal  gravity  wave  with  a  wave  front  tilt 
of  45°  (<p  —  135°)  traveling  toward  the  north- 
west. The  wave  period  is  21.2  min.  In  each  plot, 
satellite  zenith  angle  x  increases  linearly  radially, 
and  its  azimuth  angle  p  (positive  westward) 
proceeds  circumferentially  with  geomagnetic 
north  at  the  top  and  geomagnetic  west  at  the 
left. 

The  r  plane  is  thus  effectively  a  polar  'sky 
map'  with  the  zenith  at  the  center  and  the  horizon 
at  the  perimeter.  However,  because  the  usefulness 
of  satellite  data  at  high  zenith  angles  (near  the 
horizon)  is  limited  and  because  our  plane 
geometry  poorly  approximates  the  real  spherical 
geometry  at  these  angles,  we  have  let  the  plot 
perimeters  represent  a  75°  zenith  angle  instead 
of  90°. 

The  four  plots  show  that  increasing  the  thick- 
ness of  the  ambient  ionization  density  profile 
narrows  the  band  of  directions  within  which 
appreciable    fluctuations    are    to    be    observed 


kk5 


MODEL  OF  ELECTRON  CONTENT  FLUCTUATIONS 


6303 


(because  of  the  phase-cancellation  effect).  Note 
the  limited  extent  of  the  phase-cancellation 
band  for  the  Chapman  layer  with  100-km  scale 
height,  the  one  most  nearly  representative  of 
realistic  F  layers. 

The  white  band  passing  through  the  dark 
phase-cancellation  band  represents  the  effect 
of  the  factor  (13)  vanishing.  Note  that  this  band 
passes  through  the  direction  r  corresponding 
to  a  line  of  sight  along  the  geomagnetic  field. 
(Positive  /  corresponds  to  the  southern  hem- 
isphere.) 

At  the  bottom  of  Figure  5  are  two  plots  of 
the  instantaneous  fluctuations  in  electron  content 
corresponding  to  two  sections  through  the 
amplitude  plots  at  t  =  0.  The  'amplitude  en- 
velopes' (corresponding  to  the  intensity  plots) 
are  shown  dashed.  The  instantaneous  fluctuations 
'flow  through'  the  fixed  envelope  (to  the  left) 
as  time  progresses. 

Figure  5  also  shows  that  an  atmospheric 
wave  amplitude  of  10  m/sec,  which  is  the  order 
of  magnitude  of  the  amplitude  of  gravity  waves 
estimated  in  theoretical  [Hooke,  1968a]  and 
experimental  [Vasseur  and  Waldteufel,  1969] 
studies,  produces  maximum  total-content  fluc- 
tuations of  about  8%,  in  rough  agreement  with 
the  observations  of  Titheridge  [1963,  1968a,  b]. 

The  amplitude  of  total-content  fluctuations 
that  would  be  observed  as  a  satellite  follows 
a  particular  orbit  can  be  determined  in  either 
of  two  ways.  It  can  be  determined  directly 
from  either  (9)  or  (10)  by  substituting  a  suitable 
expression  for  the  satellite  position  (r)  as  a 
function  of  time;  in  our  plane  geometry  a  satellite 
orbit  would  be  a  straight-line  horizontal  path 


r(0  =  Vt  +  r0 


(17) 


where  V  is  the  satellite  velocity,  and  r0  is  the 
position  of  the  satellite  at  t  =  0,  both  relative 
to  a  ground  based  observer.  This  method  gives 
not  only  fluctuation  amplitude,  but  the  in- 
stantaneous fluctuations  as  a  function  of  time 
as  well. 

Fluctuation  amplitude  can  also  be  crudely 
but  conveniently  estimated  by  using  r-plane 
intensity  plots  with  the  aid  of  an  overlay  like 
the  one  in  Figure  6.  If  the  overlay  is  rotated 
to  correspond  to  the  azimuth  of  satellite  travel, 
the  solid  lines  indicate  satellite  tracks  in  the 
r  plane  for  various  zenith  angles  of  closest 
approach.  The  patterns  of  light  and  dark  inter- 


cepted by  these  tracks  on  the  r-plane  intensity 
plot  thus  indicate  the  fluctuation  amplitude 
caused  by  a  given  wave  during  satellite  passage. 
The  dashed  lines  on  the  overlay  indicate  equal 
horizontal  (or  time)  intervals  along  the  satellite 
track  at  a  height  of  300  km. 

One  kind  of  observational  bias  that  may  not 
be  immediately  obvious  can  be  illustrated  by 
considering  the  amplitude  patterns  intercepted 
in  the  r  plane  (the  50-km  scale-height  plot,  say, 
in  Figure  5)  by  two  parallel  satellite  trajectories 
(at  20°  zenith  angles,  say,  but  on  opposite  sides 
of  the  zenith)  that  might  represent  either 
observations  using  two  satellites,  or  (more 
commonly)  observations  of  a  single  orbiting 
satellite  from  spaced  ground  stations.  As  the 
overlay  is  rotated  so  that  the  satellite  azimuth 
of  travel  coincides  with  that  of  the  wave,  the 
two  tracks  intercept  identical  amplitude  patterns. 
But  as  the  overlay  is  rotated  away  from  this 
direction,  the  tracks  begin  to  intercept  different 
amplitude  patterns,  until,  as  the  tracks  approach 
perpendicularity  with  the  wave  travel  direction, 
the  amplitude  patterns  become  quite  dissimilar. 
Such  experimental  results,  if  not  properly 
understood,  could  lead  to  gross  errors  in  the 
estimates  of  wave  travel  direction,  for  example. 
Furthermore,  data  reduction  processes  that 
select  'events'  for  analysis  on  the  basis  of  good 
correlation  between  records  from  spaced  stations 
may  also  be  selecting  disturbances  traveling 
roughly    parallel    to    the    satellite    trajectory. 

The  k  Plane 

In  the  second  display  format  we  plot  the 
amplitude  of  fractional  content  fluctuations 
proportional  to  darkness  in  the  k  plane.  There, 
V?  (the  angle  of  k  from  the  zenith)  varies  radially 
(from  90°  to  180°  for  gravity  waves),  and  a 
(the  azimuth  of  k,  positive  westward)  varies 
circumferentially.  Because  of  the  unique  re- 
lationship between  k  and  w  defined  by  the  gravity 
wave  dispersion  relation,  the  radius  of  the  k-plane 
plots  also  identifies  the  gravity  wave  period; 
short-period  waves  are  near  the  center,  whereas 
long-period  waves  are  near  the  periphery  of 
the  plots. 

Figure  7  shows  four  examples  of  k-plane 
intensity  displays  for  a  satellite  located  at  an 
azimuth  of  60°  and  at  zenith  angles  of  20°,  40°, 
60°,  and  80°,  respectively.  The  dark  bands  in 
each  plot  represent  the  loci  of  r\  ~  0,  or  near 
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alignment  of  the  wave  phase  surfaces  with  the 
line  of  sight  to  the  satellite.  The  t]  K,  0  band 
falls  mostly  near  the  center  of  the  plot  (steep 
wave  front  tilts  and  short  wave  periods)  for 
small  zenith  angles  and  expands  toward  the 
edge  of  the  plot  (nearly  horizontal  wave  fronts 
and  long  wave  periods)  as  zenith  angle  increases. 
It  also  tends  to  fall  in  the  quadrant  centered 
on  the  azimuth  of  the  satellite. 

Two  other  loci  are  visible  as  white  bands  and 
show  up  best  in  the  x  =  80°  plot.  They  cor- 
respond to  the  waves  that  cause  the  factor  (13) 
to  vanish  (the  straight  white  lines  that  cut 
diagonally  through  the  plots)  and  to  the  waves 
for  which  U-l6  =  0  (the  white  arc  across  the 
lower  half  of  each  plot). 

It  may  appear  in  the  intensity  plots  that  the 
two  C"  =  0  loci  do  not  exert  a  very  strong 
influence  on  the  distribution  of  fluctuation 
amplitude  in  either  the  k  or  r  planes.  The 
intensity  plots  are  slightly  misleading  in  this 
respect,  however.  To  optimize  the  appearance 
of  the  rj  £si  0  bands  in  all  the  displays,  it  was 
necessary  to  adjust  the  intensity  levels  to  a 
point  where  the  other  zero  loci  became  very 
thin.  The  section  A-A  plot  at  the  bottom  of 
Figure  5  shows,  however,  that  the  influence  of 
the  factor  (13)  is  really  more  marked  than  the 
corresponding  intensity  plot  suggests.  This 
is  true  of  the  other  zero  loci  in  the  k  plane  as 
well. 

The  effects  of  changing  the  ionospheric  layer 
thickness  are  similar  to  the  effects  in  the  r 
plane:  the  rj  tt  0  band  gets  thinner  for  thicker 
layers  and  thicker  for  thinner  layers,  until, 
for  very  thin  layers,  the  phase-cancellation 
effect  is  unimportant. 

A  single  k-plane  intensity  plot  gives  a  com- 
plete picture  of  which  portions  of  the  atmospheric 
wave  spectrum  are  most  successful  in  creating 
total-content  fluctuations  that  are  observable, 
given  a  particular  fixed  satellite  geometry  and 
magnetic  inclination.  For  example,  an  isotropic 
spectrum  of  internal  gravity  waves  would  be 
seen  by  the  x  =  80°  geometry  in  Figure  7  as 
a  set  of  long  period  waves  propagating  toward 
the  northwest;  the  same  spectrum  of  waves 
would  be  seen  by  the  x  =  20°  geometry  as  a 
set  of  short  period  waves  propagating  roughly 
northward  and  southward. 

The  examples  shown  here  have  been  con- 
structed for  internal  gravity  waves;  very  similar 
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Fig.  6.  An  overlay  for  tracing  satellite  trajec- 
tories (solid  lines)  in  the  r  plane.  The  overlay 
must  be  rotated  to  correspond  to  the  azimuthal 
direction  of  satellite  motion.  Dashed  lines  indi- 
cate equal  horizontal  (or  time)  intervals  along 
the  trajectories.  The  trajectories  do  not  converge 
at  the  overlay  perimeter  because  it  corresponds 
to  a  satellite  zenith  of  75°,  not  90°. 


plots  result  for  acoustic  waves,  with  one  im- 
portant difference:  because  no  unique  relation 
exists  between  wave  orientation  and  the  period 
of  acoustic  waves  (as  it  does  for  internal  gravity 
waves),  unique  wave  periods  cannot  be  as- 
sociated with  points  in  the  k  plane.  Removal 
of  the  co  influence  on  the  direction  of  k  simply 
means,  however,  that  a  k-plane  intensity  plot 
is  the  same  for  all  acoustic  wave  frequencies, 
with  co  serving  only  as  a  constant  intensity 
(amplitude)  multiplier.  The  r-plane  plots  for 
acoustic  waves  tend  to  have  a  character  similar 
to  those  for  gravity  waves. 

Concluding  Remarks 

By  constructing  a  very  simple  model  of  the 
total-content  fluctuations  induced  in  the  F  layer 
by  atmospheric  waves,  we  find  that  a  compli- 
cated but  important  set  of  biases  is  built  into 
observations  of  short-term  content  fluctuations 
along  paths  to  artificial  satellites.  Such  an 
assertion  raises  two  questions:  (1)  can  the 
theory  be  checked  observationally,  and  (2)  if 
substantially  correct,  can  it  help  recover  true 
atmospheric  wave  statistics  from  total-content 
observations  ? 

First,  we  must  point  out  several  deficiencies 


in  our  model  that  would  preclude  precise  checks. 
We  have  neglected  the  sphericity  of  the  earth, 
the  variations  of  wave  amplitude  and  wave 
vector  direction  with  height,  wave-induced 
photochemical  changes,  and  sporadic-^  effects. 
Furthermore,  although  equation  10  would  per- 
mit the  use  of  any  nc„(z)  profile,  a  completely 
realistic  model  electron  density  distribution 
should  allow  for  horizontal  gradients  in  ambient 
density  as  well.  Therefore,  in  its  present  form, 
the  model  is  not  likely  to  withstand  detailed 
and  quantitative  experimental  tests.  Although  a 
more  comprehensive  model  could  be  devised,  its 
utility  in  interpreting  actual  observations  would 
be  doubtful  because  of  its  complexity. 

A  conclusive  observational  check  of  every 
facet  of  the  theory  seems  impossible,  even  if  it 
were  refined  by  correcting  the  deficiencies  just 
mentioned.  Such  a  check  would  require  many 
simultaneous  observations  of  waves  at  the  same 
location,  with  both  the  total-content  method 
and  some  other  method  that  could  yield  reliable 
and  sufficiently  detailed  information  about  the 
spectrum  of  atmospheric  waves  actually  present, 
as  well  as  a  detailed  determination  of  the  three- 
dimensional  ambient  electron  density  distribu- 
tion. No  way  to  do  this  is  yet  known;  however, 
a  verification  that  at  least  some  biases  exist 
could  be  attempted  by  observing  the  same 
ionospheric  region  with  both  the  total-content 
and  another  more  reliable  sounding  technique. 
If  different  waves  are  observed,  or  if  one  tech- 
nique observes  waves  that  the  other  does  not, 
then  biases  must  be  suspected.  It  should  be 
emphasized,  however,  that  the  two  techniques 
must  look  at  precisely  the  same  ionospheric 
region  (within  a  few  tens  of  kilometers),  in  view 
of  the  apparently  short  autocorrelation  distances 
observed  for  medium-scale  traveling  disturbances 
[Georges,  1967]. 

The  prospects  for  using  our  model  to  remove 
the  biases  in  actual  observations  are  not  very 
bright  either;  this  would  require  the  same 
accurate  knowledge  of  the  ambient  ionization 
distribution  that  we  discussed  in  connection  with 
the  observations  needed  to  verify  the  model. 
The  very  existence  of  instruments  to  provide 
such  information  would  obviate  the  need  for 
measuring  the  same  thing  by  using  total-content 
methods. 

We  would  therefore  conclude  that,  while  the 
total-content  technique  is  suited  to  studies  of 
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gross  ionospheric  balance  and  perhaps  some 
shorter  term  features  of  large  scale,  such  as 
the  polar-substorm-related  TID's  observed  by 
Davis  and  daRosa  [1969],  it  cannot  provide  an 
accurate  statistical  (and  possibly  not  even  in- 
stantaneous) picture  of  the  ionosphere's  dynamic 
state. 
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Ionospheric  Response  to  Internal  Gravity  Waves 
2.     Lower  F  Region  Response 

William  H.  Hooke 

Institute  jor  Telecommunication  Sciences, 
ESSA  Research  Laboratories,  Boulder,  Colorado     80302 

The  response  of  the  lower  F  region  ionosphere  to  individual  internal  gravity  waves  is 
calculated  as  a  function  of  the  azimuth  of  wave  propagation.  This  response  is  shown  to  be 
highly  anisotropic,  with  the  anisotropy  itself  depending  on  time  of  day,  season,  wave  param- 
eters, height,  and  geographic  and  geomagnetic  location.  Wave-associated  changes  in  pho- 
toionization  rate,  and  their  dependence  on  the  degree  of  alignment  between  the  incoming 
solar  radiation  flux  and  surfaces  of  constant  wave  phase,  play  a  dominant  role  in  determining 
the  anisotropy.  Wave-associated  changes  in  attachmentlike  chemical  loss  are  also  important. 
The  response  of  the  lower  F  region  ionosphere  to  internal  gravity  waves  therefore  differs 
fundamentally  from  the  response  at  higher  levels,  where  ion  lifetimes  are  long  and  wave- 
associated  photochemical  effects  can  be  ignored,  so  that  geomagnetic  constraints  on  ion 
motion  play  the  primary  role  in  determining  the  anisotropy. 


Theory  suggests  [Hooke,  1968a]  that  in- 
ternal gravity  waves  produce  traveling  iono- 
spheric disturbances  (TID)  through  a  variety 
of  photochemical  and  dynamical  means,  with 
the  ionosphere  responding  to  the  waves  in  an 
anisotropic  manner  that  varies  with  wave  pa- 
rameters, geographic  latitude  and  geomagnetic 
inclination,  and  prevailing  ionospheric  condi- 
tions. The  diurnal  and  seasonal  variations  in 
this  response  and  its  anisotropy  must  have 
some  bearing  on  observations  [Munro,  1950, 
1958;  Price,  1955]  that  reveal  diurnal  and  sea- 
sonal variations  in  TID  occurrence  frequency 
and  statistically  preferred  directions  of  travel. 
At  heights  above  about  250  km,  where  ionic 
lifetimes  are  long  compared  with  wave  periods, 
so  that  wave-associated  photochemical  effects 
can  be  ignored,  the  ionospheric  response  and 
its  anisotropy  are  particularly  easy  to  under- 
stand   and    were    considered    in    detail    earlier 


Because  the  statistical  TID  studies  cited 
above  pertain  to  200-km  heights  and  below 
[Heisler,  1958],  however,  paper  1  does  not 
completely  describe  the  relevant  wave-iono- 
sphere interaction.  At  these  lower  heights,  in- 
ternal gravity  waves  produce  ionospheric  irreg- 
ularities, not  only  because  they  set  the  neutral 
atmosphere  and  hence  the  ionization  into  mo- 
tion, but  also  because  they  produce  density 
(and  temperature)  perturbations  in  the  neutral 
gas  that  affect  the  rates  of  photochemical  pro- 
cesses. In  particular,  perturbations  in  the  photo- 
ionization  rate  depend  in  magnitude  on  the  de- 
gree to  which  the  incoming  solar  radiation  is 
aligned  with  surfaces  of  constant  wave  phase 
[Hooke,  1968a].  Because  wave-associated 
changes  in  photoionization  rate  obey  such  a 
solar  control,  the  lower  F  region  ionosphere 
should  exhibit  diurnal  and  seasonal  variations 


(Hooke  [1970],  hereafter  referred  to  as  paper      in  response  additional  to  those  discussed  pre- 


1).  In  this  case  the  anisotropy  results  solely 
from  the  geomagnetic  constraints  on  the  ion 
motion  at  these  heights,  while  its  dependence 
on  the  ambient  electron  density  height  gra- 
dient, which  varies  with  time  of  day  and  sea- 
son, produces  diurnal  and  seasonal  variations 
in  the  anisotropy. 

Copyright  ©  1970  by  the  American  Geophysical  Union. 


viously.  This  wave-associated  photochemical 
effect  is  the  main  subject  of  this  paper.  In  par- 
ticular, this  paper  considers  the  questions: 
how  important  are  wave-associated  photo- 
chemical effects  relative  to  wave-associated  dy- 
namic effects  in  TID  production;  and  what  is 
the  degree  and  nature  of  the  solar  control  on 
the    ionospheric    response? 
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Theory  and  Calculations 


Consider  an  inviscid,  plane-stratified  isother- 
mal atmosphere  and  ionosphere,  stationary  in 
the  absence  of  internal  gravity  waves,  and  allow 
a  plane  internal  gravity  wave  of  angular  fre- 
quency a;  and  wavevector  k  to  perturb  this 
atmosphere.  This  wave  produces  neutral  atmos- 
pheric motions  u  and  fractional  density  per- 
turbations   p'/po       that    are    proportional    to 


exp  (z/2H)  exp  i(ut  —  k«r) 


(1) 


where  z  is  the  height,  H  is  the  neutral  atmospheric 
scale  height,  t  is  the  time,  and  r  is  a  position 
vector.  (In  this  paper  zero  subscripts  will  denote 
unperturbed  values  of  physical  quantities; 
primes  will  denote  small  perturbations  from  those 
unperturbed  values.)  The  wave  also  produces 
temperature  changes,  whose  influence  will  be 
neglected  here.  The  horizontal  and  vertical 
components  of  u  and  the  fractional  neutral 
atmospheric  density  perturbations  p'/po  are 
related  in  amplitude  and  phase  by  equations  24 
through  26  given  by  Hines  [I960].  These  relations 
depend  not  only  on  co,  k,  and  H,  but  also  on  the 
neutral-gas  ratio  of  specific  heats  y  and  the 
acceleration  of  gravity  g.  The  magnitude  of 
the  velocity  and  density  perturbations  can  be 
determined  from  the  wave  energy  per  unit  mass 
E  by  equation  45  of  Hines  [I960].  The  wave- 
vector  k  is  related  to  the  angular  frequency  w 
by  the  wave  dispersion  equation  21  of  Hines 
[1960]  (that  equation  contains  a  typographical 
error;  the  second  kz  of  that  formula  should  be 
k.). 

Through  collisions,  the  neutral  atmosphere 
sets  the  ionization  into  motion.  This  ion  motion 
is  given  by  [MacLeod,  1966] 


u<  = 


1 


1  +  R- 


[R2u  +  fl(u  X  lt)  +  (u-l6)l„ 


(2) 


where  R  =  Vt/ui  is  the  ratio  of  the  ion-neutral 
collision  frequency  vt  to  the  ion  gyrofrequency 
u„  and  16  is  a  constant  unit  vector  directed 
parallel  to  the  geomagnetic  induction.  In  the 
calculations,  it  is  assumed  that 


R  oc   exp  (-«///) 


(3) 


The  neutral  atmospheric  density  fluctuations 
produce  departures  from  the  ambient  photo- 
ionization  rate 


q0  =  qm  exp 


[i  +  bL^r  -  exp  (^)J 


(4) 


that  are  given  by  the  real  part  of  the  expression 


I'/lo 


1 


(p'/po) 

cos  x  exp  [(z„ 


*)/#*] 


(1  -  H*/2H)  cosx  +  iff*k-l„ 


(5) 


[Hooke,  1968a].  Here  H*  is  the  scale  height  of 
the  ionizable  constituent,  x  is  the  solar  zenith 
angle,  and  lx  is  a  unit  vector  directed  anti- 
parallel  to  the  solar  ionizing  radiation  flux;  zm 
is  the  height  of  maximum  photoionization  rate 
qm.  In  terms  of  the  geographic  latitude  <p, 
the  solar  declination  5,  and  the  local  hour 
angle  h  of  the  sun, 

cos  x  =  sin  <p  sin  5  +  cos  <p  cos  6  cos  h      (6) 

In  a  local  Cartesian  coordinate  system  with  x 
axis  directed  eastward,  y  axis  directed  north- 
ward, and  2  axis  vertical, 

k-lx   =  (ku  cos<p  +  kz  sin  ip)  sin  5 

+  (kx  sin  h  —  kv  sin  <p  cos  h 


+  kz  cos  <p  cos  h)  cos  5 


(7) 


The  term  k*lx  implies  a  solar  control  of  wave- 
produced  changes  in  photoionization  rate,  as 
mentioned  in  the  introduction.  Thus,  at  any 
specified  time,  two  different  waves  will  in  general 
produce  different  changes  in  photoionization 
rate.  Similarly,  a  single  given  wave  will  produce 
different  changes  in  photoionization  rate  at 
different  times  of  day. 

Note  that  equation  5  contains  both  the  neutral 
atmospheric  scale  height  H  and  the  scale  height 
of  the  ionizable  constituent  H*.  These  two 
scale  heights  need  not  be  equal,  and  in  the 
present  application  they  are  not.  This  inequality 
has  implications  for  the  theory  that  were  not 
discussed  earlier  by  Hooke  [1968a]  and  so  merits 
some  attention  here.  Consider  the  second  term  on 
the  right  side  of  equation  5.  This  term  gives  the 
changes  in  q'/qo  at  any  point  caused  by  the  wave- 
produced  changes  in  the  ionizing  solar  radiation 
flux  at  that  point  [Hooke,  1968a].  It  is  largest 
when  k-lx  =  0,  i.e.,  when  the  solar  ionizing 
radiation  flux  lies  in  surfaces  of  constant  wave 
phase.  We  shall  confine  our  attention  to  this 
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case  for  the  moment.  Then,  if  H  =  H*,  the 
exp(z/2H)  growth  of  the  wave  amplitude  with 
height  (implicit  in  the  p'/po  factor)  is  more  than 
offset  by  the  exp(—  z/H*)  decrease  in  the  density 
of  the  ionizable  constituent  with  height,  and  the 
second  term  on  the  right  side  of  equation  5  is 
small  compared  with  unity  for  z  »  zm  because 
(1  —  H*/2H)  =  0.5.  This  term  becomes  large 
only  for  z  <  zm.  On  the  other  hand,  should 
2H  =  H*,  as  is  very  nearly  the  case  in  the  very 
low  F  region  (major  constituent  N2;  ionizable 
constituent  0),  then  the  second  term  on  the 
right  side  of  equation  5  may  be  greater  than 
unity  even  at  heights  z  well  above  zm. 

Thus  the  earlier  work  [Hooke,  1968a]  implicitly 
underestimated  the  importance  of  this  flux  term, 
which  might  now  appear  to  imply  enormous 
wave-produced  fluctuations  in  photoionization 
rates  at  all  heights.  Such  wave-associated  photo- 
ionization catastrophes  do  not  actually  occur, 
however,  for  several  reasons.  First,  and  most 
fundamentally,  H*  being  greater  than  H  implies 
that  H  must  increase  with  height  (approaching 
H*  as  a  limit).  This  in  turn  implies  that  above 
some  reference  level  (1  —  H*/2H)  is  no  longer 
infinitesimal:  it  also  implies  that  the  derivation 
of  equation  5,  in  which  equations  from  Hines 
[1960]  that  assume  H  =  constant  are  used,  is 
no  longer  correct.  Wave  refraction  would  occur, 
so  that  k  would  be  height-variable,  and  the 
condition  k«lx  =  0  would  not  be  met  at  all 
heights.  Second,  equation  5  assumes  that  the 
wave  amplitude  increases  exponentially  with 
height,  at  all  heights.  Because  of  viscous  dissipa- 
tion of  the  wave  energy,  this  does  not  occur. 
Third,  the  condition  k-lx  =  0  must  be  met 
exactly  at  all  heights  for  the  catastrophe  to 
occur;  this  will  be  prevented  by  any  wave 
refractive  effects  (including  viscous  dissipation 
[Pitteway  and  Hines,  1963;  Hines,  1968]). 
Refining  the  theory  in  any  of  these  respects 
should  serve  to  reduce  considerably  any  abnor- 
mally large  changes  in  photoionization  rate  that 
might  otherwise  be  expected.  Note  that,  if  g'/ffo 
were  large,  the  linearization  of  the  equations 
used  in  deriving  equation  5  would   be   invalid. 

The  preceding  discussion  suggests  that  it  is 
somewhat  inconsistent  to  assume  both  that  H 
=  constant  and  that  H  <  H*,  as  will  in  fact 
be  done  here.  This  inconsistency  should  be  more 
pronounced  the  closer  H*  is  to  2H.  As  we  will 
see  shortly,  in  the  calculations  presented  here 


it  is  assumed  that  H*  =  1.67#.  Hopefully 
this  choice  properly  reflects  the  importance  of 
the  solar  control  of  wave-produced  changes  in 
photoionization  rate,  while  minimizing  the  in- 
fluence of  the  inconsistency  on  the  results,  but 
this  is  only  a  hope.  A  definitive  check  on  the 
errors  introduced  by  these  assumptions  would 
require  a  detailed  numerical  analysis,  which 
would  not  appear  to  be  merited  at  the  moment 
in  view  of  the  present  crudeness  of  both  theory 
and  observation.  In  any  event,  the  calculations 
presented  suffice  to  show  the  relative  importance 
of  wave-associated  photochemical  and  dynami- 
cal effects  in  TID  production,  as  well  as  the  de- 
gree and  basic  nature  of  the  solar  control  of 
that  production.  (It  should  also  be  noted  in 
passing  that  in  the  computations  of  an  earlier 
paper  [Hooke,  19686],  it  is  tacitly  assumed 
that  H  =  H*,  so  that  Figures  4  and  5  of  that 
paper  do  not  agree  with  the  results  presented 
here.) 

The  calculations  themselves  proceed  as  fol- 
lows: First,  equations  4  through  6  of  Hooke 
[1968a]  were  used  to  specify  the  unperturbed 
model  ionosphere.  In  applying  those  equations 
to  the  lower  F  region,  all  the  diffusion  terms 
can  be  ignored,  and  the  equations  reduce  to 

g0  =  /30n0(O+)  (8) 

/30n0(O+)  =  a0n0(XY+)Ne0  (9) 

Ne0  =  n0(O+)  +n0(XY+)         (10) 

Here  Ne  is  the  free  electron  number  density, 
«(0+)  is  the  atomic  oxygen  ion  number  density, 
and  n(XY+)  is  the  molecular  ion  number  den- 
sity; a  and  /?  are  reaction  rate  coefficients.  The 
zero  subscripts  denote  the  unperturbed  values 
of  these  quantities.  Both  a  and  /?  are  assumed 
to  be  independent  of  temperature;  in  this  case 
a  is  a  constant,  while  f3  can  be  written 

$  =  &*n(XY)         0O  =  0*no(XY)         (11) 

where  /?*  is  a  constant,  and  n(XY)  is  the  num- 
ber density  of  the  neutral  molecules.  Equations 
4  and  8  through  11  then  determine  n„(0*) , 
nB  (XY*),  and  N,B  at  all  heights  algebraically, 
once  ?«,,  zm,  H* ,  a„,  /?*,  and  nn(XY),  and  the 
solar  zenith  angle  \>  have  been  specified.  Here 
n„(XY)   is  calculated  from  the  formula 

n0(XY)  =  n00(XY)  exp  (l.75[z0  -  z]/H*) 

(12) 
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where  n,M(Ar}*)  is  the  number  density  of  neutral 
molecules  at  the  height  z„  =  zm  —  H*\n(sec  x)- 
Because  all  the  input  parameters  have  rather 
simple  height  variations,  it  is  also  a  simple  mat- 
ter to  derive  algebraic  formulas  for  the  quan- 
tities dn(0*)/dz,  dn{XY+)/dz,  and  dN^/dz 
that  are  required  in  the  calculations.  In  all  the 
calculations  presented  here,  the  values  ^(Zo) 
=  3000  cm-1  sec"1,  z„  =  150  km,  H*  =  50  km, 
«„  =  10"  cm3  sec1,  /?*  =  2  X  10"'2  cm'1  sec"1, 
and  nm(XY)  =  3.27  X  1010  cm"1  are  adopted. 
This  choice  for  the  input  parameters  generates 
a  model  ionosphere  of  the  type  illustrated  in 
Figure  1  for  x  —  60°. 

The  internal  gravity  wave  is  then  taken  to 
perturb  the  number  densities  of  the  various 
ionic  species  according  to  equations  10  through 
12  of  Hooke  [1968a],  which  according  to  the 
assumptions  made  here  reduce  to 

(ft  +  io>K(0+) 

=   q'  -  ftn0(O+)  -  V-(nn(0+)u,)  (13) 

(a0Ne0  +  aon0(XY  +  )  +  io>)(ft  +  io>)N/ 

=  (a0Ne0  +  ft  +  w)q'  -  aoNeOqop'/p0 

-  (a0Ne0  +  ft,  +  to)V-(n0(O>,) 

-  (ft  +  ico)V-(n0(XF+)u,)  (14) 

N/  =  n'(0+)  +  n\XY+)  (15) 

Here  the  primes  denote  perturbed  values  of  these 
quantities.  Since  in  the  lower  ionosphere  diffusion 
processes  can  be  ignored,  the  different  ion 
species  are  all  taken  to  have  the  same  velocity 
Uj.  From  equation  11  it  follows  that 


ft/ft   =    p'/po 


(16) 
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Fig.  1.  The  model  lower  F  region  ionosphere. 
Shown  are  height  profiles  of  rc0(0+),  miXY  ),  and 
Neoior  x  -  60°. 
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Equations  13  through  16,  together  with  equa- 
tions 5  through  7,  the  ambient  ionospheric 
model,  and  the  equations  cited  from  Hines 
[1960],  can  be  used  to  calculate  the  amplitude 
of  the  instantaneous  electron  density  fluctua- 
tions Ne'/Neo  in  terms  of  given  values  of  the 
parameters  y,  g,  H,  R(z0),  k,  E,  \b,  lx  (or,  equi- 
valent^, (f>,  5,  and  h),  and  the  height  z  of  interest. 
In  all  the  calculations  presented  here,  y  is  taken 
to  be  1.4,  g  to  be  9.35  msec-2,  H  to  be  30  km,  and 
R(zo)  to  be  0.1.  Because  R  is  small  in  this  applica- 
tion, it  can  be  taken  to  be  the  same  for  all  ion 
species  without  significantly  affecting  the  results. 
The  vector  lb,  specified  in  the  figures  by  the 
geomagnetic  inclination  /  (here  taken  to  be 
positive  in  the  southern  hemisphere),  the  geo- 
graphic latitude  p,  the  solar  declination  5, 
positive  during  northern  hemisphere  winter,  the 
hour  angle  h,  and  the  height  z,  as  well  as  the 
azimuthal  orientation  of  k,  vary  from  calcula- 
tion to  calculation.  Geomagnetic  and  geographic 
north  are  assumed  to  coincide,  to  simplify  the 
formulas  for  16  and  lx.  Wave  phase  propagation 
is  taken  to  be  downward,  in  agreement  with 
observation  [Hines,  1960,  1963]. 

To  compare  differences  in  the  ionospheric  re- 
sponse to  the  different  waves,  it  is  assumed  in 
all  the  calculations  that  the  wave  energy  per 
unit  mass  E  —  40  nr  sec"2  at  the  height  z  of 
interest,  corresponding  to  atmospheric  motions 
there  of  ~6  msec"1.  This  value  agrees  in  order 
of  magnitude  with  observational  estimates  of 
the  internal  gravity  wave  amplitudes  at  these 
heights,  although  it  is  somewhat  lower  than  the 
estimates  from  the  very  large  scale,  magnetic- 
storm-associated  TID's  (e.g.,  Testud  and  Vas- 
seur,  1969;  Vasseur  and  Waldteufel,  1969]. 
Note,  as  pointed  out  in  paper  1,  that  this 
method  of  wave  amplitude  normalization  is 
purely  arbitrary  and  must  certainly  affect  the 
appearance  of  the  results  as  they  are  displayed 
here.  More  realistic  normalizations  can  be  used 
quite  readily,  however,  as  the  data  become 
available. 

Results 

The  results  of  this  paper  take  the  form  of  polar 
coordinate  plots  such  as  those  shown  in  paper  1. 
Each  curve  shows  the  amplitude  of  the  fractional 
perturbations  in  electron  density  (proportional 
to  the  radial  distance  from  the  curve  to  the  plot 
origin)  produced  by  a  specified  wave  as  a  func- 


^55 


IONOSPHERIC  RESPONSE  TO  INTERNAL  GRAVITY  WAVES,  2 


7233 


Xh=400km 
Xz  =  200  km 
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Fig.  2.  Response  of  the  lower  F  region  ionosphere  (very  near  southern  hemisphere 
winter  solstice)  to  an  internal  gravity  wave  (phase  propagation  downward)  as  a  function  of 
local  time  and  the  azimuth  of  wave  propagation.  In  each  of  the  three  individual  plots,  the 
radial  distance  from  points  of  the  curves  to  the  plot  origin  gives  the  amplitude  of  the 
fractional  density  perturbations  N',-/N n,  occurring  during  wave  passage,  for  waves  of  energy 
per  unit  mass  E  =  40  nr  sec~2  at  the  height  of  interest.  The  solid  curves  show  the  full 
ionospheric  response;  the  dashed  curves  show  the  response  calculated  by  assuming  that 
wave-produced  perturbations  in  photoionization  rate  and  attachmentlike  loss  rate  are  zero. 
The  tic  marks  indicate  those  azimuthal  directions  of  wave  propagation  for  which  the  solar 
radiation  flux  lies  in  surfaces  of  constant  wave  phase.  All  three  plots  are  drawn  to  the 
same  scale;   the  largest  perturbation  amplitudes  on  the  plot  equal  0.04. 


tion  of  the  azimuth  of  wave  propagation  (mea- 
sured circumferentially)  for  given  ionospheric 
conditions.  Thus  the  curves  in  Figure  2  show 
the  response  of  the  lower  F  region  ionosphere 
(height  z  =  200  km;  geomagnetic  inclination 
1=  57°;  latitude  <p  =  35°  S;  declination  5  =  23°, 
i.e.,  near  southern  hemisphere  winter  solstice) 
to  an  internal  gravity  wave  as  a  function  of  the 
time  of  day.  The  geomagnetic  inclination  and 
latitude  correspond  to  conditions  at  Sydney, 
Australia.  In  the  model  atmosphere  considered 
here,  this  wave  has  a  period  t  =  26.5  min  and 
a  horizontal  phase  velocity  vph  =  251  msec-1. 
The  tic  marks  indicate  those  azimuths  of  pro- 
pagation for  wmich  k-lx  =  0,  i.e.,  for  which  the 
solar  ionizing  radiation  flux  lies  in  surfaces 
of  constant  wave  phase.  Note  that  the  condition 
k*L  =  0  can  be  written  in  the  form 


ctn  x  =   ctn  \p  cos  6 


(17) 


where  \p  is  the  tilt  of  the  surfaces  of  constant 
wave  phase  from  the  vertical,  and  8  is  the 
azimuthal  angle  between  the  horizontal  compon- 
ents of  k  and  lx.  This  equation  has  either  two 
solutions,  one  solution,  or  no  solution  6,  depend- 
ing on  whether  )p  <  x>  ^  =  X,  or  ^  >  x,  respec- 
tively. For  waves  with  vertically  downward 
phase  propagation,  ctn  x  and  ctn  \f/  are  always 


positive,  so  that  \6\  will  always  be  less  than  90°. 
The  solid  curves  in  Figure  2  show  the  lower 
F  region  ionospheric  response  as  calculated  in 
the  manner  outlined  in  the  previous  section; 
the  dashed  curves  show  the  ionospheric  response 
calculated  by  assuming  that  the  wave  produces 
no  changes  in  the  rates  of  photochemical  proces- 
ses, i.e.,  that  q'  =  /3'  =  0  in  equations  13  and  14. 
The  dashed  curves  are  then  essentially  the  curves 
that  would  be  calculated  by  using  the  theory  of 
paper  1,  except  that  in  paper  1  it  was  assumed 
that 


Ne~  =   -^-V-CAUi,)  (18) 


while  here 


N/  = 


1 


j30  +  la: 


V-(W.oU.)  (19) 


at  heights  where  atomic  oxygen  ions  dominate 
(above  about  150  km),  and 


N.'  = 


2a0-'Veo  +  iw 


V-(tf.0u,)  •       (20) 


at  heights  where  molecular  ions  dominate  (be- 
low about  150  km),  since  at  lower  F  region 
heights  the  ion  lifetimes  /?„"'  and  {a„Nrn)~l  tend 


456 


7234 


WILLIAM  H.  HOOKE 


to  be  shorter  than  the  wave  periods  of  interest 
(see  Figure  3  of  Hooke  [1968a]).  In  conse- 
quence, the  ionospheric  response  at  the  lower 
heights  is  markedly  less  than  the  reponse  that 
would  have  been  calculated  if  the  tendency  for 
the  ionosphere  to  remain  in  photochemical  equi- 
librium despite  the  wave  perturbation  were  to 
have  been  neglected.  Note  that,  because  of  the 
imaginary  unit  i,  there  is  a  phase  change  of 
the  N/  variations  in  the  vertical  additional 
to  those  associated  with  the  neutral-gas  wave 
itself.  This  phase  change  can  be  interpreted 
physically  as  follows:  When  u  S>  /3a,aoNe0,  the 
ion  lifetimes  are  long  compared  with  a  wave 
period,  and  maximum  perturbations  in  N/  oc- 
cur a  quarter  of  a  wave  cycle  after  the  time  of 
maximum  ion  convergence.  When  f30  ^>  o>,  or 
a^Nc  »  (o,  on  the  other  hand,  then  the  ion 
convergence  is  compensated  for  immediately 
(more  precisely,  in  a  time  short  compared 
with  a  wave  period)  by  enhanced  photochemi- 
cal loss,  and  maxima  in  A7/  and  the  ion  con- 
vergence occur  simultaneously.  It  should  per- 
haps be  emphasized  here  that  approximation 
4  does  not  apply  at  the  F2  peak,  even  though 
aoNe<]  3>  (o  there ;  this  is  because  0+  is  the  domi- 
nant ion,  whereas  XY+  is  only  a  minor  con- 
stituent   (see  Hooke   [1968a]    for  details). 

Note,  however,  that  the  internal  gravity 
waves  do  perturb  the  photochemical  equilib- 
rium, i.e.,  q'  9*  0,  |8'  9^  0,  and  that  these  pertur- 
bations are  of  major  importance  in  TID  produc- 
tion, as  shown  by  the  differences  between  the 
dashed  and  solid  curves.  Taking  these  wave- 
associated   photochemical  effects   into   account, 


we  find  that,  when  the  wave  in  Figure  2  propa- 
gates in  azimuthal  directions  such  that  k-lx  =  0, 
the  lower  F  region  ionospheric  response  is  roughly 
twice  what  would  otherwise  be  expected.  Thus 
at  1000  LT,  the  ionospheric  response  is  enhanced 
for  waves  propagating  toward  the  northeast. 
At  1200  LT,  there  exists  no  azimuthal  direction 
of  propagation  satisfying  k-lx  =  0,  and  the 
wave-associated  photochemical  effects  are  not 
so  marked.  At  1400  LT,  such  directions  do  again 
exist  and  the  ionospheric  response  is  again 
enhanced;  this  time,  however,  the  preferred 
direction  of  wave  propagation  is  toward  the 
northwest.  The  response  pattern  tends  to  follow 
the  sun  across  the  sky. 

This  solar  control  also  results  in  seasonal  varia- 
tions in  ionospheric  response,  as  illustrated  by 
Figure  3,  which  shows  the  response  of  the  lower 
F  region  ionosphere  (height  z  =  200  km;  geo- 
mangetic  inclination  /  =  57°;  latitude  <p  = 
35°S;  0800  LT)  to  the  same  internal  gravity 
wave  as  a  function  of  season.  When  8  =  23°, 
corresponding  to  winter  solsticial  conditions, 
there  are  two  azimuths  of  wave  propagation 
satisfying  k»lx  =  0.  Waves  propagating  in  these 
two  directions  quite  obviously  produce  the 
largest  TID.  In  this  case  the  sun  is  quite  near 
the  horizon,  and  the  two  preferred  azimuths  of 
wave  propagation  are  correspondingly  quite  far 
apart.  Note  that,  over  a  wide  range  of  azimuths 
of  propagation,  the  wave  produces  a  TID  of 
smaller  amplitude  than  it  would  have  if  q'  and 
/3'  were  both  equal  to  zero;  the  solid  curve  lies 
inside  the  dashed  one.  When  the  wave  is  propa- 
gating in  these  azimuthal  directions,  the  wave- 
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Fig.  3.     Response  of  the   lower  F  region   ionosphere   at   temperate   latitudes  to   an  internal 

gravity  wave  as  a  function  of  season. 
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Fig.  4.     Response  of  the  lower  F  region  ionosphere  at  temperate  latitudes  to  internal  gravity 
waves  as  a  function  of  the  wave  parameters. 


associated  photochemical  and  dynamical  effects 
compete  with  rather  than  complement  one 
another,  thus  effectively  reducing  the  ionospheric 
response.  Note  also  that  in  this  case  the  iono- 
spheric tuning  is  quite  sharp;  the  response 
varies  extremely  rapidly  with  changes  of  just 
a  few  degrees  in  the  azimuth  of  wave  propagation. 
This  results  from  the  cos  x  factor  in  equation  5. 

At  the  equinoxes  (5  =  0°),  there  are  still  two 
azimuthal  directions  of  wave  propagation  satis- 
fying k-lx  =  0,  and  these  are  again  the  preferred 
directions  of  wave  travel  in  terms  of  the  iono- 
spheric response  evoked.  The  sun  is  somewhat 
higher  in  this  case,  and  the  two  azimuthal 
directions  are  correspondingly  closer  together; 
the  tuning  is  much  coarser. 

Near  the  summer  solstice  (5  =  —23°),  the 
sun  is  relatively  high  at  0800  LT,  and  there  is  no 
azimuthal  direction  of  wave  propagation  for  this 
wave  that  satisfies  k-lx  =  0.  All  that  remains 
is  a  slight  east-west  asymmetry  in  the  iono- 
spheric response  produced  by  photochemical 
effects. 

Figure  4  illustrates  how  the  lower  ionospheric 
F  region  (height  z  =  200  km;  geomagnetic 
inclination  /  =  57°;  latitude  <p  =  35 °S;  solar 
declination  5  =  23°;  1000  LT)  response  varies 
with  changes  in  the  wave  parameters.  Its 
response  to  the  16-min  period  'wave  is  almost 
twice  as  great  in  these  azimuthal  directions  of 
wave  propagation  for  which  k«lx  =  0  as  it  is  in 
other  directions.  Within  a  wide  range  of  azimuths 
of    wave    propagation,    wave-associated    photo- 


chemical effects  act  to  reduce  the  ionospheric 
response  from  that  calculated  by  ignoring  such 
effects.  Its  response  to  the  27-min  period  wave  is 
also  more  marked  in  those  azimuthal  directions 
of  wave  propagation  for  which  k-lx  =  0;  the 
angle  between  those  two  directions  is  smaller 
because  k  is  more  nearly  vertical.  There  is  also 
a  narrower  band  of  azimuths  of  wave  propagation 
for  which  wave-associated  photochemical  effects 
act  to  reduce  the  ionospheric  response  from  that 
calculated  by  ignoring  such  effects.  The  50-min 
period  wave  has  wave  fronts  so  nearly  hori- 
zontal that  there  exists  no  azimuthal  direction 
of  wave  propagation  for  which  k>lx  =  0;  wave- 
associated  photochemical  effects  are  minimal 
in  this  case.  Note,  as  stated  in  paper  1,  that  at 
the  lower  F  region  heights  there  exists  no  general 
co_1  dependence  in  the  ionospheric  response; 
here  this  has  bee"h  replaced  by  a  /30_l  dependence. 
The  wave  of  50-min  period  produces  the  smallest 
ionospheric  response  in  this  particular  case; 
waves  of  the  shorter  periods,  since  they  satisfy  the 
condition  k-lx  =  0,  are  dominant. 

The  ionospheric  response  also  varies  with 
height,  as  illustrated  in  Figure  5.  At  the  lowest 
height  (140  km),  wave-induced  photochemical 
effects  and  their  dependence  on  the  value  of 
k*lx  are  quite  striking,  because  of  the  exp 
[(zm  —  z)/H*\  term  in  equation  5.  At  the  greatest 
height  (220  km),  these  effects  are  correspondingly 
smaller,  although  still  important.  The  response 
is  generally  smallest  at  the  intermediate  heights, 
because  the  wave-associated  photoionization  rate 
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Fig.  5.     Response   of  the   lower  F  region   ionosphere   at  temperate   latitudes   to   an   internal 

gravity  wave  as  a  function  of  height. 
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Fig.  6.  Response  of  the  lower  F  region  iono- 
sphere at  the  geomagnetic  equator  to  an  internal 
gravity  wave. 


changes  are  so  pronounced  at  the  lowest  heights, 
while  the  decrease  in  0o  with  increasing  height 
implies  a  decreasing  ability  of  the  ionosphere 
to  maintain  photochemical  equilibrium  during 
wave  passage;  i.e.,  the  dynamic  effects  become 
more  pronounced  at  the  greatest  heights.  Bear 
in  mind  that  in  each  of  the  five  calculations 
presented  in  Figure  5,  E  =  40  m2  sec-2  at  the 
height  of  interest;  these  curves  do  not  reflect 
any   increase   in   wave   amplitude   with   height. 

The  lower  F  region  ionospheric  response  also 
varies  considerably  with  latitude,  as  does  that 
of  the  F2  region  ionosphere  (see  paper  1). 
Figure  6  illustrates  the  response  of  the  lower  F 
region  ionosphere  at  the  equator  (height  z  =  200 
km;  I  =  0°;  <p  =  0°)  under  the  conditions 
shown  to  an  internal  gravity  wave  having  the 
parameters  specified.  The  dynamical  response 
shows  the  'figure  eight'  pattern  that  is  charac- 
teristic of  the  geomagnetic  dip  equator  (see  paper 
1).  In  this  case,  there  are  then  no  azimuthal 
directions  of  wave  propagation  satisfying  the 
condition  k-lx  =  0  exactly,  but  propagation 
toward  the  northeast  very  nearly  satisfies  this 
condition,  and  this  direction  is  indeed  preferred 
in  terms  of  the  ionospheric  response  that  is 
evoked. 

Figure  7  shows  the  response  of  the  lower  F 
region  at  the  equator  to  two  internal  gravity 
waves.  The  two  waves  differ  primarily  in  their 
total  wavelength  X  (by  a  factor  of  2).  This 
difference  affects  the  wave  period  r  only  slightly 
and  leaves  the  tilt^  of  the  wave  fronts  unchanged, 
so  that  the  azimuths  of  wave  propagation 
satisfying  k-lx  =  0  are  the  same  in  both  cases. 
The  figure  illustrates  two  general  principles. 
First,  the  wave  with  the  shorter  total  wavelength 
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Fig.  7.  Response  of  the  lower  F  region  iono- 
sphere at  the  geomagnetic  equator  to  internal 
gravity  waves  as  a  function  of  total  wavelength. 


produces  the  greater  wave-associated  dynamical 
effects,  since  in  this  case  the  ion  convergence 
is  greater,  as  discussed  in  paper  1.  Second,  this 
wave  produces  significant  photochemical  effects 
over  a  narrower  spread  of  azimuthal  directions, 
because  the  sharpness  of  the  ionospheric  tuning 
increases  with  increasing  k. 

Quite  obviously,  the  lower  F  region  ionospheric 
response  to  internal  gravity  waves  is  rather 
variable,  depending  strongly  on  geographic  lo- 
cation and  height,  as  well  as  time  of  day  and 
season.  It  also  depends  sensitively  on  the  de- 
tails of  the  ambient  ionospheric  photochemistry 
as  well,  as  will  be  shown  in  another  paper.  As 
a  result,  it  would  be  impossible  to  present  a 
complete  atlas  of  ionospheric  response  pat- 
terns here.  In  fact,  this  does  not  even  seem 
desirable,  since  the  theory  demands  more  input 
variables  than  most  experiments  can  now  pro- 
vide (although  the  incoherent  scatter  radar  work 
comes  close).  Nevertheless,  it  is  clear,  even 
from  the  limited  number  of  illustrations  pre- 
sented here,  that  wave-induced  changes  in 
photoionization  and  chemical  loss  rates  (<?'  and 
/?')  are  as  important  as  wave-associated  dy- 
namical effects  in  TID  production.  It  is  also 
clear  that  there  is  a  solar  control  of  the  lower 
F  region  ionospheric  response  whose  main 
effect  is  that  of  causing  the  response  patterns  to 
follow  the  motion  of  the  sun  from  east  to 
west  during  the  day  and  from  east-west  to 
equatorward  from  summer  to  winter.  TID 
statistics  exhibit  a  corresponding  behavior 
[Munro,    1950,    1958;    Price,    1955;    see    also 
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Hooke,  1968a],  and  it  is  tempting  to  claim 
the  one  is  the  cause  of  the  other.  There  are, 
however,  many  other  competing  mechanisms 
that  could  also  account  for  the  observational 
statistics,  as  discussed  earlier  [Hooke,  1968a; 
also  paper  1]. 

Moreover,  the  solar  control  is  somewhat  im- 
perfect in  the  sense  that  for  some  waves  and 
under  certain  conditions  it  favors  TID  pro- 
duction by  waves  propagating  at  nearly  right 
angles  to  the  direction  of  the  sun.  By  using 
polar  coordinate  plots  of  the  type  presented 
here,  it  is  difficult  to  visualize  just  how  the 
ionosphere  would  respond  to  a  broad  spectrum 
of  incident  internal  gravity  waves,  a  situation 
that  will  be  discussed  in  a  later  paper. 
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3.     Changes  in  the  Densities  of  the  Different  Ion  Species 
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Changes  in  the  densities  of  atomic  oxygen  and  molecular  ions  produced  by  internal  gravity 
ivaves  are  calculated  as  a  function  of  the  azimuth  of  wave  propagation.  Because  these  two 
ion  species  play  different  roles  in  the  photochemistry  of  the  lower  F  region,  the  waves 
change  their  densities  differently,  thus  producing  changes  in  F  region  ion  composition.  Wave- 
associated  changes  in  photoionization  rate  appear  to  be  quite  important  in  this  connection, 
with  wave-associated  changes  in  the  loss  rate  /3  (and  their  temperature  dependence)  being 
somewhat  less  significant. 


In  two  earlier  papers  {Hooke  [1970a],  here- 
after referred  to  as  paper  1 ;  and  Hooke 
[19706],  hereafter  referred  to  as  paper  2),  this 
author  discussed  the  F  region  ionospheric  re- 
sponse to  internal  gravity  waves.  It  was  found 
that  this  response  is  quite  anisotropic,  in  a  way 
varying  with  the  wave  parameters  and  with 
ionospheric  conditions.  The  nature  of  the  re- 
sponse changes  fundamentally  with  height.  At 
Fs  region  heights,  internal  gravity  waves  pro- 
duce ionospheric  irregularities  (commonly 
known  as  traveling  ionospheric  disturbances  or 
TID)  primarily  by  redistributing  preexisting 
ionization.  At  lower  F  region  heights,  they 
produce  ionospheric  irregularities  in  large  part 
because  they  affect  the  rates  of  photochemical 
processes, 

The  earlier  work  concentrated  on  the  wave- 
produced  perturbations  in  the  electron  density, 
since  that  is  the  end  product  measured  in  the 
usual  radio  observations.  This  paper  focuses 
instead  on  the  details  of  the  wave-associated 
changes  in  F  region  photochemistry,  in  par- 
ticular the  wave-produced  changes  in  the  num- 
ber densities  n(0+)  of  atomic  oxygen  ions  and 
n(XY*)  of  molecular  ions.  These  changes  are 
also  anisotropic,  i.e.,  they  vary  with  the  azi- 
muth of  wave  propagation,  with  all  other  pa- 
rameters remaining  fixed.  The  two  ion  species 
play  different  roles  in  F  region  photochemistry, 
however,  and  the  anisotropies  in  their  response 


differ  considerably  from  one  another.  The  re- 
sults provide  a  deeper  insight  into  the  aeron- 
omy  underlying  the  total  ionospheric  response 
to  the  waves. 

Theory  and  Calculations 

The  results  presented  here  have  been  cal- 
culated by  the  procedure  outlined  in  paper  2, 
where  the  amplitudes  of  the  oscillatory  frac- 
tional perturbations  N'e/Ne0  in  electron  density 
produced  during  wave  passage  were  calculated 
from  given  values  of  the  wave  parameters,  pa- 
rameters describing  the  ambient  or  unperturbed 
model  atmosphere  and  ionosphere,  and  param- 
eters specifying  geomagnetic  dip,  time  of  day, 
and  season.  In  this  paper  the  amplitudes  of  the 
oscillatory  fractional  perturbations  n'(0+)/ 
MO+)  and  n'(XF+)/n,)(XF+)  produced  by  the 
wave  are  also  calculated.  Here,  as  in  what  fol- 
lows, the  primes  denote  small  perturbations 
"of  physical  quantities  from  their  unperturbed 
values,  which  are  indicated  by  zero  subscripts. 
The  calculations  presented  here  use  the  same 
values  for  the  parameters  describing  the  un- 
perturbed atmosphere  and  ionosphere  and  wave 
energy  per  unit  mass  as  those  used  in  paper  2. 

It  should  be  obvious  that,  for  the  F  region  ion 
composition  to  remain  unchanged  during  wave 
passage,  the  instantaneous  perturbations  in  the 
densities  of  the  different  species  must  satisfy 
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n'(Q+)  =  n'(XY+)  =  N/_ 
n0(O+)        n0(XY+)  "  Ne0 
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at  all  phases  of  the  wave  cycle.  A  necessary 
but  not  sufficient  condition  for  (1)  to  hold  is 
that  the  amplitudes  of  the  oscillatory  fractional 
fluctuations  in  densities  of  the  various  ion  spe- 
cies be  equal.  Departures  from  this  condition 
therefore  imply  wave-associated  changes  in  ion 
composition.  These  amplitudes  are  the  quan- 
tities plotted  in  the  figures  of  the  next  section. 
In  the  calculations  in  paper  2,  the  attach- 
mentlike loss  rate  coefficient  B  was  taken  to 
vary  during  wave  passage  according  to 


0700  =  p'/po 


(2) 


where  p'/p0  is  the  wave-associated  fractional 
perturbation  in  neutral-gas  density.  Equation  2 
assumes  that  B  is  independent  of  temperature 
T.  Geophysical  [Hanson  and  Cohen,  1968]  and 
laboratory  [Ferguson  et  al.,  1969]  evidence  sug- 
gests that  B  decreases  with  increasing  tempera- 
ture. Adopting  Hanson's  and  Cohen's  assump- 
tion that  B   oc    T'\  one  finds 


070o  =  p7po  -  T'/Tn 


(3) 


where  T'/T0  is  the  wave-associated  fractional 
change  in  temperature,  assumed  to  be  much 
smaller  than  unity.  The  fluctuations  T'/T0  and 
p'/po  are  related  in  amplitude  and  phase  ac- 
cording to  equation  5  given  by  Hines  [1965]. 
In  general  the  expressions  are  quite  compli- 
cated, but  it  might  be  noted  in  passing  that, 
for  waves  of  small  vertical  wavelength 
(A.*2  <SC  16tt2  H",  where  H  is  the  neutral-gas 
scale  height)  and  low  frequency  (o>  <&.  u>„,  where 
a>„   is   the   Brunt-Vaisala   frequency), 

T'/To  =  -p'/po  (4) 

[Hines,  1960,  1965],  and  in  these  limits, 

070o  =  2p7p0  (5) 

The  above  equations  assume  a  single  tem- 
perature T,  when  in  fact  two  temperatures  are 
involved:  the  ion  temperature  Tt  and  the  neu- 
tral gas  temperature  Tn.  The  difference  be- 
tween the  two,  however,  is  significant  only  at 
heights  above  250  km;  below  this  height,  the 
unperturbed  ion  and  neutral  temperatures  are 
equal  [Banks,  1967].  Moreover,  since  the  ion 
thermal  relaxation  times  (the  order  of  seconds) 
are  much  shorter  than  the  wave  periods  of 
interest  (10  min  or  more),  the  wave-associated 
perturbations  in  ion  and  neutral  temperature 
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Fig.  1.  The  response  of  the  lower  F  region 
ionosphere  at  the  equator  to  an  internal  gravity 
wave  as  a  function  of  the  azimuth  of  wave  propa- 
gation. Wave  phase  propagation  is  downward. 
The  radial  distance  from  the  curves  to  the  plot 
origin  shows  the  amplitude  of  the  fractional  per- 
turbations in  electron  density.  The  dashed  curve 
shows  the  response  calculated  with  wave-asso- 
ciated changes  in  photoionization  rate  q  and 
attachmentlike  loss  rate  /3  ignored,  while  the 
solid  curve  shows  the  response  computed  with 
these  changes  included  (,/3  assumed  to  be  indepen- 
dent of  temperature) . 


are  also  approximately  equal  and  in  phase,  i.e. 


rp   /  rp   t  rpr 

Y~0  =  tZ  =  T0 


(6) 


At  the  very  lowest  F  region  heights,  the  ion 
lifetimes  are  quite  short  compared  with  an 
internal  gravity  wave  period,  and  internal 
gravity  waves  produce  TID's  primarily  by 
affecting  the  rates  of  ionospheric  photochemical 
processes.  This  point  is  illustrated  by  Figure  1, 
which  shows  the  response  of  the  lower  F  region 
ionosphere  (height  z  =  140  km)  at  the  equator 
to  an  internal  gravity  wave  as  a  function  of 
the  azimuth  of  wave  propagation.  The  dashed 
curve,  based  on  a  computation  in  which  wave- 
associated  photochemical  effects  were  ignored, 
shows  the  north-south  oriented  figure-eight 
pattern  familiar  from  paper  1.  The  ionospheric 
response  to  the  wave-associated  redistribution 
of  ionization  is  less  than  1%  at  this  altitude, 
because  the  lower  F  region  ionosphere  tends  to 
maintain  photochemical  equilibrium.  The  solid 
curve  shows  that  the  actual  F  region  response 
to  this  wave  at  the  140-km  level,  calculated  in- 
cluding  wave-associated   photochemical   effects, 
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has  a  strong  single  lobe  in  the  west  direction, 
because  this  wave,  when  propagating  west- 
ward, produces  large  changes  in  the  photoion- 
ization  rate  q.  As  explained  in  paper  2,  the 
reason  is  that  this  wave,  when  propagating 
westward,  contains  the  solar  ionizing  radiation 
flux  in  surfaces  of  constant  wave  phase,  a  con- 
dition expressed  mathematically  as 


k-L  -  0 


(7) 


where  k  is  the  wave  vector  and  lx  is  a  unit 
vector  directed  toward  the  sun.  The  westward 
propagating  wave  generates  a  4%  TID. 

Because  the  ionosphere  at  140  km  remains 
very  nearly  in  photochemical  equilibrium, 
equations  13  and  14  in  paper  2  reduce  approxi- 
mately to 


/30n'(O+)  =  q'  -  /3'n0(O+) 


(8) 


(a0Ne0  +  a0n0(X  Y+))0oN/ 

=  (a0Ne0  +  j80)j'  -  a0Ne0qoP'/Po         (9) 

where  a„  is  the  recombinativelike  loss  coeffi- 
cient. In  the  model  ionosphere  used  here, 
/?„  »  a„Ne0  and  n0{XY+)  =  Nt0  »  ^(0+)  at 
140  km,  so  that  with  some  manipulation  and 
using  equations  8  through  10  in  paper  2,  one 
finds 


n'(o++)  ^  sL  _  P 

n0(O+)         q0        <30 
i'(XY+)    .    NS    .     1  q' 


nQ(XY+)         Ne0        2  q0 


(10) 


(11) 


The  fractional  perturbation  in  photoionization 
rate  q  can  be  written  [Hooke,  1968] 


Po         S0 


(12) 


where  S'/S0  is  the  wave-associated  perturbation 
in  solar  radiation  flux.  The  p'/pa  term  expresses 
the  contribution  to  q'/q0  that  results  from  local 
changes  in  the  density  of  atomic  oxygen.  The 
S'/S0  term  expresses  the  contribution  to  q'/q0 
that  results  from  changes  in  p'/p0  that  occur 
at  higher  elevations  along  the  path  of  the  solar 
radiation  flux.  Physically,  it  is  obvious  that 
changes  in  q  at  any  point  that  result  from 
local  changes  in  p'/p0  should  be  cancelled  by 
the  corresponding  changes  in  /?,  while  changes 
in  q  that  result  from  nonlocal  changes  in  p'/p0 


should  not.  This  is  precisely  what  equations  2, 
10,  and  12  combine  to  show: 


n'(0* 


S' 


n0(O+)        S0 
Using  equation  3  instead  of  2  gives 

n'(o+)  A  r     S^ 

n0(O+)        T0  +  S0 


(13) 


(14) 


At  the  140-km  level,  which  is  below  the  height 
of  maximum  photoionization  rate,  S'/S0  ~$>  p'/p0 
when  condition  (7)  is  satisfied,  and  equation  11 
becomes 


n'(XY+) 
n0(X  Y+) 


N. 


1  & 

2  S0 


=  ~  (15) 


(a  result  independent  of  the  temperature  de- 
pendence of  /?). 

Equations  13  through  15  have  the  following 
physical  interpretation.  At  140  km,  where  the 
XY+  lifetimes  are  much  longer  than  those  of  the 
0+  parent  ions,  changes  in  n(0+)  are  equivalent 
to  changes  in  the  production  rate  of  XY*.  The 
fractional  perturbations  in  n(XY*)  are  half 
those  in  n(0+),  however,  because  the  loss  rate 
of  XY*  ions  is  roughly  proportional  to  N,2  = 
nn2(XY*).  Two  of  the  polar  diagrams  in  Figure 
2  illustrate  these  features  of  the  ionospheric 
response  at  140  km.  The  wave  shown  produces 
the  greatest  perturbations  in  electron,  atomic 
oxygen  ion,  and  molecular  ion  densities  at  140 
km  when  propagating  westward.  The  fractional 
perturbations  in  n(0+)  are  roughly  twice  those 
of  n(XY*)  and  Ne  when  the  wave  propagates 
in  this  direction.  Because  molecular  ions  domi- 
nate at  140  km,  the  wave-produced  variations 
in  n{XY*)  and  A^  are  similar.  The  wave- 
produced  variations  in  Ne  are  slightly  larger  in 
amplitude,  however,  because  of  the  large  varia- 
tions in  density  of  the  minor  constituent  0+. 
The  temperature  dependence  of  /?  affects  the 
response  at  this  height  only  slightly.  Its  rela- 
tive importance  is  greatest  when  the  wave 
propagates  eastward,  but  here  the  ionospheric 
response  itself  is  quite  small. 

At  220  km,  /?„  <5C  a<>Neo,  and  n0(O+)  =  #«,  » 
n0(XY*) ;  in  addition,  although  aoNeo  2>  <»,  fto 
and  to  are  of  the  same  order,  so  that  wave- 
produced  divergence  in  ion  motion,  a  process 
that  was  ineffective  in  TID  production  of  the 
lowest   heights,   becomes   important.  The  geo- 
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Fig.  2.  The  response  of  the  lower  F  region 
ionosphere  at  the  equator  to  an  internal  gravity 
wave  as  a  function  of  the  azimuth  of  wave  propa- 
gation, ionospheric  height,  and  temperature  de- 
pendence of  j3.  The  solid  curve  shows  the  ampli- 
tude of  the  fractional  perturbations  in  electron 
density.  Here  the  solid  curves  show  the  amplitude 
of  fractional  perturbations  in  electron  density, 
while  the  dotted  and  dashed  curves  show  the 
amplitudes  of  fractional  perturbations  in  n(0+) 
and  ji(XY*),  respectively. 


magnetic  constraints  on  ion  motion  then  control 
the  response  patterns  for  Nt  and  0+,  which  have 
the  figure-eight  pattern  there,  as  shown  in 
Figure  2.  Because  the  S'/S0  fluctuations  are 
small  well  above  the  height  of  peak  photoioniza- 
tion  rate  [Hooke,  1968;  paper  2],  these  curves 
show  only  a  slight  preference  for  TID  produc- 
tion by  those  directions  of  wave  propagation 
satisfying  condition  (7).  By  using  equations  8 
through  10  given  in  paper  2,  one  finds  that  at 
220  km 

EsL  ±  ^(Q+)  ^     &     bL  _     &     t 

Ne0       n0(O+)       /3„  +  ico  q0       j80  +  «o  Po 
1         V-(n0(0>,) 


(30  +  ico 


o(0+) 


(16) 


n'(XY+)  ^  £  _      1      V-K(IF>,) 
n0(XY+)       /30       a0Ne0        n0(X  Y+)         {U) 

where  u<  is  the  wave-induced  ion  velocity. 
As  stated  above,  the  divergence  term  in  equation 
16  dominates  at  220  km  except  for  zonal  wave 


propagation.  Because  a^N e0  »  j8o  at  220  km, 
the  divergence  term  in  equation  17  is  relatively 
small;  it  merely  serves  to  reduce  the  percentage 
changes  in  n(XY+)  that  occur  when  wave 
propagation  is  meridional.  The  temperature 
dependence  of  (3  plays  a  significant  role  in 
determining  the  wave-produced  changes  in 
n(XY+),  but  this  is  the  minor  ion.  Similarly, 
the  temperature  dependence  of  (3  and  its  effect 
on  /3'  is  as  important  as  the  changes  q'  in  deter- 
mining n'(O+)/n0(O+),  but  both  are  small  in 
comparison  with  wave-produced  redistribution 
of  ionization  except  for  zonal  wave  propagation. 

At  the  intermediate  height,  180  km,  the  iono- 
spheric response  exhibits  an  intermediate  be- 
havior. The  figure-eight  pattern  of  the  response 
at  220  km  is  considerably  reduced,  because  of 
an  increased  ionospheric  tendency  toward  photo- 
chemical equilibrium,  but  it  is  still  visible.  On 
the  other  hand,  wave-associated  changes  in 
S'/Slt,  while  larger  than  at  220  km,  are  smaller 
than  at  140  km;  this  is  reflected  in  the  mod- 
erate enhancement  of  the  response  to  the  wave 
when  it  propagates  westward.  As  a  result,  the 
ionospheric  response  is  generally  smaller  at  this 
height  than  at  greater  or  lower  heights,  regard- 
less of  the  azimuthal  direction  of  wave  propaga- 
tion. 

Remarks  similar  to  the  above  apply  to  Fig- 
ure 3,  which  shows  the  response  of  the  lower  F 
region  ionosphere  at  temperate  latitudes  to  an 
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Fig.  3.  The  response  of  the  lower  F  region 
ionosphere  at  temperate  latitudes  to  an  internal 
gravity  wave  as  a  function  of  the  azimuth  of 
wave  propagation  and  ionospheric  height.  The 
attachmentlike  loss  coefficient  £  is  assumed  inde- 
pendent of  temperature.  Tic  marks  indicate  azi- 
muths of  wave  propagation  satisfying  condition 
(7). 
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internal  gravity  wave  of  horizontal  wavelength 
400  km,  vertical  wavelength  200  km,  and  period 
of  26.5  min  (the  solid  curves  of  this  figure 
correspond  to  those  in  Figure  5  in  paper  2). 
Here  the  vertical  component  of  the  geomag- 
netic field  lines  permits  the  wave  to  move  the 
ions  vertically.  The  lower  F  region  ionosphere 
tends  to  remain  in  photochemical  equilibrium 
despite  this  redistribution;  the  fractional  per- 
turbations in  n(0+)  and  n{XY*)  occur  primarily 
because  of  wave-induced  changes  in  local  photo- 
ionization  rate,  as  one  can  see  by  studying 
Figure  5  in  paper  2.  Only  at  the  higher  levels, 
where  the  ion  lifetimes  are  longer,  does  the 
wave-associated  redistribution  of  ionization  in 
the  vertical  come  into  play. 

Concluding  Remarks 

The  preceding  calculations  show  that  internal 
gravity  waves  propagating  at  lower  F  region 
heights  perturb  the  ionospheric  photochemical 
balance.  Because  0*  and  XY*  ions  play  different 
roles  in  the  F  region  photochemical  scheme,  the 
internal  gravity  waves  in  general  perturb  their 
densities  differently,  thus  producing  changes  in 
ionospheric  composition.  Such  changes  might 
conceivably  be  detected  by  using  incoherent 
scatter  or  rocket  techniques. 

In  large  part,  the  changes  appear  to  be  the 
result  of  wave-associated  changes  in  the  photo- 
ionization  rate  q.  Wave-associated  changes  in  B 
appear  to  play  a  lesser  role.  Ignored  in  the  cal- 
culations is  a  similar  wave-associated  change  in 
the  loss  rate  a,  which  according  to  laboratory 
meaurements  [Biondi,  1967]  is  inversely  propor- 
tional to  the  electron  temperature.  If  the  wave- 
associated  changes  in  electron  temperature  at 
lower  F  region  heights  are  of  the  same  order  as 
corresponding  changes  in  Tt  and  T„,  then  this 
neglect  will  be  no  worse  than  the  neglect  of 


wave-associated  changes  in  B.  The  problem  of 
determining  the  wave-associated  changes  in  Te 
at  F  region  heights  is  rather  complex,  however, 
and  is  not  attempted  here. 

It  should  be  mentioned  that  the  relative 
importance  of  wave-associated  photochemical 
effects  and  wave-associated  ionization  redistribu- 
tion is  to  some  extent  a  function  of  wavelength. 
The  longer  the  wavelength,  the  smaller  the  rela- 
tive importance  of  wave-associated  ionization 
redistribution  (see  paper  2). 
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This  note  theoretically  demonstrates  the  exist- 
ence, under  appropriate  ionospheric  conditions, 
of  a  height  or  heights  at  which  the  vertical  ion 
motion  induced  by  a  single  internal  atmospheric 
gravity  wave  vanishes  identically,  at  all  phases 
of  the  wave  cycle.  These  heights  are  here 
called  quasi-stagnation  levels,  because  the  hori- 
zontal ion  motions  there  are  in  general  non- 
zero. Such  quasistagnation  levels  can  exist  be- 
cause of  two  properties  of  internal  atmospheric 
gravity  waves: 

1.  Those  waves  having  small  vertical  wave- 
length (4k*  ]S>  l/H2,  where  kz  is  the  vertical 
angular  wave  number,  and  H  is  the  neutral-gas 
scale  height)  are  very  nearly  transverse  [Hines, 
I960]. 

2.  The  waves  all  have  non-zero  horizontal 
components  of  phase  propagation,  and  hence 
from  (1),  have  non-zero  vertical  components 
for  their  associated  winds. 

Earlier  analyses  [Axford,  1961,  1963;  Chimonas 
and  Axford,  1968]  of  vertical  ion  transport  by 
internal  atmospheric  gravity  waves  (the  so- 
called  corkscrew  mechanism)  assumed  purely 
horizontal  wave-associated  neutral-gas  motions 
as  well  as  purely  vertical  phase  propagation; 
as  a  result  the  existence  of  the  quasi-stagnation 
levels  was  not  discovered. 

In  its  most  general  form,  the  analysis  outlined 
below  has  been  developed  for  waves  traveling 
in  any  azimuthal  direction;  for  the  present 
purely  illustrative  purposes,  however,  speciali- 
zation to  the  case  of  zonal  (magnetic  east-west) 
wave  propagation  will  suffice.  In  this  case,  the 
vertical  or  z  component  of  the  ion  velocity  is 


uiz  — 


[(p,-2  +  sin2  T)i 


1  +  Pi' 

+  (p;  cos  I)ux]  (1) 
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[e.g.,  MacLeod,  1966].  Here  ux  and  uz  are  the 
eastward-directed  and  vertically  upward-di- 
rected components  of  the  neutral  wind,  I  is  the 
magnetic  inclination  (here  taken  to  be  positive 
in  the  southern  hemisphere),  and  pi  =  vt/<at  is 
the  ratio  of  the  ion-neutral  collision  frequency 
v,  to  the  ion  gyrofrequency  w,;  p(  decreases  ap- 
proximately exponentially  with  increasing 
height.  Because  the  internal  atmospheric  gravity 
waves  are  very  nearly  transverse,  we  may 
write  [Hines,  1960;  equation  35] 


u!/uI  =   —kjkz 


(2) 


where  kx  is  the  horizontal  angular  wave  num- 
ber; this  gives 

[(p,2  +  sin2  /) 


"         1  +  p< 

■(-kjkz)  +  p, cos  I]  (3) 

Setting  «,.  =  0  yields 


P.  = 


cos  I 

2{kjkz 


1±[1  -   4(kjkz)2  tan2  7]l/2| 

(4) 

This  equation  implicitly  determines  the  quasi- 
stagnation  levels,  once  (kx/kz)  and  /  are  speci- 
fied. 

For  such  levels  to  exist,  p,  must  be  real  and 
positive.  If  we  take  cos  /  >  0  everywhere,  this 
requires  that 


1  >  4(kjkzf  tan2  I 


(5) 


(kx/kz)  >  0 

Since  the  waves  are  usually  generated  below  the 
region  of  observation,  so  that  kz  <  0  [Hines, 
1960],  condition  (5)  implies  that  quasi-stagna- 
tion levels  will  usually  not  exist  unless  the  zonal 
wave  propagation  is  to  the  west  (kx  <  0). 
Again,  since  our  purposes  here  are  merely  illus- 
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trative,  let  us  assume  that  (ka/k,)a  <5C  i ;  then, 
at  least  at  temperate  and  low  latitudes  (tana 
/  <  1),  two  solutions  p,  exist  and  are  given  by 
the  approximate  formulas 

cos  J 


Pi       (kjkz)  (6) 

Pi  —  (kx/kz)  sin  J  tan  I 
Suppose  /  =  ±30°;  then,  for  kx/kz  =  0.1,  we 


find 


9,  ~0.03 


(7) 


corresponding  to  ionospheric  heights  — '105  and 
■~180  km,  respectively.  Here  we  use  values  for 
p(  given  by  Wright  and  Fedor  [1970],  and 
equation  (4.13)  from  Hines  et  al.  [1965]  (which 
is  due  to  Chapman  [1956]),  together  with  data 
from  the  Cira  1965  model  atmosphere.  It  should 
be  noted  that  the  upper  of  the  two  stagnation 
levels  varies  significantly  with  solar  activity. 
Hines  [1960]  showed  that,  for  kx/kz  «  1, 


{kjkzf 


rs2/i 


(8) 


where  t,  is  the  atmospheric  Brunt  period 
(about  5  min  at  E  region  heights),  and  r  is  the 
wave  period.  Thus  the  choice  kx/kz  =  0.1  cor- 
responds to  a  wave  period  about  10  times  the 
Brunt  period,  or  about  1  hour  at  E  region 
heights. 

For  /  =  ±30°  and  (kx/kz)  =  0.01  (period 
100  times  the  Brunt  period,  about  half  a  day  at 
E  region  heights),  we  find 


90,  ~3  X  10" 


(9) 


corresponding  to  heights  "-92  and  /—2S0  km, 
respectively. 

It  is  of  interest  to  note  that  the  quasi-stagna- 
tion  levels  discussed  here  depend  only  on  the 
ratio  kx/kz,  or,  equivalently,  the  ratio  t/t9,  and 
the  value  of  /.  On  the  other  hand,  the  classical 
theory  of  the  corkscrew  mechanism  as  discussed 
by  Axford  [1961,  1963]  and  Chimonas  and 
Axford  [1968]  shows  that  there  exists  a  height 
below  which  the  corkscrew  mechanism  becomes 
relatively  ineffective;  this  dumping  height  is 
determined  by  the  ratio  of  the  amplitude  of  the 
wave-associated  neutral-gas  motions  to  the 
wave  phase  velocity.  As  a  result,  the  quasi-stag- 
nation  levels  discussed  here  are  conceptually 
quite  different  from  the  dumping  heights  con- 


sidered in  the  earlier  work.  Dumping  heights 
have  been  invoked  to  account  for  several  of  the 
observed  features  of  sporadic-i?  layer  behavior 
(the  existence  of  sporadic-^  layers  at  levels 
other  than  the  nodes  of  the  wind  profile,  for 
instance) ;  the  existence  of  quasi-stagnation 
levels  may  provide  an  alternative  interpretation 
of  the  observations. 

In  a  recent  review,  Whitehead  [1970]  sug- 
gested that  the  apparent  ability  of  the  cork- 
screw mechanism  to  sweep  the  E  region  free  of 
metallic  ions  poses  a  problem  for  sporadic-i? 
theory.  Quasi-stagnation  levels  should  hinder  this 
sweeping  process. 

Several  qualifying  remarks  are  in  order  here. 
First,  if  the  time-averaged  ion  flow  in  the 
vicinity  of  these  quasi-stagnation  levels  should 
prove  divergent,  then  the  ions  should  not  col- 
lect there;  a  preliminary  look,  however,  sug- 
gests that  the  flow  near  these  levels  is  indeed 
convergent  in  the  mean.  Second,  a  rather  broad 
spectrum  of  waves  is  often  present  at  iono- 
spheric heights.  Since  each  Fourier  component 
of  the  spectrum  can  be  expected  to  maintain 
its  own  stagnation  levels,  interferring  with  the 
existence  of  others  in  the  process,  such  levels 
may  exist  only  at  times  and  places  at  which  a 
single  Fourier  component  of  the  spectrum  dom- 
inates. Finally,  because  internal  atmospheric 
gravity  waves  are  not  exactly  transverse,  but 
instead  are  elliptically  polarized  [Hines,  1960], 
so  that  equation  2  is  only  approximately  valid, 
there  will  in  fact  be  small  fluctuations  in  the 
velocity  ulz  at  the  quasi-stagnation  levels.  These 
topics  and  the  implications  of  the  quasi-stagna- 
tion levels  for  sporadic-^  morphology  and  dy- 
namics are  currently  under  further  investiga- 
tion. 
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Abstract — This  paper  presents  computer-produced  tonal-value  plots  in  which  darkness  or  inten- 
sity are  used  to  display  the  ionospheric  response  to  an  isotropic  spectrum  of  internal  gravity 
waves.  Each  plot  shows  at  a  glance  those  portions  of  the  wave  spectrum,  i.e.  those  wave  periods 
and  azimuths  of  propagation,  producing  the  ionospheric  irregularities  of  greatest  magnitude. 
Arrays  of  the  plots  illustrate  the  variations  of  this  response  with  time  of  day,  season,  latitude, 
geomagnetic  dip,  and  height. 

1.  INTRODUCTION 

In  previous  work  (Hooke,  1970a,  1970b),  this  author  has  calculated  the  F-region  iono- 
spheric response  to  individual  internal  gravity  waves  as  a  function  of  the  azimuthal  direction 
of  wave  propagation.  This  response  was  found  to  be  markedly  anisotropic,  and  the 
anisotropy  itself  was  shown  to  depend  strongly  upon  the  wave  parameters,  geomagnetic 
dip,  geographic  latitude,  and  local  ionospheric  conditions.  The  latter  include  the  ambient 
ionization  density  height  gradient,  the  details  of  the  ionospheric  photochemistry  and 
composition,  and  the  orientation  of  the  Sun,  as  expressed  by  a  unit  vector  lz  directed  toward 
the  Sun.  These  conditions,  in  turn,  particularly  the  unit  vector  lx,  vary  with  time  of  day  and 
with  season,  so  that  the  ionospheric  response  to  internal  gravity  waves  varies  diurnally  and 
seasonally.  These  findings  are  consistent  with  observed  (Munro,  1950,  1958;  Price,  1955) 
seasonal  diurnal  variations  in  occurrence  frequency  and  statistically  preferred  propagation 
directions  of  travelling  ionospheric  disturbances  (TID's),  suggesting  that  the  statistics  might 
result  from  this  behavior  alone,  quite  apart  from  any  anisotropics  introduced  into  the  wave 
spectrum  by  wind  shear  filtering  (Hines  and  Reddy,  1967),  ohmic  dissipation  (Hines,  1968), 
or  properties  of  the  wave  sources  themselves.  At  the  very  least,  the  anisotropy  of  the  iono- 
spheric response  to  internal  gravity  waves  has  effects  on  TID  statistics  that  must  be  re- 
moved if  such  observations  are  to  provide  accurate  information  on  the  wave  spectrum  at 
these  heights. 

The  ionospheric  response  and  its  anisotropy  vary  radically  from  wave  to  wave.  This 
author  (Hooke,  1970b)  has  shown,  for  example,  that  the  lower  F-region  ionosphere 
responds  preferentially  to  those  waves  whose  wave  vector  k  satisfies  k  .  lx  =  0.  For  a  given 
lx  (hence  a  given  solar  zenith  angle  %),  waves  having  wavefront  tilts  xp  from  the  vertical 
comparable  to  %  satisfy  this  condition  only  if  they  propagate  azimuthally  toward  the  Sun. 
Waves  having  wavefront  tilts  tp  <  %  satisfy  this  condition  only  when  they  propagate  at 
nearly  right  angles  to  the  azimuthal  direction  of  the  Sun. 

As  a  result,  it  is  rather  difficult  to  translate  the  ionospheric  response  to  individual  waves 
into  a  coherent  picture  of  the  ionospheric  response  to  the  rather  broad  wave  spectrum  that 
must  exist  at  these  heights.  This  paper  presents  one  approach  toward  overcoming  this 
difficulty.  A  tonal-value  computer  output  format  developed  by  Stephenson  and  Georges 
(1969)  is  used  to  display  more  compactly  calculations  of  the  earlier  type.  Thus  each  of  the 
polar-coordinate  plots  represented  here  contains  the  information  of  about  seventy  plots  of 
the  type  appearing  in  Hooke  (1970a,  1970b).  Each  shows  how  the  ionospheric  response  to 
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internal  gravity  waves  varies  with  the  wavefront  tilt  ip  or,  equivalently,  the  wave  period 
(Hines,  1960),  and  the  azimuth  of  wave  propagation,  the  total  wavelength  (2-ir/k  —  200  km) 
and  the  energy  per  unit  mass  (E  =  40  m2  s-2,  which  corresponds  to  a  wind  speed  of  about 
6  m  s_1)  being  held  constant.  In  individual  plots,  other  problem  parameters,  such  as  local 
height,  geomagnetic  inclination,  time  of  day,  and  season  are  held  constant;  arrays  of  the 
plots  then  illustrate  the  dependence  of  the  ionospheric  response  on  these  variables.  Con- 
sidering an  isotropic  wave  spectrum  confines  attention  to  a  rather  unlikely  circumstance; 
however,  it  does  isolate  the  role  played  by  anisotropy  in  the  ionospheric  response  to  the 
wave  spectrum  in  shaping  TID  statistics. 

2.  CALCULATIONS 

The  calculations  used  in  constructing  the  plots  shown  in  the  next  section  are  of  two  types . 
The  first  (Hooke,  1970a)  provides  the  response  of  the  F2-peak  ionosphere  and  specifically 
ignores  wave-associated  photochemical  effects,  because  the  ion  lifetimes  at  these  heights  far 
exceed  the  wave  periods  of  interest.  The  second  (Hooke,  1970b)  describes  the  response  of 
the  lower  F-region  and  takes  photochemical  effects  into  account,  but  it  breaks  down  at 
upper  F-region  levels  because  the  ambient  ionospheric  model  used  does  not  include  plasma 
diffusion  and  hence  fails  to  provide  an  F2  peak.  The  approximations  underlying  the 
calculations  have  been  given  earlier  by  the  author  (Hooke,  1970a,  1970b).  Here  we  con- 
sider geographic  locations  and  geomagnetic  inclinations  different  from  those  under  study 
in  the  earlier  papers,  but  the  other  parameters  characterizing  the  ambient  or  unperturbed 
ionospheric  model  remain  unchanged. 

3.  RESULTS 

Results  of  the  calculations  are  displayed  in  polar-coordinate  tonal  value  plots  in  which 
intensity  or  darkness  are  used  to  represent  a  function  of  two  variables.  The  displays  are 
produced  by  a  digital  computer  with  a  CRT  display  unit  and  a  plotting  routine  that  rep- 
resents the  value  of  the  function  at  each  location  in  a  fine  grid  by  a  small  black  dot  whose 
size  is  proportional  to  the  function's  value.  The  result  is  a  plot  resembling  a  halftone  print 
showing  clearly  the  qualitative  behavior  of  the  function  in  a  plane  (Stephenson  and 
Georges,  1969). 

In  the  current  application,  the  location  of  any  point  on  the  plots  corresponds  to  a  par- 
ticular tilt  ip  of  the  atmospheric  wavefronts  from  the  vertical,  varying  radially  from  0° 
(vertical  wavefronts;  horizontal  wave-phase  propagation)  at  the  plot  origin  to  90°  (hori- 
zontal wavefronts ;  vertically  downward  wave-phase  propagation)  at  the  plot  perimeter,  and 
to  a  particular  azimuth  of  wave  propagation,  as  measured  circumferentially.  As  noted 
above,  the  wave  period  varies  with  the  wavefront  tilt,  approaching  the  Brunt  period  at  the 
plot  origin  and  infinity  at  the  plot  perimeter.  Thus,  for  example,  a  point  located  in  the 
upper  right  quadrant  of  any  of  the  plots  halfway  between  the  origin  and  the  perimeter 
corresponds  to  a  wave  with  a  tilt  ip  =  45°  and  propagating  toward  the  northeast  (geomag- 
netic north  and  geographic  north  are  assumed  to  coincide).  This  wave  would  have  a  period 
about  20  min  for  an  atmospheric  Brunt  period  of  15  min.  The  darkness  or  intensity  at 
any  point  on  the  plots  expresses  the  amplitude  of  the  fractional  perturbations  of  electron 
density  occurring  in  response  to  the  corresponding  wave.  Black  regions  indicate  electron 
density  fluctuations  greater  than  1  per  cent,  while  white  regions  indicate  perturbations  of  less 
than  0-2  per  cent. 

Figure  1  shows  how  the  response  of  the  F2  peak  ionosphere",  assumed  to  be  at  a  height  of 
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Fig.  1.  Response  of  the  F2-peak  ionosphere  to  internal  gravity  waves  of  200-km 

WAVELENGTH   PRODUCING    ATMOSPHERIC   MOTIONS  OF   6  m/s. 

Black  regions  of  the  plots  indicate  ionization  density  perturbations  greater  than  1  per  cent, 
whilewhite  regions  indicate  perturbations  less  than  two-tenths  of  a  per  cent. 
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Fig.  2.  Response  of  the  low-latitude  F-region  at  the  summer  solstice  to  internal 

gravity  waves  of  wavelength  a  =  200  km  producing  atmospheric  motions  of  6  m/s. 

Black  regions  of  the  plots  indicate  ionization  density  perturbations  greater  than  1  per  cent, 

while  white  regions  indicate  perturbations  less  than  two-tenths  of  a  per  cent. 
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Fig.  3.  Response   of   the   temperate-latitude   F-region   at   the   summer   solstice   to 
internal  gravity  waves  of  wavelength  a  =  200  km  producing  atmospheric  motions 

of  6  m/s. 

Black  regions  of  the  plots  indicate  ionization  density  perturbations  greater  than  1  per  cent, 

while  white  regions  indicate  perturbations  less  than  two-tenths  of  a  per  cent. 
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Fig.  4.  Rfsponse  as  a  function  of  season  of  the  lower  F-region  to  internal  gravity 

waves  of  wavelength  x  =  200  km  producing  atmospheric  motions  of  6  m/s. 

Black  regions  of  the  plots  indicate  ionization  density  perturbations  greater  than  1  per  cent, 

while  white  regions  indicate  perturbations  less  than  two-tenths  of  a  per  cent. 
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300  km,  varies  with  the  geomagnetic  inclination  /.  Here  the  geomagnetic  inclination  is 
taken  to  be  negative,  corresponding  to  northern  hemisphere  locations. 

At  these  heights,  the  mean  ion  lifetime  greatly  exceeds  the  wave  periods  of  interest,  so 
that  wave-associated  photochemical  effects  can  be  ignored  legitimately  (Hooke,  1968, 
1 970a).  Since  at  the  plot  perimeters  the  wave  periods  tend  to  infinity,  this  assumption  should 
be  invalidated  there,  causing  overestimates  of  the  ionospheric  perturbations  produced  by 
the  longest  period  waves. 

The  waves  produce  ionospheric  irregularities  primarily  because  the  wave-associated 
neutral-gas  motions  redistribute  the  preexisting  ionization.  The  ions  respond  by  moving 
with  the  velocity  (MacLeod,  1966) 

"t  =  r- — 5  [p>  +  pfu  x  16  +  (u .  l6)I6],  (1) 

1  +  Pi 

which  at  F2-region  heights  reduces  very  nearly  to  the  component  of  the  neutral-gas  velocity 
along  geomagnetic  field  lines  (i.e.  Georges,  1967,  1968;  Hooke,  1968) 

u^(u.lb)l&.  (2) 

The  electrons  move  so  as  to  maintain  charge  neutrality.  Here  ut  is  the  ion  velocity,  u  is  the 
wave-associated  neutral-gas  velocity,  lb  is  a  unit  vector  in  the  direction  of  the  geomagnetic 
induction  B,  and  />,-  =  vjcoj  is  the  ratio  of  the  ion-neutral  collision  frequency  v4  to  the 
ion  gyrofrequency  coa.  In  general,  this  ion  motion  is  divergent,  producing  fractional 
perturbations  Ne'jNe0  in  ionization  density  calculable  at  the  F2  peak  from  the  equation 
(Hooke,  1970a) 

KlNe0  =  (-^  [(k  .  15)  +  i(lb .  DI2H].  (3) 

CO 

Here  a»  is  the  angular  wave  frequency  and  12  is  a  unit  vector  in  the  vertical  or  z  direction;  H 
is  the  neutral-gas  scale  height.  The  amplitude  of  these  perturbations  is  calculated  by  taking 
the  absolute  value  of  this  formula  (here  i  is  the  imaginary  unit  indicating  a  90°  phase 
difference  between  the  two  contributions  to  Ne'lNe0). 

In  the  plots  in  Fig.  1 ,  the  locus  a .  16  =  0  appears  as  a  thin  light  strip,  indicating  that 
waves  producing  neutral-gas  motions  nearly  perpendicular  to  the  geomagnetic  field  lines 
are  relatively  ineffective  in  producing  TID's.  The  ionization  motion  is  in  general  least  diver- 
gent where  k  .  lb  =  0,  i.e.  where  the  geomagnetic  induction  lies  in  surfaces  of  constant  wave 
phase.  Thus  the  k .  16  =  0  locus  appears  as  a  roughly  circular  light  strip  passing  through 
the  plot  origin.  These  two  loci  merge  at  the  geomagnetic  dip  equator  (/  —  0°).  Note  that 
the  white  strip  in  that  and  the  other  low-latitude  plots  does  not  extend  to  the  plot  perim- 
eter. This  is  because  the  value  of  pit  while  small  at  these  heights  (here  it  is  taken  as  0-005)  is 
finite,  so  that  the  East-West  motions  of  the  longer  period  waves  do  produce  large  fluctuations 
in  electron  density  in  this  model.  Note  again  that  the  theoretical  model  used  here  breaks 
down  at  the  plot  perimeters.  The  plots  are  valid  for  positive  geomagnetic  inclinations  /,  i.e. 
southern  hemisphere  locations,  if  the  indicated  North-South  directions  are  reversed. 

Figure  2  shows  how  the  response  of  the  ionosphere  at  10°N  latitude,  —20°  geomagnetic 
inclination  varies  with  time  of  day  and  height  at  the  summer  solstice.  At  the  lower  altitudes, 
where  wave-associated  photochemical  effects  are  most  important  and  subject  to  a  con- 
siderable degree  of  solar  control  (Hooke,  1968,  1970b),  there  is  generally  a  considerable 
diurnal  variation  in  the  ionospheric  response.  The  waves  producing  the  largest  ionospheric 
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perturbations  are  those  whose  surfaces  of  constant  wave  phase  happen  to  contain  the  Sun's 
rays  (Hooke,  1968,  1970b).  Their  locus  in  these  plots  is  the  dark  roughly  circular  ring 
passing  through  the  plot  origin  and  following  the  Sun  in  orientation  with  time  of  day  and, 
as  shown  in  Fig.  4,  with  season.  In  general,  the  ionospheric  response  is  greatest  for  the 
waves  propagating  toward  the  Sun.  The  ionospheric  response  at  the  F2  peak  (here  taken 
to  remain  at  300  km  throughout  the  day)  exhibits  no  diurnal  variation,  because  wave- 
associated  photoionization  effects  are  unimportant  there.  Note  that  the  F2  peak  generally 
responds  somewhat  more  sensitively  than  the  lower  levels,  since,  with  the  exception  of  those 
waves  whose  surfaces  of  constant  phase  contain  the  Sun's  rays,  the  lower  F-region  tends  to 
maintain  photochemical  equilibrium  despite  the  wave  perturbations. 

Figure  3  shows  how  the  response  of  the  ionosphere  at  40°N  latitude,  —70°  geomagnetic 
inclination  varies  with  time  of  day  and  height  at  the  summer  solstice.  Here  the  diurnal 
variations  in  ionospheric  response,  though  present,  do  not  appear  to  be  so  marked.  In 
part  this  is  because  the  large  ambient  height  gradients  of  electron  density  in  the  ionospheric 
model  for  these  latitudes  and  the  large  geomagnetic  inclination  favor  dynamical  production 
of  ionospheric  perturbations,  which  then  competes  with  the  wave-associated  photochemical 
effects.  In  part,  however,  the  effect  is  an  artificial  one,  introduced  by  the  overall  darkness  of 
the  plots.  Note  that  the  wave-associated  redistribution  of  pre-existing  ionization  depends 
both  upon  the  wave  amplitude  and  the  wave  number;  the  wave-associated  photochemical 
effects  depend  primarily  upon  the  wave  amplitude  alone  and  are  sensitive  to  the  wave 
number  only  as  that  number  affects  the  sharpness  or  the  degree  of  the  solar  control  (Hooke, 
1968,  1970b).  Thus,  for  example,  if  instead  of  a  200-km  total  wavelength,  a  400-km  wave- 
length had  been  used  in  these  calculations,  wave-associated  dynamical  effects  would  have 
been  somewhat  less  evident  in  Figs.  2  and  3,  while  if  a  100-km  wavelength  had  been  used, 
the  wave-associated  dynamical  effects  would  have  been  more  marked. 

Figure  4  shows  how  the  response  of  the  ionosphere  at  10°N  latitude,  —20°  geomagnetic 
inclination,  varies  with  season  at  0800  LT  and  a  height  of  150  km.  Seasonal  control  over 
the  response  pattern  is  considerable.  Note  that  in  the  model  used  in  these  calculations, 
seasonal  and  diurnal  variations  in  the  ionospheric  response  to  the  waves  result  entirely  from 
the  change  in  the  orientation  of  the  Sun  relative  to  the  location  in  question.  Diurnal  and 
seasonal  changes  in  the  density  and  composition  of  the  neutral  atmosphere,  such  as  the  ones 
considered  in  the  CIRA  (1965)  reference  atmosphere,  would  introduce  diurnal  and  seasonal 
changes  in  the  ionospheric  response  additional  to  those  considered  here. 

Acknowledgement — Mrs.  Judith  J.  Stephenson  of  the  Institute  for  Telecommunication  Sciences  wrote  the 
computer  programs  for  these  calculations. 
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The  so-called  magnetoshear  theory  of  sporadic 
E  shows  that  a  shear  in  the  neutral  winds  at 
E  region  heights  produces  a  vertical  ion  motion 
Vi,  that  varies  with  height,  and  that  the  con- 
vergence dViJdz  of  this  motion  produces  the 
increases  in  ion  density  known  as  sporadic  E 
layers.  (For  a  summary  of  the  theory,  see  White- 
head [1970].)  The  theory  shows  that  the  vertical 
ion  velocity  Vit  is  given  in  terms  of  the  vector 
neutral  wind  velocity  U  by  the  formula  [Mac- 
Leod, 1966] 

v    =  rr-2[(p/  +  r!2)[/l 

V i,  1  ■+■  p, 

+  PiT„ux  +  r,r.tfj      (i) 

Here  p,  ==  v(/<ot  is  the  ratio  of  the  ion-neutral 
collision  frequency  v,  to  the  ion  gyrofrequency 
o)t,  and  the  x,  y,  and  z  coordinate  axes  are 
taken  to  coincide  with  geomagnetic  east,  geo- 
magnetic north,  and  the  vertical  directions, 
respectively;  r,  and  r,  are  the  north  and  ver- 
tical components  of  a  unit  vector  directed  paral- 
lel to  the  local  magnetic  induction  field.  In 
applications  of  equation  1,  it  has  typically  been 
assumed  that  the  neutral  winds  are  horizontal, 
but  recently  MacLeod  [1968]  and  Wright  and 
Fedor  [1969,  1970]  have  shown  that,  in  calcu- 
lating the  vertical  ion  motion  and  its  conver- 
gence, it  is  desirable  to  include  the  vertical  com- 
ponent of  the  neutral  winds,  since  vertical  winds 
of  only  a  few  meters  per  second  may  be  as 
effective  in  creating  ion  convergence  as  hori- 
zontal winds  of  tens  of  meters  per  second.  This 


1  While    on    leave    from    the    Department 
Physics,  University  of  Queensland,  Australia. 
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conclusion  follows  from  equation  1  and  the  fact 
that  p«  S>  1  at  heights  below  about  110  km. 

However,  it  is  important  to  note  that,  while 
the  ion  motion  is  often  so  convergent  that  the 
ion  density  increases  several  times  above  the 
ambient,  hydrodynamic  constraints  apparently 
prevent  the  neutral  air  density  from  changing 
by  anything  like  this  amount.  The  effect  of 
these  constraints  is  particularly  visible  in  the 
relatively  simple  theory  that  describes  motions  of 
the  internal  atmospheric  gravity  wave  type. 
There  one  finds  that  for  waves  of  small  vertical 
wavelength  and  long  period,  which  appear  to  be 
of  fundamental  importance  to  upper  atmospheric 
dynamics,  the  neutral  atmospheric  motions  are 
nearly  nondivergent  [Hines,  1960,  1963].  We 
show  here  that  the  existence  of  such  constraints 
implies  that,  in  cases  when  the  pfU.  term  of 
equation  1  is  important,  the  full  vector  velocity 
Vt  and  its  convergence  V-V,-,  rather  than  the 
single  term  dVit/dz,  should  be  used  to  compute 
the  ion  convergence.  This  is  because  in  many 
circumstances  the  contribution  of  the  p,2C/, 
term  is  largely  cancelled  by  other  contributions 
to  the  ion  convergence,  particularly  those  re- 
sulting from  horizontal  variations  in  the  hori- 
zontal neutral  winds.  The  discussion  that  follows 
is  couched  in  terms  of  internal  gravity  waves; 
thus  the  neutral  winds  are  taken  to  be  of  the 
form  [Hines,  1960] 

U  =  U0  exp  (z/2H)  exp  i(ut  -  k«r)         (2) 

where  U0  is  a  constant,  z  is  the  height,  H  is  the 
neutral-gas  scale  height,  w  is  the  angular  wave 
frequency,  /  is  the  time,  k  is  the  wave  vector, 
and  r  is  a  position  vector. 

We  begin  by  writing  the  vector  form  of  equa- 
tion 1  [MacLeod,  1966]: 
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1  +  Pi 


2[PiU  +  p.uxr  +  (u-r)r] 


(3) 

The  ion  convergence  is  then  given  by  [Mac- 
Leod, 1966] 


v-v,  = 


i 


i  +  Pi 
+  r.{(r-V)uj] 

i 


ibi  V-u  +  p,r-Vxu 


+ 


(i  +  Pi2y 


[2Pi{u  -  (u-r)r} 


+  (i  -  Pi2)Vxr]>vPi  (4) 

By  specializing  to  the  case  p,  »  1  we  find  the 
approximate  relation 


V-v,  =  V-u  +  —  r-Vxu 


(5) 


provided  that  meridional  winds  are  not  much 
larger  than  the  zonal  winds,  and  provided  also 
that  the  vertical  wavelength  of  the  waves 
considered  is  not  much  greater  than  a  neutral-gas 
scale  height  H  (i.e.,  provided  that  p,k,  »  ]/H, 
where  k,  is  the  vertical  wave  number).  We  note 
that  the  dominant  contribution  of  the  vertical 
winds  U,  is  contained  in  the  V-U  term;  thus 
we  suspect  that,  if  the  neutral  winds  are  nearly 
nondivergent,  the  dUJdz  contribution  to  ion 
convergence  is  cancelled  by  dUJdx  +  dUjdy. 
We  illustrate  this  for  the  case  of  internal  atmos- 
pheric gravity  waves.  By  combining  equations  2 
and  5,  we  obtain 


V-V,  =  -ik-U  -  -T-kxU 
P< 


U.       1  \\ux 

"*"  2H  ~t~  p.    2H 


(6) 


Hines  [1960]  gives  the  wave  'polarization  rela- 
tion' 


Uk  _  hC2[k,  -  t(l  -  7/2) g/C7] 


U. 


h'C 


2/l2 


(7) 


where  the  subscript  h  denotes  the  horizontal 
component  of  the  appropriate  vector,  g  is  the 
acceleration  of  gravity,  y  is  the  ratio  of  neutral- 
gas  specific  heats,  and  Ca  s=  ygH.  We  then  find 


-  -  p-»^f 


(8) 


For  many  waves  of  interest, 
k,2  »  1/4H3 
a>  «  g/C 


(9) 


(At  E  region  heights,  these  conditions  are  met 
by  waves  having  vertical  wavelengths  less  than 
3  scale  heights  and  periods  greater  than  half 
an  hour).  For  such  waves, 


k-u  ^  i(l  ~ 7/2)9  u, «  KU. 


(10) 


because 

k?  »  1/4//2 
and  equation  6  becomes 

V-v,  =  \.  c/,-^r-kxu  +  ^^ 

yH  p,  pi    2H 

(ID 

The  only  other  U,  term  in  equation  11, 
iTykiUJpt,  is  negligible  in  light  of  the  inequali- 
ties (9),  which  imply  k,  «  k.  [Hines,  1960], 
and  the  inequality  p»  2>  1.  Thus  the  contribu- 
tion of  the  vertical  winds  to  the  ion  convergence 
in  this  case  is 


Ut/yH  «  k.U.  =  dUt/dz 


(12) 


and  it  therefore  appears  that  use  of  the  magnitude 
of  dU./dz  to  estimate  this  contribution  would 
greatly  exaggerate  its  actual  importance.  It  is 
interesting  to  note  that  in  this  case  the  ion 
convergence  is  not  proportional  to  the  vertical 
wind  convergence  dUJdz;  instead,  it  is  pro- 
portional to  the  magnitude  of  the  vertical  wind 
itself. 

We  therefore  conclude  that  in  calculating  the 
ion  convergence  in  cases  where  vertical  neutral 
winds  appear  to  be  important,  the  full  vector 
ion  velocity  V,-  and  its  convergence  should  be 
calculated.  To  do  this  in  experimental  cases 
requires  measurements  not  only  of  vertical 
variations  of  the  three  components  of  the  neutral 
wind,  but  also  of  the  horizontal  variations  of  all 
three  wind  components.  Such  measurements 
would  be  extremely  difficult  and  costly,  since  the 
waves  producing  the  largest  vertical  winds  may 
tend  to  have  horizontal  wavelengths  comparable 
to  or  smaller  than  their  vertical  wavelengths; 
moreover,  those  waves  will  tend  to  have  periods 
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perhaps  as  short  as  5  min  [Hines,  I960,  1963). 
In  fact,  we  might  remark  that  waves  of  the 
shortest  periods  produce  predominately  vertical 
neutral  winds  [Hines,  I960];  in  such  cases  th^ 
effects  of  vertical  winds  are  important  even  when 
p,  >  1,  and  the  above  analysis  does  not  apply. 
The  general  expression  (4)  must  then  be  used  to 
compute  the  ion  convergence;  ideally,  of  course, 
(4)  would  be  used  in  all  comparisons  between 
theory  and  observation.  On  the  other  hand,  if  it 
can  be  shown  by  some  means  that  the  particular 
waves  observed  in  individual  cases  have  small 
vertical  wavelengths  and  long  periods,  then 
equation  11  may  be  used. 
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Traveling  Ionospheric  Disturbances  Observed  at  the 
Magnetic  Equator 

D.  L.  Sterling,1  W.  H.  Hooke,2  and  R.  Cohen3 

Electron  concentration  profiles  taken  every  3  min  with  an  incoherent  scatter  radar  at  the 
Jicamarca  Radar  Observatory  (near  Lima,  Peru)  sometimes  exhibit  weak  wavelike  dis- 
turbances in  the  equatorial  F  region.  The  associated  perturbations  are  typically  of  order  ±1 
to  ±3%,  and  their  phase  varies  with  height.  The  periods  of  the  observed  oscillations  are 
roughly  20  min.  The  disturbances  are  also  seen  on  ionograms  taken  simultaneously.  A  theo- 
retical argument  is  advanced  to  the  effect  that  the  ionospheric  manifestation  of  a  neutral 
wave  packet  differs  near  the  magnetic  equator  from  that  at  temperate  latitudes. 


For  some  years  now,  a  class  of  large-scale 
wavelike  ionospheric  irregularities  known  as 
traveling  ionospheric  disturbances  (TID)  has 
been  observed  by  means  of  a  variety  of  radio 
techniques  [Munro,  1950,  1958;  Valverde,  1958; 
Tveten,  1961;  Chan  and  Villard,  1962;  Georges, 
1967;  Davis  and  da  Rosa,  1969].  These  dis- 
turbances have  been  rather  successfully  inter- 
preted as  the  ionospheric  manifestations  of  in- 
ternal atmospheric  gravity  waves  [Hines,  1960, 
1963,  1968a,  b,  c;  Pitteway  and  Hines,  1963, 
1965;  Friedman,  1966;  Hines  and  Reddy,  1967]. 
One  of  the  more  useful  tools  for  the  study 
of  TID's  is  the  incoherent  scatter  radar, 
which  provides  nearly  simultaneous  information 
through  a  broad  height  range  about  a  number 
of  important  ionospheric  parameters  (see  Evans 
[1969]  for  a  complete  review).  Thome  [1964, 
1968],  Testud  and  Vasseur  [1969],  and  Vasseur 
and  Waldteufel  [1969]  have  used  this  technique 
to  verify  certain  predictions  of  internal  gravity 
wave  theory,  some  in  considerable  detail. 

Specifically,  the  incoherent  scatter  technique 
complements  the  conventional  ionosonde,  since 
it  can  provide:   (a)  information  about  the  top- 
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side  ionosphere;  (6)  simultaneous  measurements 
of  electron  concentrations,  electron  and  ion  tem- 
peratures, and  ion  motions;  (c)  a  truly  vertical 
profile  (whereas  ionosonde  profiles  may  refer  to 
off-vertical  paths) ;  and  (d)  'true  heights/ 
which  are  observed  directly  from  the  time- 
delay  of  the  echoes,  there  being  no  significant 
retardation  of  the  wave  at  the  probing  fre- 
quency. 

The  present  paper  reports  preliminary  obser- 
vations made  at  the  magnetic  dip  equator  of 
what  we  believe  to  be  TID's,  by  using  the  in- 
coherent scatter  radar  of  the  Jicamarca  Radar 
Observatory  (11.95°S,  76.87° W;  surface  dip 
<-~2°).  In  contrast  to  the  studies  at  Arecibo 
[Thome,  1964,  1968]  and  St.  Santin  [Testud 
and  Vasseur,  1969;  Vasseur  and  Waldteufel, 
1969],  which  employed  echo  power  to  deter- 
mine electron  concentration,  profiles  presented 
here  were  obtained  by  measuring  the  Faraday 
rotation  of  the  scattered  signal  [Farley,  1969]. 
(Evans  [1969]  gives  a  brief  description  of  the 
three  incoherent  scatter  radars  involved.)  This 
technique  yields  absolute  electron  concentration 
profiles  directly  without  requiring  a  separate 
normalization.  The  altitude  range  covered  was 
200  to  60Q  km,  and  the  pulse  length  used  was 
233  jusec,  thus  providing  a  height  resolution  of 
35  km.  Integration  time  was  3  min,  but  the  raw 
results  were  smoothed  somewhat  by  taking  a 
3-point  (9  min)  running  average  with  time  for 
each  10-km  height  interval.  The  final  results  are 
displayed  as  contours  of  constant  electron  con- 
centration [McClure  et  al.,  1970].  The  interval 
between  contours  is  logarithmic  in  ^-db  steps. 
(For  example,  the  contour  labeled  6.0  corre- 
sponds to  a  concentration  of  10"  cm"3;  the  ad- 
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jacent  contours  correspond  to  concentrations  of 
1.06  X  10"  and  0.94  X  10°  cm"3,  respectively, 
and  so  on.) 

Results 

One  such  contour  plot,  made  on  January  10, 
1967,  is  shown  in  Figure  1.  The  smeared  points 
are  caused  by  noisy  data.  Wavelike  perturba- 
tions can  be  seen  on  the  individual  contours. 
The  wave  is  especially  recognizable  at  the  height 
of  the  F2  layer  peak  (about  350  km)  and  has  a 
maximum-to-minimum  amplitude  of  about  one- 
half  a  contour  interval,  or  ±3%.  This  ampli- 
tude appears  to  be  fairly  independent  of  alti- 
tude. 

Surfaces  of  constant  phase  are  indicated  in 
Figure  1  by  curves  drawn  through  correspond- 
ing points  of  maximal  electron  concentration 
variations.  The  phase  fronts  are  almost  vertical 
but  are  progressively  retarded  at  lower  heights; 
phase  propagation  is  downward.  The  total 
amount  of  retardation  or  phase  lag  from  top 
to  bottom  is  difficult  to  estimate,  but  it  is  about 
20  min.  The  period  of  the  wave  is  also  approxi- 
mately 20  min  and  persists  without  interrup- 
tion through  the  5-hour  period  shown. 

Another  contour  plot,  for  March  6,  1967,  is 
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Fig.  1.  Contours  of  electron  concentration  in 
logarithmic  intervals  of  %  decibel.  Surfaces  of 
constant  phase  are  indicated  as  lines  through 
points  of  maximal  deviation  of  the  contours. 
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Fig.  2.    Electron  concentration  contours  and  sur- 
faces of  constant  phase. 

shown  in  Figure  2.  Similar  periodic  perturba- 
tions, of  smaller  amplitude  (about  1  to  2%) 
and  30-min  period,  occur  in  these  contours. 

Ionograms  were  examined  to  see  if  they  re- 
vealed similar  perturbations.  Figure  3  shows 
the  contour  plot  obtained  by  using  radar  on 
March  7,  1967.  Figure  4  shows  plots  of  virtual 
height  versus  time  at  fixed  plasma  frequencies, 
obtained  from  Jicamarca  and  Huancayo  iono- 
grams for  the  same  day.  The  constant  fre- 
quency contours  correspond  to  electron  con- 
centration contours  of  5.800  through  6.125.  All 
three  contour  plots  exhibit  similar  temporal 
variations.  There  is  little  variation  on  any  of 
the  plots  until  1430.  At  this  time,  oscillatory 
perturbations  of  the  contours  begin,  continuing 
throughout  the  remainder  of  the  record. 

The  Huancayo  and  Jicamarca  ionograms  show 
similar  features,  simultaneous  to  within  about 
3  min.  This  lag  is  quite  small  compared  with  the 
wave  period  (~20  to  30  min).  Since  Huancayo 
is  approximately  160  km  due  east  of  Jicamarca 
(and  at  the  same  magnetic  latitude),  it  appears 
that  the  disturbance  is  traveling  in  an  essen- 
tially north-south  direction. 

Discussion 

The  incoherent  scatter  observations  reported 
in  the  previous  section  are  of  rather  limited  use- 


481 


TID  at  Magnetic  Equator 


3779 


i 1 1 1 1— 

JICAMARCA—  PERU 
MARCH     7,   1967 

xkxx  loo^N  (electron8/c«8) 


460  .. 


400  .. 


x    300.. 


£60.. 


'.v.--/.-;.-.- 


ISOO   1400   1800   1000   1700   1600   1000 
TIME   (76°  W» 

Fig.  3.    Electron  concentration  contours  for  com- 
parison with  Figures  4  and  5. 


fulness  in  the  sense  that  they  provide  no  defini- 
tive measurements  of  the  direction  and  velocity 
of  wave  travel,  such  as  could  have  been  pro- 
vided by  the  addition  of  complementary  ob- 
servations at  a  third  (noncollinear)  location. 
Such  complete  information  would  have  enabled 
us  to  prove  beyond  question  the  wave  nature 
of  the  disturbances,  to  check  the  wave  dispersion 
equation,  and  to  provide  some  insight  into  the 
probable  wave  sources.  Instead,  all  we  can 
conclude  is  that  on  March  7,  1967,  the  wave 
propagation  was  meridional.  Nevertheless  there 
is  really  no  reason  to  doubt  the  wave  dispersion 
equation,  already  verified  by  a  great  variety  of 
experimental  evidence,  and  the  application  of 
this  equation  to  our  data  is  instructive. 

By  using  the  phase  fronts  shown  in  Figure  1 
to  estimate  the  vertical  wavelength,  A,,  of  the 
perturbing  wave  of  January  10,  1967,  we  find 
A,  c-  300  to  350  km  (although  the  uncertainties 
in  this  estimate  are  enormous).  From  model  4 
of  the  Cira  1965  reference  atmosphere,  we  com- 
pute the  atmospheric  Brunt  period  t>  at  the 
300-km  level  to  be  something  like  16  min.  Hines 
[1960,  equation  4]  gives  the  approximate  dis- 
persion relation 


where  A*  is  the  horizontal  wavelength  and  t  is 
the  wave  period.  Equation  1  is  approximately 
valid  when  loVff2  2>  A,3,  where  H  is  the  scale 
height  of  the  neutral  atmosphere.  For  our 
choice  of  atmospheric  model,  l€nr2H*  ~  5.2  X 
10°  km2.  For  t  ~  20  min,  t,  ~  16  min,  and  A. 
~300  km  (A,2  ~  9  x  10*  km2)  equation  1  gives 
Ak  r~>  225  km,  so  that  A,  the  total  wavelength, 
is  roughly  180  km. 

This  wave  should  be  strongly  affected  by 
molecular  dissipation  above  the  height  z  im- 
plicitly given  by 


(k2C2/w)  ~  v(z) 


(2) 


K2    =    (t2    —    T„  )X,  /t. 


(1) 


(Hooke  [1968],  equation  25,  presented  here  in 
an  altered  form)  where  k  (—2-rr/X)  is  the  wave 
number,  C  is  the  speed  of  sound,  a>  is  the  angular 
wavefrequency,  and  v(z)  is  the  neutral-neutral 
collision  frequency.  The  above  value  of  t,  im- 
plies that  C  ~  850  msec"1;  this  gives  &2C2/a>  ~ 
0.2.  We  find  v(z)  ~  0.2  at  about  400  km,  near 
the  upper  range  of  the  data;  presumably  the 
wave  was  affected  by  viscosity  only  above  this 
height.  The  uncertainties  involved  in  estimating 
the  wave  front  tilts  for  the  events  of  March  6 
and  7  were  so  large  that  the  above  calculation 
was  not  repeated  in  these  cases. 

Valverde  [1958],  Georges  [1967],  Davis  and 
da  Rosa  [1969],  and  Testud  and  Vasseur  [1969] 
were  able  to  show  rather  convincingly  that  the 
long-period  (~2  hours)  waves  they  observed 
were  most  likely  generated  in  the  auroral  zone. 
These  waves  generally  had  high  horizontal  phase 
velocities  (>500  msec"1).  An  auroral  origin  for 
the  waves  observed  here  therefore  seems  un- 
likely, since  their  periods  (-"^30  min)  and  their 
horizontal  phase  velocities  (calculated  to  be 
'-'125  msec"1  on  January  10,  ~280  msec"1  on 
March  6)  appear  to  have  much  smaller  values. 
Moreover,  the  planetary  Kp  index  was  quite  low 
at  the  time  (<3  throughout  all  the  observing 
periods;  <2  most  of  the  time);  the  authors 
cited  above  agree  that  Kp  must  be  quite  high 
if  clearcut  examples  of  aurorally  generated 
TID's  are  to  be  observed. 

The  March  7,  1967,  instance  is  the  only  one 
for  which  ionogram  data  are  available  to  help 
determine  the  direction  of  travel,  and  in  this 
case  propagation  does  appear  to  be  meridional, 
which  would  be  consistent  with  a  polar  origin. 
Nevertheless,  we  can  expect  most  waves  ob- 
served by  means  of  Fj.  region  electron  concen- 
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tration  perturbations  at  the  magnetic  equator 
to  be  propagating  meridionally,  since  the  ioniza- 
tion, which  is  constrained  to  remain  along  field 
lines,  responds  extremely  poorly  to  waves  prop- 
agating nearly  zonally  at  low  dip  latitudes 
[Hooke,  1970]. 

An  auroral  origin  cannot  be  completely  ruled 
out,  however,  for  reasons  discussed  below.  The 
problem  is  that  the  response  of  the  F2  region 
ionosphere  to  meridionally  propagating  internal 
gravity  waves  varies  radically  with  the  magnetic 
inclination  /,  and  in  very  different  ways  de- 
pending on  the  wave  period.  At  the  height  of 
the  F2  peak,  the  amplitude  A  of  the  fractional 
perturbations  in  electron  concentration  occur- 
ring during  wave  passage  is  given  by  [Hooke, 
1970] 


A  =  (k-UKu-U/o, 


(3) 


apart  from  a  factor,  usually  close  to  unity,  that 
results  from  the  growth  of  wave  amplitude  with 
height  in  the  absence  of  energy  dissipation.  Here 
the  components  of  the  vector  u  are  the  ampli- 
tudes of  the  corresponding  components  of  the 
wave-induced  neutral  gas  velocity,  and  h  is  a 
unil/  vector  directed  parallel  to  the  earth's  geo- 


magnetic field.  By  using  equations  1  and  3  and 
the  fact  that  internal  gravity  waves  obeying 
equation  1  are  very  nearly  transverse,  we  find 
that  for  waves  propagating  meridionally, 

A  =  (ut0/\)(t/t„)  sin  [2  sin-1  (t0/t)  -  21] 

(4) 

We  now  consider  4  waves,  all  having  the  same 
value  (u/X)  but  different  periods  r  ^  10r„,  5r„, 
21/2t„  and  l.lr„,  respectively.  The  response  of 
the  F2  region  ionosphere  to  these  waves  varies 
with  I  in  the  manner  shown  in  Figure  5.  At 
temperate  latitudes,  the  waves  with  long  periods 
r  clearly  dominate;  waves  with  periods  ~20 
min  (2in  times  the  Brunt  period)  produce 
practically  no  ionospheric  response  (for  a  dis- 
cussion of  the  reasons  behind  this  result  see 
Hooke  [1970]).  Furthermore  at  temperate  lati- 
tudes the  F3  region  ionospheric  response  to 
waves  of  period  r2>>>  rBJ  is  roughly  proportional 
to  r  (all  other  parameters  held  constant).  The 
equatorial  F2  region  ionosphere,  however,  exhibits 
a  considerably  reduced  response  to  the  waves  of 
long  period,  while  its  response  to  waves  of  period 
r~  2ll*T9  is  a  maximum.  Moreover,  at  the  mag- 
netic equator  the  ionospheric  response  is  very 
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Fig.  4.  Plots  of  virtual  height  versus  time  at  fixed  plasma  frequencies  /„.  as  obtained 
from  Jicamarca  and  Huaneayo  ionograms  (30  sec  frequency  sweeps)  :  /„  =  0.009  N*<2  MHz, 
where  N  is  the  electron  concentration  in  units  of  cm"3. 
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Fig.  5.  Variation  in  the  response  of  the  Fs 
region  ionosphere  to  4  different  internal  gravity 
waves,  propagating  meridionally  toward  the  equa- 
tor, as  a  function  of  the  magnetic  inclination  /. 
Apart  from  the  factor  wr„/\,  this  is  the  magnitude 
\A\  of  the  quantity  A  given  by  equation  4.  The 
waves  all  have  the  same  ratio  (u/\),  but  different 
periods  t. 


nearly  independent  of  r  for  t2  28>  Te2.  Thus  a 
packet  of  long-  and  short-period  internal  gravity 
waves  ducted  at  lower  thermospheric  heights 
[e.g.,  Friedman,  1966],  propagating  from  auroral 
zone  to  equator,  and  continually  leaking  its 
energy  upward  from  the  duct,  might  be  expected 
to  manifest  itself  at  temperate  latitudes  as  a 
long-period  disturbance,  and  at  very  low  lati- 
tudes as  a  mixture  of  high-  and  low-frequency 
components.  In  other  words,  short-period  waves 
that  are  lost  in  the  long-period  waves  at  temper- 
ate latitudes  might  in  fact  dominate  at  equatorial 
latitudes.  It  should  be  recognized  that  this  de- 
formation of  the  appearance  of  the  wave  packet 
(as  manifested  by  ionospheric  perturbations)  is 
quite  distinct  from  the  deformation  of  the  packet 
itself  (resulting  from  dispersive  effects  and  from 
the  possibility  that  the  source  may  radiate  the 
energy  of  waves  of  different  periods  at  different 
angles  from  the  vertical  [Hines,  1967]),  which 
must  also  occur. 

If  we  assume  that  the  waves  are  propagating 
meridionally,  we  can  use  equation  4  to  determine 
the  wave  amplitude  |u|  for  the  waves  of  January 
10  and  March  6,  1967.  We  find  |u|  ~  5  msec"1 


in  both  cases.  If  these  waves  happened  to  be 
propagating  at  an  azimuthal  angle  a  relative  to 
north-south,  the  above  estimate  should  be  mul- 
tiplied by  sec  a. 

Testud  and  Vasseur  [1969]  and  Vassewr  and 
Waldteufel  [1969]  have  suggested  that  the  dis- 
sipation of  waves  generated  during  magnetically 
disturbed  times  may  provide  an  important  second 
energy  source  for  the  atmosphere  at  such  times. 
(This  suggestion  appears  to  have  been  made 
first  by  T.  Gold,  as  published  by  Hines  [1965, 
p.  180].)  By  performing  simultaneous  observa- 
tions of  the  associated  TID's  at  widely  dispersed 
points  (such  as  Arecibo  and  Jicamarca),  it  may 
be  possible  to  determine  the  rate  of  wave  dissi- 
pation with  latitude.  (It  should  be  noted  that 
Jicamarca  may  experience  TID  arrival  from  both 
auroral  zones  simultaneously.)  Figure  5  and  the 
related  discussion  of  the  text  suggest  that,  to 
avoid  overestimating  the  wave  dissipation  rate, 
it  will  be  necessary  to  separate  latitudinal  varia- 
tions in  the  ionospheric  response  to  the  waves 
from  variations  in  the  actual  wave  amplitudes. 
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ON  THE  ROLE  OF  VERTICAL  NEUTRAL-GAS  MOTIONS 
IN  PRODUCING  ION  CONVERGENCE  AT  E -REGION  HEIGHTS 


William  H.  Hooke 


Theoretical  and  observational  results  are  used 
to  suggest  that  vertical  neutral-gas  motions  are  generally 
important  in  applications  of  the  magnetoshear  theory  of 
sporadic  E,  as  has  been  recently  demonstrated  in  a  parti- 
cular instance  by  M.  A.  MacLeod.     It  is  argued  that  much 
of  the  vertical  neutral-gas  motion  present  at  these  heights 
must  be  of  gravity -wave  origin  and  shown  that  gravity- 
wave -associated  vertical  motions  of  the  neutral  gas  should 
support  (oppose)  the  action  of  wave -associated  horizontal 
motions  in  producing  ion  convergence  when  the  wave  is 
propagating  toward  the  east  (toward  the  west).     It  is  also 
argued  that  the  full  vector  ion  velocity,   rather  than  only 
its  vertical  component,   must  be  used  in  applications  of 
the  magnetoshear  theory. 
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A  PROGRAM  FOR  CALCULATING  THREE-DIMENSIONAL 
ACOUSTIC-GRAVITY  RAY  PATHS  IN  THE  ATMOSPHERE 


T.    M.    Georges 


The  ITS-  Jones  -Haselgrove   ray-tracing  program  is 
adapted  to  calculate  acoustic -gravity  ray  paths  in  a 
compressible  atmosphere  with  arbitrary  three-dimen- 
sional wind  and  temperature  variability  and  spherical 
earth.      The  program  and  its  use  are  described,    includ- 
ing deck  listings  and  sample  runs.     Application  to 
ocean  acoustics   should  be  possible  with  little  modifi- 
cation. 
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THE   KINEMATIC  BEHAVIOR  OF  SPHERICAL  PARTICLES 
IN  AN  ACCELERATING  ENVIRONMENT 

Dean  A.   Wilson 


The  response  of  a  spherical  particle  to  an  accelerating 
environment  is  investigated.  When  the  Reynolds  numbers  asso- 
ciated with  such  accelerations  are  small,  the  particle  is  in 
Stokes'  regime  and  the  linear  equations  governing  its  motion 
can  be  solved  analytically.  Outside  Stokes1  regime,  which 
is  the  general  case  for  spheres  comparable  in  size  to  pre- 
cipitation particles,  the  equations  are   nonlinear  and  must 
be  solved  numerically. 

The  numerical  solution  indicates  that  particles  of  all 
sizes  falling  in  a  sheared  environment  are  excellent  tracers 
of  the  mean  air  motion.  Even  a  hailstone  as  large  as  2  cm 
in  diameter  falling  at  its  terminal  speed  can  be  expected  to 
follow  the  mean  horizontal  air  speed  within  +0.5  m  sec"1, 
provided  the  vertical  wind  shear  is  less  than  10"2  sec"1. 
However,  the  time  response  of  a  spherical  particle  to  a  wind 
gust  of  constant  velocity  is  quite  sensitive  to  particle 
size.  This  response  can  be  approximated  by  an  expression 
of  the  form  1  -  e"t/T,  where  i  depends  on  both  particle  size 
and  the  magnitude  of  the  wind  gust.  For  wind  gusts  of  1.0 
m  sec"1,  t  is  seen  to  vary  from  less  than  10~5  sec  for 
particles  smaller  than  0.02  mm  in  diameter  to  2.5  sec  for  a 
2.0-cm  hailstone.  Also,  when  a  particle  is  submitted  to  a 
substantial  wind  gust,  a  significant  decrease  in  its 
terminal  velocity  occurs. 

It  is  suggested  that  the  response  of  a  nonspherical 
particle  to  wind  accelerations  will  be  at  least  as  fast  as 
this  study  indicates  for  a  spherical  particle  of  the  same 
mass. 

Key  Words:  Acceleration,  numerical  solution,  spherical 
particle,  Stokes'  regime,  wind  gust,  wind 
shear 


488 


Reprinted  from  Proceedings  of  the  Symposium  on  Tropical 
Meteorology,   June  2-11,   1970,   B-III-1   through  B-III-6 ,   1970 


68 


B  IIl-l 


WATER  VATOR  FL'TX  MEASirREMENTS  FROM  ESSA  AIRCRAFT 

.James  D.  McFaJden 
Cnarles  W.  Travis 
ESSA  Research  Flight  Facility,  Miami,  Florida 

Richard  0.  Gilmer 
Raymond  E.  McGavin 
ESSA  Wave  Propagation  Laboratory,  Boulder,  Colorado 


INTRODUCTION 


Efforts  to  measure  fluxes  of  heat  and  moisture  from  aircraft  date  back  over  the 
past  15  years  or  so,  and  notable  works  in  this  area  include  those  by  Bunker,  Telford 
and  Warner,  McCready,  Lappe,  Kaprov  and  Tsvang,  Lenschow  and  Mlyake.   The  techniques 
used  and  the  success  obtained  by  these  Individuals  have  varied,  and  the  reader  is 
referred  to  the  literature  for  particulars.   The  purpose  of  this  paper  is  to  present 
a  description  of  a  system  for  the  direct  measurement  of  water  vapor  flux  which  was 
developed  by  ESSA  personnel  and  employed  on  an  ESSA  Research  Flight  Facility  DC-6 
aircraft  during  the  Barbados  Oceanot,raphic  and  Meteorological  Experiment  (BOMEX), 
May  -  July,  1969. 

The  basis  for  the  direct  measurement  of  the  flux  of  some  property  of  the  air  la 
that  there  is  a  correlation  between  the  eddy  velocity  fluctuations  of  the  wind  and  the 
atmospheric  property  in  flux.   In  order  to  measure  the  vertical  flux  of  water  vapor 
directly,  then,  it  is  necessary  to  record  simultaneously  with  instrument?  of  sufficient 
response  the  vertical  component  of  the  wind  and  the  water  vapor  density  of  the  air. 
In  general  terms,  thin  eddy  flux  of  water  vapor  may  be  written  as 


/°w'w'  -  /0„w  -  /„  w  (1) 

where 

/O    "  absolute  humlty 

W  -    vertical  wind. 

To  obtain  the  eddy  flux  of  water  vapor  it  is  necessary  to  evaluate  the  two  right  hand 
terms  of  this  equation. 

The  ESSA  airborne  water  vapor  flux  system,  while  not  measuring  either  the  vertical 
wind  or  the  water  vapor  density  of  the  air  directly,  1b  comprised  of  all  the  necessary 
components  for  the  measurement  of  the  quantities  expressed  in  equation  (1).   Basically, 
an  angle  of  attack  probe  and  an  inertial  platform,  which  in  the  past  have  been  collect- 
ively and  popularly  called  a  gust  probe,  is  used  for  the  vertical  wind  measurement,  and 
a  microwave  ref Tactometer  system  is  used  for  the  humidity.   Each  of  these  system  will 
be  discussed  here  in  some  detail  along  with  a  summary  of  the  recording  techniques 
employed,  the  patterns  flown,  data  reduction  procedures  and  the  disposition  of  the 
processed  data. 

GUST  PROBE  SYSTEM 


The  system  used  for  the  determination  of  vertical  wind  is  composed  of  many  of  the 
same  sensors  employed  in  the  high  altitude  clear  air  turbulence  (HICAT)  program 
performed  by  the  Lockheed-California  Company  for  the  Air  Force  Flight  Dynamics  Lab., 
specific  details  of  which  may  be  found  in  the  reports  by  Crooks  (1)  and  Crooks  et  al 
(2).   The  ESSA  system,  the  components  of  which  are  listed  in  the  Table,  is  made  up 
primarily  of  the  Lockheed  angle-or-attack  probe  and  the  Litton  LN-3A  inertial  platform. 
The  Lockheed  probe  consists  of  vertical  and  lateral  fixed-vane  sensors  arranged  about 
a  central  pltot  static  tube  as  shown  in  Figure  1  (The  lateral  vane  is  not  used  for 
these  measurements).   These  sensors  consist  of  a  light-weight,  wedge— shaped  vane 
(4-inch  span  and  2-lnch  chord)  attached  to  a  specially  constructed  strain-gage  beam. 
The  beam  is  of  slotted  construction  and  loads  on  the  vane  cause  the  beam  to  deflect 
parallel  to  Itself.   Lift  13  measured  in  terms  of  shear  as  opposed  to  bending  moment 
If  it  were  attached  to  a  simple  beam.   Semi-conductor  strain  gages,  in  a  wheatstone 
bridge  configuration  are  bonded  to  the  fore  and  aft  portions  of  the  beam.   Electrical 
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Figure  1.   Nose  Boom  Instrumentation  on  ESSA/RFF,  DC-6, 


Figure  2.   Block  Diagram  of  Gust  Probe  System. 
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signals  caused  by  deflection  of  the  beam  are  amplified  and  conditioned  to  levels 
suitable  fo  imput  to  the  recording  system. 

The  probe  housing  also  contains  accelerometers  that  measure  the  normal  and  lateral 
accelerations  of  the  boom.   A  pitot-otatic  head  and  Statham  strain  gage  transducer 
measure  static  and  dynamic  pressures  that  are  used  for  air  spef-d  determinations. 

The  Litton  LN-3A  lnertlal  platform  is  used  to  furnish  aircraft  attitude  and 
vertical  acceleration  Information.   The  system  consists  of  a  three-axis  stable  element 
mounted  in  a  four  gimbal  configuration.   Platform  stabilization  is  accomplished  by 
two,  two-degree— of-freedom  qyros  and  three  accelerometers.   Roll  and  pitch  angles  are 
obtained  from  the  platform's  follow-up  servos,  and  its  computer  electronics  furnishes 
vertical  acceleration  information  in  the  form  of  DC  voltages. 

The  measurement  of  the  vertical  component  of  the  wind  by  an  aircraft  flying 
through  the  atmosphere  basically  requires  the  determination  of  the  following 
quantities! 

1.  Motion  of  the  air  relative  to  the  aircraft;  and 

2.  Motion  of  the  aircraft  relative  to  the  ground. 

Utilizing  the  equations  which  mathematically  describe  these  motions  as  developed  by 
Crooks  (2)  and  applied  to  the  ESSA  DC-6  by  Lappe  (4),  the  generalized  equation  for 
vertical  wind  gusts  can  be  shown  to  be  given  by 


w 


V(o(-Q)   +  Jlz    dt  +  fle  (2) 


where  w  ■  vertical  wind 

U  =  true  air  speed 

°<»  angle  of  attack 

Go  pitch  angle 

az  •  normal  acceleration  of  aircraft  (inertial  platform) 

S.  =  distance  from  C.G.  to  tip  of  boom 

9=  pitch  rate  of  aircraft. 

The  first  term  represents  the  motion  of  the  air  relative  to  the  aircraft  while  the 
second  two  represent  the  motion  of  the  aircraft  relative  to  the  ground.   The  last 
term, QQ  ,  represents  the  vertical  velocity  increment  at  the  probe  due  to  aircraft 
pitching  velocity. 

MICROWAVE  REFRACTOMETER  SYSTEM 

The  second  distinct  part  of  the  ESSA  water  vapor  flux  system  is  the  microwave 
ref Tactometer  -  a  system  designed  and  built  by  the  ESSA  Wave  Propagation  Laboratory 
in  Boulder,  Colorado  and  used  for  the  measurement  of  the  refractive  index  of  air 
which  passe  through  the  microwave  cavity  mounted  on  the  aircraft  boom  (see  Fig.  1). 
Refractive  index,  as  up°d  here,  is  defined  as  the  ratio  of  the  velocity  of  a  radio 
wave  through  free  spacp  to  its  velocity  through  a  particular  medium,  in  this  case 
ambient  air. 

This  technique  is  applicable  to  water  vapor  measurements  in  the  atmosphere  because 
there  is  a  strong  relationship  between  refractive  index  and  water  vapor  at  radio 
frequencies.   The  development  of  this  relationship,  as  given  by  McGavin  and  Vetter  (5) , 
states  that  the  absolute  humidity  (water  vapor  density)  expressed  as  a  function  of 
ref ractivity,  temperature  and  pressure  can  be  given  as 

/w  =  5.81  X  10~4NT  -  4.51  X  10_2P  (3) 

where  /%,  -  absolute  humidity  (gm/m^) 

N  r  refractivity,  (n-1) 106  (n  is  refractive  index) 

T  -  temperature  (°K) 

P  ■  pressure  (mb) 

Temperature  and  pressure  sensing  elements  on  the  aircraft  boom  provide  the  other  two 
parameters  necessary  for  the  determination  of  /^,   from  equation  (3). 

In  terms  of  refractive  index  the  refractometer  operates  on  the  principle  that  a 
relationship  exists  between  the  resonant  frequency  of  a  microwave  cavity  and  the 
refractive  index  or  dielectric  constant  of  the  contents  of  the  cavity.   This 
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relationship  may  be  written  as 

-d"  ^  -  An  (4) 

n   "" 

where  fR  =  original  resonant  frequency 

n  =  refractive  index  corresponding  to  the  rrsonant 
frequency,  f. 

The  minus  sian  in  (4)  indicates  a  decrease  in  frequency  will  take  place  with  an 
increase  in  refractive  index. 

The  ESSA  microwave  ref Tactometer  has  two  transmission  -  type  cavity  resonators 
and  the  electronic  circuitry  necessary  to  measure  and  compare  their  resonant  frequen- 
cies.  One  cavity  -  the  sampling  cavity  located  on  the  boom  -  has  openings  on  all 
sides,  including  the  end  platen,  that  allow  free  passage  of  air  through  the  cavity. 
The  second  cavity  -  the  reference  cavity  located  within  the  electronic  console  -  is 
identical  to  the  sampling  cavity  with  the  exception  that  it  is  completely  sealed,  and 
its  frequency  can  be  shifted  by  a  calibrated  probe  inserted  in  the  end  plate. 

Operationally,  within  the  system  a  very  accurate  3  kHz.  sawtooth  signal  is  applied 
to  a  Varian  203B  reflex  klystron  which  sweeps  it  linearly  over  a  predetermined 
frequency  range.   The  output  of  the  klystron  13  applied  to  both  cavities,  each  in 
turn  producing  a  pulse  as  its  resonating  frequency  is  reached.   The  resonating 
frequency  of  the  sealed  referenc  cavity  does  not  change  (or  if  it  does,  an  error 
feedback  signal  in  applied  to  the  klystron  to  compensate  for  it).   The  resonant 
frequency  of  the  sampling  cavity  is,  however,  largely  dependent  on  the  water  vapor 
content  of  the  air  that  passes  through  it,  and  it  is  the  change  in  this  resonant 
frequency  relative  to  a  known  reference  which  provides  us  with  a  measure  of  the 
refractivity,  N,  which  is  used  in  equation  (3). 

TIME  AND  RECORDING  SYSTEMS 

A  14— channel,  analog  tape  recorder,  a  visicorder  strip  chart  recorder,  and  an 
Astrodata  time  code  generator  make  up  the  recording  and  time  components  of  the  ESSA 
water  vapor  flux  system.   A  Sangamo  Electric  Company  series  3560,  14  track,  1-inch 
PM  magnetic  tape  recorder  was  used  to  record  the  conditioned  sensor  signals.   "IRIG" 
standards  and  compatibility  were  used.   Twelve  of  the  available  14  tracks  were  used 
for  sensor  data,  and  the  remaining  two  were  used  for  recording  time  and  a  reference 
frequency  for  servo  speed  control. 

A  Honeywell  visicorder  strip  chart,  galvonometer  recorder  was  used  for  in-flight 
monitoring  of  the  recorded  data.   The  data  recorded  on  FM  tape  was  played  back  simul- 
taneously through  the  reproduce  electronics  and  passed  through  low-pass  filters  to 
remove  the  unwanted  frequency  components.   These  filters  are  active,  6-pole 
B»tterworth-type  with  a  cut  off  at  six  cycles.   The  primary  purpose  of  this  "quick- 
look"  capability  was  to  provide  the  operator  the  means  to  evaluate  the  performance 
of  all  sensors  during  each  data  run. 

An  Astrodata,  Inc.  model  5100  time  code  generator  provided  the  IRIG  "C"  coded 
time  for  the  system  in  the  form  of  a  DC  level  shift  that  encodes  the  date  of  the  year, 
hour,  minutes  and  seconds.   Synchronization  is  with  either  local  or  Greenwich  time. 
Figure  2  is  a  block  diagram  showing  the  tie-in  between  the  components  of  the  gust 
probe  system  and  the  time  and  recording  systems. 

BOMEX  WATER  VAPOR  FLUX  FLIGHT  PATTERNS 

During  the  Barbados  Oceanographic  and  Meteorological  Experiment  (BOMEX)  the  ESSA 
Research  Flight  Facility's  DC-6  (39C)  aircraft  outfitted  with  the  special  equipment 
described  above  flew  16  missions  specifically  for  the  purpose  of  gathering  water  vapor 
flux  data.   In  addition,  these  flux  measurements  were  made  in  support  of  other  inves- 
tigations during  all  of  the  other  flights  made  by  this  aircraft  during  the  three  month 
POMEX  period  (see  Friedman,  J3) .   During  the  first  phase  of  this  experiment,  while  FLIP 
was  drifting  within  the  observational  array,  missions  were  flown  to  collect  data  for 
comparison  with  flux  information  being  gathered  by  this  research  vessel.   Figure  3 
depicts  the  pattern  flown  on  many  occasions  in  the  vicinity  of  FLIP.   Typically,  after 
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surveying  the  area  the  aircraft  would  enter  the 
pattern  approximately  10  nautical  miles  down- 
wind at  an  altitude  of  500  ft  and  fly  a  six 
minute,  zero-drift  leg  past  and,  laterally, 
within  1000  ft  of  FLIP.   A  downwind  leg  at 
150  ft  and  a  second  upwind  let  at  60  ft  were 
flown  subsequent  to  the  500  ft  run  as  shown  in 
the  figure.   At  the  completion  of  the  zero- 
drift  runs  three  additional  runs  were  made  at 
these  same  altitudes  but  normal  to  the  wind 
and  upwind  of  the  ship's  position.   These  runs 
are  also  shown  in  the  figure.   Total  opera- 
tional time  for  the  completion  of  one  pattern, 
including  climbs  and  descents,  was  approximate- 
ly one  hour. 
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Figure  3.   Water  Vapor  Flux  Pattern 


Processing  of  the  water  vapor  flux  data 
collected  during  BOMEX  is  being  done  on  a 
contract  basis  by  Rinaldi  Data  Processing 
Consultants,  Inc.  of  New  York.   The  reduction 

phase  of  this  work  will  include  the  analog  low-pass  filtering  of  all  FM  data  channels, 
digitizing  at  the  rate  of  20  samples  per  second  and  blocking  into  15  second  records, 
linear  trend  removal,  computation  of  vertical  velocity  and  absolute  humidity,  and 
computation  of  the  first  four  statistical  moments  (mean,  standard  deviation,  skewness, 
and  kurtosis) .   Analysis  on  the  resulting  tapes  will  include  numerical  band  pass  fil- 
tering, generally  between  0.05  and  4.5  Hz,  computed  and  tabulated  autocorrelation, 
cross-correlation,  power  spectral  density,  co-sprectum,  quadrature  spectrum,  and 
coherence  and  phase  angle  for  the  vertical  wind  and  absolute  humidity  series.   A 
display  in  plot  form  as  a  function  of  log  frequency  of  the  normalized  power  spectral 
density,  co-spectrum,  coherence  and  phase  angle  of  these  two  quantities  will  also  be 
provided. 

The  results  from  the  Rinaldi  data  processing  program  will  be  sent  to  ESSA's  Wave 
Propagation  Laboratory  in  loulder,  Colorado  where  they  will  be  analyzed  under  the 
direction  of  Dr.  Brad  Bean. 
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LOCAL  AND  DIURNAL  VARIATIONS  IN  GROUND-BASED 
RADIO  REFRACTIVITY  GRADIENTS  AT  TROPICAL  LOCATIONS 

B.    A.    Hart,    G.    D.    Thayer  and  H.    T.    Dougherty 

Telecommunication  technology  and  its  applications  are 
rapidly  expanding  in  the   new  or  developing  nations,    many 
of  which  are  located  in  tropical  climates;    so  a  knowledge 
of  the  behavior  of  refractivity  gradients,    directly  related 
to  establishing  and  maintaining  reliable  communication 
circuits,    is  especially  important  in  this  region. 

The  distribution  and  variability  of  ground-based  radio 
refractivity  gradients  in  tropical  areas  of  the  world  are 
quite  different  from  those  found  intemperate  climates 
where  the  annual  range  of  daily   mean  temperature  is  much 
larger  than  the  daily  temperature  range.     Examples  of  the 
refractivity  vertical  structure  in  locations  from  30  °N  to 
30  °S,    are  presented  to  show  that  very  large  diurnal  and 
interdiurnal  fluctuations  in  surface  gradients  are  the   rule 
rather  than  the   exception.      These  fluctuations,    only 
slightly  affected  by  seasonal  cycles,    are  largely  depend- 
ent on  diurnal  insolation  and  local  features,    such  as 
terrain,    prevailing  winds  and  moisture   sources. 

Improved  observational  techniques  and  a  careful  study 
of  local  climatic  effects  can  result  in  more  accurate  predic- 
tion methods  for  better  telecommunication  system  design. 

Key  Words:    Refractive  index,    tropical  propagation, 
ground-based  refractivity  gradients. 
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